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Welcome  back!  We  hope  that  what  you 
learned  in  Seeing  Through  Mathematics  1 has 
made  you  eager  to  learn  more  mathematics. 
Each  of  you  has  probably  become  absorbed  in 
a picture  puzzle  on  some  occasion,  and  you 
know  the  kind  of  satisfaction  you  feel  when 
you  are  able  to  fit  a new  piece  into  the  puzzle. 
In  a sense,  the  study  of  mathematics  is  some- 
what like  putting  together  a complicated  pic- 
ture puzzle.  Learning  a new  mathematical  idea 
that  “fits  in”  with — and  perhaps  makes  clearer 
— ideas  that  you  studied  earlier  gives  you  the 
same  sense  of  accomplishment  as  finding  an- 
other piece  for  a puzzle.  In  the  same  way  that 
you  get  a more  complete  picture  as  you  put 
more  pieces  in  the  puzzle,  you  get  a more  com- 
plete “picture”  of  mathematics  as  you  learn 
more  mathematics. 

Sometimes,  when  a mathematician  encoun- 
ters a new  idea,  it  does  not  seem  to  fit  in  with 
earlier  ideas.  It  is  then  very  important  for  him 
to  determine  whether  the  new  idea  can  be  ex- 
pressed in  such  a way  that  it  does  fit  in,  or 
whether  he  must  change  some  of  his  previous 
ideas.  This  is  one  reason  why  the  mathemati- 
cian finds  the  idea  of  a set  so  useful.  By  using 
the  set  idea,  he  can  often  see  relationships 
among  ideas  that  earlier  may  have  seemed  un- 
related. In  this  way,  he  can  enlarge  and  unify 
his  picture  of  mathematics. 

In  Book  2,  you  will  begin  by  studying  geom- 
etry involving  measurement.  You  will  then 


review  and  increase  your  knowledge  of  simple 
and  compound  conditions  in  one,  two,  and 
three  variables.  You  will  also  review  the  use 
of  such  conditions  in  problem  solving.  Next 
you  will  study  again  some  new  geometric  ideas. 
Then  you  will  study  two  new  number  systems 
—the  system  of  rational  numbers  and  the  sys- 
tem of  real  numbers.  You  will  study  the  opera- 
tions and  their  properties  for  these  new  sets  of 
numbers,  and  you  will  learn  how  to  solve  prob- 
lems that  involve  these  numbers. 

Following  the  work  on  number  systems,  you 
will  study  direct  and  indirect  measurement, 
and  you  will  learn  how  to  solve  problems  that 
involve  measures.  In  the  next  unit,  you  will 
study  certain  conditions,  called  formulas,  that 
are  useful  for  solving  many  problems  in  science, 
business,  and  geometry.  In  the  last  unit  of 
Book  2,  you  will  be  introduced  to  probability 
and  statistics. 

In  some  of  the  early  lessons  of  Book  2,  you 
will  find  “Reminders”  to  ideas  that  you  studied 
earlier.  Often  these  reminders  will  contain  all 
the  information  that  you  need.  But,  sometimes 
you  may  need  to  turn  to  the  lesson,  often  in 
Book  1,  mentioned  in  the  reminder,  to  help  you 
recall  an  idea.  In  Book  2,  blue  question  marks 
label  certain  exercises,  responses  for  which  are 
found  in  the  back  of  the  book. 

We  have  again  tried  to  avoid  telling  you 
about  mathematics.  Instead,  we  have  at- 
tempted to  ask  you  questions  that  will  help 
you  discover  ideas  for  yourself  because  we 
know  that  this  makes  mathematics  more  inter- 
esting and  meaningful.  After  all,  putting  a 
puzzle  together  isn’t  much  fun  or  much  of  a 
challenge  if  someone  else  tells  you  where  the 
pieces  belong.  We  hope  that  the  ideas  in 
Book  2 will  help  you  fit  several  more  pieces 
into  your  picture  of  mathematics. 
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8 98 

Measure  of  a segment 

In  unit  1 of  Book  /,  you  compared  segments 
by  using  the  ideas  of  congruence,  of  “less  than,” 
and  of  “greater  than.”  Now  you  will  compare 
segments  by  measuring  them. 

A You  can  use  a number  line  like  the  one 
represented  in  d 1 to  help  you  think  about  meas- 
uring segments.  What  number  is  associated 
with  point  A?  With  point  B? 

B BD  = AB  and  DF  = AB.  What  number  is 
associated  with  point  D?  With  point  F? 

The  number  associated  with  a point  in  a 
number  line  is  the  coordinate  of  the  point.  The 
number  f,  for  example,  is  the  coordinate  of 
point  C in  the  number  line  represented  in  Dl. 
The  number  2 is  the  coordinate  of  point  D. 
c Look  again  at  Dl . What  is  the  coordinate  of 
point  A?  Of  point  E?  Of  point  G? 

D What  letters  name  the  endpoints  of  CF? 
Are  the  endpoints  of  CF  also  the  endpoints 
of  FC? 

E What  are  the  coordinates  of  the  endpoints 
of  CF? 

f Is  li  the  difference  of  3 and  1? 

The  difference  of  the  coordinates  of  F and  C 
is  the  measure  of  CF.  The  difference  of  the 
coordinates  of  F and  C is  \\.  Therefore,  \\  is 
the  measure  of  CF.  The  measure  of  a segment 
is  the  difference  of  the  coordinates  of  the  end- 
points of  the  segment.  The  measure  of  a seg- 
ment is  the  same  as  the  distance  between  the 
endpoints  of  the  segment. 
g To  find  the  measure  of  a segment,  you  sub- 
tract the  lesser  coordinate  from  the  greater 


B C D E F G 

0 12  2 5 3 2 

2 2 2 

Dl 


“The  measure  of 
segment  AC 
is  equal  to 

m (AC)  = l\. 

one  and  one  half.” 

d2 


coordinate  of  a point  (ko  6r/da  nit).  The 
number  associated  with  a point  in  a number 
line.  If  f is  associated  with  point  Q,  then  % is 
the  coordinate  of  point  Q. 


measure  of  a segment  (mezh'ar).  The  dif- 
ference of  the  coordinates  of  the  endpoints  of  a 
segment.  If  the  coordinate  of  S is  t and  the 
coordinate  of  R is  3,  then  the  measure  of  RS  is 
I — s,  or  i.  The  measure  of  SR  is  also  f . 

coordinate.  Look  again  at  Dl.  What  is  the 
measure  of  DG?  Of  BE?  Of  AE?  OfAF? 
Tell  how  you  obtained  each  measure. 

H What  is  the  measure  of  FE?  Name  three 
other  segments,  each  with  a measure  of 
We  can  use  a special  symbol  to  refer  to  the 
measure  of  a segment.  d2  shows  a way  to  write 
and  read  a sentence  about  the  measure  of  AC 
in  which  this  special  symbol  is  used. 

8 Explain  why  m(AC)  is  the  same  number  as 
m(CA). 

j You  know  that  BD  = AB  and  that  DF  = 
AB.  Is  m(BD)  = m( AB)  ? Is  m(DF)  = m(AB)  ? 
Notice  that  the  symbol  for  congruence  is  used 
in  sentences  about  segments,  but  the  symbol 


Coordinate  of  a point;  definition  of  the  measure  of  a segment; 
use  of  a unit  segment  as  a unit  of  measure 
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for  equality  is  used  in  sentences  about  the 
measures  of  the  segments. 

K What  is  the  measure  of  CE?  Of  EG?  Is 
m(CE)  = m(EG)  ? 

Since  the  measures  of  segments  CE  and  EG 
are  equal,  CE  = EG. 

From  exercises  J and  K you  have  seen  how 
the  measures  of  congruent  segments  are  re- 
lated. The  properties  that  relate  congruent  seg- 
ments and  their  measures  are  expressed  below. 

If  two  segments  are  congruent , then  their 
measures  are  equal. 

If  the  measures  of  two  segments  are  equal , 
then  the  segments  are  congruent. 

These  properties  imply,  of  course,  that  the 
same  segment  has  been  used  to  locate  the 
points  whose  coordinates  are  1,  2,  3,  and  so  on. 
i Look  again  at  d1.  How  do  you  know 
that  BF  = CG?  How  do  you  know  that 
CG^  AD? 

M Suppose  that  KL  and  QR  are  any  two 
segments.  If  KL  = QR,  is  m(KL)  = m(QR)? 
How  do  you  know? 

n Now  look  at  the  picture  of  a number  line  in 
d3.  Is  R between  Q and  S?  Decide  whether 
QR  is  less  than  or  greater  than  QS. 
o What  is  the  measure  of  QR  ? Of  QS  ? 

P Is  m(QR)  < m(QS) ? 

Q Is  T between  Q and  S ? Decide  whether  QT 
is  less  than  or  greater  than  QS. 

R What  is  the  measure  of  QT?  Of  QS?  Is 
m(QT)  > m(QS)  ? 

s What  is  the  measure  of  SU?  Of  SV?  Is 
m(SU)  < m(SV)?  Is  SU  < SV? 

T What  is  the  measure  of  RU?  Of  RT?  Is 
m(RU)  >m(RT)?  IsRU>RT? 

Now  you  know  how  the  ideas  of  “less  than” 
and  “greater  than”  for  segments  can  be  related 
to  the  ideas  of  “less  than”  and  “greater  than” 
for  measures  of  segments.  These  properties  are 
expressed  as  follows. 
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d3 

u nit  segment  (u^nit).  A segment  that  has  a 
measure  of  1.  If  the  coordinate  of  D is  6?  and 
the  coordinate  of  E is  73,  the  measure  of  DE  is 
73  — 63,  or  1.  DE  is  therefore  a unit  segment. 


For  any  two  segments  AB  and  CD,  if 
AB  < CD,  then  m(AB)  < m(CD). 

For  any  two  segments  AB  and  CD,  if 
m{AB)  < m{CD),  then  JB  < CD. 

U Look  again  at  d3.  Is  QS  < UX?  How  do 
you  know? 

So  far  in  this  lesson  you  have  learned  what  is 
meant  by  the  measure  of  a segment,  and  you 
have  used  this  information  to  compare  seg- 
ments. In  the  following  exercises  you  will  see 
how  the  measure  of  a given  segment  can  be 
used  to  find  the  measures  of  other  segments. 

A Look  at  the  picture  of  a number  line  in  d4. 
What  is  the  coordinate  of  H ? What  is  the  co- 
ordinate of  K?  What  is  the  measure  of  HK ? 

B What  is  m(KN)?  Is  KN  = HK?  How  do 
you  know? 

HK  and  KN  each  have  a measure  of  1 . Each 
segment  is  a unit  segment.  Any  segment  that 
has  a measure  of  1 is  a unit  segment. 

C How  do  you  know  that  LL,  represented  in 
d4,  is  a unit  segment?  Name  two  other  unit 
segments  represented  in  d4. 


Now  look  at  d5.  Suppose  that  you  want  to 
compare  the  measure  of  segment  AB  with  the 
measure  of  the  unit  segment  MN.  You  first  as- 
sign coordinates  to  points  in  A B so  that  each 
unit  segment  in  A B is  congruent  to  MN. 

D AB  and  MN  are  represented  again  in  d6. 
First  assign  0 to  point  A.  What  is  the  coordi- 
nate of  point  A?  Next,  locate  point  C so  that 
AC  = MN.  What  is  the  coordinate  of  point  C ? 
e Then  locate  points  D,  E,  F,  and  G so  that 
each  of  the  segments  CD,  DE,  EF,  and  FG  is 
congruent  to  AC.  For  each  of  these  points, 
name  the  coordinate. 

F How  do  you  know  that  CD,  DE,  EF,  and 
FG  are  unit  segments? 

G What  is  the  measure  of  AF?  What  is  the 
measure  of  AG  ? 

h Is  4 the  coordinate  of  B ? Is  5 the  coordi- 
nate of  B?  Explain  your  answers, 
l Is  m(AB)  > m(AF)  ? Is  m(AB)  < m(AG)? 
Explain  your  answers. 

Look  again  at  d6.  Notice  that  segment  AG 
is  separated  into  the  congruent  segments  AC, 
CD,  DE,  EF,  and  FG.  Notice  also  that  these 
segments  do  not  overlap  and  that  their  union  is 
the  segment  AG.  We  say  that  segment  AG  is 
subdivided  into  five  congruent  segments.  A 
given  segment  can  be  subdivided  into  any  num- 
ber of  congruent  segments. 

Suppose  that,  when  you  subdivide  FG  into 
ten  congruent  segments,  point  B is  the  right 
endpoint  of  the  third  segment.  Since  FG  is  a 
unit  segment,  . 1 is  the  measure  of  each  of  the 
ten  congruent  segments.  Since  point  B is  the 
right  endpoint  of  the  third  segment,  .3  is  the 
measure  of  FB. 

J What  is  the  union  of  AF  and  FB  ? What  is 
the  sum  of  m(AF)  and  m(FB)  ? 

K Is  m(AB)  = m(AF)  + m(FB)  ? What  is 
m(AB)? 

L What  is  the  coordinate  of  B ? 
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FB 
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M N 

d6 

m Now  suppose  that  you  subdivide  the  unit 

• segment  FG  into  eight  congruent  segments 
and  that  B is  the  right  endpoint  of  the  second 
segment.  What  is  the  coordinate  of  B ? What 
is  the  measure  of  AB  ? 

N Think  about  exercises  J,  K,  and  L.  Since  B 
? was  an  endpoint  of  one  of  the  ten  congruent 
segments  included  in  FG,  you  were  able  to  find 
the  coordinate  of  B.  Now  suppose  that  B is 
contained  in  one  of  the  ten  congruent  seg- 
ments, but  is  not  an  endpoint.  What  would 
you  do  to  find  the  coordinate  of  B ? 

You  have  learned  how  to  use  a unit  segment 
to  help  you  find  coordinates  of  points  in  a 
given  segment.  In  other  words,  you  have 
learned  to  find  the  measure  of  a given  segment 
by  comparing  it  with  another  segment.  Now 
you  will  see  how  you  can  obtain  different  meas- 
ures for  the  same  segment  by  selecting  different 
segments  to  use  as  unit  segments. 
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O Look  at  d7.  When  you  use  ST  as  a unit  seg- 
ment to  find  the  measure  of  DH,  the  coordi- 
nate of  D is  0 and  the  coordinate  of  H is  3. 
What  is  the  measure  of  DH  ? 
p When  you  use  X¥  as  a unit  segment,  the 
codrdinate  of  D is  0 and  the  coordinate  of  H 
is  1.8.  What  is  the  measure  of  DH? 

Q Explain  why  the  measure  of  DH  that  you 
obtained  for  exercise  O is  different  from  the 
measure  that  you  obtained  for  exercise  P. 


Now  you  can  see  that  the  measure  of  a given 
segment  depends  on  the  unit  segment  with 
which  you  are  comparing  the  given  segment. 
The  measure  of  a given  segment  depends  upon 
what  unit  segment  you  choose. 

On  your  own 

Suppose  that  the  numbers  named  in  each  of 
exercises  1 through  9 are  the  coordinates  of  the 
endpoints  of  a segment.  Find  the  measure  of 
each  segment. 

1 8j,  9 4 4i  4t9?  7 8.93,  4.2 

2 3 U s 2,  7f  8 0,  10 

3 7.8,  16  6 i 0 9 2j,  8^ 

Use  the  number  line  represented  in  d8  to 

help  you  answer  the  questions  in  exercises  10 
through  23. 

10  What  are  the  coordinates  of  the  endpoints 
of  OS?  Of  TU? 

1 1 TV  = QT.  What  is  the  coordinate  of  V ? 

12  MN  = OP.  What  is  the  codrdinate  of  N? 

1 3 What  is  m(QS)  ? What  is  m(UV)  ? What  is 
m(PT)? 

14  Name  two  segments  included  in  MV,  each 
of  which  is  congruent  to  TU. 

15  Name  three  segments  included  in  MV,  each 
of  which  is  congruent  to  OP. 

Find  the  sum  expressed  in  each  of  ex- 
ercises 16  through  19. 

1 6 m(PQ)  + m(TV)  1 8 m( RT)  + m(UV) 

1 7 m(NP)  + m(ST)  1 9 m(OP)  + m(QT) 
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Y 

d7 
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d8 

A B 

C 

D 

E 

0 

AB  = BC.  AC  = CD.  CD^DE. 

d9 


20  Is  m(PQ)  < m(RT)? 

21  Which  is  greater,  m(OQ)  or  m(ST)? 

22  Is  m(NP)  + m(QR)  < m(MN)  + m(NO)? 

23  Which  segment  represented  in  d8  has  the 
same  measure  as  m(MQ)  + m(QU)  + m(UV)? 

Use  the  number  line  represented  in  d9  and 
the  sentences  in  the  display  to  help  you  answer 
the  questions  in  exercises  24  through  30. 

24  If  the  codrdinate  of  B is  1,  what  is  the 
codrdinate  of  C ? Of  D ? Of  E ? 

25  If  the  codrdinate  of  C is  1 , what  is  the  meas- 
ure of  AD?  Of  DE?  Of  BD  ? 

26  If  the  codrdinate  of  D is  1,  what  is  the 
codrdinate  of  C ? Of  E ? Of  B ? 

27  If  m(AB)  = 2,  what  is  the  measure  of  AC? 
Of  AE?  Of  BD? 

28  If  m(AE)  = 1,  what  is  the  codrdinate  of  C? 
Of  D?  Of  B? 

29  If  m(AC)  + m(CE)  =12,  what  is  the  co- 
ordinate of  C?  OfE? 

30  If  m(BC)  = 1,  what  is  the  codrdinate  of  B? 
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Practical  measurement 

In  the  last  lesson  you  used  a unit  segment  to 
find  the  measure  of  a given  segment.  You 
learned  that  you  can  obtain  different  measures 
for  a given  segment  by  using  different  unit  seg- 
ments. 

The  edge  of  a board,  a taut  string,  a com- 
mon pin,  a piece  of  wire — these  and  many 
other  physical  objects  suggest  segments.  You 
can  use  what  you  know  about  measurement  of 
segments  to  help  you  find  the  measure  of  a 
physical  object  that  suggests  a segment. 

A d1  shows  a picture  of  a springboard.  Notice 
that  one  edge  of  the  board  is  shown  in  red. 
Now  imagine  that  you  are  measuring  the  ac- 
tual board.  To  find  the  measure  of  the  red 
edge,  you  must  choose  a unit  segment  to  com- 
pare with  the  segment  represented  by  the  red 
edge.  Suppose  that  each  student  in  your  class 
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were  to  use  a different  pencil  to  represent  a 
unit  segment.  Do  you  think  that  all  of  the 
students  would  obtain  the  same  measure  for 
the  edge  of  the  board?  Explain  your  answer. 

B If  each  student  were  to  use  one  of  his  shoes 
to  represent  a unit  segment,  would  all  of  the 
students  obtain  the  same  measure  for  the  edge 
of  the  board  ? Explain  your  answer. 

It  is  clear  that  the  measure  of  the  length  of 
a physical  object  depends  upon  the  unit  seg- 
ment with  which  it  is  compared.  If  each  student 
in  your  class  used  a different  pencil  as  a unit 
segment  to  find  the  measure  of  the  length  of  a 
springboard,  one  student  might  obtain  a meas- 
ure of  17,  one  a measure  of  21,  and  so  on. 

Before  the  measure  of  the  length  of  a physi- 
cal object  has  much  meaning,  a definite  unit 
segment  must  be  chosen.  For  convenience, 
most  people  have  agreed  upon  certain  units. 
Such  units  are  known  as  standard  units.  You 
are  already  familiar  with  many  standard  units, 
such  as  the  inch,  the  foot,  the  yard,  and  the 
mile.  In  this  lesson  you  will  use  these  familiar 
units  to  learn  more  about  the  measure  of  the 
length  of  objects. 

The  length  of  any  object  that  suggests  a seg- 
ment is  the  measure  of  the  object  in  terms  of  a 
standard  unit.  If  10  is  the  measure  in  feet  of 
the  edge  of  the  springboard  pictured  in  d1, 
then  the  length  of  the  edge  is  10  feet.  You  can 
also  say,  “The  edge  is  10  feet  long.” 

Now  you  will  use  a measuring  stick,  or  rule, 
to  find  the  lengths  of  objects, 
c Look  at  d2.  A piece  of  wire  and  part  of  a 
rule  are  pictured  in  the  display.  Think  of  the 
wire  as  suggesting  a segment.  Think  of  each 
mark  on  the  rule  as  suggesting  a point  in  a 
number  line.  What  point  does  the  upper  left 
corner  of  the  rule  suggest  ? 

D The  length  of  the  rule  between  the  left  edge 
and  the  mark  labelled  “1”  is  1 inch.  This  length 
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was  also  used  to  locate  the  marks  labelled  “2” 
and  “3”.  What  is  the  length  of  the  rule  be- 
tween the  mark  labelled  “1”  and  the  mark 
labelled  “2”? 

e Each  inch  of  the  rule  has  been  marked  off 
into  parts  of  the  same  length.  Into  how  many 
parts  has  each  inch  of  the  rule  been  marked 
off?  Think  of  each  of  these  parts  as  a unit. 
Then  is  of  an  inch  is  the  length  of  the  unit. 

F How  many  points  are  between  any  two 
points  in  a rational-number  line?  Can  you 
actually  mark  off  an  inch  into  infinitely  many 
parts  ? 

It  is  impossible  to  measure  a physical  object 
without  a certain  amount  of  error.  The  amount 
of  error  of  a measurement  is  controlled  by  the 
nature  of  the  object  being  measured,  the  meas- 
uring instrument  used,  and  the  person  doing 
the  measuring.  Throughout  this  unit,  however, 
we  will  treat  measurement  of  physical  objects 
as  we  treated  measurement  in  lesson  98.  We 
will  imagine  that  it  is  possible  to  find  the  exact 
measure  of  an  object  by  comparing  the  length 
of  the  object  with  a standard  unit. 
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In  Seeing  Through  Mathematics , Book  2,  you 
will  learn  much  more  about  practical  measure- 
ment. You  will  learn  what  precision  and  accu- 
racy in  measurement  mean.  You  will  also  learn 
that,  practically  speaking,  you  cannot  make 
an  exact  measurement. 

G Look  again  at  d2.  The  left  end  of  the  wire 
is  directly  above  the  mark  for  1 . The  right  end 
of  the  wire  appears  to  be  directly  above  which 
mark? 

H What  is  the  measure  of  the  piece  of  wire? 
How  do  you  know? 

I What  unit  did  you  use  to  find  the  measure 
of  the  length  of  the  piece  of  wire?  Is  Its  inches 
the  length  of  the  wire  ? 

In  the  following  exercises  you  will  use  stand- 
ard units  to  help  you  find  sums  and  differences 
of  measures. 

A Look  at  d3,  which  shows  pictures  of  some 
curtain  rods  and  a rule.  In  the  picture  of  the 
rule,  the  length  between  the  left  edge  of  the  rule 
and  the  mark  labelled  “1”  represents  the  length 
of  a standard  unit  of  1 foot.  The  rule  pictured 
is  marked  off  into  lengths  of  1 foot  by  the 
marks  labelled  with  the  numerals  1 through  6. 

B Each  foot  of  the  rule  is  marked  off  into 
parts  of  equal  length.  Into  how  many  parts  is 
each  foot  marked  off?  What  is  the  length  of 
the  rule  between  any  two  consecutive  marks? 
Think  of . 1 of  a foot  as  the  length  of  the  unit. 
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c How  do  you  know  that  2.6  — 0,  or  2.6,  is 
the  measure  of  rod.  A?  What  is  the  length  of 
rod  A? 

d How  do  you  know  that  2.9  is  the  measure  of 
rod  B ? What  is  the  length  of  rod  B ? 
e Now  look  at  picture  C in  d3.  Rods  A and  B 
have  been  placed  end  to  end.  Is  the  right  end 
of  the  second  rod  directly  above  the  mark  for 
5.5  on  the  rule?  What  is  the  total  measure  of 
the  rods?  What  is  the  total  length  of  the  two 
rods? 

f You  know  that  the  measure  of  rod  A is  2.6 
and  the  measure  of  rod  B is  2.9.  What  is  the 
sum  of  these  measures?  Is  this  the  same  as 
the  total  measure  of  both  rods  ? 

G Suppose  that  you  cut  \\  yd.  of  ribbon  from 
a piece  of  ribbon  that  has  a length  of  l\  yd.  To 
find  the  length  of  the  piece  of  ribbon  that  you 
have  left,  you  will  find  the  difference  of  two 
measures.  What  is  the  difference  of  l\  and  I2? 
What  is  the  length  of  the  ribbon  that  is  left? 

Now  you  know  that  you  can  find  the  sum  or 
the  difference  of  two  measures.  When  you  are 
asked  to  find  the  sum  or  the  difference  of  two 
lengths,  you  find  the  sum  or  the  difference  of 
the  two  measures.  This  sum  or  difference  in 
terms  of  a standard  unit  is  the  sum  or  differ- 
ence of  the  lengths. 


Find  the  sum  of  the  lengths  expressed  in 
each  of  exercises  H through  M. 
h 7 ft.,  4\  ft.  K 2.9  ft.,  8.15  ft. 

1 .4  in.,  9.2  in.  l 65  yd.,  7|  yd. 

J 3|  mi.,  82  mi.  M 10.75  in.,  3 in. 

Find  the  difference  of  the  first  length  and 
the  second  length  expressed  in  each  of  the  ex- 
ercises below. 

n 52  yd.,  2\  yd.  Q 98.25  mi.,  16.75  mi. 

O 14^  in.,  5g  in.  r 20  yd.,  14§  yd. 

p 9 ft.,  6 fi  ft.  s 9 in.,  7.5  in. 

In  this  lesson  you  have  used  standard  units  to 
find  the  lengths  of  objects.  You  have  also 
learned  how  to  find  sums  and  differences  of 
lengths. 

On  your  own 

Use  d4  as  you  answer  the  questions  in  exer- 
cises 1 through  12.  In  the  picture  of  the  rule, 
the  length  between  the  left  edge  of  the  rule  and 
the  mark  labelled  “1”  represents  the  length  of 
a standard  unit  of  1 yard.  The  rule  pictured  is 
marked  off  into  lengths  of  1 yard  by  the  marks 
labelled  with  the  numerals  1 through  6.  Each 
yard  of  the  rule  is  marked  off  into  8 parts  of 
equal  length. 

l What  is  the  length  of  a part  of  the  rule  that 
is  between  any  two  consecutive  marks  ? 
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1 1 1 1 1 

1 1 | 1 1 1 

1 1 1 1 11  r 1 1 

[ 1 M I 1 1 1 

I 1 1 1 I 1 1 1 

1 1 1 1 1 1 1 1 1 

1 1 1 1 1 .1 

yards 

1' 

2I 

3> 

4' 

' 51  1 



6> 

2 The  left  end  of  ribbon  D is  directly  above 
which  mark  on  the  rule  ? The  right  end  of  the 
ribbon  is  directly  above  which  mark? 

3 What  is  the  measure  of  ribbon  D?  How 
long  is  ribbon  D? 

4 How  long  is  ribbon  E? 

5 How  long  is  ribbon  F? 

6 How  long  is  ribbon  G? 

7 Find  the  sum  of  the  measures  of  the  four 
ribbons  shown  in  d4.  What  is  the  sum  of  the 
lengths  of  these  four  ribbons? 

8 What  is  the  difference  of  the  lengths  of  rib- 
bon G and  ribbon  D ? 

9 What  is  the  difference  of  the  lengths  of  rib- 
bon G and  ribbon  E? 

10  What  is  the  sum  of  the  lengths  of  ribbon  D 
and  ribbon  E? 

1 1 What  is  the  sum  of  the  lengths  of  ribbon  F 
and  ribbon  G ? 

12  What  is  the  difference  of  the  length  you 
found  for  exercise  10  and  the  length  you  found 
for  exercise  1 1 ? 

Find  the  sum  of  the  lengths  expressed  in 
each  of  exercises  13  through  17. 

13  3f  in.,  5?  in. 

14  7f  yd.,  5u  yd.,  6\  yd. 

15  1 1.2  mi.,  8.5  mi.,  2.1  mi. 

16  10i  ft.,  6|  ft. 

17  l|  mi.,  I5  mi.,  9to  mi. 


Find  the  difference  of  the  first  length  and 
the  second  length  expressed  in  each  of  exer- 


cises 18  through  27. 

18  3|  yd.,  2f  yd. 

19  7.6  ft.,  3.0  ft. 

20  5t36  in.,  4j  in. 

21  8 mi.,  6.3  mi. 

22  4?  ft.,  3|  ft. 


23  6 yd.,  4i2  yd. 

24  \\  rd.,  j rd. 

25  17  mi.,  8tu  mi. 

26  18.4  in.,  6.9  in. 

27  100  ft.,  865  ft. 


KEEPING  SKILFUL 


X or  each  exercise  below,  find  the  sum,  differ- 
ence, product,  or  quotient. 

13  29j  + 37§ 


1 .725 + 9.3  + .54 

2 78j  - 59\ 

3 34^  + 49| 

4 9.687  - 3.099 

5 21.3  X .54 

6 4j  X 8§ 

7 7.21  - 5.396 

8 411  + 6223o 

9 10  if  — 85j 

in  8 * 3 

10  9 — 4 

1 1 In  X 65 

12  .163  X 7.5 

25  4.914  -6.3  (Hundredths) 

26  125.72  - 92  (Thousandths) 

27  85068  - 278  (Ones) 

28  579  - .136  (Tenths) 


14  41 67  — 396f 

15  .098  X 68 

16  .3 + 76.8  + .706 

17  5*  - 12 

18  9.36  X 8.12 

19  — if 

20  596g  + 185| 

21  2§  - 9A 

22  130i  - 37f 

23  9.002-  1.236 

24  2O3  X 17| 
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Problems  involving 
standard  units  of  length 

In  your  previous  work  in  arithmetic,  you 
learned  how  certain  standard  units  of  length 
are  related.  In  this  lesson  you  will  review  what 
you  know  about  standard  units  of  length.  You 
will  use  this  knowledge  to  solve  problems 
that  involve  more  than  one  standard  unit  of 
length. 

The  table  in  d1  shows  some  of  the  compari- 
sons between  standard  units  of  length.  Each 
length  named  in  the  first  column  is  the  same  as 
the  length  named  opposite  it  in  the  second 
column. 

a The  table  tells  you  that  a length  of  12  inches 
is  the  same  as  a length  of  1 foot  or,  as  we  some- 
times say,  there  are  12  inches  in  1 foot.  What 
lengths  named  in  the  table  are  the  same  as 
1 yard  ? What  lengths  are  the  same  as  1 rod  ? 
What  lengths  are  the  same  as  1 mile  ? 

Because  12  inches  is  the  same  length  as 
1 foot,  we  can  use  the  rate  pair  12/1  to  repre- 
sent the  comparison  of  the  two  lengths.  Each 
of  the  components  of  12/1  refers  to  the  same 
length,  but,  because  the  units  of  measure  are 
different,  the  numbers  are  different. 

B What  rate  pair  can  you  use  to  represent  the 
comparison  of  the  number  of  inches  in  a yard 
with  1 yard? 

c What  rate  pair  can  you  use  to  represent  the 
comparison  of  the  number  of  feet  in  a yard 
with  1 yard?  The  comparison  of  the  number 
of  feet  in  a rod  with  1 rod  ? The  comparison  of 
the  number  of  feet  in  a mile  with  1 mile? 


LEI* 

12  inches  (in.) 
36  inches 
3 feet 
16|  feet 
5280  feet 
5|  yards 
1760  yards 


GTH 

1 foot  (ft.) 

1 yard  (yd.) 
1 yard 
1 rod  (rd.) 

1 mile  (mi.) 
1 rod 
1 mile 


d! 


The  length  of  the  Lions  Gate  Bridge 
at  Vancouver  is  about  516  yd.  What  is 
the  length  of  the  bridge  in  feet? 

d2 


d What  rate  pair  can  you  use  to  represent  the 
comparison  of  the  number  of  yards  in  a rod 
with  1 rod?  What  rate  pair  can  you  use  to 
represent  the  comparison  of  the  number  of 
yards  in  a mile  with  1 mile  ? 

Each  rate  pair  that  you  have  named  has  a 
second  component  of  1.  The  first  component 
of  each  rate  pair  refers  to  the  number  of 
smaller  standard  units  that  is  the  same  length 
as  1 larger  standard  unit. 

Read  the  problem  in  d2.  U = Z. 

E Why  will  you  use  3/1  in  the  condition  for 
the  problem  ? 

F You  are  told  that  the  length  of  the  Lions 
Gate  Bridge  is  about  516  yd.  You  are  to  find 
the  length  of  the  bridge  in  feet.  Why  will  you 
use  ft/516,  and  not  516/ft,  in  the  condition?  To 
what  does  n refer? 

G Does  the  sentence  at 
the  right  express  a con- 
dition for  the  problem? 

H Tabulate  {ft 1 3/1  — ft/51 6 } . Give  the  answer 
to  the  problem  in  d2. 


Conditions  for  equivalence  involving  standard  units  of  length;  use  of 
metre,  centimetre,  and  kilometre 
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LENGTH 


12  inches  (in.) 
36  inches 
3 feet 
16§  feet 
5280  feet 
5\  yards 
1760  yards 


1 foot  (ft.) 

1 yard  (yd.) 
1 yard 
1 rod  (rd.) 

1 mile  (mi.) 
1 rod 
1 mile 


Dl 


LENGTH (METRIC) 


.394  inch 


1 .094  yards 


.621  mile 


1 centimetre  (cm.) 
(sen'to  me 'tor) 

1 metre  (m.) 

(me'  tor) 

1 kilometre  (km.) 
(kiKo  me/tor) 


d3 


In  many  countries  the  standard  units  of 
length  are  not  inches,  feet,  yards,  and  so  on. 
Many  countries  use  the  metric  (met/rik)  sys- 
tem of  measures.  Scientists  throughout  the 
world  also  use  the  metric  system.  You  will 
learn  about  the  metric  system  of  measures 
later.  In  this  lesson  you  will  use  a few  metric 
measures. 

Look  at  the  table  in  d3.  It  shows  compari- 
sons between  three  of  the  common  metric  units 
of  length  and  the  units  used  every  day  in 
Canada.  Each  length  named  in  the  first  column 
is  approximately  the  same  (to  the  nearer 
thousandth)  as  the  length  named  opposite  it 
in  the  second  column. 

A 1 centimetre  is  the  same  length  as  approxi- 
mately how  many  inches?  1 metre  is  the  same 
length  as  approximately  how  many  yards? 
1 kilometre  is  the  same  length  as  approximately 
how  many  miles? 


b Read  the  problem  in  d4.  U = Z.  Why  will 
you  use  1.094/1  in  the  condition  for  the  prob- 
lem? 

C Why  will  you  use  z/100,  and  not  100/z,  in 
the  condition?  To  what  does  z refer? 

D Is  1.094/1  ~ z/100  a condition  for  the  prob- 
lem? 

E Tabulate  {z|  1.094/1  ~ z/100}.  Give  the  an- 
swer to  the  problem. 

f Write  a sentence  that  expresses  a condition 
for  the  problem  below.  Then  give  the  answer 
to  the  problem.  U = Z. 

One  inch  is  the  same  length  as  approximate- 
ly how  many  centimetres?  (Hundredths) 

In  some  problems  involving  standard  units  of 
length,  it  is  necessary  first  to  change  from  one 
standard  unit  to  a second  standard  unit  and 
then  from  the  second  standard  unit  to  a third. 
You  will  use  a compound  condition  to  solve 
this  kind  of  problem. 

Read  the  problem  in  d5.  U = Z X Z. 

The  table  in  d1  does  not  tell  you  how  many 
rods  are  in  1 mile.  However,  the  table  does  tell 
you  how  many  feet  are  in  1 rod  and  how  many 
feet  are  in  1 mile.  It  also  tells  you  how  many 
yards  are  in  1 rod  and  how  many  yards  are  in 
1 mile. 

You  are  told  that  the  length  of  the  east 
boundary  of  the  ranch  is  1650  rods.  First  you 
can  find  either  the  number  of  feet  that  is  the 
same  length  as  1650  rods  or  the  number  of 
yards  that  is  the  same  length  as  1650  rods.  We 
will  begin  by  finding  the  number  of  yards  that 
is  the  same  length  as  1650  rods. 

A Why  will  you  use  5j/ 1 in  one  of  the  simple 
conditions  for  the  problem?  Why  will  you  use 
jc/  1 650,  and  not  1650/jc,  in  this  condition? 
For  what  is  x a variable? 

B Is  5\/ 1 ~x/1650  one  of  the  simple  condi- 
tions for  the  problem  ? 
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One  event  for  men  at  the  summer 
Olympic  games  is  the  100-metre  run. 
When  a man  has  completed  this  race, 
approximately  how  many  yards  has  he 
run? 

d4 


Mr.  Ace  owns  a ranch  in  Alberta. 

The  length  of  the  east  boundary  of  his 
ranch  is  1650  rd.  What  is  the  length  of 
the  east  boundary  in  miles  ? (Tenths) 

d5 

You  can  use  5\/ 1 ~ xr/1650  to  find  the  num- 
ber of  yards  that  is  the  same  length  as  1650 
rods.  Next  you  must  find  the  number  of  miles 
that  is  the  same  length  as  x yards, 
c Does  1760/1  represent  the  comparison  of 
1760  yards  with  the  number  of  miles  that  is  the 
same  length?  Why  will  you  use  1760/1  in  the 
second  condition  for  the  problem? 

You  want  to  find  a rate  pair  that  is  equiva- 
lent to  1760/1  and  whose  second  component 
is  the  number  of  miles  that  is  the  same  length 
as  x yards.  Use  x/y  to  represent  this  rate  pair. 
d To  what  does  x refer  ? To  what  does  y refer  ? 
E Is  1760/1  ~ x/y  the  second  simple  condition 
for  the  problem  ? 

F Does  the  sentence  in  red  below  express  a 
compound  condition  for  the  problem  in  d5  ? 

5j/l -x/1650  A 1760/1  ~x\y. 

G What  number  satisfies  5\/ 1 ~ x/1650? 

H If  you  replace  x in  1760/1  ~ x/y  by  9075, 
do  you  obtain  1760/1  ~ 9075 /y? 

I  What  is  the  replacement  for  y rounded  off 
to  the  nearer  tenth  ? 

J What  is  the  length  of  the  east  boundary  of 
the  ranch  in  miles  ? 


In  this  lesson  you  learned  how  to  use  condi- 
tions for  equivalence  to  solve  problems  involv- 
ing standard  units  of  length. 

On  your  own 

In  each  of  exercises  1 through  12,  a length 
is  expressed  in  one  unit  of  measure,  and  a sec- 
ond unit  is  named  in  parentheses.  Express  the 
given  length  in  terms  of  the  unit  indicated  by 
the  word  in  parentheses. 

1 1 in.  (feet)  5 18,480  ft.  (miles) 

2 1 ft.  (yards)  6 150  m.  (yards) 

3 20  rd.  (yards)  7 6 mi.  (yards) 

4 52  cm.  (inches)  8 350  km.  (miles) 

9  1 yd.  (metres) 

10  1 mi.  (kilometres) 

1 1 45  in.  (centimetres) 

12  415  yd.  (metres) 

For  each  of  the  following  problems,  first 
write  a sentence  that  expresses  a condition. 
Then  give  the  answer  to  the  problem.  For 
problems  13  through  23,  the  universe  for  the 
variable  is  Z.  For  problems  24  through  27, 
the  universe  is  Z X Z. 

13  The  average  height  of  the  sequoia  is  2\ 
times  the  average  height  of  the  vyjiite  oak.  The 
average  height  of  the  white  oak  is  100  ft.  What 
is  the  average  height  of  the  sequoia  ? 

14  Mrs.  Mills  bought  9 metres  of  cotton  cloth 
in  Mexico  City.  Approximately  how  many 
yards  of  cloth  did  she  buy?  (Tenths) 

1 5 The  diameter  of  one  of  the  wheels  of  a cer- 
tain French  automobile  is  40  centimetres  long. 
The  diameter  is  approximately  how  many 
inches  long? 

16  The  surface  of  the  Dead  Sea  is  1293  ft.  be- 
low sea  level.  The  surface  of  the  Dead  Sea  is 
how  many  miles  below  sea  level  ? (Hundredths) 

17  The  height  of  Angel  Falls  in  Venezuela  is 
.625  of  a mile.  What  is  the  height  in  feet  of 
Angel  Falls? 
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18  One  of  the  largest  sharks  ever  caught  was 
163  in.  long.  What  was  the  length  of  the  shark 
in  feet?  (Tenths) 

19  One  of  the  events  for  men  in  the  1908  Olym- 
pic Games  was  a 5-mile  run.  When  a man  com- 
pleted this  race,  approximately  how  many 
kilometres  had  he  run?  (Ones) 

20  The  highest  mountain  in  the  world  is 
Mount  Everest  in  the  Himalayas.  The  summit 
of  Mount  Everest  is  29,028  feet  above  sea  level. 
How  many  miles  above  sea  level  is  the  summit 
of  Mount  Everest?  (Tenths) 

21  The  average  depth  of  the  Pacific  Ocean  is 
2f  miles.  What  is  its  average  depth  in  feet? 

22  Dave  used  two  kinds  of  wood,  oak  and  wal- 
nut, to  make  a coffee  table.  The  length  of  the 
oak  board  was  1 ft.  9 in.  The  length  of  the  wal- 
nut board  was  2 ft.  5 in.  What  was  the  total 
length  of  the  boards  in  feet  ? 

think  How  do  you  know  that  1 ft.  9 in.  is 
the  same  length  as  l|  ft.  ? How  do  you  know 
that  2 ft.  5 in.  is  the  same  length  as  2 u ft.  ? 

23  Use  your  answer  to  problem  22  to  answer 
the  following  question:  What  was  the  total 
length  of  the  boards  in  inches? 

24  Jean  bought  2|  yards  of  cotton  and  lg 
yards  of  silk.  How  many  inches  of  material  in 
all  did  she  buy  ? 

25  Mr.  Wilson  is  going  to  build  a road  from 
his  barn  to  his  farmhouse.  The  length  of  the 
road  will  be  5 of  a mile.  What  will  be  the  length 
of  the  road  in  rods  ? 

26  Mr.  Johnson  had  a tract  of  land  surveyed. 
The  surveyor  told  him  that  the  length  of  the 
tract  of  land  was  750  rd.  What  was  the  length 
in  miles  ? (Hundredths) 

27  Susan  walks  g mi.  to  school  each  day.  After 
mathematics  class  one  day  she  decided  to  find 
out  how  many  inches  there  are  in  | mi.  What 
number  of  inches  should  Susan  have  obtained 
for  an  answer? 
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For  each  of  problems  1 through  15,  write  a 
sentence  that  expresses  a condition.  Then  find 
the  number  that  satisfies  the  condition  and  give 
the  answer  to  the  problem.  The  universe  is 
given  for  each  problem. 

1 Rajah,  a Siamese  cat,  weighs  6\  lb.  How 
many  ounces  does  Rajah  weigh  ? U = Z. 

2 Ed  sold  35  pk.  of  apples  one  day.  How 
many  bushels  of  apples  did  he  sell  ? U = Z. 

3 Mr.  Andrews  used  4|  gal.  of  white  paint  to 
paint  his  house.  How  many  quarts  of  white 
paint  did  Mr.  Andrews  use?  U = Z. 

4 Nick  weighs  1 10  lb.  About  how  many  kilo- 
grams does  Nick  weigh?  U = Z. 


WEIGHT 

1 6 ounces  (oz.)  1 pound  (lb.) 

2000  pounds  1 ton  (T.) 

.035  ounce  (approx.)  1 gram  (g.) 

2.2  pounds  (approx.)  1 kilogram  (kg.) 


CAPACITY 


8 fluid  ounces  (fl.  oz.) 

2\  cups 
2 liquid  pints 
4 liquid  quarts 
8 dry  quarts 
4 pecks 
.88  quart  (approx.) 


1 cup  (c.) 

1 pint  (pt.) 

1 liquid  quart  (qt.) 
1 gallon  (gal.) 

1 peck  (pk.) 

1 bushel  (bu.) 

1 litre  (1.) 


TIME 


60  seconds  (sec.) 
60  minutes 
24  hours 
7 days 
12  months  (mo.) 
365  days 


1 minute  (min.) 
1 hour  (hr.) 

1 day  (da.) 

1 week  (wk.) 

1 year  (yr.) 

1 year 


Finding  solutions  of  conditions  for  problems  involving  standard 
units  of  weight,  capacity,  and  time 


5 Kay  used  2g  cups  of  milk  in  a pudding.  How 
many  fluid  ounces  of  milk  did  she  use?  U = Z. 

6 Tom  bought  24  oz.  of  peanuts.  He  bought 
how  many  pounds  of  peanuts?  U = Z. 

7 Susan  picked  10  qt.  of  strawberries  one 
morning.  She  picked  how  many  pecks  of  straw- 
berries that  morning?  (Hundredths)  U = Z. 

8 Mrs.  Kane  bought  1.8  kilograms  of  bana- 
nas at  a market  in  Mexico  City.  About  how 
many  pounds  of  bananas  did  she  buy?  U = Z. 

9 Jim  spent  2\  hr.  on  his  homework  one  eve- 
ning. How  many  minutes  did  Jim  spend  on  his 
homework  that  evening?  U = Z. 

to  Mr.  Thompson  had  1.5  tons  of  coal  in  his 
basement.  He  had  how  many  pounds  of  coal  in 
his  basement?  U = Z. 

1 1 Some  baseball  players  use  bats  that  weigh 
34  oz.  About  how  many  grams  does  a 34-ounce 
bat  weigh  ? U = Z. 

12  5,921,728  tons  of  steel  were  produced  in 
Canada  in  one  year.  Calculate  how  many 
pounds  of  steel  were  produced  that  year  in 
Canada.  U = Z. 

13  The  coffee  machine  in  Mr.  Harold’s  office 
holds  50  cups  of  coffee.  How  many  quarts  of 
coffee  does  the  machine  hold  ? U = Z X Z. 

14  There  are  six  45-minute  class  periods  at  the 
Long  School.  The  six  class  periods  is  the 
same  period  of  time  as  how  many  hours? 
U = Z X z. 


15  The  gasoline  tank  in  Mr.  Ryan’s  car  will 
hold  56  litres.  Approximately  how  many  gal- 
lons will  the  tank  hold  ? U = Z X Z. 

For  each  exercise  below,  express  the  given 
units  in  the  units  indicated  in  parentheses. 

16  1 oz.  (grams)  22  3 gal.  (quarts) 

17  1 lb.  (kilograms)  23  301  da.  (weeks) 


18  1 qt.  (litres) 

19  5 da.  (hours) 

20  5200  lb.  (tons) 

21  44  lb.  (kilograms) 


24  176  oz.  (pounds) 

25  2.5  hr.  (seconds) 

26  3?  yr.  (days) 

27  30  gal.  (pints) 
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Exploring  ideas 


Measure  of  an  angle 

You  have  learned  how  to  find  the  measure  of 
a segment.  In  this  lesson  you  will  learn  how  to 
find  the  measure  of  an  angle. 

A Name  the  two  lines  represented  in  d1. 
b In  lesson  27  you  learned  what  is  meant  by  a 
ray,  an  angle,  and  a linear  pair  of  angles. 
Name  the  rays  represented  in  d1  that  have 
D as  an  endpoint.  Is  DE  \J  DF  = ZFDE? 
c Name  each  angle  represented  in  d1  that  has 
D as  a vertex.  Name  the  sides  of  each  angle. 
d Which  point  is  the  common  vertex  of 
ZFDE  and  ZCDF  ? Which  ray  is  the  common 
side  of  ZFDE  and  ZCDF? 

E Points  C,  D,  and  E are  collinear  points. 
How  do  you  know  that  DE  \J  DC  = 

F Are  ZFDE  and  ZCDF  a linear  pair  of  an- 
gles? Is  ZFDE  the  supplement  of  ZCDF? 
Is  ZCDF  the  supplement  of  ZFDE? 

G ZFDE  = ZCDF.  Are  ZFDE  and  ZCDF 
right  angles?  ZCDF  ^ ZHDC.  Is  ZHDC  a 
right  angle  ? 

H Are  ZHDC  and  ZEDH  a linear  pair  of 
angles?  Is  ZHDC  the  supplement  of  ZEDH? 
Is  ZEDH  the  supplement  of  ZHDC  ? How  do 
you  know  that  ZEDH  is  a right  angle? 
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Measure  in  degrees  of  an  angle;  identification  of  angles  in  terms  of  -jy 
their  measures;  use  of  the  protractor 


In  lesson  98  you  learned  how  to  compare 
segments  by  comparing  their  measures.  You 
used  a unit  segment  to  find  the  measure  of 
other  segments.  Now  that  you  have  reviewed 
some  ideas  about  angles,  you  will  learn  how  to 
find  the  measure  of  an  angle. 

Look  at  d2.  Several  different  rays  with  a 
common  endpoint  are  represented  in  the  dis- 
play. ZSMR,  ZTMS,  ZUMT,  ZVMU,  and 
ZWMV  are  each  congruent  to  ZRMQ. 

A Just  as  you  can  associate  numbers  with 
endpoints  of  segments,  you  can  associate  num- 
bers with  the  rays  that  form  angles.  The  num- 
ber 0 is  associated  with  MQ.  What  number  is 
associated  with  MT? 

B The  number  2 is  associated  with  which  ray? 
The  number  6 is  associated  with  which  ray  ? 

C Name  the  angle  formed  by  the  union  of  MV 
and  MT.  What  is  the  difference  of  the  number 
associated  with  MV  and  the  number  associ- 
ated with  MT? 

The  difference  of  5 and  3 is  the  measure  of 
the  angle  VMT.  Thus,  5 — 3,  or  2,  is  the  meas- 
ure of  ZVMT.  The  measure  of  an  angle  is  the 
difference  of  the  numbers  associated  with  the 
sides  of  the  angle.  The  difference  is  obtained  by 
subtracting  the  lesser  number  from  the  greater 
number. 

D What  number  is  associated  with  MQ  ? With 
MU ? What  is  the  measure  of  ZQMU ? 

E ZWMQ  is  a right  angle.  Is  6 — 0,  or  6,  the 
measure  of  ZWMQ? 

F What  is  the  measure  of  ZRMQ?  Of 
ZUMT? 

Notice  that  both  ZRMQ  and  ZUMT  have 
a measure  of  1.  Each  of  these  angles  is  a unit 
angle.  An  angle  that  has  a measure  of  1 is  a 
unit  angle. 

G What  other  angles  represented  in  d2  are  unit 
angles  ? 
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d2 


measure  of  an  angle.  The  difference  of  the 
numbers  associated  with  the  sides  of  the  angle. 
If  9 is  associated  with  ray  AC  and  3 is  associ- 
ated with  ray  AB,  then  9 — 3,  or  6,  is  the  meas- 
ure of  ZCAB. 


unit  angle.  An  angle  whose  measure  is  1. 


H What  is  the  measure  of  ZRMS?  Of 
ZSMT?  Of  ZRMT?  Is  the  measure  of 
ZRMT  equal  to  the  sum  of  the  measures  of 
ZRMS  and  ZSMT? 

i What  is  the  measure  of  ZTMV?  Of 
ZVMW  ? Of  ZTMW?  Is  the  measure  of 
ZTMW  equal  to  the  sum  of  the  measures  of 
ZTMV  and  ZVMW? 

From  the  exercises  above,  you  can  see  how 
you  use  a unit  angle  to  determine  the  measures 
of  other  angles.  The  unit  of  measurement  is  the 
unit  angle.  The  process  of  measurement  com- 
pares a given  angle  with  the  unit  angle. 

J Now  look  at  d3.  Points  M,  T,  and  A are 
collinear.  Name  the  rays  represented  in  d3. 
Name  the  number  associated  with  each  of 
these  rays. 

K Name  the  unit  angle  represented  in  d3. 
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l What  is  the  measure  of  ZATB?  Of 
ZMTK?  OfZHTJ  ? How  do  you  know? 
m ZBTE  = ZHTK.  What  is  the  measure  of 
each  of  these  angles? 

n What  is  the  measure  of  ZDTF?  OfZFTH? 

Do  you  think  these  two  angles  are  con- 
gruent? 

ZDTF^ZFTH.  The  measures  of  con- 
gruent angles  are  equal  just  as  the  measures  of 
congruent  segments  are  equal.  The  properties 
that  relate  congruent  angles  and  their  measures 
are  expressed  below. 

If  two  angles  are  congruent,  then  their  meas- 
ures are  equal. 

If  the  measures  of  two  angles  are  equal,  then 
the  angles  are  congruent. 

These  properties  imply,  of  course,  that  the 
same  unit  angle  has  been  used  to  find  the  meas- 
ures of  the  two  angles. 

o Name  four  angles  represented  in  d3,  each  of 
which  is  congruent  to  ZDTC.  Name  three 
angles  each  of  which  is  congruent  to  ZETI. 
p Is  the  measure  of  ZDTI  equal  to  the  sum  of 
the  measures  of  ZDTF  and  ZFTI? 


Q What  is  the  sum  of  the  measures  of  ZGTH 
and  ZHTK?  Is  this  sum  equal  to  the  measure 
ofZGTK? 

R ZATG  is  a right  angle.  What  is  the  measure 
of  ZATG?  Name  three  other  angles  repre- 
sented in  d3  each  of  which  is  congruent  to 
ZATG. 

s Look  again  at  d2.  Which  angle  represented 
in  d2  is  a right  angle  ? What  is  the  measure  of 
this  angle  ? 

T Do  you  think  that  the  unit  angle  you  used 
on  page  18  is  congruent  to  the  unit  angle 
represented  in  d3?  Explain  your  answer. 

The  right  angle  represented  in  d2  and  the 
right  angle  represented  in  d3  have  different 
measures  because  different  unit  angles  are 
used.  Next  you  will  learn  about  a standard  unit 
for  measuring  angles. 

As  you  have  learned  so  far  in  this  lesson, 
different  unit  angles  can  be  used  in  measuring 
angles.  It  is  customary  to  choose  a unit  angle 
that  makes  90  the  measure  of  a right  angle. 
This  standard  unit  of  angle  measure  is  the 
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degree.  The  measure  in  degrees  of  a unit  angle 
is  1.  In  this  book  we  will  use  the  degree  to 
measure  angles.  As  you  continue  to  study 
mathematics,  you  will  learn  about  another  unit 
for  measuring  angles. 

a Look  at  d4.  Points  D,  C,  and  A are  collin- 
ear.  ZACB  is  a right  angle.  What  is  the  meas- 
ure of  ZACB? 

b A unit  angle  is  represented  in  d4.  Name  the 
unit  angle. 

You  know  that  a right  angle  is  defined  as  an 
angle  that  is  congruent  to  its  supplement.  You 
also  know  that  we  have  chosen  a unit  angle 
that  makes  90  the  measure  of  a right  angle.  We 
have  called  this  unit  angle  the  degree.  Thus, 
the  measure  of  a right  angle  in  degrees  is  90. 
c What  is  the  measure  in  degrees  of  ZACL? 
OfZGCQ?  OfZBCR? 

D Look  again  at  d4.  What  is  the  measure  in 
degrees  of  ZDCB?  Is  ZDCB  a right  angle? 
e What  is  the  measure  in  degrees  of  ZLCT? 
Is  ZLCT  a right  angle?  What  is  the  measure 
in  degrees  of  ZGCO?  Is  ZGCO  a right 
angle  ? 


F Name  three  other  right  angles  represented 
in  d4. 

g What  is  the  sum  of  the  measures  of  ZACB 
and  ZDCB? 

H You  know  that  an  angle  is  the  union  of  two 
rays  that  have  a common  endpoint,  but  that 
do  not  form  a line.  Is  CA  CD  an  angle? 

I What  is  the  measure  of  ZECD  ? Of 
ZACU?  Is  the  measure  of  each  of  these 
angles  less  than  1 80  ? 

J Explain  why  the  measure  in  degrees  of  an 
angle  must  be  less  than  180.  Explain  why 
the  measure  in  degrees  of  an  angle  must  be 
greater  than  0. 

From  now  on,  when  we  give  the  measure  in 
degrees  of  an  angle,  you  know  that  the  number 
we  use  will  be  a rational  number  between  0 
and  180.  The  measure  in  degrees  of  an  angle 
can  be  a number  like  15j,  or  §,  or  178.  But  the 
measure  cannot  be  0,  or  180,  or  any  number 
greater  than  180. 

In  the  following  exercises,  you  can  use  what 
you  know  about  the  measure  of  an  angle  to 


110 


100  90  80 


70 


120 


60 


130 


N B M 
O L 


140 


Q 


150  R 

s 


160 


50 


40 


30 


20 


170 


180 


d4 


F 10 

E 


0 


20 


learn  how  to  identify  angles  according  to  their 
measures. 

a Study  the  pictures  of  angles  in  d5.  Notice 
that  the  measure  in  degrees  of  each  angle  is 
expressed  in  the  display.  Which  of  the  angles 
are  right  angles? 

b What  is  the  measure  in  degrees  of  ZABC? 
Is  the  measure  of  ZABC  greater  than,  or  less 
than,  90? 

The  measure  in  degrees  of  ZABC  is  less 
than  90.  ZABC  is  called  an  acute  angle.  An 
acute  angle  is  an  angle  whose  measure  in  de- 
grees is  less  than  90. 

c Name  another  acute  angle  represented  in 
d5.  What  is  the  measure  in  degrees  of  this 
angle  ? 

d What  is  the  measure  in  degrees  of  ZFGH  ? 
Is  the  measure  greater  than,  or  less  than,  90? 

The  measure  in  degrees  of  ZFGH  is  greater 
than  90.  ZFGH  is  called  an  obtuse  angle.  An 
obtuse  angle  is  an  angle  whose  measure  in  de- 
grees is  greater  than  90. 
e Name  another  obtuse  angle  represented  in 
d5.  What  is  the  measure  in  degrees  of  this 
angle  ? 

F Is  the  measure  of  an  acute  angle  less  than, 
or  greater  than,  the  measure  of  a right  angle? 
Is  the  measure  of  an  obtuse  angle  less  than,  or 
greater  than,  the  measure  of  a right  angle  ? 

G Is  the  measure  of  an  acute  angle  less  than, 
or  greater  than,  the  measure  of  an  obtuse 
angle  ? 

d6  shows  how  to  write  and  read  a sentence 
that  expresses  a true  statement  about  the  meas- 


a cute  angle  (3  kut/).  An  angle  whose  meas- 
ure in  degrees  is  less  than  90. 


obtuse  angle  (gbtiisO-  An  angle  whose 
measure  in  degrees  is  greater  than  90. 


H 

M 

L 741 

N 


B 

Q R 

O 1001 

P 90 

T S 

d5 


“The  measure  in 
degrees  of 

ZABC  0 = 40. 

angle  ABC 
is  equal  to 
40.” 

d6 

ure  of  ZABC,  represented  in  d5.  Notice  the 
symbol  for  degree  that  is  written  to  the  right 
and  above  the  name  of  the  angle. 

H Read  the  sentence  in  d6.  Then,  for  each  of 
the  other  angles  represented  in  d5,  write  a sen- 
tence that  expresses  a true  statement  about  the 
measure  in  degrees  of  the  angle. 

In  the  preceding  work  you  learned  to  identify 
angles  according  to  their  measures.  When  you 
are  working  with  pictures  of  angles,  you  will 
often  want  to  find  measures  of  these  angles  in 
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degrees.  An  instrument  called  a protractor 
(pro  trak/tar)  is  a useful  device  for  measuring 
angles.  A picture  of  such  an  instrument  is 
shown  in  d7. 

Study  d7.  Notice  that  one  scale  on  the  pro- 
tractor begins  with  the  mark  that  represents  0 
on  the  right.  This  scale  ends  with  the  mark  that 
represents  180  on  the  left.  This  is  the  counter- 
clockwise scale.  The  other  scale,  which  begins 
with  the  mark  that  represents  0 on  the  left  and 
ends  with  the  mark  that  represents  180  on  the 
right,  is  the  clockwise  scale.  Each  mark  on  the 
protractor  represents  a number  of  degrees. 
The  marks  on  a protractor  thus  serve  the  same 
kind  of  purpose  as  the  marks  on  a yardstick  or 
a thermometer. 


A What  two  rays  are  represented  in  d7  ? How 
do  you  know  that  VA  VJ  VB  = ZAVB? 

B The  arrowhead  on  the  protractor  has  been 
placed  on  the  dot  that  represents  vertex  V. 
Does  the  picture  of  VA  go  under  the  mark  on 
the  protractor  that  represents  0?  This  means 
that  the  number  associated  with  VA  is  0 . 
c The  picture  of  VB  is  on  top  of  what  mark 
on  the  protractor?  Why  do  you  use  the  coun- 
terclockwise scale?  With  what  number  is  VB 
associated  ? 

D What  is  the  difference  of  the  number  asso- 
ciated with  VA  and  the  number  associated 
with  VB? 

e What  is  the  measure  in  degrees  of  ZAVB? 
Which  kind  of  angle  is  ZAVB,  an  acute,  a 
right,  or  an  obtuse  angle? 

F Now  look  at  d8.  With  what  number  is  VC 
associated?  With  what  number  is  VA  associ- 
ated ? What  is  the  difference  of  these  two  num- 
bers? What  is  the  measure  in  degrees  of 
ZCVA?  Which  kind  of  angle  is  ZCVA,  an 
acute,  a right,  or  an  obtuse  angle?  How  do 
you  know? 

G Study  d9.  With  what  number  is  VE  associ- 
ated? With  what  number  is  VF  associated? 
What  is  the  difference  of  these  two  numbers  ? 

H What  is  the  measure  in  degrees  of  ZEVF? 
What  kind  of  angle  is  ZEVF?  How  do  you 
know? 

i You  can  also  use  a protractor  to  make  a pic- 
ture of  an  angle  of  a given  measure.  Suppose, 
for  example,  that  you  want  to  make  a picture 
of  ZRTK  whose  measure  in  degrees  is  50. 
What  is  the  vertex  of  ZRTK? 
j Look  at  picture  A in  d10.  First  use  a 
straightedge  to  draw  a picture  of  TK.  What  is 
the  endpoint  of  TK  ? 

K Now  look  at  picture  B.  Where  is  the  arrow- 
head on  the  protractor  placed  ? Does  the  pic- 
ture of  TK  go  under  the  bottom  edge  of  the 
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protractor?  Put  a dot  above  the  mark  that 
represents  50.  Label  the  dot  with  the  letter  R. 
Finally,  use  a straightedge  to  draw  a picture 
of  side  TR,  as  shown  in  picture  C. 

In  this  lesson  you  learned  about  the  measure 
of  angles  and  that  a standard  unit  of  measure 
for  angles  is  the  degree.  You  also  learned  how 
to  use  a protractor  to  find  the  measure  in  de- 
grees of  an  angle  represented  by  a picture  and 
how  to  make  a picture  of  an  angle  of  a given 
measure. 

On  your  own 

1 Think  about  the  angles  formed  when  two 
lines  intersect.  Suppose  that  the  measure  of 
one  of  the  angles  is  90.  What  do  you  know 
about  the  measures  of  the  other  three  angles  ? 

2 Now  suppose  that  one  of  the  angles  formed 
when  two  lines  intersect  is  an  acute  angle.  Are 
any  of  the  other  angles  right  angles  ? Are  any 
of  the  angles  obtuse  angles? 


3 Name  the  angle  formed  by  the  union  of  PQ 
and  PL.  Of  ICH  and  KN. 

4 If  A B is  associated  with  22\  and  AC  is  asso- 
ciated with  663,  what  is  the  measure  of  ZB  AC  ? 

Use  the  angles  represented  in  d1  1 in  connec- 
tion with  exercises  5 through  8. 

5 Is  ZABC°  = 65.4?  What  is  ZEDF°?  For 
each  of  the  other  angles  represented  in  Dll, 
write  a sentence  expressing  a true  statement 
about  the  measure  of  the  angle. 

6 Which  of  the  angles  are  acute  angles  ? 

7 Which  of  the  angles  are  obtuse  angles  ? 

8 Which  of  the  angles  are  right  angles  ? 

Use  a straightedge  and  a protractor  to  make 
pictures  of  the  angles  whose  measures  are  ex- 
pressed below. 

9 ZABC°  = 15.  li  ZDEF°  = 35. 

10  ZMNO°=  177.  12  ZKLM°  = 89. 

13  Make  pictures  of  six  angles.  Use  letters  to 
name  the  angles.  Then  use  a protractor  to  find 
the  measure  of  each  of  the  angles. 
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CHECKING  UP 

Af  you  have  trouble  with  these  two  tests,  you 
should  refer  to  lessons  98  through  101. 

Test  108 

For  exercises  1 through  5,  use  the  display 
below. 

1 What  is  the  coordinate  of  point  D? 

2 EG  = AC.  Name  the  coordinate  of  point  G. 

3 What  is  m(CH)? 

4 Name  two  segments  that  are  represented 
whose  measure  is  f . 

5 Name  three  segments  that  are  represented 
whose  measure  is  greater  than  m(BI). 

Test  109 

6 What  is  the  measure  of  a segment  whose 
coordinates  are  8j,  4|  ? 

7 Give  the  sum  of  the  lengths  4\  ft.  and  6f  ft. 

8 Give  the  difference  of  the  lengths  12ig  in. 
and  3|  in. 

9 If  ZPQR°  = 90,  then  ZPQR  is  what  kind 
of  angle? 

10  If  ZABC°  < 90,  then  ZABC  is  what  kind 
of  angle? 

For  each  problem,  write  a sentence  that  ex- 
presses a condition,  tabulate  its  solution  set, 
and  give  the  answer  to  the  problem.  U = Z. 

1 1 How  many  feet  is  the  same  length  as  37  yd.  ? 

12  How  many  gallons  is  the  same  capacity  as 
50  qt.? 

13  1320  yd.  is  the  same  length  as  how  many 
miles?  (Hundredths) 

14  How  many  ounces  is  the  same  weight  as 
4.6  1b.? 


ABCDEFGHI  J 
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24  End-of-block  tests  on  measurement  and  standard  units  of  measure 
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Exploring  ideas 


Angles  formed  by 
two  coplanar  lines 

In  lesson  101  you  learned  how  to  find  the 
measure  of  an  angle.  In  this  lesson  you  will 
study  the  angles  formed  by  two  intersecting 
lines. 

a What  two  lines  are  represented  in  d1? 
Which  line  is  determined  by  points  A and  B ? 
Which  line  is  determined  by  points  A and  C ? 

B Are  A,  B,  and  C,  represented  in  d1,  non- 
collinear  points?  How  do  you  know? 
c How  do  you  know  that  and  t2  are  in- 
cluded  in  the  plane  determined  by  A,  B,  and 
C?  Name  this  plane. 


REMINDER 

If  a line  contains  two  points  of  a plane, 
the  line  is  included  in  the  plane. 

See  lesson  9,  page  34,  Book  1. 


Lines  that  are  included  in  the  same  plane 
are  coplanar  lines.  l\  and  f2>  represented  in  dI, 
are  coplanar  lines. 

D Look  again  at  dI.  Do  and  /2  intersect? 
Tabulate  G C\  t2. 

E How  do  you  know  that,  if  two  lines  inter- 
sect, they  are  coplanar  lines  ? 

Lines  that  intersect  are  intersecting  lines. 
Now  you  will  study  the  angles  formed  by  the 
two  intersecting  lines  represented  in  dI. 
f Look  again  at  dI.  Point  A is  the  common 
endpoint  of  AB  and  AD.  Point  A is  the  com- 
mon endpoint  of  which  other  rays  represented  ? 

Opposite  angles  and  supplementary  angles 
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co  pla  nar  lines  (ko  pla^nar).  Lines  that  are 
included  in  the  same  plane. 


op  po  site  rays  (op's  zit).  Two  rays  that 
have  the  same  endpoint  and  that  are  subsets  of 
the  same  line.  If  A is  between  B and  C,  then 
ray  AB  and  ray  AC  are  opposite  rays. 


opposite  angles.  Two  angles  whose  sides 
form  two  pairs  of  opposite  rays. 


G Describe  AB  U AD.  Describe  AE  U AC. 
h Is  ZB  AC  the  union  of  AB  and  AC?  Which 
side  of  ZB  AC  is  included  in  1 1 ? Which  side  of 
ZBAC  is  included  in  f2? 
i Name  the  angle  formed  by  AB  U AE.  By 
AE  U AD.  By  AD  U AC. 
j How  many  angles  are  formed  by  and  f2? 
k What  lines  are  represented  in  d2?  Are 
points  H,  I,  and  J collinear  points?  How  do 
you  know? 

L Are  f3  and  f4  intersecting  lines?  Tabulate 

f 3 f4. 

m How  do  you  know  that  f3  and  f4  are  co- 
planar  lines? 

N Name  the  common  endpoint  of  HI  and  HK. 
Tabulate  HI  C\  HK. 


o Is  H between  I and  K?  Are  HI  and  HK 
subsets  of  the  same  line? 

Two  rays  that  have  the  same  endpoint  and 
that  are  subsets  of  the  same  line  are  opposite 
rays.  Remember  that,  when  we  say  “two  rays,” 
we  mean  “two  different  rays.”  HI  and  HK, 
represented  in  d2,  are  opposite  rays.  HI  is  the 
opposite  ray  of  HK.  HK  is  the  opposite  ray 
of  HI. 

p Look  again  at  d2.  Point  H is  the  common 
endpoint  of  which  two  rays  besides  HI  and 
HK?  Tabulate  the  intersection  of  these 
two  rays. 

Q Describe  HJ  \J  HL.  Are  HJ  and  HL  oppo- 
site rays  ? How  do  you  know  ? 

R Is  HKUHL=ZKHL?  Is  HI  U HJ  = 
ZIHJ  ? Now  think  about  the  sides  of  the  an- 
gles KHL  and  IHJ.  Is  side  HK  the  opposite 
ray  of  side  HI  ? Is  side  HL  the  opposite  ray  of 
side  HJ? 

s Is  each  side  of  angle  IHJ  the  opposite  ray  of 
a side  of  angle  KHL?  Explain  your  answer. 

ZKHL  and  ZIHJ  are  opposite  angles.  If 
two  angles  have  sides  that  form  two  pairs  of 
opposite  rays,  the  two  angles  are  opposite 
angles. 

t ZLHI  is  the  union  of  which  rays  repre- 
sented in  d2?  ZJHK  is  the  union  of  which 
rays? 

u Is  each  side  of  ZLHI  the  opposite  ray  of  a 
side  of  ZJHK?  Is  each  side  of  ZJHK  the 
opposite  ray  of  a side  of  ZLHI?  Explain 
your  answer. 

v How  do  you  know  that  ZLHI  and  ZJHK 
are  opposite  angles  ? 

Sometimes  opposite  angles  are  called  verti- 
cal angles.  In  this  book,  we  will  use  the  term 
“opposite  angles.”  However,  remember  that 
the  term  “vertical  angles”  also  refers  to  two 
angles  that  have  sides  that  form  two  pairs  of 
opposite  rays. 
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Now  you  will  apply  what  you  know  about 
the  measure  of  an  angle  to  the  measures  of 
pairs  of  angles  that  are  formed  by  two  inter- 
secting lines. 

A Look  at  the  pictures  of  and  in  d3. 
Tabulate  t5  n f6.  Name  the  angles  formed  by 
the  intersecting  lines  f5  and  f6. 
b Are  Q,  M,  and  N collinear  points  ? How  do 
you  know  that  ZOMN  and  ZQMO  are  a 
linear  pair  of  angles  ? 

c What  is  the  measure  in  degrees  of  ZOMN  ? 
Of  ZQMO?  What  is  the  sum  of  ZOMN°and 
ZQMO°? 

If  the  sum  of  the  measures  in  degrees  of 
two  angles  is  1 80,  the  angles  are  supplementary 
angles.  ZOMN  and  ZQMO  are  supplemen- 
tary angles.  ZOMN  is  a supplement  of  ZQMO. 
ZQMO  is  a supplement  of  ZOMN. 

D Look  again  at  d3.  Are  P,  M,  and  O collinear 
points? 

E How  do  you  know  that  ZQMO  and  ZPMQ 
are  a linear  pair  of  angles  ? 

F What  is  ZQMO°?  What  is  ZPMQ°? 
What  is  the  sum  of  ZQMO°  and  ZPMQ°? 

G Are  ZQMO  and  ZPMQ  supplementary 
angles?  How  do  you  know? 

Exercises  B through  G have  helped  you  to 
understand  an  important  property  concerning 
the  sum  of  the  measures  of  two  angles  that 
form  a linear  pair.  This  property  is  expressed 
below. 

If  two  angles  form  a linear  pair , then  they  are 
supplementary  angles. 

H Look  again  at  d3.  How  do  you  know  that 
ZPMQ  and  ZNMP  are  a linear  pair  of 
angles  ? 

i Are  ZPMQ  and  ZNMP  supplementary  an- 
gles? What  angle  is  a supplement  of  ZPMQ? 
Of  ZNMP?  What  is  the  sum  of  ZPMQ°  and 
ZNMP°? 
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d4 

supplementary  angles  (sup'la  menAa  ri) . 

A pair  of  angles,  the  sum  of  whose  measures  in 
degrees  is  180.  Each  angle  of  a pair  of  supple- 
mentary angles  is  a supplement  of  the  other 
angle. 

You  can  use  your  knowledge  of  how  addi- 
tion is  related  to  subtraction  to  find  ZNMP°. 
J You  know  that  ZPMQ°  + ZNMP°  = 180. 
Is  ZNMP°  the  difference  of  180  and  ZPMQ°  ? 
What  is  ZPMQ°? 

K Is  120  the  difference  of  180  and  60?  What  is 
ZNMP°? 

L Name  the  opposite  rays  represented  in  d3 
that  are  subsets  of  i 5.  Name  the  opposite  rays 
that  are  subsets  of  f6.  Name  the  two  pairs  of 
opposite  angles  represented  in  d3. 
m Is  ZOMN°=ZPMQ°?  How  do  you 
know  that  ZOMN ^ ZPMQ? 

N Is  ZQMO°=ZNMP°?  Is  ZQMO  = 
ZNMP?  Explain  your  answers. 

Now  you  know  that,  in  each  pair  of  the  op- 
posite angles  formed  by  f5  and  h,  the  angles 
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are  congruent.  An  important  property  of  op- 
posite angles  is  expressed  below. 

Opposite  angles  are  congruent. 

Now  look  at  the  pictures  of  f7  and  f8  in  d4. 
Notice  that  we  have  used  the  letters  a,  b,  c,  d 
as  names  for  angles.  It  often  is  convenient  to 
name  angles  this  way. 

o How  do  you  know  that  Za  and  Zb  are  a 
linear  pair  of  angles? 

p Za  = Zb.  Is  Za  a right  angle?  Is  Zb  a 
right  angle?  Explain  your  answers. 

Q What  is  the  measure  of  Za?  Of  Zb? 

R Name  two  pairs  of  opposite  angles  repre- 
sented in  d4.  How  do  you  know  that  Zc  and 
Zd  are  right  angles? 

s If  two  angles  are  opposite  angles,  how  do 
you  know  that  their  measures  are  equal? 

T Is  Zb°  = 90?  Is  Zd°  = 90?  Are  Zb  and 
Zd  a pair  of  supplementary  angles?  Are 
Zb  and  Zd  a pair  of  linear  angles? 
u Think  about  the  four  angles  formed  by  two 
intersecting  lines.  What  is  the  sum  of  the 
measures  of  the  four  angles?  Explain  your 
answer. 

v Think  of  /9  and  /10  as  any  two  coplanar 
lines  that  have  no  points  in  common.  Tabu- 
late i9  r\  /10. 

w How  do  you  know  that  l9  and  f10  are  par- 
allel? How  many  angles  are  formed  by  any 
two  parallel  lines? 


REMINDER 

Parallel  lines  are  two  coplanar  lines 
that  do  not  have  any  points  in  common. 
See  lesson  26,  page  101,  Book  1. 


Now  you  will  use  your  knowledge  of  angles 
and  their  measures  to  solve  problems  concern- 
ing angles.  Read  the  problem  in  d5.  The  uni- 


Angies  a,  b,  c,  and  d are  formed  by 
two  intersecting  lines.  Za  is  a supple- 
ment of  Zb.  Za  is  also  a supplement  of 
Zd.  Za°  is  98.  What  is  the  measure  of 
each  of  angles  b,  c,  and  d ? 

d5 

verse  is  the  set  of  rational  numbers  between  0 
and  180. 

A You  know  that  Za  and  Zb  are  supplemen- 
tary angles.  What  is  the  sum  of  the  measures  of 
Za  and  Zb? 

B Do  you  know  Zb°?  Use  x as  a variable  for 
Zb°.  Why  is  the  universe  for  x the  set  of  ra- 
tional numbers  between  0 and  180? 

C Is  98  + x = 180  a simple  condition  for  the 
problem  ? What  number  satisfies  98  + x = 
180? 

D How  do  you  know  that  Zb°  is  82? 

You  can  use  the  measures  of  Za  and  Zb  to 
find  the  measures  of  the  other  two  angles. 

E IsZd^Zb?  IsZd°  = Zb°?  Explain  your 
answers. 

F What  is  the  measure  of  Zd  ? 

G IsZc  = Za?  IsZc°  = Za°?  Explain  your 
answers. 

H What  is  the  measure  of  Zc? 

You  can  use  the  numbers  that  you  obtained 
for  exercises  C,  F,  and  H to  get  the  answer  to 
the  problem  in  d5. 

The  measure  of  Zb  is  82;  the  measure  of 
Zc  is  98 ; and  the  measure  of  Zd  is  82. 

In  this  lesson  you  learned  that  opposite  and 
supplementary  angles  are  formed  by  two  inter- 
secting lines. 

On  your  own 

i Draw  a picture  of  two  intersecting  lines. 
Then  use  a protractor  to  find  the  measure  of 
each  angle  formed  by  the  two  lines. 
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2 What  is  the  sum  of  the  measures  that  you 
found  for  exercise  1 ? 

3 Draw  a picture  of  two  lines  that  intersect  to 
form  two  angles,  one  of  which  has  a measure 
of  127.  Use  your  protractor  to  help  you. 

4 What  is  the  measure  of  each  of  the  other 
angles  represented  in  the  picture  you  drew  for 
exercise  3 ? 

Use  d6  to  help  you  answer  the  questions  be- 
low. ln  and  f12  are  intersecting  lines.  ^13  and 
1 14  also  are  intersecting  lines. 

5 Name  the  angles  formed  by  ln  and  f12. 

6 Name  the  angles  formed  by  f13  and  f14. 

7 Name  four  linear  pairs  of  angles  formed  by 
l ii  and  f12. 

8 Name  four  linear  pairs  of  angles  formed  by 
f13  and  f14. 

9 Name  four  pairs  of  opposite  angles  repre- 
sented in  d6. 

10  What  is  ZGFI°? 

1 1 Name  three  other  angles  that  have  the  same 
measure  as  ZGFI. 

12  What  is  ZXWZ°? 

1 3 Name  three  other  angles  that  have  the  same 
measure  as  ZXWZ. 

14  Name  two  angles  formed  by  f13  and  f14 
that  are  each  a supplement  of  ZEFH. 

15  Name  two  angles  formed  by  and  ^12 
that  are  each  a supplement  of  ZYWZ. 
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Exploring  ideas 


Angles  formed  by 
three  coplanar  lines 

In  the  last  lesson  you  studied  angles  formed 
by  two  coplanar  lines.  In  this  lesson  you  will 
investigate  angles  formed  by  three  coplanar 
lines. 

A Lines  f2,  and  f3,  which  are  represented 
in  d1,  are  included  in  the  same  plane.  Are  f1? 
f2,  and  f3  coplanar?  How  do  you  know? 

B What  point  do  f2,  and  f3  have  in  com- 
mon? 

c Point  R is  the  endpoint  of  six  rays  repre- 
sented in  Dl.  Name  these  rays. 

D Is  RAU  RB  = ZARB?  Name  the  angle 
formed  by  the  union  of  RB  and  RC. 

E What  is  the  common  vertex  of  ZARB  and 
ZBRC?  What  is  their  common  side? 

F Are  any  points  that  are  contained  in  the  in- 
terior of  ZARB  also  contained  in  the  interior 
of  ZBRC?  Tabulate  the  intersection  of  the 
interior  of  ZARB  and  the  interior  of  ZBRC. 

G How  do  you  know  that  the  interiors  of 
ZARB  and  ZBRC  are  disjoint  sets? 

ZARB  and  ZBRC  have  a common  vertex 
and  a common  side.  The  interiors  of  these  an- 
gles are  disjoint  sets.  ZARB  and  ZBRC  are 
adjacent  angles.  Any  two  angles  that  have  a 
common  vertex  and  a common  side  and  whose 
interiors  are  disjoint  sets  are  adjacent  angles. 


adjacent  angles  (oja^sont).  Two  angles 
that  have  a common  vertex  and  a common  side 
and  whose  interiors  are  disjoint  sets. 


Angles  formed  by  three  Intersecting  lines;  transversal  of  two  coplanar  lines; 

corresponding  angles;  converse  of  a statement 
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d2 

h Look  again  at  d 1 . What  is  the  common  ver- 
tex of  ZCRD  and  ZERF  ? Are  the  interiors  of 
ZCRD  and  ZERF  disjoint  sets?  Do  these 
two  angles  have  a common  side  ? 
i Are  ZCRD  and  ZERF  adjacent  angles? 
Explain  your  answer. 

j How  do  you  know  that  ZBRC  and  ZBRD 
are  not  adjacent  angles  ? 

K You  know  that  ZARB  and  ZBRC  are  ad- 
jacent angles.  Name  three  other  pairs  of  ad- 
jacent angles  represented  in  d1. 
l Are  ZFRA  and  Z ARC  adjacent  angles  ? 

M Are  ZFRA  and  ZARC  a linear  pair  of  an- 
gles? 

N Is  ZFRA°  + ZARC°  = 180? 
o Name  another  linear  pair  of  angles  repre- 
sented in  d1.  Are  these  angles  adjacent? 
p Is  each  linear  pair  of  angles  also  a pair  of 
adjacent  angles?  Is  each  pair  of  adjacent 
angles  also  a linear  pair?  Explain  your  an- 
swers. 

Q If  two  angles  form  a linear  pair,  are  they 
supplementary  angles?  If  two  angles  are 


supplementary  angles,  do  they  necessarily  form 
a linear  pair?  Explain  your  answers. 

R If  two  angles  are  adjacent  angles,  are  they 
necessarily  supplementary  angles?  If  two 
angles  are  supplementary  angles,  are  they  nec- 
essarily adjacent?  Explain  your  answers, 
s Are  ZARB  and  ZERD,  represented  in  d1, 
adjacent  angles?  Are  they  opposite  angles? 
Explain  your  answers. 

T How  do  you  know  that  a pair  of  opposite 
angles  cannot  be  a pair  of  adjacent  angles? 

In  the  preceding  exercises,  you  studied  the 
kinds  of  angles  that  are  formed  when  three  co- 
planar  lines  intersect  in  one  point.  Next  you 
will  learn  about  the  angles  that  are  formed 
when  three  coplanar  lines  do  not  all  intersect 
in  the  same  point. 

A Three  coplanar  lines  are  represented  in  d2. 
Name  these  lines.  Do  all  three  lines  have  one 
point  in  common  ? 

b Tabulate  f6  n i4.  Tabulate  f6  C\  f5. 

The  point  in  which  f6  intersects  is  not  the 
point  in  which  f6  intersects  f4.  A line  that  inter- 
sects one  of  two  coplanar  lines  in  a point  and 
also  intersects  the  other  line  in  a different  point 
is  a transversal  of  those  two  lines.  f6  is  a trans- 
versal of  f5  and  f4. 

c Is  the  transversal  of  two  coplanar  lines 
always  included  in  the  same  plane  as  the 
two  lines  ? Explain  your  answer. 
d i4  is  a transversal  of  which  lines  represented 
in  d2?  Name  the  line  that  is  a transversal  of 
f4  and  f6. 


trans  ver  sal  of  two  coplanar  lines  (trans- 
versal). A line  that  intersects  two  coplanar 
lines  in  such  a way  that  the  point  in  which  it 
intersects  one  line  is  different  from  the  point  in 
which  it  intersects  the  other  line. 
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E Look  at  d3.  Name  the  three  coplanar  lines 
represented  in  the  display.  Is  f7  a transversal 
of  /8  and  f9?  How  do  you  know? 

F Think  of  a point  Q contained  in  the  same 
plane  as  /8  and  f9.  If  (8fi/9  = {Q},  are  f8  and 
l9  parallel  lines?  How  do  you  know? 

G Notice  that  the  letters  a,  b,  c,  and  so  on  are 
used  to  name  the  angles  represented  in  d3. 
Name  each  pair  of  adjacent  angles  represented. 
H Name  each  pair  of  opposite  angles, 
i Does  the  transversal,  f7,  separate  the  plane 
into  two  half-planes? 

J Is  the  interior  of  Zb  a subset  of  one  of  the 
half-planes  bounded  by  the  transversal,  f7?  Is 
the  interior  of  Zf  a subset  of  the  same  half- 
plane? 

K Is  the  side  of  Zb  that  is  included  in  f7  a 
proper  subset  of  the  side  of  Zf  that  is  included 
in  f7? 


REMINDER 

A proper  subset  of  a given  set 
does  not  contain  all  the  members 
of  the  given  set. 

See  lesson  59,  page  253,  Book  1. 


Zb  and  Zf  are  corresponding  angles.  Cor- 
responding angles  are  formed  by  two  coplanar 
lines  and  a transversal.  The  interiors  of  both 
angles  are  subsets  of  the  same  half-plane 
bounded  by  the  transversal,  and  a side  of  one 
angle  is  a proper  subset  of  a side  of  the  other 
angle. 

L Are  the  interiors  of  Zd  and  Zf  subsets  of 
the  same  half-plane  bounded  by  f7?  Is  one 
side  of  Zd  a proper  subset  of  a side  of  Zf  ? Is 
one  side  of  Zf  a proper  subset  of  a side  of  Zd  ? 
Are  Zd  and  Zf  corresponding  angles  ? 

M How  do  you  know  that  Ze  and  Zb  are  not 
a pair  of  corresponding  angles? 
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cor  re  spond  ing  angles  (kor'a  spor/ding).  A 
pair  of  angles  formed  by  two  coplanar  lines  and 
a transversal  so  that  the  following  is  true:  The 
interiors  of  both  angles  are  subsets  of  the  same 
half-plane  bounded  by  the  transversal,  and  a 
side  of  one  angle  is  a proper  subset  of  a side  of 
the  other  angle. 


n How  do  you  know  that  Zb  and  Zh  are  not 
a pair  of  corresponding  angles  ? 
o Are  Zc  and  Zg  corresponding  angles?  Ex- 
plain your  answer. 

p Name  another  pair  of  corresponding  angles 
represented  in  d3. 

You  have  learned  what  a transversal  of  two 
coplanar  lines  is  and  what  we  mean  by  pairs  of 
corresponding  angles.  In  the  following  exer- 
cises, you  will  learn  about  corresponding  an- 
gles that  are  congruent. 
a Lines  f10  and  tn  represented  in  d4  are  par- 
allel. Are  f10  and  tn  included  in  the  same 
plane?  Tabulate  f10  l\\. 

B Is  f12  a transversal  of  f10  and  ? 
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c Is  Zp  = Zs?  Is  Zr  = Zq?  How  do  you 
know?  Name  two  other  pairs  of  opposite  an- 
gles represented  in  d4. 

d Are  Zq  and  Zu  corresponding  angles? 
How  do  you  know? 

e Zq  = Zu.  How  do  you  know  that  Zr  = Zv  ? 

Are  Zr  and  Zv  corresponding  angles? 
f Is  Zp  a supplement  of  Zq?  Is  Zt  a sup- 
plement of  Zu?  How  do  you  know  that 
Zp  = Zt?  Are  Zp  and  Zt  corresponding 
angles? 

G Is  Zs  a supplement  of  Zq?  Is  Zw  a sup- 
plement of  Zu?  How  do  you  know  that 
Zs^Zw?  Are  Zs  and  Zw  corresponding 
angles  ? 

Look  again  at  d4.  The  angles  of  each  pair 
of  corresponding  angles  formed  by  the  parallel 
lines  and  the  transversal  are  congruent.  This 
property  of  two  coplanar  lines  and  a trans- 
versal is  expressed  below. 

If  two  lines  are  parallel , then  the  angles  of 
each  pair  of  corresponding  angles  formed  by  the 
two  lines  and  a transversal  are  congruent. 
h Suppose  that  Zp°  = 105.  Name  three  other 
angles  represented  in  d4  whose  measure  is 
also  105. 

i If  Zp°  = 105,  what  is  the  measure  of  Zq? 

Name  three  other  angles  represented  in  d4 
that  have  the  same  measure  as  Zq. 
j Now  look  at  d5.  The  three  lines  represented 
in  d5  are  coplanar.  Is  the  transversal  of  ln 
and  ^15  ? 

K Name  the  pairs  of  corresponding  angles 
represented  in  d5. 

i Zh  = Zn.  Name  two  other  angles  repre- 
sented in  d5  that  are  congruent  to  Zn. 

M Zh  and  Zn  are  corresponding  angles.  These 
angles  are  also  congruent.  How  do  you 
know  that  each  of  the  other  pairs  of  corres- 
ponding angles  represented  in  d5  is  a pair  of 
congruent  angles? 
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Since  the  corresponding  angles  formed  by 
1 12,  and  f is  and  their  transversal  are  congruent, 
and  f15  are  parallel  lines.  This  property  of 
two  coplanar  lines  and  a transversal  is  ex- 
pressed below. 

If  any  two  corresponding  angles  that  are 
formed  by  two  coplanar  lines  and  a transversal 
are  congruent , then  the  two  lines  are  parallel. 

Compare  the  property  expressed  in  the 
paragraph  preceding  exercise  H with  the  prop- 
erty expressed  above.  From  the  first  property, 
you  know  that,  if  two  lines  are  parallel,  then 
any  two  corresponding  angles  are  congruent. 
From  the  second  property,  you  know  that,  if 
any  two  corresponding  angles  are  congruent, 
then  the  lines  are  parallel.  Notice  that  the  sec- 
ond property  may  be  obtained  from  the  first 
property  by  interchanging  the  ideas  expressed 
in  the  “if”  clause  and  the  “then”  clause.  The 
second  property  is  the  converse  (kon^vers)  of 
the  first  property,  and  the  first  property  is  the 
converse  of  the  second  property. 
n Think  about  the  true  statement  expressed  by 
the  following  sentence:  “If  two  angles  are  a 
linear  pair  of  angles,  then  the  angles  are  ad- 
jacent.” What  idea  is  expressed  in  the  “if” 
clause?  What  idea  is  expressed  in  the  “then” 
clause  ? 

o If  you  interchange  the  ideas  expressed  in  the 
two  clauses,  you  obtain  the  following  converse : 
“If  two  angles  are  adjacent,  then  the  angles  are 
a linear  pair  of  angles.”  Is  this  converse  true  ? 
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p Is  the  converse  of  a statement  necessarily 
true?  Is  the  converse  of  a statement  nec- 
essarily false?  Give  examples  to  explain  your 
answers. 

In  this  lesson  you  studied  the  different  kinds  of 
angles  formed  by  three  coplanar  lines.  You 
also  learned  what  a transversal  is. 

Use  d6  to  help  you  with  exercises  1 through 
9.  The  three  lines  represented  are  coplanar. 

1 Name  two  angles  that  are  adjacent  to 
ZVTW. 

2 Explain  why  ZZTY  is  not  adjacent  to 
ZZTX. 

3 ZUTV°  = 25.  ZUTW°  = 90.  Name  two 
angles  each  of  which  has  a measure  of  65. 

4 Name  two  linear  pairs  of  angles. 

5 Name  two  pairs  of  opposite  angles. 

6 Is  ZWTX  = ZUTZ?  How  do  you  know? 

7 Use  the  information  given  in  exercise  3 to 
find  the  measure  of  ZYTX.  Of  ZWTX.  Of 
ZUTZ. 


8 Which  angles  represented  in  d6  are  right 
angles? 

9 Name  three  pairs  of  congruent  angles  repre- 
sented in  d6. 

Use  d7  to  help  you  with  exercises  10 
through  15.  The  three  lines  represented  in  d7 
are  coplanar.  1 16  and  1 17  are  parallel  lines. 

10  Name  the  transversal. 

1 1 Name  four  linear  pairs  of  angles. 

12  Name  four  pairs  of  adjacent  angles.  Choose 
pairs  of  angles  different  from  the  pairs  you 
named  for  exercise  1 1 . 

13  Name  four  pairs  of  opposite  angles. 

14  Name  four  pairs  of  corresponding  angles. 

15  Za°  =110.  Give  the  measure  of  each  of  the 
other  angles. 

16  What  is  the  converse  of  the  statement  ex- 
pressed by  the  following  sentence?  “If  a line 
intersects  one  of  two  coplanar  lines  in  a point 
and  also  intersects  the  other  line  in  a different 
point,  then  the  line  is  a transversal  of  the  two 
coplanar  lines.” 

17  Is  the  statement  expressed  in  exercise  16 
true  ? Is  the  converse  of  the  statement  true  ? 

18  What  is  the  converse  of  the  statement  ex- 
pressed by  the  following  sentence?  “If  each  of 
two  angles  is  a right  angle,  then  the  angles  are 
congruent.” 

19  Is  the  statement  expressed  in  exercise  18 
true?  Is  the  converse  of  the  statement  true? 


KEEPING  SKILFUL 

r or  each  exercise  below,  tabulate  the  solu- 
tion set  of  the  condition.  U = Z. 


1 .25/2  — x/14. 

2 3/4~i/x. 

3 x + 4j  = 7|. 

4 121/ 100  — x/l. 

s 1/i  — jc/1- 
6 17/23  ~ 8/x. 


7 56|/100 -x/l. 

8 x - 17t6t  = 4. 

9 8/7  - 9/x. 

10  1.3/6  — .39/x. 

11  67  + 7f  = x. 

12  4ti/  100  — x/l. 
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8 104  J Exploring  ideas 

Measures  associated 
with  triangles 

In  this  lesson  you  will  use  what  you  know 
about  measures  of  segments  and  angles  to 
learn  more  about  triangles.  You  remember, 
from  lesson  28,  Book  /,  that  a triangle  is  the 
union  of  the  three  segments  that  are  determined 
by  any  three  noncollinear  points. 

In  lesson  28  you  also  learned  to  identify  tri- 
angles according  to  the  number  of  congruent 
sides  each  triangle  has.  You  learned  that  a 
scalene  triangle  has  no  two  of  its  sides  congru- 
ent, that  an  isosceles  triangle  has  two  of  its 
sides  congruent,  and  that  an  equilateral  tri- 
angle has  three  sides  congruent.  Now  you  are 
ready  to  identify  triangles  according  to  the 
measures  of  their  sides. 

A Look  at  d1.  Name  the  triangles  represented 
in  the  display. 

The  sentences  in  d1  express  true  statements 
about  the  sides  of  each  of  the  triangles  repre- 
sented. 

B How  do  you  know  that  m(DF)  > m(FE) ? 
Is  m(FE)  >m(DE)?  How  do  you  know  that 
m(DF)  > m(DE)? 

c Is  a scalene  triangle  a triangle  in  which  no 
two  sides  have  the  same  measure?  Explain 
your  answer. 

D Which  triangle  represented  in  d 1 has  no  two 
sides  with  the  same  measure?  Is  this  triangle 
scalene  ? 

e How  do  you  know  that  m(Gl)  = m(Hl)  ? 

F Is  m(HT)  >m(GH)? 

G Ism(Gl)  > m(GH)? 


D G H 

DF  > FE.  Gl^HT.  JK ^ KL. 
FE  > DE.  Hi  > GH.  KL  = JL. 
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h Is  a triangle  in  which  two  sides  have  the 
same  measure  an  isosceles  triangle?  Explain 
your  answer. 

i Which  triangles  represented  in  d1  each  have 
two  sides  with  the  same  measure?  Are  these 
triangles  isosceles? 

j Is  m(JK)  = m(KL)?  Is  m(KL)  = m(IL)? 
How  do  you  know  that  m(JK)  - m(JL)? 

K Is  an  equilateral  triangle  a triangle  in  which 
all  three  sides  have  the  same  measure? 

L Which  triangle  represented  in  d1  has  three 
sides  with  the  same  measure?  Is  this  triangle 
equilateral  ? 

In  the  following  exercises,  you  will  study 
some  important  ideas  concerning  the  meas- 
ures of  the  angles  of  a triangle. 

A Name  the  triangles  represented  in  d2. 


Review  of  triangle;  identification  of  triangles;  property  relating  to  angle  measure 
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You  may  name  an  angle  of  a triangle  by 
using  only  the  letter  of  the  vertex,  if  it  is  clear 
from  this  letter  which  angle  you  mean.  For 
example,  you  may  use  the  letter  M to  name 
ZOMN  represented  in  d2. 
b In  AMNO,  what  is  the  measure  of  ZM  in 
degrees?  Of  ZN  in  degrees?  Of  ZO  in  de- 
grees ? 

c Is  95  + 58  + 27  = 180?  What  is  the  sum  of 
the  measures  of  the  angles  of  AMNO? 

D What  is  the  measure  of  each  angle  of 
APQR?  What  is  the  sum  of  ZP°,  ZQ°,  and 

ZR°? 

e What  is  the  measure  of  each  angle  of 
ASTU  ? What  is  the  sum  of  ZS°,  ZT°,  and 
ZU°? 

Now  you  will  see  if,  in  any  triangle,  the  sum 
of  the  measures  of  the  angles  in  degrees  is  180. 
You  can  use  the  picture  in  d3  and  your  knowl- 
edge of  opposite  and  corresponding  angles  to 
help  you.  The  lines  that  are  represented  in  d3 
are  coplanar.  and  f4  are  parallel  lines. 

F Are  R,  S,  and  T noncollinear  points?  Name 
the  segments  that  are  determined  by  points  R, 
S,  and  T.  Is  RS  U ST  U TR  = ARST? 

To  find  the  sum  of  Zd°,  Ze°,  and  Zf°,  the 
first  step  is  to  find  three  angles  that  have  the 
same  measures  as  the  angles  of  A RST. 

G Is  /6  a transversal  of  l1  and  f4?  How  do 
you  know  that  Zd  and  Zc  are  corresponding 
angles? 

h Is  Zd°  = Zc°?  How  do  you  know?  Re- 
member that  f7  and  f4  are  parallel, 
i Is  f5  a transversal  of  f 7 and  f4?  Are  Ze  and 
Za  corresponding  angles  ? Is  Ze°  = Za°  ? 

J How  do  you  know  that  Zf  and  Zb  are  op- 
posite angles  ? 

K IsZf°  = Zb°?  How  do  you  know? 

Notice  that  in  ARST,  Zd°  is  the  same  as 
Zc°,  Ze°  is  the  same  as  Za°,  and  Zf°  is  the 
same  as  Zb°. 
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L Is  Zd°  + Ze0  + Zf0  = Zc0  + Za0  + Zb°? 
Explain  your  answer. 

m How  do  you  know  that  Za  and  Zb  are  ad- 
jacent angles  ? Is  ZXTY°  = Za°  + Zb°  ? 

N Are  ZXTV  and  Zc  a linear  pair  of  angles? 
How  do  you  know? 

o How  do  you  know  that  Zc°  + ZXTV°  = 
180?  IsZc°  + (Za°  + Zb°)=  180? 
p Is  Zd°  + Ze°  + Zf°=  180?  Explain  your 
answer. 

Now  you  know  that,  for  any  triangle,  the 
sum  of  the  measures  of  the  angles  in  degrees 
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is  180.  This  property  of  the  measures  of  the 
angles  of  a triangle  is  expressed  below. 

For  any  triangle,  the  sum  of  the  measures  of 
the  angles  in  degrees  is  180. 

Look  at  d4.  The  triangle  represented  in  d4 
is  a right  triangle.  You  know  that  any  right 
triangle  has  one  right  angle. 

Q Does  a right  triangle  have  one  angle  whose 
measure  in  degrees  is  equal  to  90?  Which  an- 
gle represented  in  d4  has  a measure  in  degrees 
of  90? 

R IsZX°  + ZY°  + ZZ°  = 180?  How  do  you 
know?  What  is  the  sum  of  the  measures  of 
ZX  and  ZY? 

s Is  ZX°  <90?  Is  ZY°  <90?  Explain  your 
answers.  Are  both  ZX  and  ZY  acute  an- 
gles? 

T How  do  you  know  that  a triangle  cannot 
have  more  than  one  angle  with  a measure  in 
degrees  of  90? 

A triangle  that  has  one  obtuse  angle  is  an 
obtuse  triangle.  An  obtuse  triangle  has  one  an- 
gle whose  measure  in  degrees  is  more  than  90. 
u How  do  you  know  that  a triangle  cannot 
have  more  than  one  obtuse  angle? 
v You  have  seen  that  a right  triangle  has  one 
right  angle  and  two  acute  angles.  Can  a tri- 
angle have  three  acute  angles  ? 

A triangle  with  three  acute  angles  is  an  acute 
triangle.  An  acute  triangle  has  three  angles, 
each  of  whose  measures  in  degrees  is  less 
than  90. 

w Is  it  possible  for  a triangle  to  have  only  one 

acute  angle?  Explain  your  answer. 


obtuse  triangle. 

A triangle  in  which  one  an- 

gle  is  an  obtuse  angle. 

acute  triangle. 

acute  angles. 

A triangle  that  has  three 

Now  you  know  how  to  identify  triangles  ac- 
cording to  the  measures  of  their  sides  and  ac- 
cording to  the  measures  of  their  angles.  You 
also  know  that,  in  any  triangle,  the  sum  of  the 
measures  of  the  angles  in  degrees  is  180. 

On  your  own 

For  exercises  1 through  13,  use  the  picture 
in  d5  to  help  you.  Four  coplanar  lines  are  rep- 
resented in  d5.  f4  and  ix  are  parallel  lines. 

1 Tabulate  fj  H /4. 

2 Tabulate  l2  H G C\  (4. 

3 Tabulate  l2  ^ G- 

4 Tabulate  G F\  i2. 

5 Tabulate  G C\  G- 

6 Name  the  sides  of  AABC. 

7 Name  the  angles  of  AABC. 

8 Which  angle  is  the  opposite  angle  of 
ZACB? 

9 If  ZECF°  = 40,  what  is  the  measure  of 
ZACB  in  degrees?  How  do  you  know? 

to  If  ZFCG°  = 50,  what  is  the  measure  of 
ZCBA  in  degrees?  How  do  you  know? 

1 1 Using  the  information  given  in  exercises  9 
and  10,  give  the  measure  of  ZECD  in  degrees. 
Of  ZBAC  in  degrees. 

12  What  is  the  measure  of  ZGCA  in  degrees? 

13  Identify  AABC  according  to  the  measures 
of  its  angles. 
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For  exercises  14  through  32,  use  the  sen- 
tences and  the  pictures  in  d6  to  help  you. 

14  In  A ABC,  what  is  the  measure  of  ZB  in 
degrees  ? 

15  In  A ABC,  is  m(AB)  = m(AC)?  When  you 
identify  AABC  according  to  the  measures  of 
its  sides,  you  say  it  is  equilateral.  What  do  you 
say  when  you  identify  AABC  according  to  the 
measures  of  its  angles? 

16  In  ADEF,  what  is  the  measure  of  ZD  in 
degrees  ? 

17  Is  m(DF)<m(EF)?  Identify  ADEF  ac- 
cording to  the  measures  of  its  sides.  According 
to  the  measures  of  its  angles. 

18  In  AGHI,  what  is  the  measure  of  ZG  in 
degrees  ? 

19  Identify  AGHI  according  to  the  measures 
of  its  sides.  According  to  the  measures  of  its 
angles. 

20  In  A JKL  what  is  the  measure  of  ZK  in  de- 
grees ? 

21  Ism(JL)  < m(JK)?  I dentify  A JKL  accord- 
ing to  the  measures  of  its  sides.  Identify  A JKL 
according  to  the  measures  of  its  angles. 


22  Which  triangles  represented  in  d6  have  two 
or  more  acute  angles  ? 

23  Which  triangle  has  three  acute  angles  ? 

24  Which  triangles  have  an  obtuse  angle  ? 

25  Which  triangle  has  three  angles  with  the 
same  measure?  Is  this  triangle  an  isosceles 
triangle?  Is  this  triangle  also  an  equilateral 
triangle  ? 

26  Which  triangle  has  exactly  two  angles  with 
the  same  measure  ? Is  this  triangle  an  isosceles 
triangle  ? 

27  Is  it  possible  for  an  acute  triangle  also  to 
be  an  isosceles  triangle?  To  be  a scalene 
triangle?  To  be  an  equilateral  triangle? 

28  Is  it  possible  for  an  obtuse  triangle  also  to 
be  an  isosceles  triangle? 

29  Which  triangle  represented  in  d6  is  both 
obtuse  and  isosceles  ? 

30  Is  it  possible  for  an  obtuse  triangle  also  to 
be  a scalene  triangle  ? 

31  Which  triangle  represented  in  d6  is  both 
obtuse  and  scalene  ? 

32  Is  it  possible  for  a right  triangle  also  to  be  a 
scalene  triangle  ? How  do  you  know  ? 
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m(AB)  = m(BC). 
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m(DF)  < m(ED). 
m(ED)  < m(EF). 
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m(HT)  = m(TG). 
m(fG)  < m(HG). 
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m(JL)  < m(KL). 
m(KL)  < m(JK). 
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Congruent  triangles 

In  Book  I you  learned  that  two  congruent  tri- 
angles have  three  pairs  of  congruent  angles 
and  three  pairs  of  congruent  sides.  In  this  les- 
son you  will  learn  more  about  congruent  tri- 
angles. 

First  you  will  learn  how  the  sets  of  vertices 
of  two  triangles  may  be  put  in  one-to-one  cor- 
respondence. Look  at  Dl.  You  can  use  the  tri- 
angles represented  in  the  display  to  determine 
the  ways  in  which  the  sets  of  vertices  of  the  two 
triangles  can  be  put  in  one-to-one  correspond- 
ence. 


REMINDER 

A one-to-one  correspondence  is  two 
one-to-one  mappings  that  map  a 
first  set  onto  a second  set  and  the 
second  set  onto  the  first  set. 

See  lesson  57,  page  246,  Book  1. 


A Is  {A,  B,  C}  the  set  of  vertices  of  A ABC? 
Tabulate  the  set  of  vertices  of  ADEF. 

B Suppose  that  vertex  A of  AABC  and  ver- 
tex D of  ADEF  are  mapped  onto  each  other. 
Suppose  also  that  vertex  B and  vertex  E are 
mapped  onto  each  other.  To  complete  a one- 
to-one  correspondence,  what  other  two  ver- 
tices will  be  mapped  onto  each  other? 

The  diagram  in  d2  represents  a one-to-one 
correspondence  between  the  sets  of  vertices  of 
AABC  and  ADEF.  Compare  the  diagram  in 
d2  with  the  diagram  in  d3.  Both  diagrams 

Corresponding  sides  and  corresponding  angles  of  triangles; 
requirements  for  congruence 


A CD  F 

Dl 


A < — > D 

B * — * E ABC  < — > DEF 

C< — * F 

d2  d3 

represent  the  same  one-to-one  correspondence, 
but  the  one  represented  in  d3  is  shorter.  No- 
tice that,  in  d3,  the  order  of  the  letters  in  the 
names  of  the  two  triangles  indicates  which 
vertices  are  mapped  onto  each  other. 

C How  can  you  tell  from  the  diagram  in  d3 
that  vertices  A and  D are  mapped  onto  each 
other  ? That  vertices  B and  E are  mapped  onto 
each  other  ? That  vertices  C and  F are  mapped 
onto  each  other  ? 

From  now  on,  when  we  speak  of  a one-to- 
one  correspondence  between  the  vertices  of 
two  triangles,  we  will  mean  a one-to-one  corre- 
spondence between  the  two  sets  of  vertices. 
d Next,  think  about  another  way  in  which  the 
vertices  of  the  two  triangles  represented  in  Dl 
can  be  put  in  one-to-one  correspondence.  If 
vertices  A and  D are  mapped  onto  each  other, 
and  vertices  B and  F are  mapped  onto  each 
other,  onto  what  vertex  will  vertex  C be 
mapped?  Onto  what  vertex  will  vertex  E be 
mapped?  Make  a diagram  like  the  one  in  d3 
to  represent  this  way  of  putting  the  vertices  of 
the  two  triangles  in  one-to-one  correspond- 
ence. 

You  have  seen  two  ways  in  which  the  ver- 
tices of  AABC  and  ADEF  can  be  put  in 
one-to-one  correspondence.  The  vertices  of 
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A ABC  and  ADEF  can  be  put  in  one-to-one 
correspondence  in  six  ways.  These  six  ways  are 
represented  in  d4. 

You  can  use  the  idea  of  one-to-one  corre- 
spondence between  the  vertices  of  two  triangles 
to  understand  the  ways  in  which  the  sides  and 
angles  of  the  two  triangles  may  correspond. 

E Look  at  d5.  Name  the  angles  and  the  sides 
of  each  triangle  represented  in  the  display. 

F Diagram  A in  d5  represents  a one-to-one 
correspondence  between  the  vertices  of  the  two 
triangles.  Which  vertices  are  mapped  onto  each 
other  by  this  correspondence  ? 

G M and  N are  the  endpoints  of  side  MN  of 
A MNP.  R and  S are  the  endpoints  of  which 
side ? Are  the  endpoints  of  MN  mapped  onto 
the  endpoints  of  RS?  Are  the  endpoints  of 
RS  mapped  onto  the  endpoints  of  MN  ? 

Since  the  endpoints  of  MN  and  RS  are 
mapped  onto  each  other,  side  MN  and  side  RS 
are  corresponding  sides  of  the  two  triangles. 

H How  do  you  know  that  side  NP  and  side  ST 
are  corresponding  sides?  How  do  you  know 
that  side  MP  and  side  RT  are  corresponding 
sides  ? 

Since  the  vertices  of  ZM  and  ZR  are 
mapped  onto  each  other,  ZM  and  ZR  are 
corresponding  angles  of  the  two  triangles, 
i Are  ZN  and  ZS  corresponding  angles? 
Are  ZP  and  ZT  corresponding  angles?  Ex- 
plain your  answers. 

Notice  what  we  have  done.  We  have  estab- 
lished a one-to-one  correspondence  between 
the  vertices  of  two  triangles.  This  enables  us  to 
determine  pairs  of  corresponding  sides  and 
pairs  of  corresponding  angles  of  the  two  tri- 
angles. Diagrams  A,  B,  and  C in  d5  summarize 
the  correspondences  that  we  have  established. 
J The  diagram  at  the 
right  represents  an-  PMN< — > RST 

other  way  of  putting 


ABC  + — > DEF  ABC  < — >DFE 
ABC  <■ — * EDF  ABC  <■ — * EFD 
ABC  ♦ — * FDE  ABC  ♦ — > FED 

d4 
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A MNP  < 

— > RST 

B MN 

< * RS 

C ZM<- 

— > ZR 

NP 

< — > ST 

ZN  <- 

->zs 

MP 

< — >RT 

ZP  <- 

— » ZT 

d5 

the  vertices  of  A MNP  and  A RST  in  one-to- 
one  correspondence.  Use  this  correspondence 
between  the  vertices  to  name  the  correspond- 
ing sides  and  the  corresponding  angles  of  the 
two  triangles. 

K You  know  that  there  are  six  ways  of  putting 
the  vertices  of  A MNP  and  A RST  in  one-to- 
one  correspondence.  In  how  many  ways  can 
the  sides  of  A MNP  be  put  in  one-to-one  corre- 
spondence with  the  sides  of  A RST?  In  how 
many  ways  can  the  angles  of  A MNP  be  put  in 
one-to-one  correspondence  with  the  angles  of 
A RST? 

So  far  you  have  seen  that  each  of  the  six  ways 
in  which  the  vertices  of  two  triangles  can  be 
mapped  onto  each  other  determines  a differ- 
ent correspondence  between  the  corresponding 
sides  and  a different  correspondence  between 
the  corresponding  angles  of  the  two  triangles. 
Next,  you  will  use  what  you  know  about  con- 
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gruent  segments,  congruent  angles,  and  cor- 
respondence to  determine  when  two  triangles 
are  congruent. 

A Two  triangles  are  represented  in  d6.  Use  the 
given  diagram  for  a correspondence  between 
their  vertices  to  name  the  corresponding  sides 
and  the  corresponding  angles. 
b Each  sentence  in  d6  expresses  a true  state- 
ment. Are  the  corresponding  sides  of  A ABC 
and  A JKL  congruent?  Are  the  corresponding 
angles  of  these  two  triangles  congruent? 

There  is  a correspondence  between  the  ver- 
tices of  A ABC  and  A JKL  in  which  the  corre- 
sponding sides  are  congruent,  and  the  corre- 
sponding angles  are  congruent.  We  say  that 
this  correspondence  between  the  vertices  of  the 
two  triangles  is  a congruence  correspondence.  If 
there  is  a congruence  correspondence  between 
the  vertices  of  two  triangles,  then  the  triangles 
are  congruent.  If  two  triangles  are  congruent, 
then  there  is  a congruence  correspondence  be- 
tween the  vertices  of  the  triangles. 

C Look  again  at  d6.  Is  A ABC  = A JKL?  Ex- 
plain your  answer. 

In  the  sentence  APQR^  ASTU,  the  order 
in  which  the  vertices  are  named  indicates  the 
congruence  correspondence  between  the  ver- 
tices. When  we  speak  of  corresponding  sides  or 
corresponding  angles  of  congruent  triangles, 
we  will  mean  the  corresponding  parts  deter- 
mined by  a congruence  correspondence  be- 
tween the  vertices. 

D APQR=  ASTU.  Name  the  corresponding 

sides  of  the  two  triangles.  Are  the  corre- 
sponding sides  congruent  ? How  do  you  know  ? 
E Name  the  corresponding  angles  of  APQR 
and  ASTU.  How  do  you  know  that  the  corre- 
sponding angles  are  also  congruent? 

F Is  a correspondence  between  the  vertices  of 
any  pair  of  triangles  always  a congruence  cor- 
respondence? 


B K 

A C J L 

ABC  < — * JKL 

A AB  = JK.  d ZA^ZJ. 

b BC  = KL.  E ZB^ZK. 

C AC^JL.  F ZC  ==  ZL. 

d6 

K 

F H 

G I J 

FGH  < — *■  IJK 
G AFGH^AIJK. 

D 7 

G There  are  six  correspondences  between 

the  vertices  of  any  pair  of  congruent 
triangles.  Is  each  correspondence  always  a 
congruence  correspondence  ? Explain  your  an- 
swer. 

Now  you  know  that,  if  a correspondence  be- 
tween the  vertices  of  two  triangles  is  a congru- 
ence correspondence,  the  corresponding  sides 
and  the  corresponding  angles  are  congruent, 
and  the  two  triangles  are  congruent.  Next,  you 
will  learn  how  you  can  decide  if  two  triangles 
are  congruent. 

H Use  the  diagram  for  correspondence  in  d7 
to  name  the  corresponding  sides  and  the  cor- 
responding angles  of  the  two  triangles  repre- 
sented in  the  display. 
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! Look  at  d7.  Sentence  G expresses  a true 
statement  about  the  triangles  that  are  repre- 
sented. How  do  you  know  that  FG  = IJ  ? 

J Name  the  other  two  pairs  of  corresponding 
sides.  Are  these  corresponding  sides  also  con- 
gruent? 

k What  is  the  converse  of  the  following  true 
statement?  “If  two  triangles  are  congruent, 
then  the  corresponding  sides  of  the  two  tri- 
angles are  congruent.”  Do  you  think  that  the 
converse  is  also  true  ? 

It  is  true  that,  if  the  corresponding  sides  of 
two  triangles  are  congruent,  then  the  two  tri- 
angles are  congruent.  This  property  of  two 
triangles  is  expressed  below. 

For  any  pair  of  triangles , ABC  and  DEF,  if 
AB  = IXE,  AC^DF,  and  BC^EF,  then 
AABC  = A DEF. 

l Look  again  at  d7.  How  do  you  know  that 
ZF^ZI?  ThatZG  = ZJ?  ThatZH^ZK? 
M What  is  the  converse  of  the  following  true 
statement?  “If  two  triangles  are  congruent, 
then  the  corresponding  angles  of  the  two  tri- 
angles are  congruent.”  Do  you  think  that  the 
converse  is  also  true?  Make  a sketch  to  help 
explain  your  answer. 

If  the  corresponding  sides  of  two  triangles 
are  congruent,  then  the  two  triangles  are  con- 
gruent. You  can  use  this  information  to  learn 
more  about  isosceles  triangles. 

A Look  at  d8.  How  do  you  know  that  the  tri- 
angle represented  in  this  display  is  an  isosceles 
triangle  ? 

b Does  a side  of  ZC  intersect  AB  in  point  A? 
In  which  point  does  the  other  side  of  ZC  inter- 
sect AB  ? 

Since  the  intersection  of  ZC  and  AB  con- 
tains exactly  two  points,  ZC  is  the  angle  oppo- 
site side  AB  of  A ABC.  Side  AB  is  the  side 
opposite  ZC  of  A ABC. 
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DE^FE. 
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DE^FE. 

DG  = FG. 
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C Which  angle  is  opposite  side  BC  ? How  do 
you  know  ? Is  Z A = ZC  ? 

You  can  show  that,  for  any  isosceles  tri- 
angle, the  angles  opposite  the  congruent  sides 
of  the  triangle  are  congruent. 

D Look  at  d9.  How  do  you  know  that  A DEF, 
represented  in  picture  A,  is  an  isosceles  tri- 
angle ? Name  the  angles  opposite  the  congru- 
ent sides  of  A DEF. 
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Now  look  at  picture  B.  Point  G has  been 
chosen  so  that  DG  = FG. 

E Do  point  G and  vertex  E of  ZDEF  deter- 
mine a segment?  Is  this  segment  represented 
in  picture  B?  Name  this  segment. 
f Think  about  triangles  DEG  and  FEG.  Is 
EG  = EG?  Are  three  sides  of  A DEG  con- 
gruent to  the  corresponding  sides  of  A FEG? 
Is  ADEG  = AFEG? 

G Are  ZD  and  ZF  corresponding  angles  of 
ADEG  and  AFEG?  IsZD^ZF? 

We  have  shown  that  the  angles  opposite  the 
congruent  sides  of  an  isosceles  triangle  are 
congruent.  This  property  of  the  angles  of  an 
isosceles  triangle  is  expressed  below. 

For  any  triangle  XYZ,  if  XY  = ZY , then 
ZT=ZZ. 

H Is  each  angle  of  any  equilateral  triangle  con- 
gruent to  each  of  the  other  angles  of  the 
triangle  ? Explain  your  answer. 


Now  you  know  what  is  meant  by  a congruence 
correspondence  between  two  triangles.  You 
also  know  that,  for  any  isosceles  triangle,  the 
angles  opposite  the  congruent  sides  are  con- 
gruent. 

On  your  own 

Use  the  triangles  represented  in  d 10  in  con- 
nection with  exercises  1 through  5. 

1 Are  the  two  triangles  represented  in  d10 
congruent  ? Explain  your  answer.  Make  a dia- 
gram to  represent  the  congruence  correspond- 
ence between  the  vertices  of  the  two  triangles. 

2 What  is  the  measure  of  XY?  Of  ZY?  Of 
XZ? 

3 Are  the  corresponding  angles  of  AGFH 
and  AXZY  congruent? 

4 Suppose  that  you  put  the  sets  of  vertices  in 
one-to-one  correspondence  by  mapping  ver- 
tices F and  X onto  each  other,  vertices  H and  Z 
onto  each  other,  and  vertices  G and  Y onto 
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GF  = XZ.  FH  = ZY.  GH  = XY. 
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each  other.  For  this  correspondence  between 
vertices,  name  the  corresponding  sides  and  the 
corresponding  angles  of  the  two  triangles. 

5 Are  the  corresponding  sides  you  named  for 
exercise  4 congruent?  Is  there  a congruence 
correspondence  between  the  vertices  ? 

Use  the  triangles  represented  in  d1  1 to  help 
you  with  exercises  6 through  12. 

6 What  is  the  measure  of  ZB?  Of  each  of 
the  angles  of  ADEF? 

7 Does  A ABC  have  three  congruent  sides? 
Does  ADEF  have  three  congruent  sides? 

8 Is  A ABC  equilateral? 

9 Is  each  side  of  A ABC  congruent  to  each 
side  of  ADEF? 

to  Make  diagrams  to  show  the  six  ways  of 
putting  the  vertices  of  the  two  triangles  in  one- 
to-one  correspondence. 

1 1 How  many  of  the  correspondences  that  you 
named  for  exercise  10  are  congruence  corre- 
spondences? ft  1 1 - ? (h (-ua^  % (Z 

12  Explain  why  each  of  the  six  correspond- 
ences between  the  vertices  of  the  two  equilat- 
eral triangles  is  a congruence  correspondence. 


/ 


41 


B 


8 106 

The  quadrilateral 

In  lesson  29,  Book  /,  you  learned  that  a simple 
polygon  is  a special  kind  of  simple  closed 
curve.  In  this  lesson  you  will  study  simple 
polygons  that  have_four  sides. 

A Look  at  d1.  Points  A,  B,  C,  and  D are  co- 
planar  points.  How  do  you  know  that 
f3,  and  f4  are  coplanar  lines? 
b Name  the  four  segments  represented  in  d1 
that  are  determined  by  points  A,  B,  C,  and  D. 
Each  of  the  segments  that  you  named  is  in 
which  line? 

C Is  the  geometric  figure  formed  by  the  union 
of  AB,  BC,  CD,  and  DA  a simple  closed 
curve?  Is  figure  ABCD  a simple  polygon? 

D Name  the  sides  and  the  vertices  of  polygon 
ABCD.  How  many  sides  does  polygon  ABCD 
have? 

Polygon  ABCD  is  a quadrilateral.  A quadri- 
lateral is  a simple  polygon  that  has  four  sides. 
E Look  again  at  d 1 . Do  AB  and  CD  intersect  ? 
Describe  AB  n CD. 

AB  andCD  are  opposite  sides-oL the  quadri- 
lateral ABCD.  Opposite  sides  of  a quadrilat- 
eral are  two  sides  that  do  not  intersect. 

F Tabulate  BC  H DA.  Why  are  BC  and  DA 
opposite  sides  of  quadrilateral  ABCD  ? 

You  know  that  the  sides  of  triangles  and 
quadrilaterals  are  segments  and  that  the  sides 
of  angles  are  rays.  Triangles  and  quadrilater- 
als, therefore,  do  not  include  angles.  When  we 
speak  of  an  angle  of  a triangle  or  a auadrilat- 
eral,  we  mean  an  angle  each  of  whose_sides  in- 
cludes  a side  of  the  triangle  or  quadrilateral. 
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quad  ri  lat  er  al  (kwod'ra  lat/ar  al).  A simple 
polygon  that  has  four  sides. 
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G Look  again  at  Dl.  Name  the  four  angles  of 
quadrilateral  ABCD.  Name  the  two  sides  of 
each  of  these  angles. 

H What  rays  form  ZA  of  the  quadrilateral? 
ZC  of  the  quadrilateral? 

I Tabulate  the  intersection  of  side  AB  of  ZA 
and  side  CB  of  ZC.  Tabulate  AD  r\  CD. 

J How  many  points  are  in  the  intersection  of 
ZAandZC?  Name  these  points. 

We  call  ZA  and  ZC  opposite  angles  of 
quadrilateral  ABCD.  Opposite  angles  of  a 

quadrilateral  are  two  angles  of  the  quadrilat- 
eral that  intersect  in  exactly  two  points.  Re- 
member that  the  opposite  angles  of  a quadri- 
lateral are  different  from  the  opposite  angles 
formed  by  two  intersecting  lines. 

K Look  at  Dl  again.  Name  the  vertex  of  ZA. 
Name  the  vertex  of  ZC. 

Points  A and  C are  opposite  vertices ..of 
quadrilateraLABCD.Opposite-vertiees-ofa 
quadrilateral  are  the  vertices  of  two  opposite 
angles. 

L Tabulate  ZB  P\  ZD.  Why  are  ZB  and  ZD 
opposite  angles  of  quadrilateral  ABCD  ? 

Next  you  will  study  a special  kind  of  quad- 
rilateral and  some  of  its  properties. 


42  . Quadrilateral,  parallelogram,  rectangle,  square,  and  associated  properties 


a Quadrilateral  EFGH  is  represented  in  d2. 
Name  the  two  pairs  of  opposite  sides  of  quad- 
rilateral EFGH. 

b EF  is  a subset  of  which  line?  GH  is  a subset 
of  which  line?  FG  is  a subset  of  which  line? 
HE  is  a subset  of  which  line? 
c t5r\l6  = { }.  How  do  you  know  that  1$ 
and  f6  are  parallel  lines? 

Notice  that  EF  is  included  in  and  GH  is 
included  in  f6.  Since  and  f6  are  parallel, 
EF  and  GH  are  parallel  segments.  Parallel  seg- 
ments are  segments  that  are  included  in  paral- 
lel lines. 

D and  are  also  parallel.  What  do  you 
know  about  the  opposite  sides  FG  and  HE  ? 

Notice  that  the  opposite  sides  of  quadrilat- 
eral EFGH  are  parallel.  Quadrilateral  EFGH 
is  a parallelogram.  A parallelogram  is  a quadri- 
lateral  in  which  the  opposite  sides  are  parallel. 
E Now  look  at  d3.  Figure  IJKL  is  a parallelo- 
gram. Name  the  two  pairs  of  opposite  sides  of 
parallelogram  IJKL.  Name  the  two  pairs  of 
opposite  angles. 

f Name  the  two  pairs  of  opposite  vertices  of 
parallelogram  IJKL. 

G What  segment  is  determined  by  points  I 
and  K? 

IK  is  a diagonal  of  parallelogram  IJKL, -A 
diagonal  of  a parallelogram  is  a segment  de- 
termined by  two  opposite  vertices  of  the  paral- 
lelogram. 

h Look  again  at  d3.  AIJK  is  the  union  of 
what  three  segments?  AKLI  is  the  union  of 
what  three  segments  ? 

Notice  that  AIJK  is  formed  by  the  union  of 
two  sides  of  parallelogram  IJKL  and  diagonal 
IK.  Notice  also  that  AKLI  is  formed  by  the 
union  of  the  other  two  sides  of  parallelogram 
IJKL  and  diagonal  IK.  We  say,  therefore, 
that  a parallelogram  and  one  of  its  diagonals 
form  two  triangles. 
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par  al  lei  o gram  (par'9  lelA  gram).  A quad- 
rilateral in  which  the  opposite  sides  are  parallel. 


diagonal  of  a parallelogram  (diagonal). 
A segment  determined  by  two  opposite  ver- 
tices of  a parallelogram. 


I Now  think  about  JL.  How  do  you  know 
that  JL  is  a diagonal  of  parallelogram  IJKL? 
j Name  the  two  triangles  formed  by  parallelo- 
gram IJKL  and  diagonal  JL. 

In  this  book  we  will  accept  without  proof 
the  property  that  is  expressed  below. 

A parallelogram  and  either  of  its  diagonals 
form  two  congruent  triangles. 

K Parallelogram  IJKL  and  diagonal  IK  form 
two  triangles  so  that  A I JK^  AKLI.  Name 
the  corresponding  sides  and  the  corresponding 
angles  of  AIJK  and  AKLI. 

L Is  IJ  = KL  ? Is  JK  = Li  ? Is  ZIJK  = ZKLI  ? 
Explain  your  answers. 

M The  parallelogram  and  diagonal  JL  form 
two  triangles  so  that  AJKL^ALIJ.  Is 
ZJKL  = ZLIJ  ? How  do  you  know  ? 
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Now  you  know  that  the  opposite  sides  of 
parallelogram  IJKL  are  congruent.  You  know 
also  that  the  opposite  angles  are  congruent. 

You  have  learned  two  important  properties 
that  concern  the  sides  and  angles  of  a parallel- 
ogram. These  properties  are  expressed  below. 

The  opposite  sides  of  a parallelogram^  are 
congruent. 

The  opposite  angles  of  a parallelogram  are 
congruent. 

In  the  following  exercises,  you  will  study  spe- 
cial kinds  of  parallelograms. 
a Look  at  d4.  Polygon  NOPQ  is  a parallelo- 
gram. The  measure  of  ZQNO  is  expressed  in 
the  display.  Is  ZQNO  a right  angle? 

Now  you  are  going  to  decide  whether  each 
of  the  other  angles  of  parallelogram  NOPQ  is  a 
right  angle,  also. 

B Are  ZQNO  and  ZRNQ  a linear  pair  of  an- 
gles? How  do  you  know  that  ZRNQ  is  a 
right  angle  ? 

C Are  ZRNQ  and  ZNOP  corresponding  an- 
gles? How  do  you  know  that  ZNOP  is  a 
right  angle  ? 

D How  do  you  know  that  ZQNO^ZOPQ? 

How  do  you  know  that  ZNOP  = ZPQN  ? 

E Which  angles  of  parallelogram  NOPQ  are 
right  angles? 

You  have  developed  a property  concerning 
parallelograms.  The  property  is  expressed  be- 
low. 

If  one  angle  of  a parallelogram  is  a right 
angle,  then  each  of  the  angles  of  the  parallelo- 
gram  is  a right  angle. 

Each  angle  of  parallelogram  NOPQ  is  a 
right  angle.  Parallelogram  NOPQ  is  a rectan- 
gle. A rectangle  is  a parallelogram  in.  which 
each  angle  is  a right  angle. 

F Suppose  that  ZM  of  parallelogram  KLMN 
is  a right  angle.  What  do  you  know  about  each 
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rec  tan  gle  (rekZang'gal).  A parallelogram 
in  which  each  angle  is  a right  angle. 


square  (skwar).  A rectangle  in  which  each  of 
the  sides  is  congruent  to  each  of  the  other 
sides. 


of  the  angles  of  parallelogram  KLMN?  How 
do  you  know  that  KLMN  is  a rectangle? 

Another  property  of  parallelograms  is  ex- 
pressed below. 

If  one  angle  of  a Darallelogmm^s-XLjdghL 
angle,  the  parallelogram  is  a rectangle. 

G Look  at  d5.  Polygon  STUV  is  a rectangle. 
The  measure  of  each  side  of  rectangle  STUV  is 
expressed  in  the  display.  How  do  you  know 
that  each  side  of  rectangle  STUV  is  congruent 
to  each  of  the  other  sides? 

I f eachjdde  of  a rectangle  is  congruent  to 
each  of  the  other  sides,  the  rectangle  is  a 

square. 
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H Is  rectangle  STUV  a square? 

Any  two  sides  of  a quadrilateral  that  inter- 
sect are  called  adjacent  sides.  In  square  STUV, 
represented  in  d5,  side  ST  and  side  TU  are  ad- 
jacent. 

i  How  do  you  know  that,  if  two  adjacent 
sides  of  a rectangle  are  congruent,  the  rectan- 
gle is  a square? 

j Is  every  parallelogram  a quadrilateral?  Is 
every  quadrilateral  a parallelogram? 

K Is  every  rectangle  a quadrilateral  ? Is  every 
rectangle  a parallelogram  ? Is  every  parallelo- 
gram a rectangle  ? 

— — — ■ — — j 

In  this  lesson  you  studied  different  kinds  of 
quadrilaterals.  You  learned  that  parallelo- 
grams are  quadrilaterals  whose  opposite  sides 
are  parallel.  You  also  developed  several  prop- 
erties of  parallelograms  and  learned  what  we 
mean  by  a rectangle  and  a square. 

For  each  of  exercises  1 through  11,  use  d6  to 
help  you  answer  the  questions. 

1 Each  of  points  W,  X,  Y,  and  Z is  in  plane 
WXY.  Name  a segment,  represented  in  d6, 
that  is  a subset  of  f13.  A subset  of  1 14.  A subset 
of  f15.  A subset  of  f16. 

2 Is  figure  WXYZ  a triangle?  A quadrilat- 
eral? 

3 Name  the  two  pairs  of  opposite  sides  of  fig- 
ure WXYZ. 
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4 f33  C\  U4  — { }.  C\  /jg  — { }.  What 
kind  of  lines  are  lu  and  f14?  What  kind  of 
lines  are  f15  and  f16? 

5 Name  a segment,  represented  in  d6,  that  is 
parallel  to  WX.  That  is  parallel  to  XY. 

6 How  do  you  know  that  figure  WXYZ  is  a 
parallelogram  ? 

7 Name  a side  of  parallelogram  WXYZ  that 
is  congruent  to  WX.  To  XY. 

8 Name  the  two  pairs  of  opposite  angles  of 
parallelogram  WXYZ. 

9 Name  an  angle  of  parallelogram  WXYZ 
that  is  congruent  to  ZW.  To  ZX. 

10  Name  the  triangles  formed  by  diagonal  XZ 
and  parallelogram  WXYZ. 

1 1 How  do  you  know  that  triangles  WXY  and 
YZW  are  congruent? 

12  Suppose  that  figure  BCDE  is  a parallelo- 
gram in  which  ZB  is  a right  angle.  What  is  the 
measure  of  each  angle  of  figure  BCDE  ? 


KEEPING  SKILFUL 


Jl  or  each  exercise  below,  find  the  sum,  differ- 
ence, product,  or  quotient. 


.76 + 8.2 + .14 

l|  X 7 

31.6-9.86 
150f + 698M 
3.02  X 1.8 
90?  - 72| 

5 • 3 

8 ~ IT 


8 33  X 

9 29t  + 641 
io  16  - 3.9076 

21  62.68  -s-  6.8  (Hundredths) 

22  1035  -5-  13.8  (Ones) 

23  .0987  - .138  (Hundredths) 

24  24.581  -5-  1.32  (Tenths) 

25  .3834  1 A (Thousandths) 


11  .17X8.92 

12  298J-  179f 

14  .075  X .96 

15  .186+  106  + 9.84 

16  5g  -j-  65 

17  901?  + 898f 
is  100J  - 72n 

19  9A  - 87 

20  .7623  X 100 
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APPLYING  MATHEMATICS 

r or  each  problem,  write  a sentence  that  ex- 
presses a condition.  Then  tabulate  the  solution 
set  of  the  condition  and  give  the  answer  to  the 
problem.  The  universe  is  given  for  each  prob- 
lem. 

In  these  problems,  when  we  say  “rectangu- 
lar,” “triangular,”  “the  shape  is  square,”  and 
so  on,  we  mean  that  the  boundary  should  be 
thought  of  as  a rectangle,  a triangle,  a square, 
and  so  on.  The  lengths  of  two  adjacent  sides  of 
a rectangle  are  usually  referred  to  as  “length” 
and  “width.” 

1 Pat  is  going  to  put  a fence  around  a rec- 
tangular flower  garden.  The  length  of  the  rec- 
tangle is  82  ft.  The  width  of  the  rectangle  is 
4 ft.  How  many  feet  of  fencing  does  Pat  need 
for  enclosing  the  garden?  U = Z. 

think  The  number  of  feet  of  fencing  that 
Pat  needs  is  the  same  number  as  the  sum  of 
the  measures  of  the  sides  of  the  rectangle. 
Is  82  + 4 -T  82  + 4 = x the  condition  for  the 
problem? 

For  problem  1,  you  found  the  sum  of  the 
measures  of  the  sides  of  a rectangle.  The  sum 
of  the  measures  of  the  sides  of  a simple  poly- 
gon is  the  perimeter  of  the  polygon. 

2 Mr.  Long  made  a triangular  patio  with 
sides  of  6 yd.,  12  yd.,  and  15  yd.  What  is  the 
perimeter  of  the  patio  in  yards?  U = Z. 

3 The  shape  of  a baseball  diamond  is  square. 
The  length  of  a side  is  90  ft.  What  is  the  perim- 
eter of  a baseball  diamond  in  feet?  U = Z. 

4 Use  your  answer  to  problem  3 to  find  the 
answer  to  the  following  problem : What  is  the 
perimeter  of  a baseball  diamond  in  yards? 
U = Z. 

think  You  will  use  the  answer  for  prob- 
lem 3.  Is  3/1  ~ 360/x  a condition  for  the 
problem? 


5 Ken  has  a piece  of  plywood  in  the  shape  of 
a parallelogram  with  sides  of  9 ft.  and  \l\  ft. 
What  is  the  perimeter  of  the  piece  of  plywood 
in  inches?  U = Z X Z. 

6 Sue  is  going  to  put  lace  edging  on  a rec- 
tangular tablecloth  that  is  70  in.  long  and 
54  in.  wide.  If  she  allows  4 in.  for  waste,  how 
many  inches  of  edging  does  she  need  in  all? 
U = Z. 

7 Use  your  answer  to  problem  6 to  find  the 
answer  to  the  following  problem : The  edging 
that  Sue  is  going  to  buy  costs  $.35  a yard.  How 
much  in  all  will  the  edging  for  the  tablecloth 
cost?  U = Z X Z. 

8 The  length  of  each  side  of  a triangular  win- 
dow is  35i  in.  What  is  the  perimeter  of  this 
window  in  inches?  U = Z. 

9 The  lengths  of  two  sides  of  a parallelogram 
are  II5  ft.  and  9§  ft.  What  is  the  perimeter  of 
the  parallelogram  in  yards?  U = Z X Z. 

10  The  length  of  a rectangle  is  32  ft.  The  width 
of  the  rectangle  is  64  in.  What  is  the  perimeter 
of  the  rectangle  in  inches  ? U = Z X Z. 

For  problems  11  through  13,  the  universe  is 
the  set  of  rational  numbers  between  0 and  180. 

1 1 Zm  and  Zn  are  supplementary  angles. 
Zm°  = 127.  What  is  the  measure  of  Zn? 

12  Zg°  = 108.  The  sum  of  Zg°  and  Zh°  is  253. 
What  is  the  measure  of  Zh  ? 

13  The  measure  of  each  of  two  angles  of  an 
isosceles  triangle  is  11.5.  What  is  the  measure 
of  the  third  angle  of  the  triangle  ? 

For  problems  14  and  15,  the  universe  is  the 
Cartesian  set  formed  from  the  set  of  rational 
numbers  between  0 and  1 80. 

14  Zk°  = 82.  Zh  and  Zk  are  supplementary 
angles.  The  sum  of  Zh°  and  Z m°  is  277.  What 
is  the  measure  of  Zh?  Of  Zm? 

15  Zb°  = 60.  The  sum  of  Zb°  and  Zc°  is  110. 
The  sum  of  Zc°  and  Zd°  is  215.  What  is  the 
measure  of  Zc?  OfZd? 
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Area  of  the  rectangle 

In  lesson  98  you  learned  to  assign  a number 
to  a segment.  This  number  is  the  measure  of 
the  segment.  In  lesson  101  you  learned  to 
assign  a number  to  an  angle.  This  number  is 
the  measure  of  the  angle.  In  this  lesson  you  will 
learn  to  assign  a number  to  a region  consisting 
of  a rectangle  and  its  interior.  This  number  will 
be  the  area  of  the  rectangle. 

A Which  geometric  figures  represented  in  Dl 
are  simple  closed  curves?  Which  are  simple 
polygons  ? 

In  lesson  29,  Book  /,  you  learned  that  a 
simple  closed  curve  separates  a plane  into  two 
regions.  One  of  the  regions  is  the  interior  of  the 
simple  closed  curve,  and  the  other  region  is  the 
exterior.  The  simple  closed  curve  is  the  bound- 
ary of  each  of  the  regions  and  is  not  included 
in  either  region. 

B Tabulate  the  intersection  of  a simple  closed 
curve  and  its  interior.  Are  a simple  closed 
curve  and  its  interior  disjoint  sets?  What 
points  are  in  the  union  of  a simple  closed  curve 
and  its  interior? 

The  union  of  a simple  closed  curve  and  its 
interior  is  called  a closed  region. 

C Look  again  at  Dl.  You  can  think  of  pic- 
ture A as  representing  a closed  region.  What 
other  pictures  in  Dl  can  represent  closed  re- 
gions? Explain  why  picture  B cannot  repre- 
sent a closed  region. 

Now  suppose  that  you  want  to  find  the 
measure  of  a closed  region.  First  you  must 
have  a unit  closed  region,  just  as  you  had  a 
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closed  region  (re/jan).  The  union  of  a sim- 
ple closed  curve  and  its  Interior. 

area  of  o closed  region  (ar^ea).  The 
number  of  unit  regions  that  do  not  overlap 
and  that  can  be  included  in  the  closed  region. 


unit  segment  and  a unit  angle.  In  this  book,  we 
will  call  a unit  closed  region  a unit  region. 

The  number  of  unit  regions  that  do  not 
overlap  and  that  can  be  included  in  a closed 
region  is  the  area  of  the  closed  region.  The 
area  of  a unit  region  is  1 . 

D Now  look  at  d2.  Picture  F represents  the 
union  of  a rectangle  and  its  interior.  Is  the 
union  of  the  rectangle  and  its  interior  a closed 
region  ? How  do  you  know  ? 

A closed  region  formed  by  the  union  of  a 
rectangle  and  its  interior  is  called  a rectangular 
region.  First  you  will  find  the  area  of  a rec- 
tangular region  like  the  one  represented  in  pic- 
ture F. 


Concept  of  area  of  a closed  region;  finding  the  area 
of  a rectangular  region 
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e Each  of  the  closed  regions  represented  in 
pictures  G,  H,  I,  and  J is  a unit  region.  What 
is  the  area  of  each  of  these  closed  regions  ? 

F Which  of  the  unit  regions  represented  in  d2 
do  you  think  is  the  most  convenient  to  use  in 
finding  the  area  of  a rectangular  region  ? 

The  unit  region  represented  in  picture  J is 
a square  unit  region,  which  we  will  call  a square 
unit.  A square  unit  is  the  union  of  a square 
and  its  interior.  The  measure  of  each  side  of 
the  square  is  1 . 

You  will  use  a square  unit  for  finding  areas. 
The  union  of  the  square  units  into  which  a 
closed  region  can  be  subdivided  is  the  given 
closed  region. 

G Look  again  at  d2.  Suppose  that  5 square 
units  like  the  one  represented  in  picture  J are 
included  without  overlapping  in  the  closed 
region  represented  in  picture  F.  What  is  the 
area  of  the  rectangular  region  in  square  units  ? 

Now  you  will  use  a condition  for  equiva- 
lence to  find  the  area  of  the  rectangular  region 
represented  in  d3.  In  the  following  exercises, 
we  will  say  “area  of  a rectangle”  to  mean 
“area  of  a rectangular  region.” 

Look  at  d3.  The  rectangular  region  formed 
by  rectangle  ABCD  and  its  interior  is  subdi- 
vided into  square  units. 

H How  many  square  units  are  included  in  the 
rectangular  region  ABCD?  Do  these  square 
units  overlap?  What  is  the  union  of  these 
square  units  ? 

i What  is  the  area  of  rectangle  ABCD  ? 

Since  4 square  units  are  included  in  the 
rectangular  region  ABCD,  the  area  of  rectan- 
gle ABCD  is  4.  You  can  also  say  that  the  area 
of  rectangle  ABCD  is  4 square  units. 

Notice  that  you  can  obtain  the  area  by  find- 
ing the  sum  1 + 1 + 1 + 1.  In  doing  this,  you 
use  the  property  of  area  that  is  expressed  in 
the  next  column. 
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If  a rectangular  region  is  the  union  of  square 
units  that  do  not  overlap,  then  the  area  of  the 
rectangular  region  is  the  sum  of  the  areas  of  the 
square  units. 

j The  picture  in  d4  represents  rectangular 
region  EFGH  subdivided  into  square  units. 
What  is  the  measure  of  each  side  of  rectan- 
gle EFGH? 

K How  many  square  units  are  included  in  the 
bottom  row  represented  in  d4?  You  can  use 
the  rate  pair  5/1  to  represent  the  fact  that  there 
are  5 square  units  in  1 row. 

L How  many  rows  of  square  units  are  in- 
cluded in  the  rectangular  region  represented 
in  d4? 

To  find  the  number  of  square  units  in  the  2 
rows  that  are  included  in  the  rectangular  re- 
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gion  EFGH,  you  can  find  the  first  component 
of  a rate  pair  that  is  equivalent  to  5/1  and  that 
has  2 as  a second  component.  In  x/2,  x is  a 
variable  for  the  number  of  square  units  in  the 
2 rows.  U = Z. 

M Is  the  area  of  rectangle  EFGH  the  same 
number  as  the  number  of  square  units  in  the  2 
rows?  Is  jc  also  a variable  for  the  area  of  rec- 
tangle EFGH? 

N Can  you  use  the  condition  expressed  below 
at  the  right  to  find  the  num- 
ber of  square  units  in  the 
rectangular  region  EFGH  ? 
o Tabulate  {x 1 5/ 1 ~ x/2) . How  many  square 
units  are  there  in  the  rectangular  region 
EFGH? 

p What  is  the  area  of  rectangle  EFGH  ? 

Next  look  at  d5.  Notice  that  the  rectangu- 
lar region  JKLM  is  subdivided  into  square 
units  and  parts  of  square  units. 

Q In  rectangle  JKLM,  represented  in  d5,  what 
is  the  measure  of  side  JM?  What  is  the  meas- 
ure of  side  KJ  ? 

R Are  more  than  3 square  units  included 
in  the  bottom  row  of  the  rectangular  region 
JKLM?  Are  fewer  than  4 square  units  in- 
cluded in  this  row?  The  measure  of  side  JM 
tells  you  how  many  square  units  are  in  the  bot- 
tom row  of  the  rectangular  region  JKLM.  Are 
3|  square  units  included  in  this  row  of  the  rec- 
tangular region? 

s The  measure  of  side  KJ  tells  you  how  many 
rows  of  square  units  there  are  in  the  rectangu- 
lar region  JKLM.  How  many  rows  are  in  the 
rectangular  region? 

T You  can  find  the  area  of  rectangle  JKLM  in 
the  same  way  you  found  the  area  of  the  rec- 
tangle represented  in  d4.  What  does  the  rate 
pair  3j/ 1 represent? 

u Use  m as  a variable  for  the  area  of  rectangle 
JKLM.  Can  you  use  the  rate  pair  m/2\  to 
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represent  the  fact  that  there  are  m square  units 
in  2\  rows?  U = Z. 
v Does  the  sentence  at  the 
right  express  a condition 
for  finding  the  area  of  rec- 
tangle JKLM  in  square 
units? 

w What  is  the  area  of  rectangle  JKLM  in 
square  units? 

x The  measure  of  side  WX  of  rectangle 
WXYZ  is  2.2,  and  the  measure  of  side  XY  is 
8.3.  What  condition  can  you  use  to  find  the 
area  of  rectangle  WXYZ  in  square  units? 
U — Z. 

Y What  is  the  area  of  rectangle  WXYZ  in 
square  units? 

In  lessons  99  and  100  you  worked  with  stand- 
ard units  of  length,  such  as  the  inch,  the  foot, 
and  so  on.  The  square  units  you  have  been 
using  so  far  in  this  lesson  are  not  standard 
units.  When  you  are  finding  areas,  you  will 
work  with  standard  square  units,  such  as  the 
square  inch , the  square  foot,  the  square  yard, 
the  square  rod,  and  the  square  mile. 

{ A A square  inch  is  a square  unit,  each  of 
whose  sides  is  1 inch  long.  A square  foot  is  a 
v"7  square  unit,  each  of  whose  sides  is  1 foot  long, 
j Describe  a square  yard.  Describe  a square 
( mile.  Describe  a square  rod. 
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Now  read  problem  A in  d6.  To  answer  the 
question  in  problem  A,  you  must  find  the  area 
of  the  floor  in  square  feet.  In  the  following  ex- 
ercises, you  will  develop  a condition  for  the 
problem.  U = Z. 
b Why  can  you  use  the  rate  pair 
expressed  at  the  right  in  a con- 
dition for  the  problem? 
c The  other  rate  pair  in  the 
condition  is  expressed  at  the 
right.  For  what  is  x a variable? 

D Does  the  sentence  at 
the  right  express  a con- 
dition for  the  problem? 

E Tabulate  {x | 15/1  ~ x/\2\). 

Now  you  can  give  the  answer  to  problem  A. 

1 87i  square  feet  of  carpeting  are  needed  to 
cover  the  floor  from  wall  to  wall. 
f Is  187^  square  feet  of  carpeting  the  same  as 
1872  square  inches  of  carpeting?  As  1 87i 
square  yards  of  carpeting  ? 

G Explain  why,  when  you  use  different  stand- 
ard square  units  to  find  an  area,  you  obtain 
different  areas  for  the  same  rectangle. 

Read  problem  B in  d6.  You  will  develop 
a compound  condition  for  this  problem. 
U = Z X Z. 

To  answer  the  question  in  problem  B,  you 
can  first  find  the  area  of  the  floor  of  the  hall- 
way in  square  yards. 

H If  you  use  6/1  in  the  first  condition,  why 
will  you  also  use  x/\\,  and  not  lj/x?  For 
what  is  x a variable  ? 
i Does  the  sentence  at  the 
right  express  one  simple  con- 
dition for  the  problem? 

Next  find  the  cost  of  x square  yards  of 
carpeting. 

j Can  you  use  the  rate  pair  8.77/1  to  repre- 
sent the  rate  of  the  price  of  the  carpeting  per 
square  yard  ? 


A The  length  of  a rectangular  floor  is 
15  ft.  The  width  of  the  floor  is  12|  ft. 
How  many  square  feet  of  carpet  are 
needed  to  cover  the  floor  from  wall  to 
wall? 

s Mrs.  Ames  wants  to  buy  wall-to- 
wall  carpeting  for  a rectangular  hall- 
way that  is  6 yd.  long  and  l|  yd.  wide. 

She  has  chosen  carpeting  that  is  priced 
at  $8.77  per  square  yard.  How  much 
will  she  have  to  pay  for  enough  carpet- 
ing to  cover  the  hallway  floor? 

d6 

k Use  y as  a variable  for  the  number  of  dollars 
that  is  the  total  cost  of  the  carpeting.  You 
know  that  x is  a variable  for  the  number  of 
square  yards  in  the  area  of  the  floor.  If  you  use 
8.77/1  in  the  other  simple  condition  for  the 
problem,  why  will  you  use  y/x , and  not  x/y, 
in  this  condition  ? For  what  is  y a variable  ? 

L Does  the  sentence  at 
the  right  express  an- 
other simple  condition 
for  the  problem? 

M Does  the  sentence  in  red  below  express  a 
compound  condition  for  problem  B ? 

6/1 ~x\l\  A 8.77/1  ~y/x. 

N What  replacement  for  x satisfies  6/1  ~x/l|? 
O If  you  replace  x by  8 in  the  condition 
8.77/1  ~ y/x,  what  condition  do  you  obtain? 

P What  replacement  for  y satisfies  8.77/1  ~ 

y/ 8? 

Q Give  the  answer  to  problem  B in  d6. 


In  this  lesson  you  learned  what  a closed  region 
is.  You  learned  that  area  is  a number  associ- 
ated with  a closed  region.  You  also  learned 
how  to  find  the  area  of  a rectangle. 
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In  each  of  exercises  1 through  14,  the  length 
and  the  width  of  a rectangle  are  expressed  in 
standard  units.  Find  the  area  of  the  rectangle 
in  standard  square  units.  U = Z. 


Length 

Width 

Length 

Width 

1 13  ft. 

8 ft. 

A 4|  yd. 

4i  yd. 

Ji  24  in. 

5 in. 

9 90  ft. 

90  ft. 

3 62  in. 

2|  in. 

vio  0.5  in. 

1.6  in. 

A 7 ft. 

8 ft. 

n 3 mi. 

2 mi. 

5 1 .4  yd. 

.9  yd. 

J2  17§ in. 

3 in. 

/ 17  mi. 

92  mi. 

13  8.5  yd. 

4.6  yd. 

7 2.8  in. 

3.6  in. 

*14  10.7  ft. 

6.4  ft. 

For  each  of  the  following  problems,  write  a 
sentence  that  expresses  a condition.  Then  tabu- 
late the  solution  set  of  the  condition  and  give 
the  answer  to  the  problem.  The  universe  is 
given  for  each  problem. 

15  Clay  Township  is  in  the  shape  of  a rectan- 
gle 13.9  mi.  long  and  11.6  mi.  wide.  What  is 
its  area  in  square  miles  ? U = Z. 

16  Mr.  Wilson  is  going  to  paint  a rectangular 
basement  floor.  The  floor  is  12^  ft.  wide  and 
15^  ft.  long.  What  is  the  area  of  the  floor  in 
square  feet?  U = Z. 

17  Use  your  answer  to  problem  16  to  find  the 
answer  to  the  following  problem:  One  gallon 
of  paint  will  cover  about  600  square  feet  of 
floor.  About  how  many  gallons  of  paint  will 
Mr.  Wilson  need  to  give  the  floor  one  coat? 
U = Z. 

18  A rectangle  is  l\  yd.  long  and  62  yd.  wide. 
What  is  the  area  of  this  rectangle  in  square 
yards?  U = Z. 

19  The  area  of  a rectangle  is  240  square  inches. 
The  length  of  this  rectangle  is  20  in.  What  is 
the  width  of  the  rectangle  ? U = Z. 

20  Mrs.  Carpenter  bought  a mirror  for  a 
closet  door.  The  mirror  is  18  in.  wide  and  4 ft. 
long.  What  is  the  area  of  the  mirror  in  square 
inches?  U = Z X Z. 


21  Mr.  Gordon  is  reseeding  a rectangular  lawn 
60  ft.  long  and  50  ft.  wide.  He  uses  1 lb.  of 
grass  seed  for  500  square  feet  of  lawn.  How 
many  pounds  of  grass  seed  will  he  use  in  all? 
U = Z X z. 

22  It  cost  Mr.  Humphries  $125  to  have  the 
floor  of  his  kitchen  covered  with  tile.  If  the 
rectangular  floor  is  14  ft.  long  and  1 12  ft.  wide, 
what  was  the  cost  per  square  foot  to  the  nearer 
cent  ? U = Z X Z. 

23  A1  and  Bob  were  measuring  the  top  of  a 
bench  that  they  planned  to  cover  with  plastic 
material.  A1  found  that  the  bench  top  was 

ft.  long.  Bob  found  that  the  bench  top  was 
1 5 in.  wide.  What  was  the  area  of  the  bench  top 
in  square  feet?  U = Z X Z. 
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JLabulate  the  solution  set  of  each  condition 
expressed  below.  U = Z. 

11  .86(.3  + .9)  = m. 

12  iij/ 100-5/1. 


1 \l\~\~  x = 36|. 

2 i/i~n/m. 

3 .24/. 48  ~ r/1. 

4 m + 1 if  = 4O5. 

5 

6 12/16-5/24. 

7 20  - r = 9ft. 

8 i/9  — J/ JC. 

9 .7/8  — x/5.6 

10  n~  .698  = 1.504. 


v*. 


13  J/1  -n, 

14  2 + (i  X ft)  = r. 

15  7/1  — x/100. 

16  l|(  I7  + 2|)  = n. 

17  ft/ 1 — r/100. 

18  28  X 69  -5-  14  = x. 

19  18/17  — 3li/ n. 

20  9f  + 63  - 82  = 5. 
For  each  exercise  below,  find  the  sum,  dif- 
ference, product,  or  quotient. 


21  72  X 5 

22  .67 + 8.6 + .5 

23  1 i-5"  1| 

24  4.9  X 5.6 

25  92  - 65 

26  890  X 703 

27  82  - 1ft 

28  6745  + 605  + 917 


29  16|  - 9 j 

30  .013X86 

31  246^  + 3891 

32  8.8937  - 6.936 

33  85  X 4f 

34  164356  - 99805 

35  23  -5-  72 

36  .876  X .038 
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8 108  Exploring  ideas 

Area  of  the  parallelogram 
and  area  of  the  triangle 

In  the  last  lesson  you  learned  that  area  is  a 
number  assigned  to  a closed  region.  You  also 
learned  how  to  find  the  area  of  a parallelo- 
gram that  is  a rectangle.  In  this  lesson  you  will 
learn  how  to  find  the  area  of  two  other  impor- 
tant figures — the  area  of  a parallelogram  that 
is  not  a rectangle  and  the  area  of  a triangle. 

When  we  speak  of  the  area  of  a parallelo- 
gram, a triangle,  or  any  other  simple  polygon, 
we  mean  the  area  of  the  closed  region  that  is 
the  union  of  the  polygon  and  its  interior. 

First,  you  will  learn  more  about  the  meas- 
ures of  the  segments  associated  with  a paral- 
lelogram. 

a A parallelogram  that  is  not  a rectangle  is 
represented  in  d1.  Name  the  pairs  of  opposite 
sides  of  parallelogram  RSTU. 

B Tabulate  VW  C\  RS.  Tabulate  VW  r\  TU. 
c Is  one  endpoint  of  VW  contained  in  the  line 
that  includes  a side  of  parallelogram  RSTU  ? 
Is  the  other  endpoint  of  VW  contained  in  the 
line  that  includes  the  opposite  side  of  parallelo- 
gram RSTU  ? 

The  line  that  includes  VW  is  perpendicular 
to  both  the  line  that  includes  RS  and  the  line 
that  includes  TU.  VW  is  perpendicular  to  TU 
and  to  ITS.  Two  segments,  like  VW  and  RS,  are 
perpendicular  if  they  intersect  and  if  they  are 
subsets  of  lines  that  are  perpendicular.  A seg- 
ment and  a given  line  are  perpendicular  if  they 
intersect  and  if  the  segment  is  a subset  of  a line 
that  is  perpendicular  to  the  given  line. 


X W S Y 

d1 

altitude  of  a parallelogram  (aKtgtlid).  A 
segment  that  is  perpendicular  to  the  lines  that 
include  a pair  of  opposite  sides  of  the  parallelo- 
gram. The  endpoints  of  the  segment  are  con- 
tained in  the  lines  that  include  the  opposite 
sides.  Each  of  the  opposite  sides  is  a base  of  the 
parallelogram. 


VW  is  an  altitude  of  parallelogram  RSTU. 
An  altitude  of  a parallelogram  is  a segment 
that  is  perpendicular  to  both  of  the  lines  that 
include  a pair  of  opposite  sides  of  the  paral- 
lelogram. The  endpoints  of  the  altitude  are 
contained  in  the  lines  that  include  the  opposite 
sides.  Each  of  the  opposite  sides  is  called  a 
base  of  the  parallelogram. 
d Look  again  at  d1.  ZUXS  and  ZXUT  are 
right  angles.  How  do  you  know  that  UX  is  an 
altitude  of  parallelogram  RSTU  ? 
e TY  is  perpendicular  to  the  lines  that  include 
TU  and  RS.  How  do  you  know  that  TY  is  also 
an  altitude  of  parallelogram  RSTU  ? 
f Explain  why  U~R  is  not  an  altitude  of  paral- 
lelogram RSTU.  Explain  why  RS  is  not 
an  altitude  of  the  parallelogram. 

G VW  is  an  altitude  of  parallelogram  RSTU. 
RS  is  one  of  the  bases  associated  with  this  alti- 
tude. Which  of  the  other  sides  is  a base  associ- 
ated with  altitude  VW  ? 

H Look  again  at  d1  . Polygon  XWVU  is  a par- 
allelogram. Is  polygon  XWVU  a rectangle? 
How  do  you  know? 

i Is  m(UX)  = m( VW) ? How  do  you  know? 
j Suppose  that  polygon  DEFG  is  any  paral- 
lelogram. Think  about  the  altitudes  whose 
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endpoints  are  contained  in  the  lines  that  in- 
clude one  pair  of  opposite  sides  of  parallelo- 
gram DEFG.  Use  what  you  know  about  the 
opposite  sides  of  a rectangle  to  expTIim'~why 
each  of  these  altitudes  has  the  same  measure. 
k Why  can  any  one  of  the  sides  of  a rectangle 
be  thought  of  as  an  altitude  of  the  rectan- 
gle? As  a base  of  the  rectangle? 

Once  an  altitude  is  selected  for  a parallelo- 
gram, we  will  refer  to  either  of  the  sides  in- 
cluded in  the  lines  perpendicular  to  this  alti- 
tude as  the  base  of  the  parallelogram. 

Now  you  will  learn  how  to  find  the  area  of  a 
parallelogram.  To  do  this,  you  will  use  what 
you  know  about  finding  the  area  of  a rectangle. 

Look  at  d2.  Polygon  ABCD  represented  in 
the  display  is  a parallelogram  that  is  not  a rec- 
tangle. Polygon  EFCD  is  a rectangle. 

A Is  the  rectangular  region  EFCD  the  union 
of  the  closed  regions  EBCD  and  BFC?  Is  the 
area  of  rectangle  EFCD  the  sum  of  the  areas 
of  the  closed  regions  EBCD  and  BFC? 
b Is  the  closed  region  ABCD  the  union  of  the 
closed  regions  AED  and  EBCD?  Is  the  area 
of  the  closed  region  ABCD  the  sum  of  the 
areas  of  the  closed  regions  EBCD  and  AED? 

We  will  accept  the  fact  that  AAED  = 
A BFC,  and  also  the  fact  that  two  congruent 
triangles  have  the  same  area.  Thus,  the  area  of 
A AED  is  the  same  as  the  area  of  _ABFC. 
c You  know  that  the  area  o£ parallelogram 
ABCD  is  the  sum  of  the  areas  of  AAED 
and  polygon  EBCD.  You  also  know  that  the 
area  of  rectangle  EFCD  is  the  sum  of  the  areas 
of  A BFC  and  polygon  EBCD.  How  do  you 
know  that  the  area  of  parallelogram  ABCDis 
the  same  as  the  area  of  rectangle  EFCD? 

A property  that  relates  the  area  of  a rectan- 
gle and  the  area  of  a parallelogram  that  is  not  a 
rectangle  is  expressed  in  the  next  column. 
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If  <7  parallelogram  that  is  a rectangle  and  a 
parallelogram  that  is  not  a rectangle  have  a com- 
mon  base  and  a common  altitude , then  the  two 
parallelograms  have  the  same  area. 
d Look  again  at  d2.  DE  is  perpendicular  to 
AB  and  DC.  How  do  you  know  that  DE  is  an 
altitude  of  parallelogram  ABCD?  An  altitude 
of  rectangle  EFCD? 

e Which  segment  represented  in  d2  is  a com- 
mon side  of  parallelogram  ABCD  and  rectan- 
gle EFCD?  Is  this  side  the  common  base  of 
these  polygons? 

F Suppose  m(DE)  = 3 and  m(DC)  = 5.  You 
can  use  the  condition  5/1  ~w/3  to  find  the 
area  in  square  units  of  rectangle  EFCD.  What 
is  the  area  of  rectangle  EFCD?  U = Z. 

G Look  again  at  d2.  Is  15  square  units  the 
area  of  parallelogram  ABCD?  How  do  you 
know? 

Look  at  d3.  Polygon  HIJK  is  a parallelo- 
gram that  is  not  a rectangle.  Polygon  LMJK  is 
a rectangle. 

H What  two  altitudes  that  are  common  to 
polygons  HIJK  and  LMJK  are  represented 
in  d3  ? 

i What  is  the  common  base  of  HIJK  and 
LMJK? 
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j Write  a sentence  to  express  a condition 
that  you  can  use  to  find  the  area  of  rectan- 
gle LMJK. 

K Can  you  use  the  condition  you  used  for 
exercise  J to  find  the  area  of  parallelogram 
HIJK?  Explain  your  answer. 

L What  is  the  area  in  square  units  of  paral- 
lelogram HI  JK  ? U = Z. 

M Suppose  that  you  know  the  measure  of  an 
altitude  and  the  measure  of  the  base  of  a 
parallelogram.  Explain  how  you  can  use  these 
measures  to  make  a condition  for  equivalence 
for  finding  the  area  of  the  parallelogram. 
n The  length  of  an  altitude  of  a parallelogram 
is  5.2  in.  The  length  of  the  base  of  the  paral- 
lelogram is  4.6  in.  Write  a sentence  to  express  a 
condition  you  can  use  to  find  the  area  of  the 
parallelogram  in  square  inches, 
o What  is  the  area  in  square  inches  of  the  par- 
allelogram described  in  exercise  N ? U = Z. 

In  the  following  exercises,  you  will  learn  how 
to  find  the  area  of  a triangle.  You  can  use  what 
you  know  about  the  area  of  a parallelogram  to 
help  you.  First,  you  will  learn  about  the  alti- 
tude and  base  of  a triangle. 
a Look  at  d4.  Name  the  sides  and  the  angles 
of  A ABC. 

B Does  CD  contain  vertex  C?  Tabulate 
CD  n AB. 

C CD  is  perpendicular  to  AB.  Is  CD  perpen- 
dicular to  the  side  opposite  ZC  ? 

CD  is  an  altitude  of  A ABC.  An  altitude  of 
a triangle  is  a segment  determined  by  a vertex 
of  an  angle  of  the  triangle  and  a point  in  the 
liHeThaflncIudesthe  side  opposite  the  angle. 
The  altitude  is  perpendicular  to  the  line  that 
includes  the  opposite  side.  The  side  opposite 
the  angle  is  called  a base  of  the  triangle. 

D How  many  altitudes  can  a triangle  have? 
How  many  bases  can  a triangle  have  ? 


d4 
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altitude  of  a triangle.  A segment-deter- 
mined by  a vertex  of  an  angle  of  the  triangle 
and  a"  point  in  the  line  that  includes  the  side 
opposite  the  angle.  The  segment  is  perpendicu- 
larHto  the  line  that  includes  the  side  opposite 
the  angle.  The  side  opposite  the  angle  is  a base 
of  the  triangle. 


E Look  at  d5.  How  do  you  know  that  GE  is  a 
diagonal  of  parallelogram  DEFG? 

F Name  the  two  triangles  formed  by  parallelo- 
gram DEFG  and  diagonal  GE. 

G How  do  you  know  that  the  area  of  A DEG 
is- the  same  as  the  area  of  AGEF? 

H Is  the  area  of  the  parallelogram  represented 
in  d5  the  sum  of  the  areas  of  A DEG  and 
AGEF? 
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I Is  the  area  of  parallelogram  DEFG  twice 
the  area  of  A DEG?  Is  the  area  of  parallelo- 
gram DEFG  twice  the  area  of  AGEF? 

A property  that  relates  the  area  of  a paral- 
lelogram and  the  area  of  a triangle  is  expressed 
below. 

If  a parallelogram  and  a triangle  have  a com- 
mon base  and  a common  altitude , then  the  area 
of  the  parallelogram  is  2 times  the  area  of  the 
triangle. 

j Look  again  at  d5.  GH  is  perpendicular  to 
DE  and  to  GF.  Is  GH  an  altitude  of  parallelo- 
gram DEFG?  Of  A DEG? 

K Is  DE  a base  of  parallelogram  DEFG?  Is 
DE  also  a base  of  A DEG? 

L Can  you  use  the  condition  8/1  ~ m/5  to 
find  the  area  in  square  units  of  parallelogram 
DEFG?  What  is  the  area  of  the  parallelo- 
gram ? U = Z. 

M How  can  you  use  the  number  you  found  for 
exercise  L to  find  the  area  of  A DEG? 

You  know  that  you  can  use  a condition  for 
equivalence  to  find  the  area  of  a parallelo- 
gram. Next  you  will  learn  how  to  use  this  con- 
dition to  find  the  area  of  a triangle. 

A Look  at  d6.  MP  is  a common  altitude  of 
parallelogram  KLMN  and  AKLM.  Name  the 
common  base  of  KLMN  and  AKLM. 

B How  do  you  know  that  the  area  of  KLMN 
is  2 times  the  area  of  AKLM? 

C What  is  the  measure  of  base  KL?  What  is 
the  measure  of  altitude  MP  ? 

Now  suppose  that  x is  a variable  for  the 
area  of  AKLM.  The  universe  for  x is  Z.  Since 
the  area  of  KLMN  is  2 times  the  area  of 
AKLM,  you  can  use  2x  to  refer  to  the  area  of 
KLMN.  The  condition 
expressed  at  the  right  can 
be  used  to  find  the  area 
of  AKLM. 
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d How  do  you  obtain  4i(2i)=l(2x)  from 
4i/l~2x/2i? 

E How  do  you  obtain  4j(2$)  = 2x  from 
4j(2|)  = l(2x)? 

F How  do  you  obtain  t = 2x  from  4i(2|)  = 
2x  ? How  do  you  find  the  number  that  satisfies 
^ = 2x?  Is  fi  the  replacement  for  x that  satis- 
fies t = 2 x? 

G What  is  the  area  in  square  units  of  AKLM  ? 
Use  a mixed  numeral  to  express  your  answer. 

H Suppose  that  n is  a variable  for  the  area 
of  AEFG.  EN  is  an  altitude  of  AEFG.  The 
measure  of  EN  is  3j.  The  measure  of  base  FG 
is  7.  Why  will  you  use  2 n in  a condition  for 
finding  the  area  of  AEFG? 

I Can  you  use  the  condition  7/1  ~ 2n/2\  to 
find  the  area  of  AEFG? 

J Tabulate  {n  1 7/1  ~ 2n/2\).  U = Z.  What  is 
the  area  of  AEFG? 

K The  length  of  an  altitude  of  a triangle  is 
3.2  yd.  The  length  of  the  base  of  the  triangle  is 
2.5  yd.  What  is  the  area  of  the  triangle  in 
square  yards  ? U = Z. 

Now  you  know  how  to  use  conditions  for 
equivalence  to  find  the  area  of  a parallelogram 
that  is  not  a rectangle.  You  also  know  how  to 
find  the  area  of  a triangle. 

On  your  own 

In  each  of  exercises  1 through  6,  the  length 
of  an  altitude  and  the  length  of  the  base  of  a 
parallelogram  are  expressed.  Find  the  area  of 
the  parallelogram  in  square  units.  U = Z. 
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Altitude 

Base 

Altitude 

Base 

i 6 in. 

12  in. 

4 11.3  ft. 

6.5  ft. 

2 1 2 J ft. 

3 ft. 

5 10?  in. 

lOf in. 

3 4 yd. 

21  yd. 

6 1.2  mi. 

3.765  mi. 

In  each  of  exercises  7 through  12,  the  length 
of  an  altitude  and  the  length  of  the  base  of  a 
triangle  are  expressed.  Find  the  area  of  the  tri- 

angle  in  square  units.  U 

= Z. 

Altitude 

Base 

Altitude 

Base 

7 5 ft. 

10  ft. 

10  7.2  ft. 

7.5  ft. 

8 \\  yd. 

4 yd. 

li  12  in. 

9\  in. 

9 3.6  in. 

8.5  in. 

12  0.8  yd. 

2.5  yd. 

The  universe  is  given  for  each  of  the  follow- 
ing problems.  Write  a sentence  that  expresses 
a condition,  tabulate  the  solution  set,  and  give 
the  answer  for  each  problem. 

13  For  use  in  his  machine  shop,  Ray  buys 
metal  pieces  shaped  like  a parallelogram.  The 
length  of  an  altitude  of  each  piece  is  82  ft.  The 
length  of  the  base  is  5^  ft.  What  is  the  area  of 
each  piece  in  square  feet  ? U = Z. 

14  Don  made  a table  top  out  of  a triangular 
piece  of  wood.  The  length  of  an  altitude  of  the 
piece  was  4.2  ft.  The  length  of  the  base  was  5 ft. 
What  was  the  area  of  the  table  top  in  square 
feet?  U = Z. 

15  Joan  cut  out  a piece  of  felt  in  the  shape  of 
a parallelogram.  The  length  of  an  altitude  of 
the  piece  was  8 in.  The  length  of  the  base  was 
2 ft.  What  was  the  area  of  the  piece  of  felt  in 
square  inches?  U = Z X Z. 

16  Mrs.  Harris  plans  to  put  colored  glass  in  a 
window  that  is  shaped  like  a parallelogram. 
The  length  of  an  altitude  of  the  window  is  2|  ft. 
The  length  of  the  base  is  3 ft.  If  the  colored 
glass  costs  $1.50  per  square  foot,  how  much 
will  the  glass  for  the  window  cost  ? U = Z X Z. 

17  The  Kings  have  a triangular  rose  garden. 
The  length  of  an  altitude  of  the  garden  is  5 yd. 
The  length  of  the  base  is  8 ft.  What  is  the  area 
of  the  rose  garden  in  square  yards  ? U = Z X Z. 
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r or  each  exercise  below 
pression. 

1 9(62  - 9)  + 48  - 6 

2 17X96-32 

3 1.5  X 9.2 + .142 

4 (4i  X 6|)  - 'i 

5 7j  + 9|-  11| 


simplify  the  ex- 


6 8.67  - 1.2  -4 

7 36  X. 35  -.6 

8 (16j-8|)X  \l 

9 27  X 65  — 4§ 

10  27  X (6j  - 4f) 


Name  the  basic  fraction  that  indicates  the 
reciprocal  of  each  number  named  below. 

11  4i  13  1.6  15.075  17  8.875  19  3§ 

12  .25  14  7f  16  9n  18  .036  20  5.13 

Express  each  quotient  named  below  by  a 

mixed  numeral. 

91  il  „ 109  413  0,  698  1000 

21  8 23  4 25  11  27  -g-  29  ~\t 


22  f 24  ^ 


26 


9ft  -- 
28  35 


30^ 


Tabulate  the  solution  set  of  each  condition 
expressed  below.  U = Z. 


31  |/l  - c/100. 

32  7/6  — 175 A. 

33  i(7§  - I)  = n. 

34  12^/100-5/1. 

35  46|  — d = 23§. 

36  i/l  - x/l. 

37  ?+(l|X8)  = m. 

38  66|/100~  s/\. 


39  17§  + x = 36g. 

40  i/r-  8/1. 

41  1.89(7.5)  = m. 

42  i/\  -x/100. 

43  .903  + 5=1 .006. 

44  .25/1  -r/100. 

45  7(4g  + 63)  = X. 

46  4^/100 -m/1. 


For  each  exercise  below,  find  the  sum,  dif- 
ference, product,  or  quotient. 


47  946  + 876+  145 

48  3.08  X 7.05 

49  4|  + 6f 

50  193456  - 183765 

51  7.0621  - .9486 

52  37l-  15 i 

53  .46  + .871  + 1.45 

54  1 1 J X 94 

63  9 — 7 (Hundredths) 

64  60564  — 196  (Ones) 

65  90.56  — .86  (Tenths) 

66  204.369  — 3.12  (Thousandths) 


55  .369  X 1000 

56  18.609  - 3.712 

57  4§  X 5j 

58  863  X 109 

59  14.6X3.96 

60  1 67  - 5| 

61  809  X 530 

62  3|  - 7f 
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APPLYING  MATHEMATICS 

For  each  problem,  write  a sentence  that  ex- 
presses a condition.  Then  tabulate  the  solution 
set  of  the  condition  and  give  the  answer  to  the 
problem.  The  universe  is  given  for  each  prob- 
lem. 

1 Mr.  Jones  has  a triangular  field  that  is 
bounded  by  three  highways.  The  length  of 
each  side  of  the  field  is  167  rd.  What  is  the 
perimeter  of  this  field  in  rods  ? U = Z. 

2 A pilot  flew  an  airplane  2510  mi.  in  4 hr.  He 
flew  at  an  average  speed  of  how  many  miles 
per  hour?  U = Z. 

3 Carol  had  4 cups  of  milk.  She  used  f of  the 
milk  to  make  custard.  How  many  cups  of  milk 
did  she  use  to  make  the  custard?  U = Z. 

4 Henry  has  painted  § of  the  fence  around  his 
garden.  He  has  painted  12i  ft.  of  the  fence. 
How  long  is  the  fence  around  his  garden? 
U = Z. 

5 The  rectangular  floor  of  a certain  conven- 
tion room  is  113i  ft.  long  and  801  ft.  wide. 
What  is  the  area  of  the  floor  in  square  feet? 
U = Z. 

6 Marilyn  bought  a rectangular  piece  of  ma- 
terial that  was  54  in.  wide  and  72  in.  long.  How 
many  square  inches  of  material  did  she  buy? 
U = Z. 

7 Use  your  answer  to  problem  6 to  find  the 
answer  to  the  following  problem:  How  many 
square  feet  of  material  did  Marilyn  buy? 
U = Z. 

think  1 square  foot  is  the  same  area  as  how 
many  square  inches?  Can  you  use  144/1  ~ 
3888/x  as  a condition  for  the  problem  ? For 
what  is  x a variable  ? 

8 Mr.  Hansen  is  going  to  pave  his  rectangular 
driveway.  The  driveway  is  50j  ft.  long  and  6 ft. 
wide.  What  is  the  area  of  the  driveway  in 
square  yards  ? U = Z X Z. 


AREA 

144  square  inches  (sq.  in.)  1 square  foot  (sq.  ft.) 

9  square  feet  1 square  yard  (sq.  yd.) 
160  square  rods  (sq.  rd.)  1 acre  (A.) 

640  acres  1 square  mile  (sq.  mi.) 

9 In  a certain  year  the  population  of  Belleville, 
Ontario,  was  about  the  population  of 
Hamilton,  Ontario.  The  population  of  Belleville 
was  about  20,000.  What  was  the  approximate 
population  of  Hamilton  ?U  = Z. 

10  The  Johnson  Realty  Company  bought  a 
rectangular  piece  of  land  that  was  \ mi.  wide 
and  j mi.  long.  How  many  acres  did  the  com- 
pany buy?  U = Z X Z. 

1 1 Harold  has  a piece  of  glass  in  the  shape  of 
a parallelogram.  The  length  of  an  altitude  is 
9\  in.  The  length  of  the  base  is  14  in.  What  is 
the  area  of  this  piece  of  glass  in  square  inches  ? 

U = Z. 

12  The  shape  of  a field  is  square.  The  length  of 
a side  is  60  ft.  What  is  the  perimeter  of  this 
field  in  yards  ? U = Z X Z. 

13  In  all,  Bill  walked  less  than  1 1 mi.  on  Friday 
and  Saturday.  He  walked  5 mi.  farther  on 
Saturday  than  on  Friday.  How  many  miles 
could  he  have  walked  each  day  ? U = C X C. 

14  Mrs.  Harms  made  a triangular  flag.  The 
length  of  an  altitude  was  2\  ft.  The  length  of 
the  base  was  4 ft.  What  was  the  area  of  the 
flag  in  square  feet  ? U = Z. 

15  Lake  Superior  is  383  mi.  long.  Lake  St. 

Clair  is  26  mi.  long.  Lake  Superior  is  how 
many  times  as  long  as  Lake  St.  Clair?  (Hun- 
dredths) U = Z. 

16  Roger  had  a board  6 ft.  long.  He  used  3j  ft. 
of  this  board  to  repair  the  front  steps.  The 
length  of  board  Roger  used  was  what  fraction 
of  the  total  length  ? U = Z. 
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17  For  a bazaar,  Mrs.  Hayes  ordered  13  qt.  of 
coffee  ice  cream,  1 1 gal.  of  vanilla  ice  cream, 
and  82  gal.  of  chocolate  ice  cream.  In  all, 
she  ordered  how  many  gallons  of  ice  cream? 
U = Z X z. 

18  The  areas  of  three  lots  are  18,750  sq.  ft., 
12,750  sq.  ft.,  and  18,000  sq.  ft.  What  is  the 
average  area  per  lot  ? U = Z X Z. 

19  The  area  of  the  rectangular  floor  of  a room 
in  a municipal  building  is  12,788  sq.  ft.  The 
width  of  the  floor  is  92  ft.  What  is  the  length  of 
the  floor?  U = Z. 

20  Mrs.  Smith  bought  a rectangular  rug  that 
was  12  ft.  long  and  8 ft.  wide.  What  was  the 
area  of  the  rug  in  square  yards  ? U = Z X Z. 

21  Use  your  answer  to  problem  20  to  find  the 
answer  to  the  following  problem:  If  the  rug 
cost  $13.50  per  square  yard,  what  was  the  total 
cost  of  the  rug  ? U = Z. 

22  Mr.  Ames  sold  420  pecks  of  potatoes  in 
September  and  442  pecks  of  potatoes  in  Octo- 
ber. What  was  the  per  cent  of  increase  in  the 
number  of  pecks  sold?  (Tenths)  U = Z X Z. 

23  Mrs.  Jackson’s  kitchen  is  square.  The 
length  of  a side  is  8 ft.  What  is  the  area  of  the 
kitchen  floor  in  square  yards  ? U = Z X Z. 

24  Jim  built  a triangular  patio.  The  length  of 
an  altitude  was  16|  ft.  The  length  of  the  base 
was  26  ft.  What  was  the  area  of  the  patio  in 
square  feet?  U = Z. 

25  The  area  of  Mr.  Jay’s  lot  is  3150  sq.  ft.  The 
area  of  Mr.  Hunt’s  lot  is  10,800  sq.  ft.  The 
area  of  Mr.  Jay’s  lot  is  what  fraction  of  the 
area  of  Mr.  Hunt’s  lot?  (Hundredths)  U = Z. 

26  Mr.  Horton’s  field  is  a parallelogram  in 
shape.  The  length  of  an  altitude  is  160  rd.  The 
length  of  the  base  is  320.5  rd.  How  many  acres 
are  included  in  Mr.  Horton’s  field  ? U = Z X Z. 

27  Carolyn  received  a triangular  piece  of  ma- 
terial from  Paris.  The  length  of  an  altitude  was 
1.75  metres.  The  length  of  the  base  was  2.50 


metres.  What  was  the  area  of  the  material  in 
square  metres?  U = Z. 

28  The  length  of  a rectangular  field  is  45  rods. 
The  width  of  the  field  is  50  rods.  How  many 
acres  are  in  this  field?  (Tenths)  U = Z X Z. 

29  The  length  of  a rectangle  is  l\  ft.  The  width 
of  the  rectangle  is  3f  ft.  What  is  the  area  of  the 
rectangle  in  square  inches  ? U = Z X Z. 

30  The  length  of  each  side  of  a triangle  is  ft. 
What  is  the  perimeter  of  this  triangle  in  yards  ? 
U = Z X z. 

31  The  area  of  a parallelogram  is  4992  sq.  rd. 
The  length  of  a base  of  the  parallelogram  is 
64  rd.  What  is  the  length  of  the  altitude  of  the 
parallelogram  ? U = Z. 

32  The  width  of  a rectangle  is  16  yd.  The  length 
of  this  rectangle  is  59  ft.  What  is  the  perimeter 
of  the  rectangle  in  feet?  U = Z X Z. 

33  The  area  of  a triangle  is  23.12  sq.  in.  The 
length  of  an  altitude  is  3.4  in.  What  is  the 
length  of  the  base  of  the  triangle  ? U = Z. 

34  The  length  of  an  altitude  of  a parallelo- 
gram is  24  in.  The  length  of  the  base  of  the 
parallelogram  is  36^  in.  What  is  the  area  of  the 
parallelogram  in  square  feet  ? U = Z X Z. 

35  The  lengths  of  the  sides  of  a triangle  are 
17^  yd.,  45  ft.,  and  I62  yd.  What  is  the  perim- 
eter of  the  triangle  in  yards  ? U = Z X Z. 

36  Use  your  answer  to  problem  35  to  find  the 
answer  to  the  following  problem : What  is  the 
perimeter  of  the  triangle  in  inches  ? U = Z. 

37  The  area  of  a rectangle  is  46.24  sq.  yd.  The 
length  is  3.4  yd.  What  is  the  width  of  the  rec- 
tangle in  yards  ? U = Z. 

38  The  length  of  an  altitude  of  a triangle  is 
7.6  metres.  The  length  of  the  base  of  the  tri- 
angle is  3.8  metres.  What  is  the  area  of  the 
triangle  in  square  metres?  U = Z. 

39  The  area  of  a parallelogram  is  86  sq.  in. 
The  length  of  an  altitude  is  24  in.  What  is  the 
length  of  the  base  in  feet  ? U = Z X Z. 
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APPLYING  MATHEMATICS 

IP  or  each  problem,  write  a sentence  that  ex- 
presses a condition.  If  possible,  tabulate  the 
solution  set.  Otherwise,  give  a standard  de- 
scription of  the  solution  set.  Then  give  the  an- 
swer to  the  problem.  The  universe  is  given  for 
each  problem. 

1 Phil  had  $5.17.  He  earned  more  money,  but 
still  had  less  than  $7.00.  How  much  money  did 
Phil  earn?  U = Z. 

2 One  gallon  of  gasoline  costs  38.50.  At  this 
rate,  how  much  did  Mr.  Carter  have  to  pay  for 
14  gal.  of  gasoline?  U = Z. 

3 Last  week  Mr.  Smith  drove  .5  as  many 
miles  as  Mr.  Hayes.  Mr.  Hayes  drove  128.5  mi. 
last  week.  How  many  miles  did  Mr.  Smith 
drive?  U = Z. 

4 Richard  saves  125%  of  his  monthly  take- 
home  pay.  He  saves  $17.75  each  month.  How 
much  is  Richard’s  monthly  take-home  pay? 
U = Z. 

5 There  are  3.65  times  as  many  provincial 
parks  in  British  Columbia  as  there  are  in  Al- 
berta. There  are  40  provincial  parks  in  Alberta. 
How  many  provincial  parks  are  there  in  Brit- 
ish Columbia  ? U = Z. 

6 In  a trophy  race  one  summer,  the  speed  of 
the  second-place  boat  was  102.935  mph  (miles 
per  hour).  This  speed  was  5.151  mph  less  than 
the  speed  of  the  winning  boat.  What  was  the 
speed  of  the  winning  boat?  U = Z. 

7 Ellen  needs  1?  lb.  of  salted  nuts  for  a party. 
The  nuts  she  wants  are  sold  in  | lb.  cans.  How 
many  cans  of  these  nuts  does  Ellen  have  to 
buy?  U = Z. 

8 Mr.  Keniston  had  1 5i  bushels  of  apples. 
He  sold  some,  but  not  all,  of  these  apples 
and  then  had  less  than  7j  bushels  left.  How 
many  bushels  of  apples  did  Mr.  Keniston  sell  ? 
U = Z. 


9  In  one  province,  the  sales  tax  on  automo- 
biles was  1 .5%  of  the  selling  price.  At  this  rate, 
how  much  sales  tax  did  Mr.  Morris  have  to  pay 
on  an  automobile  priced  at  $2400?  U = Z. 

10  Babe  Ruth  had  128  hits  during  the  1922 
baseball  season.  He  had  205  hits  during  the 
1923  season.  What  was  the  per  cent  of  in- 
crease in  the  number  of  hits?  (Hundredths) 
U = Z X z. 

1 1 Mrs.  Hanson  bought  lj  times  as  much  ham- 
burger as  pork  sausage.  She  bought  3\  lb.  of 
hamburger.  How  much  pork  sausage  did  she 
buy?  U = Z. 

12  In  1960,  there  were  68  weekly  newspapers 
in  Manitoba,  87  in  British  Columbia,  14  in 
New  Brunswick,  and  30  in  Nova  Scotia.  What 
was  the  average  number  of  weekly  newspapers 
per  province  in  1960?  (Tenths)  U = ZX  Z. 

13  In  1958,  3,000,000  bu.  of  peaches  were 
harvested  in  Canada.  That  same  year  about 
16,000,000  bu.  of  blueberries  were  harvested. 
How  many  times  more  bushels  of  blueberries 
than  bushels  of  peaches  were  harvested?  U = Z. 

14  Martha  bought  45  yd.  of  material  to  make  a 
dress.  After  she  had  made  the  dress,  she  had 
12  in.  of  material  left.  How  much  material  did 
Martha  use  to  make  the  dress  ? U = Z X Z. 

15  In  1950,  there  were  about  16,000  motor 
vehicles  registered  in  Newfoundland.  Seven 
years  later,  there  were  about  48,000  motor 
vehicles  registered.  What  was  the  per  cent  of 
increase?  U = Z X Z. 

16  The  heights  of  five  players  on  a basket- 
ball team  are  74  in.,  71  in.,  70  in.,  72  in.,  and 
75  in.  What  is  the  average  height  of  these  five 
players?  (Tenths)  U = Z X Z. 

17  At  the  time  of  the  1951  census,  the  popula- 
tion of  Brantford,  Ontario,  was  about  36,000. 
In  the  census  of  1956,  the  population  of 
Brantford  was  about  51,000.  What  was  the  per 
cent  of  increase  in  population?  U = Z X Z. 
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CHECKING  UP 

The  small  numeral  within  parentheses  tells 
what  page  to  turn  to  for  help  if  you  need  it. 

Test  110 

What  word,  words,  or  symbols  best  com- 
plete exercises  1 through  8 ? 

1 The  difference  of  the  coordinates  of  two 

points  is  the of  the  segment  determined 

by  the  two  points. 

2 The  measure  of  a unit  segment  is  . 

3 The  sum  of  the  lengths  7|  ft.  and  2§  ft.  is 
ft. 

4 The  union  of  a simple  closed  curve  and  its 

* is  a closed  region. 

5 1 mile  is  the  same  distance  as  feet. 

(.i  p) 

6 The  set  of  quadrilaterals  is  a subset  of  the 

set  of . 

7 If  ZKCN°  < 90,  then  ZKCN  is  an 

angle. 

8 The  number  of  unit  regions  that  do  not 
overlap  and  that  are  included  in  a closed  region 
is  the  — — - of  the  closed  region. 

Test  111 

Write  “T”  for  each  sentence  below  that  ex- 
presses a true  statement.  Write  “F”  for  each 
sentence  that  expresses  a false  statement. 

9 If  AB  < RS,  then  m(RS)  < m(AB). 

10  To  find  the  number  of  ounces  in  5 lb.,  you 
can  use  the  solution  set  of  the  condition 
16/1  ~5/jc.  U = Z. 

11  The  measure  in  degrees  of  any  angle  is 
greater  than  0 and  less  than  180. 

12  The  union  of  opposite  rays  is  a line. 

(25) 

13  The  measure  of  a unit  angle  in  degrees  is 
90. 

14  If  ZJPN°  >90,  then  ZJPN  is  an  obtuse 
angle. 


15  Each  pair  of  adjacent  angles  is  also  a linear 
pair  of  angles. 

16  The  converse  of  a true  statement  may  be  a 
false  statement. 

17  A right  triangle  cannot  have  an  obtuse  an- 
gle. 

Test  112 

From  the  list  below  each  exercise,  choose 
the  word,  words,  or  symbols  that  correctly 
complete  the  exercise. 

18  The  number  associated  with  a point  in  a 
number  line  is  the  — - — of  the  point. 

a measure  c supplement 

b opposite  d coordinate 

19  One  cup  is  the  same  capacity  as fl.  oz. 

(l6) 

a 2 b 4 c 8 d 16 

20  If  22  is  associated  with  MN,  and  68  is  asso- 
ciated with  MO,  then is  the  measure  of 

ZOMN. 

a 22  b 46  C 68  d 90 

21  An  acute  triangle  has  exactly acute 

angles. 

a 0 b 1 c 2 d 3 

22  If  Za  ^ Zb,  then  Za° Zb°. 

a > b = c > d = 

23  A pair  of  opposite  angles  cannot  be  a pair 
of  - — - angles. 

a congruent  c adjacent 

b supplementary  d obtuse 

24  In  any  triangle,  the  sum  of  the  measure  of 

the  angles  in  degrees  is . 

a 60  b 120  c 180  d 360 

25  In  a right  triangle,  the  sum  of  the  measures 

of  the  two  acute  angles  in  degrees  is  . 

(35).- 

a 90  c greater  than  90 

b 180  d less  than  90 

26  A right  triangle  can  be . 

a equilateral  c obtuse 

b acute  d scalene 
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Test  113a 

Use  the  display  above  for  each  exercise. 

27  Identify  AEFG  according  to  the  measures 
of  its  sides. 

For  exercises  28  and  29,  AEFH  = AGFH. 

28  Side  EH  and  which  side  of  AGFH  are 
mapped  onto  each  other? 

29  ZFHE  and  which  angle  of  AGFH  are 
mapped  onto  each  other? 

For  each  of  exercises  30  through  35,  write 
a sentence  that  expresses  a condition,  tabulate 
its  solution  set,  and  give  the  answer  to  the  exer- 
cise. The  measures  are  given  in  feet. 

30  What  is  the  perimeter  of  AEFG  in  feet? 
U = Z. 

31  What  is  the  perimeter  of  rectangle  ABDC 
in  feet?  U = Z. 

32  What  is  the  perimeter  of  parallelogram 
1JKL  in  yards  ? U = Z X Z. 

33  What  is  the  area  of  rectangle  ABDC  in 
square  feet?  U = Z. 

34  What  is  the  area  of  AEFG  in  square  feet? 
F H is  perpendicular  to  EG.  U = Z. 

35  What  is  the  area  of  parallelogram  IJKL  in 
square  yards?  MN  is  perpendicular  to  KL 
and  to  IJ.  U = Z X Z. 


Test  113b 

What  words  or  symbols  best  complete  exer- 
cises 36  through  42? 

36  The  coordinate  of  point  A is  7.5.  The  coor- 
dinate of  point  B is  4.7.  The  measure  of  segment 
AB  is  — . 

37  Lines  CD  and  JK  intersect  in  point  N. 

are  a linear  pair  of  angles. 

a ZJNDand  ZKND  c ZKNCand  ZDNJ 
b ZCNJ  and  zDNK  d ZKNDand  ZJNC 

38  If  two  angles  form  a linear  pair,  then  they 

are angles. 

a opposite  c vertical 

b right  d supplementary 

39  Ray is  the  common  side  of  Z KNM 

and  ZMNL. 

40  A triangle  is  a triangle  in  which  no 

two  sides  have  the  same  measure. 

a right  c scalene 

b isosceles  d equilateral 

41  In  ATUV,  side  VT  is  the  side  opposite 


42  If  each  side  of  a rectangle  is  congruent  to 

each  of  the  other  sides,  the  rectangle  is  a . 

(44) 

Test  113c 

What  words  or  symbols  best  complete  exer- 
cises 43  through  49? 

43  If  the  measures  of  two  segments  are  equal, 

then  the  segments  are 

44  Two  given  lines  intersect  each  other.  There- 
fore, the  two  given  lines . 

a are  opposite  sides  of  a parallelogram 
b are  disjoint  sets 
c are  included  in  the  same  plane 
d form  two  similar  triangles 

45  Any  pair  of  angles  are  congruent. 

a vertical  c obtuse 

b supplementary  d linear 

46  If  any  two  corresponding  angles  that  are 
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formed  by  two  coplanar  lines  and  a transversal 
are  congruent,  then  the  two  lines  are 

47  In  ARST,  ZR°  = 42  and  ZS°  = 35. 

Therefore,  ARST  is triangle. 

a an  acute  c a right 

b an  obtuse  d an  isosceles 

48  A quadrilateral  is  a simple  polygon  that  has 
sides. 

49  The  length  of  an  altitude  of  a parallelogram 

is  3\  ft.  The  length  of  the  base  is  5\  ft.  The  area 
of  the  parallelogram  is  sq.  ft. 


Test  113d 

What  words  or  symbols  best  complete  exer- 
cises 50  through  56? 

50  For  any  two  segments  KL  and  MN,  if  , 

thenKL>  MN. 

a m(KL)  = 5.36  and  m(MN)  = 3.56 

b m(MN)  = 3.65  and  m(KL)  = 3.56 

c m(KL)  = 5.63  and  m(MN)  = 6.53 

d m(MN)  = 6.35  and  m(KL)  = 5.36 

51  The  difference  of  7§  ft.  and  ft.  is 

52  Z ABC°  = 50.  Z DEF  is  the  supplement  of 

ZABC.  ZDEF°  = . 

a 310  b 130  C 90  d 40 

53  If  two  lines  are  parallel,  then  the  angles  of 

each  pair  of  corresponding  angles  formed  by 
the  two  lines  and  a transversal  are -. 

a supplementary  c congruent 

b right  angles  d opposite  angles 

54  There  are ways  of  putting  the  vertices 

of  two  triangles  in  one-to-one  correspondence. 

55  A of  a parallelogram  is  a segment 

determined  by  two  opposite  vertices  of  the 
parallelogram. 

56  The  length  of  a rectangle  is  8 ft.  and  the 

width  is  5 ft.  If  x represents  the  area  of  the 
rectangle,  then . 

a 5/8  - l/x  C x/8  ~ 1/5 

b 1/8  ~ x/5  d 8/1  ~ x/5 
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Compound  conditions  that 
include  the  connective  “and" 

.A.  s you  studied  the  lessons  in  Seeing  Through 
Mathematics , Book  1,  you  discovered  that 
many  ideas — set,  condition,  and  variable, 
among  others — were  used  again  and  again. 
These  ideas  will  continue  to  be  important  in 
the  mathematics  presented  in  this  book.  There- 
fore, before  you  examine  any  new  ideas,  you 
will  find  it  worth  while  to  take  another  look  at 
some  of  the  basic  ideas  that  were  introduced 
in  Book  1. 

A Sets  K,  L,  and  M are  tabulated  in  d1  . Which 
set  is  the  set  of  natural  numbers  from  4 
through  8?  Which  set  is  the  set  of  odd  num- 
bers less  than  9?  Which  set  is  the  set  of  odd 
numbers  greater  than  3 and  less  than  9 ? 

B Is  each  member  of  M a member  of  K ? Is 
each  member  of  M a member  of  L ? Are  there 
any  members  of  M that  are  not  members  of 
both  K and  L? 

As  you  know,  the  intersection  of  two  sets  is 
the  set  that  contains  those  objects,  and  only 
those  objects,  that  belong  to  both  sets.  You 
can  express  the  intersection  of  K and  L by  the 
symbol  RfiL. 


K = U,  3,  5,  7}. 

L = {4,  5,  6,  7,  8}. 
M = {5,  7}. 

Dl 


d2 

c IsM  = KH  L?  How  do  you  know? 

Now  look  at  the  Venn  diagram  in  d2.  The 
picture  of  the  rectangle  and  its  interior  repre- 
sents a universe.  The  pictures  of  the  circles 
and  their  interiors  represent  the  sets  tabulated 
in  Dl. 

d The  universe  is  the  set  of  natural  numbers. 
How  do  you  know  that  each  of  the  three  sets 
tabulated  in  Dl  is  a subset  of  the  set  of  natural 
numbers  ? 


REMINDER 

If  each  member  of  one  set  is  also 
a member  of  a second  set,  then  the  first 
set  is  a subset  of  the  second  set. 

See  lesson  2,  page  11,  Book  1. 


Certain  exercises  in  this  book  are  labelled 
with  a large  question  mark.  Exercise  E below 
is  such  an  exercise.  Try  to  answer  such  exer- 
cises without  help.  When  you  think  you  know 
what  response  to  make,  turn  to  the  response 
section  in  the  back  of  the  book.  The  responses 
in  this  section  will  show  you  whether  or  not 
your  thinking  is  correct.  Do  not  turn  to  this 
section  until  you  have  tried  to  respond  to  the 
exercise  without  help. 

E What  numbers  are  common  members  of 
K and  L?  Which  portion  of  the  Venn  dia- 
gram in  d2  represents  the  intersection  of  set  K 
and  set  L ? 
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Look  at  the  Venn  diagram  in  d3.  The  uni- 
verse is  the  set  of  all  geometric  figures.  A is  the 
set  of  all  triangles.  B is  the  set  of  all  rectangles. 
F Is  A a subset  of  the  universe  ? Is  B a subset 
of  the  universe  ? 

G Do  A and  B have  any  common  members? 

Are  A and  B disjoint  sets? 
h Is  the  intersection  of  A and  B the  empty 
set?  Tabulate  AHB, 

I How  does  the  diagram  in  d3  show  that 
A n B is  the  empty  set? 

Next  you  will  review  how  to  find  the  solu- 
tion sets  of  conditions. 

A What  conditions  are  expressed  in  d4?  No- 
tice that,  in  each  condition,  the  universe  for  the 
variable  x is  Ra.  Remember  that  the  symbol 
Ra  is  a name  of  the  set  of  rational  numbers  of 
arithmetic. 


REMINDER 

A rational  number  of  arithmetic  is 
a set  of  equivalent  fractions. 

{3,  §,  i . . .}  is  a rational  number. 
Any  member  of  {5,  §,  §,  . . .}  may  be 
used  to  indicate  the  rational  number. 

See  lesson  72,  page  316,  Book  1. 

The  symbol  Ra  names  the  set  of  all 
rational  numbers  of  arithmetic. 

See  lesson  73,  page  318,  Book  1. 


First  you  will  find  the  solution  set  of  condi- 
tion A.  When  we  say  “condition  A,”  we  mean 
“the  condition  expressed  by  the  open  sen- 
tence A.” 

B You  know  that  you  can  use  a condition  for 
equality,  x — \ = to  help  you  find  the  solu- 
tions of  condition  A.  If  you  know  that  the  dif- 
ference of  jc  and  f is  do  you  also  know  that 
x is  the  sum  of  § and 


d3 


U = Ra. 

A x-\  >\.  c * + 7.2  >8.6. 

B \ + x< jf  D 6.5 -X  >1.8. 

d4 

C Tabulate  the  solution  set  of  x — \ = What 
computation  did  you  use  to  obtain  the  mem- 
ber of  the  solution  set? 


REMINDER 

The  solution  set  of  a condition  consists 
of  all  members  of  the  universe  that 
satisfy  the  condition. 

See  lesson  4,  page  18,  Book  1. 

Each  member  of  the  solution  set 
of  a condition  is  a solution  of 
the  condition. 

See  lesson  6,  page  24,  Book  1. 


D Is  each  rational  number  that  is  greater  than 
l a solution  of  x — \ >^? 

E Think  about  the  set  whose  members  are  all 
the  rational  numbers  that  satisfy  the  condi- 
tion x y l,  or,  as  we  sometimes  say,  all  x that 
satisfy  the  condition  x > Is  this  set  the  solu- 
tion set  of  jc  — f >5? 

The  symbols  {x\x  — \ >5}  and  {x|jc  >|}  are 
both  standard  descriptions  of  the  solution  set- 
of  x — \ > However,  when  you  are  asked  to 
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give  a standard  description,  always  give  the 
simpler  description  (for  example,  {x|x  >|}). 
f Is  { jc | jc  > ^)  an  infinite  set?  Why  can  you 
not  tabulate  this  set? 

G Look  again  at  d4.  What  condition  for  equal- 
ity can  you  use  to  help  you  find  the  solutions 
of  condition  B? 

h To  find  the  solution  of  \ + x = y,  you  can 
again  use  the  relationship  between  addition 
and  subtraction.  If  you  know  that  the  sum  of 
\ and  x is  y,  do  you  also  know  that  x is  the 
difference  of  y and  ^? 

i Tabulate  the  solution  set  of  \ + x = y.  What 
computation  did  you  use  to  obtain  the  mem- 
ber of  the  solution  set? 

j Is  each  member  of  Ra  that  is  less  than  y a 
solution  of  ^ + x<y?  Is  the  solution  set  of 
the  condition  an  infinite  set,  or  is  it  a finite 
set? 

K Give  a standard  description  of  the  solution 
set  of  \ + x < y. 

L What  condition  for  equality  can  you  use  to 
help  you  find  the  solutions  of  condition  C? 

M If  you  know  that  the  sum  of  x and  7.2  is  8.6, 
do  you  also  know  that  x is  the  difference  of  8.6 
and  7.2? 

n Tabulate  the  solution  set  of  x + 7.2  = 8.6. 
o Is  each  rational  number  that  is  greater 
than  1.4  a solution  of  x + 7.2  >8.6?  Give  a 
standard  description  of  the  solution  set  of 
x + 7.2  >8.6. 

p Now  look  again  at  d4.  What  condition  for 
equality  can  you  use  to  help  you  find  the  solu- 
tions of  condition  D ? 

Q If  the  difference  of  6.5  and  x is  1.8,  is  6.5  the 
sum  of  x and  1.8?  If  6.5  is  the  sum  of  x and 
1.8,  is  x the  difference  of  6.5  and  1.8? 

R Tabulate  the  solution  set  of  6.5  — x = 1.8. 
s Is  each  member  of  Ra  that  is  less  than  4.7 
a solution  of  6.5  — x > 1.8?  Give  a standard 
description  of  the  solution  set  of  6.5  — x > 1.8. 


U = Ra. 

5 + *<TAf  — x>|. 

d5 


Xou  can  use  what  you  know  about  finding 
solutions  of  simple  conditions  in  one  variable 
to  find  the  solutions  of  compound  conditions 
formed  from  two  simple  conditions  and  the 
connective  “and.” 

a What  two  simple  conditions  make  up  the 
compound  condition  expressed  in  d5  ? 
b What  is  the  universe  for  x in  each  simple 
condition  ? 


REMINDER 

A compound  condition  is  a condition 
that  is  made  up  of  two  or  more 
simple  conditions  and  one  or 
more  connectives. 

The  connective  “and”  (A)  in  a compound 
condition  that  is  made  up  of  two  simple 
conditions  tells  you  that  each 
solution  must  satisfy  both 
simple  conditions. 

See  lesson  24,  pages  90  and  91,  Book  1. 


C What  tells  you  that  each  solution  of  the 
compound  condition  must  satisfy  not  only 
| + x < y but  also  | — x > \ ? 
d {x  | x < f}  is  the  solution  set  of  which  simple 
condition  expressed  in  d5  ? 

E Give  a standard  description  of  the  solution 
set  of  f — x > \. 

F Why  is  {x|x<|Ax<|}  the  solution  set 
of  the  compound  condition  expressed  in  d5  ? 
G Does  {x|x<|Ax<|}  contain  all  the 
members  of  Ra  that  satisfy  both  simple  condi- 
tions ? 


U = Ra. 

|+*<^Af -x>l 

d5 

h Is  the  intersection  of  {jc|jc  < |}  and  {x|x  < 
§}  the  same  set  as  {x|x  < | A x < f}  ? Ex- 
plain your  answer. 

i Are  {x|x<§}  and  {x|x<|Ax<|}  the 
same  set?  How  do  you  know? 

Now  you  will  use  pictures  of  rational- 
number  lines  to  make  graphs  of  the  solution 
set  of  each  simple  condition  and  of  the  com- 
pound condition  expressed  in  d5. 


REMINDER 

A rational-number  line  is  a set  of  points 
that  are  associated  with 
rational  numbers. 

See  lesson  73,  page  319,  Book  1. 

A bar  above  or  below  the  picture  of  a 
rational-number  line  can  be  used  to 
indicate  the  graph  of  a set  of 
rational  numbers. 

See  lesson  90,  pages  393  and  394,  Book  1. 


J Study  graph  E in  d6.  Remember  that  the 
curved  stroke  tells  you  that  the  dot  for  point  f 
is  not  contained  in  the  graph  of  {x  \ x < f} . The 
vertical  stroke  through  the  dot  for  point  0 tells 
you  that  this  dot  is  contained  in  the  graph  of 
{jc|x<|}.  Would  the  dots  indicated  by  the 
bar  form  the  graph  of  {x  | x < f}  ? 

K Look  at  graph  F.  How  are  the  dots  in  the 
graph  of  {x\x  < f}  indicated?  Is  0 a member 
of  {*|*<f}?  Is  | a member?  Explain  your 
answers. 

L Look  at  graph  G.  The  portion  of  the  graph 
of  Ra  that  has  a bar  above  it  as  well  as  below  it 
is  the  graph  of  the  solution  set  of  the  com- 


pound condition.  Is  the  dot  for  point  0 in  the 
graph  of  {*|*<f  A *<§}?  Is  the  dot  for 
point  | in  this  graph  ? Does  this  graph  contain 
all  the  dots  for  points  associated  with  members 
of  Ra  that  are  less  than  § ? 

M Why  is  the  graph  of  < \ A jc  < §}  the 
same  as  the  graph  of  {*  | * < §}  ? 

N Now  look  at  d7.  What  is  the  universe  for  y ? 
Remember  that  the  letter  Z is  a name  of  the 
set  of  non-zero  rational  numbers  of  arithmetic. 


U = Ra. 


r 
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u = z. 

h y>xi- 
• y<li • 

J y>xi^y<yl 

k xi<y^y<xi. 

L T<J<T- 

D 7 
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o  Give  a standard  description  of  the  solution 
set  of  condition  H.  Of  condition  I. 
p Is  condition  J formed  from  conditions  H 
and  I and  the  connective  “and”  ? 

Q Is  the  symbol  (.V It  >T  A T < a stand- 
ard description  of  the  solution  set  of  condi- 
tion J ? 

r Does  x < y have  the  same  solution  set  as 
y >7-?  Explain  your  answer, 
s Does  condition  K have  the  same  solution 
set  as  condition  J ? Explain  your  answer. 

T Is  3 a member  of  {y  | 7-  <y  A y < -j}  ? 

Since  7-  is  less  than  3 and  3 is  less  than 
we  say  that  3 is  between  j-  and 
u Name  two  other  members  of  the  solution 
set  of -f-  < y A y < Is  each  of  these  members 

a number  between  and  -j? 
v Is  every  member  of  {y  | 7-  < y A y < be- 
tween x and  -j? 

“Eleven  fourths 

¥ < y < ¥-• 

is  less  than 

y 

is  less  than 

seventeen  fourths.” 

08 


Look  again  at  sentence  K.  The  compound 
condition  requires  that  -j  be  less  than  y and 
also  that  y be  less  than  -j-.  Sentence  L shows  a 
simpler  way  to  express  the  compound  condi- 
tion. d8  shows  how  to  read  sentence  L. 
w Is  {.y  It  < y < the  intersection  of  the  so- 
lution set  of  7-  < y and  the  solution  set  of 
T< ¥? 

x Look  at  the  graph  in  d9.  Why  is  the  dot  for 
point  0 not  contained  in  the  graph  of  the  solu- 
tion set  of  y < x? 

Y Would  the  dots  for  the  points  between  point 
X and  point  form  the  graph  of  {y  | < y < 

? How  are  these  dots  indicated  ? 
z Is  { T I T < T < an  infinite  set?  Explain 
your  answer. 

In  this  lesson  you  have  reviewed  the  intersec- 
tion of  sets  and  have  found  solution  sets  of 
both  simple  and  compound  conditions. 

On  your  own 

For  each  of  exercises  1 through  4,  first  tabu- 
late sets  A and  B.  Next  tabulate  AHB.  Then 
make  a Venn  diagram  for  AHB.  The  uni- 
verse is  the  set  of  natural  numbers.  U = N. 

1 A = {*|*+3<8}. 

B = {*|11+jc>16>. 

2 A = {m  \m  — 23  >15}. 

B = {m\m  + 4 > 13}. 

3 A = {z|  17  > z + 6}. 

B = {z|  15  — z = 7}. 


U = Z. 


0 1 2 -3  4 5 

iy\T<y<T> 

d9 
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4 A = {jc|6  < JC  < 19}. 

B = {jc|  10  < jc  < 25>. 

For  each  of  exercises  5 through  12,  tell 
whether  the  sentence  expresses  a true  state- 
ment or  a false  statement.  U = Ra. 

5 W|$  + *-i>“<B>. 

6 { jc | jc  — 3.2  > 1.4}  = {x|x  >4.6}. 

7 {w  \ \\  - w >f}  = {w|  I55  > w}. 

8 {n\n  + j2  = 

9 { j 1 3§  < v < 3f } = { }. 

to  1 5^  H-  ^ > 7|  A jp  H-  3 < 17^}  = 

{y\2f-2<y<lty. 

11  {x|2f  + x=14  Ajc+19|<40}  = 

{x|x  < 20f}. 

12  {g\7l-g>3\  A lf  + g>2§}  = 
{g\?o<g<W- 

Make  a graph  of  each  solution  set  described 
in  the  following  exercises.  For  exercises  13,  14, 
and  15,  U = Z.  For  exercises  16,  17,  and  18, 
U = Ra. 

13  {x|x  < 1.5}  15  {x|2i-x>l|} 

14  {x\x  + i<2\}  16  {x|2f  <x<4+} 

17  {x|x  + 3.5  < 5.4  A 7.25  — jc  >6.1} 

18  {x\x+  l|  >2|} 


KEEPING  SKILFUL 

For  each  exercise  below,  find  the  sum,  dif- 


ference, product,  or  quotient. 


1 2503  + 4126  + 7899 

2 25178  - 14367 

3 3342+  15374  + 200 

4 6035  + 7110  + 3425 

5 4508  - 49 

6 897+  101  +34  + 25 

7 109  X 24 

8 22100  + 344  + 6103 

9 28493  + 85487  + 930 
10  92843  - 62106 


13  7894  X 306 

14  27008  - 1245 

15  17256  X7 

16  78594  — 708 

17  504X  805 

18  47106-  3400 

19  15085  — 13941 

20  6407  - 75 

21  14145-69 

22  12000-  185 


1 1 188922  - 222  23  195097  - 780 

12  955  X 312  24  6248  X 1179 
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Exploring  ideas 


Compound  conditions  that 
include  the  connective  “or" 

You  know  that  the  solution  set  of  a com- 
pound condition  that  includes  the  connective 
“and”  is  the  intersection  of  the  solution  sets  of 
the  simple  conditions.  In  this  lesson  you  will 
study  a kind  of  compound  condition  for  which 
the  solution  set  is  the  union  of  the  solution  sets 
of  the  simple  conditions. 

A Sets  A,  B,  and  C are  tabulated  in  d1.  De- 
scribe A.  Describe  B. 

B Is  each  member  of  A a member  of  C?  Is 
each  member  of  B also  a member  of  C ? Are 
there  any  members  of  C that  are  not  members 
of  either  A or  B ? 

You  will  remember  that  the  union  of  two 
sets  is  the  set  that  contains  all  those  objects, 
and  only  those  objects,  that  belong  to  either 
set  or  to  both  sets.  You  can  use  the  symbol 
AU  Bto  express  the  union  of  A and  B. 
c IsC  = AU  B?  How  do  you  know? 

Now  look  at  the  Venn  diagram  in  d2.  The 
diagram  represents  sets  A,  B,  and  C,  tabulated 
in  Dl. 

D The  universe  is  the  set  of  natural  numbers. 
Is  each  of  the  three  sets  tabulated  in  Dl  a sub- 
set of  the  universe  ? 


A — {0,  2,  4,  6,  8,  10}. 

B = {5,  10,  15}. 

C = {0,  2,  4,  5,  6,  8,  10,  15}. 


Dl 


The  logical  connective  “or”  related  to  the  union  of  sets 


d2 


d3 


U = {1,  2,  3,  4,  5,  6,  7,  8}. 

A 5 + 2 < 7.  B 5 + 4 >6. 

o4 

E Sets  that  have  some  common  members  are 
sets  that  meet.  How  does  the  diagram  show 
that  A and  B meet? 

F Which  portion  of  the  Venn  diagram  repre- 
sents AUB? 

Look  at  the  Venn  diagram  in  d3.  The  uni- 
verse is  the  set  of  seventh-,  eighth-,  and  ninth- 
grade  students  who  attend  Willmott  Junior 
High  School.  L is  the  set  of  seventh-grade 
students  at  Willmott.  M is  the  set  of  eighth- 
grade  students  at  Willmott. 

G Is  L a subset  of  the  universe  ? Is  M a subset 
of  the  universe  ? 

H Do  L and  M have  any  common  members? 
How  does  the  diagram  in  d3  show  that  L and 
M are  disjoint  sets? 

I Describe  LUM.  Which  portion  of  the  dia- 
gram represents  LUM? 


So  far  in  this  lesson,  you  have  studied  the 
union  of  two  sets.  In  the  following  exercises, 
you  will  use  your  knowledge  of  the  union  of 
two  sets  to  help  you  understand  a new  kind  of 
compound  condition. 

A What  conditions  are  expressed  in  d4? 
b Describe  the  universe  for  s in  each  condi- 
tion. Tabulate  the  solution  set  of  s + 2 < 7. 
Tabulate  the  solution  set  of  s + 4 > 6. 

The  sentence  in  d5  expresses  a compound 
condition  formed  from  the  two  simple  condi- 
tions expressed  in  d4  and  the  connective  “or.” 
The  connective  “or”  in  the  compound  condi- 
tion means  that  the  solution  set  of  the  com- 
pound condition  contains  every  member  of  the 
solution  sets  of  both  of  the  simple  conditions. 

Mathematicians  use  the  symbol  shown  be- 
low at  the  right  to  express  the 
connective  “or.”  d6  shows  how 
to  write  and  read  a sentence  that 
includes  the  symbol  for  “or.” 

In  a sentence  like  “Is  N a finite  set,  or  is  it  an 
infinite  set?”  the  word  “or”  means  “one  or  the 

5 + 2 <7  or  5 + 4 >6. 

d5 


“5  plus  two  is 
less  than  seven 

s + 2 < 7 V s + 4 > 6. 

or 

5 plus  four  is 
greater  than  six.” 

d6 


other,  but  not  both .”  The  word  “or”  is  often 
used  this  way  in  everyday  language.  However, 
in  a mathematical  sentence,  the  symbol  V 
means  “one  or  the  other,  or  both .” 

Next  you  will  learn  how  to  find  the  solu- 
tion set  of  s + 2 < 7 V s + 4 > 6.  Sentences  C, 
D,  and  E in  d7  express  true  statements  about 
the  solution  sets  of  the  two  simple  conditions 
and  of  the  compound  condition. 

C Is  each  member  of  G|s  + 2<7}  also  a 
member  of  G | s + 2 < 7 V s + 4 > 6}  ? 

D Is  each  member  of  | ^ H-  4 >6}  also  a 
member  of  G |s  + 2 < 7 V 5-  H-  4 > 6}  ? 
e Is  each  member  of  the  solution  set  of  the 
compound  condition  also  a member  of  the  so- 
lution set  of  at  least  one  of  the  simple  condi- 
tions? 

f Tabulate  the  union  of  G|s  + 2<7}  and 
GG  + 4>6}.  Does  the  union  of  these  two 
sets  contain  every  member  of  each  set?  Does 
the  union  of  these  two  sets  contain  any  other 
members  ? 

G Is  the  union  of  the  solution  set  of  s + 2 < 7 

and  the  solution  set  of  s + 4 >6  the  same  set 
as  the  solution  set  of  s + 2 < 7 V s + 4 > 6 ? 
How  do  you  know? 

h Read  sentence  F in  d8.  Does  the  sentence 
express  a true  statement? 
s What  simple  conditions  are  expressed  in  d9  ? 
J What  is  the  universe  for  m in  each  of  the 
simple  conditions  expressed  in  d9?  Give  a 
standard  description  of  the  solution  set  of  each 
simple  condition. 

Look  again  at  d9.  Condition  I is  formed 
from  conditions  G and  H and  the  connective 
“or.” 

K What  is  the  universe  for  m in  condi- 
tion I?  Is  the  member  of  {m\m  = 4{}  also 
a member  of  {m\m  = 4\  V m >4^}  ? Is 
each  member  of  {m\m  >4^}  also  a member 
of  {m  | m = 4\  V m > 4{)  ? 


U = {1,  2,  3,  4,  5, 

6,  7,  8}. 

c 

<i|i  + 2 < 7}  = {1,  2, 

3,  4). 

D 

{s|.?  + 4>6)  = {3,  4, 

5,  6,  7,  8). 

E 

{i|i  + 2<7Vi  + 4>6)  = 

U,  2,  3,  4,  5,  6,  7, 

8}. 

D 7 

U = (l,  2,  3,  4,  5. 

6,  7,  8}. 

F 

{j|s  + 2 < 7)  U (j|i  + 4 >6)  = 

{j|i  + 2<7  Vs  + 4>6}. 

d8 

U = Ra. 

G 

-|r< 

II 

s 

H 

m >4i 

1 

m = 4{  V m > 4j. 

d9 

“m 

m ^ 4|. 

is  greater  than 
or  equal  to 

four  and  one  half.” 

DlO 

L Does  {m\m  = 4\  V m >4^}  contain  any 
members  of  Ra  that  are  not  members  of  either 
{m\m  = 4{)  or  {m  \m  > 4|}  ? 

M Is  {m\m  = 4{}  vj  {m\m  >4^}  the  same  set 
as  {m  | m = 4\  V m > 4\)  ? Explain  your  an- 
swer. 

Look  again  at  sentence  I in  d9.  Notice  that 
one  simple  condition  is  that  m is  equal  to  4\, 
and  the  other  simple  condition  is  that  m is 
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greater  than  4{.  The  compound  condition  is 

that  m is  equal  to,  or  greater  than,  4\.  You  can 

express  this  compound  condition 

in  a shorter  way  by  using  the 

symbol  shown  at  the  right.  This 

symbol  expresses  the  idea  of 

“greater  than  or  equal  to.”  dIO  shows  how  to 

write  and  read  a sentence  that  includes  this 

symbol. 

N You  know  that  m ^ 4\  is  the  same  condition 
as  m = 4\  V m > 4\.  Is  {m  \ m ^ 4^}  the  same 
set  as  {m  \ m = 4\  V m > 4^}  ? Is  {m\m^  4{) 
the  union  of  {m\m  = 4\}  and  {m  \ m > 4{)  ? 
o What  compound  condition  is  expressed  by 
sentence  J in  Dl  1 ? What  connective  is  used  in 
the  condition?  What  is  the  universe  for  the 
variable  in  the  condition  ? 
p How  do  you  know  that  {x|x  = 3.25}  is  the 
solution  set  of  x + 6 = 9.25  ? 

Q Give  a standard  description  of  the  solution 
set  of  x T 2.25  < 5.5.  Remember  to  give  the 
simpler  description. 

R Look  again  at  Dll.  Does  condition  K have 
the  same  solution  set  as  condition  J ? 

Notice  that  sentence  K in  Dll  expresses  the 
compound  condition  that  x is  less  than,  or 
equal  to,  3.25.  You  can  express 
this  condition  in  a shorter  way. 

You  can  use  the  symbol  shown 

at  the  right  to  express  the  idea  of 

“less  than  or  equal  to.”  d12  shows  how  to 

write  and  read  a sentence  that  includes  the 

symbol,  x ^ 3.25  is  the  same  condition  as 

x<  3.25  Vx  = 3.25. 

s Does  {x|x  ^ 3.25}  contain  the  same  mem- 
bers of  Z as  {x|x  < 3.25  V x = 3.25}  ? Is 
{x|x^3.25}  the  intersection,  or  is  it  the 
union,  of  { jc  | jc  < 3.25}  and  { jc  | jc  = 3.25}  ? 
How  do  you  know? 

T Is  0 a member  of  {jc|x^  3.25}?  Explain 
your  answer. 


U = Z. 

J x + 2.25  <5.5  V * + 6 = 9.25. 
K jc  < 3.25  V jc  = 3.25. 

Dll 


“x 

x S 3.25. 

is  less  than 
or  equal  to 

three  and 

twenty-five  hundredths.” 

d12 

U = {1,  2,  3,  4,  5,  6,  7,  8}. 

0 o O O □ □ □ □ 

1 2 3 4 5 6 7 8 

{s|s  + 2<7V  s + 4>6} 

d13 

F* rom  the  preceding  exercises,  you  know  that 
the  solution  set  of  a compound  condition 
formed  from  two  simple  conditions  and  the 
connective  “or”  is  the  union  of  the  solution 
sets  of  the  two  simple  conditions.  Now  you 
will  learn  how  to  make  graphs  of  the  solution 
sets  of  such  compound  conditions. 

A Look  at  d13.  This  display  shows  a graph 
of  the  solution  set  of  i-f  2<7Vi  + 4>6. 
The  encircled  dots  form  the  graph  of 
G|s  + 2 < 7}.  How  are  the  dots  in  the  graph 
of  {5 1 5 + 4 >6}  indicated  ? 
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The  dots  that  are  encircled,  the  dots  that  are 
enclosed  by  squares,  and  the  dots  that  are  both 
encircled  and  enclosed  by  squares  form  the 
graph  of{s|s  + 2<7  V s + 4 > 6} . 

Is  the  graph  of  {s  \ s + 2 < 7}  included  in  the 
graph  of  {s  | s + 2 < 7 V s + 4 > 6}  ? How 
do  you  know? 

c Is  the  graph  of  {s|s  + 4 >6}  also  included 
in  the  graph  of  {s|s  + 2<7Vs  + 4>6}? 
How  do  you  know? 

U = {1,  2,  3,  4,  5,  6,  7,  8}. 

0 o'  o s □ □ □ □ 

1 2 3 4 5 6 7 8 

{s|s  + 2<7V  s + 4 > 6} 

d13 


Next  you  will  study  the  graph  of  the  solu- 
tion set  of  the  compound  condition  m ^ 4\. 
d14  shows  this  graph. 

D Is  point  § the  same  as  point  4^?  The  vertical 
stroke  through  the  dot  for  point  § indicates  the 
graph  of  {m\m  = 4\) . Is  the  dot  for  point  4\ 
also  in  the  graph  of  {m  \ m ^ 4^}  ? 

E How  are  the  dots  in  the  graph  of  {m  \ m >4^} 
indicated  in  d14?  Are  these  same  dots  in  the 
graph  of  {m  \ m ^ 4{)  ? 

F Think  about  all  the  points  associated  with 
members  of  Ra  that  are  either  greater  than  or 
equal  to  4\.  Does  the  graph  of  { m \ m ^ 4^}  con- 
tain all  the  dots  for  these  points? 

Next  you  will  study  the  graph  of  the  solu- 
tion set  of  * ^ 3.25.  Look  at  d15. 
g Is  {x|x  ^ 3.25}  the  solution  set  of  the  con- 
dition x < 3.25  V * = 3.25? 
h Why  is  0 not  a member  of  {x\x  ^ 3.25}  ? 
How  does  d 1 5 indicate  that  0 is  not  a member  ? 


0 


d14 


U = Ra. 


2 l 3 l 4 


j.  ' m 


11 

2 


im\m  ^ 4\) 


U = Z. 


•<=  =3— — _ 

0 .5  1 1.5  2 2.5  3 3.25  4 


{jc|  jc  ^ 3.25} 


d!  5 
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i Is  3.25  a member  of  {x|x  3.25}  ? How  is 
this  indicated  in  d15? 

j Think  about  all  the  points  associated  with 
members  of  Z that  are  either  less  than  or  equal 
to  3.25.  Does  the  graph  of  {x|x  ^ 3.25}  con- 
tain all  the  dots  for  these  points?  How  are 
these  dots  indicated  in  d 1 5 ? 

In  this  lesson  you  reviewed  some  ideas  about 
the  union  of  two  sets.  You  also  studied  com- 
pound conditions  that  included  “or,”  and  you 
learned  how  to  make  graphs  of  the  solution 
sets  of  compound  conditions  that  include  “or.” 

On  your  own 

For  each  of  exercises  1 through  15,  tell 
whether  the  sentence  expresses  a true  state- 
ment or  a false  statement.  The  universe  is  given 
for  each  exercise. 

1 {« 1 3 + 4 > « V 25  — 22  = «}  = 

(0,  1,  2,  3,  4,  5,  6}.  U = N. 

2 {/?|/>  — 3|  > lOj  V />  + 16  >41)  = 

( p\p  >65).  U = Ra. 

3 {j|j  + 6.4  >9.9  V .s  + 2 = 5.5)  = 

(i|i  £ 3.5).  U = Ra. 

4 (m|l  + 2>mV5-m  = 4)  = {0,  1,  2). 
U = C.  (The  letter  C names  the  set  of  count- 
ing numbers.) 

5<a|a  + 6=10Va+ll<15}  = 

(0,  1,  2,  3).  U = N. 

6{x|x  + 4|<5Vjc  + 2i  = 2|)  = 
U|xgi).U  = Ra. 

7 {r|r-6  = 7iV6  + r = 6}  = {0,  134). 

U = Ra. 

8 {r|8  — r >;  v t + 3<  13j)  = { / ] r < 7|) . 

U = Ra. 

9 {y|6  + 3.5=j  Vy-2  = 7.2)  = 

19.2,  9.5).  U = Ra. 

to  (n|23  + « >75  V n - 253  >748)  = 

(53,  54,  55,  . . .).  U = N. 
u (9|9|-6|<9V7|-4l  = 9)  = 
(?|9g34).U  = Ra. 


12  (e|e  + 5 > 18  V e + l\<9\)  = ( ). 

U = Z. 

13  ( w 1 3 + w < 6.2  V w — 2.3  > 7.6}  = 
(m'|k><3.2V  w > 9.9} . U = Z. 

14  (c|c  + 2|  = 6V  c — 5§>8j)  = 
<c|c>13|).U  = Ra. 

is  0’l>’  < 12  — 3V  j + |>|)  = 

(tIt  < 9 v >j).  u = Ra. 

For  each  of  the  conditions  expressed  in  ex- 
ercises 16  through  22,  first  give  a standard  de- 
scription of  the  solution  set  of  each  simple  con- 
dition and  also  of  the  compound  condition. 
Then  make  a Venn  diagram  to  represent  the 
solution  set  of  the  compound  condition.  Use 
the  letter  A to  name  the  solution  set  of  the  first 
simple  condition.  Use  the  letter  B to  name  the 
solution  set  of  the  second  simple  condition. 
U = Ra. 

16  6-  1 = x v l\  + x<  \2\. 

17  x - 3.8  > 4.3  V X + 2.9  < 4.5. 

18  x + 2\  = 6 V*  + 3^>5t7o. 

19  5.75 + *<7.75  V*-3.5>5. 

20  9±  + x>12±V32-16<*. 

21  * 3>4^V  5 4>x. 

22  x+6  >l\  Vx  = 4-f. 

For  each  of  the  conditions  expressed  in  ex- 
ercises 23  through  31,  first  tabulate  the  solu- 
tion set,  if  possible.  If  tabulation  is  not  possi- 
ble, give  a standard  description  of  the  solution 
set.  Use  the  symbols  ^ and  ^ wherever  you 
can.  Then  make  a graph  of  the  solution  set. 
U = Ra. 

23  * + 2>\  < 6 V * = 2\. 

24  x = 1.75  V 5.25  -3.5  O. 

25  | = * V 7 - 1}  < X. 

26  x + 5|<5|  Vx—  lj>2. 

27  x < 2 + 3^  V 6 — x = 

28  5 - X > V 2 + X = 3* 

29  6 + x = 7|  V x - 2 = 2\. 

30  2.5+l=xV  3 + x>  3.5. 

31  12.2  = x + 4.9  V 15.3  - x = 5.7. 
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Universe  for  (x,  j/)  = NXN. 
x + y = l. 


9 in 

Compound  conditions 
in  two  variables 

So  far  in  this  unit  you  have  studied  condi- 
tions in  one  variable  that  included  either  the 
connective  “and”  or  the  connective  “or.”  In 
this  lesson  you  will  study  compound  condi- 
tions in  two  variables  that  also  include  these 
connectives. 

a What  condition  is  expressed  in  d1?  Name 
the  variables  in  the  condition.  What  is  the  uni- 
verse for  (x,  y)  ? 

B Is  each  member  of  N X N an  ordered  pair  ? 
The  first  component  of  each  member  is  a mem- 
ber of  what  set?  The  second  component  is  a 
member  of  what  set?  N X N is  the  Cartesian 
set  of  what  set  of  numbers? 


REMINDER 

An  ordered  pair  is  a pair  of  objects 
in  which  the  objects  occur  in  a special 
order.  The  object  that  occurs  first  is 
the  first  component  of  the  ordered  pair. 
The  object  that  occurs  second  is 
the  second  component. 

See  lesson  30,  page  123,  Book  1. 

A Cartesian  set  is  the  set  of  all 
ordered  pairs  that  can  be  formed  by 
matching  each  member  of  one  set  in 
turn  with  each  member  of  a second  set. 
See  lesson  31,  page  127,  Book  1. 


C How  do  you  know  that  (2,  3)  is  not  the  same 
as (3,  2)? 

~IA  Review  of  simple  and  compound  conditions  in  two  variables; 

"or"  compound  conditions  in  two  variables 
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Universe  for  (x,  y)  = NXN. 
x + y = 7Aj>x+l. 

d2 

In  Book  1,  you  used  charts  to  help  you  find 
the  solutions  of  conditions  like  x + y = 7.  Part 
of  such  a chart  is  shown  in  d1. 
d In  the  chart,  is  each  number  named  in  the 
row  opposite  the  letter  x the  first  component 
of  a member  of  N X N ? 

E Replace  x in  x + y = 7 by  0.  What  replace- 
ment for  y satisfies  0 + = 7 ? Where  is  the 
numeral  for  this  number  placed  in  the  chart? 
Is  (0,  7)  a solution  of  x + y = 1 ? 

F Now  replace  x in  x + y = 7 by  8.  Is  there 
any  member  of  N that  satisfies  8 + y = 1 ? 
Why  do  you  not  use  a number  greater  than  7 
as  a replacement  for  x in  x + y = 7 ? 

G Copy  the  chart  in  Dl  and  complete  it.  Use 
each  number  named  in  the  top  row  as  a re- 
placement for  x in  x + y = 7.  For  each  condi- 
tion that  you  obtain,  find  the  replacement  for 
y that  satisfies  the  condition. 

H Is  the  solution  set  of  x + y = 7 a set  of  or- 
dered pairs  ? How  many  ordered  pairs  can 
you  obtain  from  your  chart?  Is  each  of  these 
ordered  pairs  a member  of  N X N ? Do  any 
other  members  of  N X N satisfy  x + y = 1 ? 
Tabulate  {(x,  y)  \x  + y = 7}. 

Now  look  at  d2.  Notice  that  the  condition 
expressed  in  the  display  is  a compound  condi- 
tion that  includes  the  connective  “and.”  One 


of  the  simple  conditions  is  the  same  condition 
as  the  one  expressed  in  d1. 
i What  is  the  universe  for  (jc,  jf)  ? How  do 
you  know  that  the  solution  set  of  x + y = 7 A 
y y x + 1 is  a set  of  ordered  pairs  ? 
j How  do  you  know  that  each  solution  of  the 
compound  condition  must  satisfy  not  only 
x + y = 7,  but  also  y > x + 1 ? 

You  can  use  the  chart  that  you  made  for 
exercise  G to  help  you  find  the  members  of 
{(x,  y)\x~\~  y = 7}  that  satisfy  y > x + 1 . 

K Which  members  of  {(x,  y)  \ x + y = 7}  also 
satisfy  > x+  1 ? 

L Tabulate  {(x,  y)\x  + y = 7 A y >x  + 1}.  Is 
this  set  a finite  set,  or  is  it  an  infinite  set  ? 

M Is  {(x, y)\x  + y = 1 A y >x  + 1}  the  same 
set  as  {(x,  j)|x  + j>  = 7}  n {(x,  y)\y  >x+  1}  ? 

Next  you  will  use  a graph  of  N X N to  make 
graphs  of  the  solution  sets  of  x + y = 1 and 
y > x T 1 . 

N Look  at  the  graph  in  d3.  What  is  indicated 
by  the  three  small  dots  at  the  end  of  the  picture 
of  each  axis  ? 

Remember  that  each  point  represented  in  a 
graph  of  N X N is  associated  with  an  ordered 
pair  of  natural  numbers.  The  first  component 
of  each  member  of  N X N is  associated  with  a 
point  in  the  first  axis.  The  second  component 
is  associated  with  a point  in  the  second  axis, 
o Look  again  at  the  graph  in  d3.  Point  A is 
located  directly  above  point  5 in  the  first  axis 
and  directly  to  the  right  of  point  2 in  the  sec- 
ond axis.  Is  (5,  2)  associated  with  point  A? 

The  number  associated  with  a point  in  a 
number  line  is  the  coordinate  of  the  point.  A 
point  represented  in  a graph  of  N X N has  two 
coordinates.  These  coordinates  are  the  compo- 
nents of  the  ordered  pair  associated  with  the 
point.  The  first  component  is  the  first  coordi- 
nate. The  second  component  is  the  second 
coordinate. 


Universe  for  (x,  v)  = N X N. 
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The  components  of  (5,  2)  are  the  coordi- 
nates of  point  A represented  in  d3.  5 is  the 
first  coordinate  of  point  A,  and  2 is  the  second 
coordinate. 

p Name  the  first  coordinate  of  point  B.  Name 
the  second  coordinate  of  point  B. 

Q Name  the  coordinates  of  point  C. 

R Does  each  dot  that  is  enclosed  by  a square 
represent  a point  whose  coordinates  satisfy 
x + y = 7 ? Do  these  dots  form  a complete 
graph  of  { (x,  y)  | x + y = 7}  ? 
s Does  each  encircled  dot  represent  a point 

whose  coordinates  satisfy  y > x + 1 ? How 
do  you  know  that  these  dots  form  an  incom- 
plete graph  of  {(x,  y)  | y > x + 1}  ? 

T Find  the  dots  that  are  in  the  graph  of  both 
{(x,  jy)  |x  + y = 7}  and  {(x,  y)  | y >x  + 1}.  How 
are  these  dots  indicated  ? 
u Do  these  dots  form  a complete  graph  of  the 
solution  set  of  x + y = l A ^ >x+  1 ? How 
many  dots  are  in  the  graph  of  the  solution  set 
of  the  compound  condition? 
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In  the  following  exercises  you  will  use  graphs 
to  help  you  understand  compound  conditions 
in  two  variables  that  include  “or.” 

A What  compound  condition  is  expressed  in 
d4  ? How  many  variables  are  there  in  this  con- 
dition ? What  is  the  universe  for  (m,  n)  ? 

B How  do  you  know  that  the  solution  set  of 
m + «<5Vm  = 3-  « is  a set  of  ordered 
pairs  ? 

c How  do,  you  know  that  each  solution  of  the 
compound  condition  must  satisfy  either  or 
both  of  the  simple  conditions  ? 

D You  can  use  a chart  like  the  one  begun  in 
d5  to  help  you  find  the  solutions  of  m + n < 5. 
Why  do  you  not  use  any  number  greater  than 
4 as  a replacement  for  m in  m + n < 5 ? 

E Replace  m in  m + n < 5 by  0.  What  replace- 
ments for  n satisfy  0 + n < 5 ? 
f Is  (0,  0)  a member  of  the  solution  set  of 
m + n < 5?  Is  (0,  1)  a member?  Name  three 
other  members  of  N X N that  have  first  com- 
ponents of  0 and  that  satisfy  m + n < 5. 

G Copy  and  complete  the  chart  in  d5. 
h How  many  ordered  pairs  can  you  obtain 
from  your  chart  ? Are  there  any  other  ordered 
pairs  in  N X N that  satisfy  m + n < 5 ? 

I Is  {(ra,  n)  | m + n < 5}  a finite  set,  or  is  it  an 
infinite  set  ? Tabulate  { (ra,  n)  \ m + n < 5} . 

J Make  a chart  to  help  you  find  the  solutions 
of  m = 3 — n.  Explain  why  you  do  not  use  a 
number  greater  than  3 as  a replacement  for  n 
in  m = 3 — n. 

K How  many  ordered  pairs  can  you  obtain 
from  your  completed  chart?  Is  the  solution 
set  of  m = 3 — n finite,  or  is  it  infinite?  Tabu- 
late {(m,  n)  \m  = 3 - n). 

L Is  the  solution  set  of  m + n < 5 V m = 
3 — n finite,  or  is  it  infinite?  Tabulate  this  set. 
Use  the  sets  you  tabulated  for  exercises  I 
and  K to  help  you. 


Universe  for  (m,  «)  = NXN. 
m + fl<5  V m = 3 — n. 

d4 


Universe  for  (m,  ri)  = N X N. 
m + n < 5. 


d5 

m Is  {(w,  n)  \m  + n < 5 V m = 3 — n)  the 
same  set  as  the  union  of  {(m,  n)  \m  + n < 5} 
and  { (m,  n)  \ m = 3 — n)  ? 

N Now  look  at  d6.  How  are  the  dots  in  the 
graph  of  {(m,  ri)  \m  + n < 5}  indicated? 
o In  what  way  are  the  dots  in  the  graph  of 
{ (m,  n)  | m = 3 — n)  indicated  ? 
p Name  the  coordinates  of  the  points  whose 
dots  are  enclosed  by  circles  but  not  by  squares. 
Whose  dots  are  enclosed  by  squares  and 
circles.  Are  there  any  dots  that  are  enclosed 
by  squares,  but  not  by  circles  ? 

Q How  do  you  know  that  all  the  dots  for  the 
points  you  named  for  exercise  P are  in  the 
graph  of  { (m,  «)|m  + n<5  Vm  = 3~«}?  Is 
the  graph  of  this  solution  set  shown  in  d6  a 
complete  graph,  or  is  it  incomplete  ? 

Now  you  know  that  the  solution  set  of  a 
compound  condition  in  two  variables  that  in- 
cludes “or”  is  the  union  of  the  solution  sets  of 
the  simple  conditions.  So  far,  the  solution  sets 
of  the  compound  conditions  have  all  been 
finite,  but  they  may  also  be  infinite. 
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Universe  for  (m,  k)  = NXN. 


a What  condition  is  expressed  in  d7  ? 
b Make  a chart  to  help  you  find  the  solutions 
of  6 - x = y. 

c Is  {(x,  y)  1 6 — x = y)  an  infinite  set,  or  is  it 
a finite  set ? Tabulate  {(x,  y)\6  — x = y) . 

Now  you  will  find  the  solutions  of  x + 3 < 4. 
d How  many  variables  are  in  x + 3 < 4?  Is 
x + 3 < 4 satisfied  by  (0,  0)  ? By  (0,  5)  ? By 
(0,  600)  ? Is  x + 3 < 4 satisfied  by  each  or- 
dered pair  in  N XN  whose  first  component 
is  0 ? Explain  your  answer. 
e Is  {(x,  y)  \x  + 3 < 4}  an  infinite  set? 
f Is  {(x,  y)  1 6 — x = y V x + 3 < 4}  an  infi- 
nite set?  How  do  you  know? 

G Now  look  at  the  graph  in  d7.  How  are  the 
dots  in  the  graph  of  {(x,  y)  \ 6 — x = y)  indi- 
cated? How  are  the  dots  in  the  graph  of 
{(x,  y)  | x + 3 < 4}  indicated  ? 
h In  what  way  are  the  dots  in  the  graph 
of  { (x,  y)  1 6 — x = y V x + 3 < 4}  indicated  ? 
How  do  you  know  that  the  graph  of  the  solu- 
tion set  shown  in  d7  is  an  incomplete  graph  ? 

Now  you  know  how  to  find  solution  sets  of 
compound  conditions  in  two  variables. 

On  your  own 

For  each  condition  expressed  in  exercises  1 
through  6,  tell  whether  the  solution  set  is 
finite  or  infinite.  Tabulate  each  finite  solution 
set.  The  universe  for  (x,  y)  is  N X N. 
l x + y = 6 V y=  12 -2x. 

2X+J'<9V;  = X. 

3 x + >>  > 3 V x + >>  < 4. 

4 X >y  A x + y >3. 

5 x + y < 8 Ax  + y>6. 

6x  + K8Vx  + j>6. 

Make  a graph  of  the  solution  set  of  each 
simple  condition  expressed  in  exercises  7 
through  12.  Tabulate  the  solution  set  of  the 
compound  condition  if  it  is  finite.  The  universe 
for  (x,  y)  is  N X N. 
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Exploring  ideas 

complement  of  a set 

lou  know  how  to  use  two  given  sets  to  ob- 
tain a new  set.  For  example,  you  can  use  two 
given  sets  to  obtain  their  intersection  or  their 
union.  You  also  know  how  the  solution  sets  of 
compound  conditions  are  related  to  intersec- 
tion and  union.  In  this  lesson  you  will  learn 
how  to  use  a universe  and  a subset  of  that  uni- 
verse to  obtain  a new  set.  Then  you  will  learn 
how  the  solution  set  of  a new  kind  of  condi- 
tion is  related  to  the  new  set. 

A Look  at  the  tabulation  in  d1.  Suppose  that 
the  universe  is  the  set  of  all  the  months  in  the 
year.  A is  the  set  of  all  the  months  that  have 
exactly  30  days.  Is  A a subset  of  the  universe  ? 
B Read  the  tabulation  in  d2.  Does  B contain 
all  the  months  in  the  year  that  do  not  have 
exactly  30  days  ? 

C Is  B also  a subset  of  the  universe?  Is  any 
member  of  B a member  of  A ? 

D Explain  how  you  can  use  subset  A to  de- 
cide which  members  of  the  universe  are  in 
subset  B. 

B is  the  set  that  contains  all  those  members 
of  the  universe,  and  only  those  members,  that 
do  not  belong  to  A.  Set  B is  the  complement  of 
set  A. 


9 112 


The 


com  pie  merit  of  a set  (kom'pla  mant) . The 
complement  of  a given  subset  of  a universe  is 
the  set  that  contains  all  the  members  of  the 
universe,  and  only  those  members,  that  do  not 
belong  to  the  given  subset.  If  U = {1,  2,  3}, 
then  the  complement  of  {2}  is  {1,  3}. 
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A = {April,  June,  September, 
November} . 


Dl 


B = {January,  February, 
May,  July,  August, 
December} . 

d2 

March, 

October, 

U = U,  2,  3,  4, 

5}. 

M = U,  4,  5). 

03 

“The  complement  of 

{1.  4, 

5!  = (2,  3j. 

the  set  whose 

members  are 

one,  four,  five 

is  equal  to 

the  set  whose  members 

are  two,  three.” 

d4 

The  complement  of  a given 

subset  of  a uni- 

verse  is  another  subset  of  the  universe  that 
contains  all  the  members  of  the  universe,  and 
only  those  members,  that  do  not  belong  to  the 
given  subset. 

E Describe  the  universe  tabulated  in  d3.  How 
do  you  know  that  M is  a subset  of  the  uni- 
verse ? 

F Explain  why  3 is  a member  of  the  comple- 
ment of  M,  but  4 is  not  a member. 


G How  do  you  know  that  {1,  3,  5}  is  not  the 
complement  of  M?  That  {2,  3,  6}  is  not  the 
complement  of  M?  That  {2}  is  not  the  com- 
plement of  M ? 

H Tabulate  the  complement  of  M. 

d4  shows  how  to  write  and  read  a sentence 
about  the  complement  of  M.  The  bar  over  the 
symbol  {1,  4,  5}  means  “the  complement  of.” 

Now  study  d5.  It  shows  how  to  write  and 
read  another  sentence  about  the  complement 
of  { 1,  4,  5}.  Notice  the  bar  over  the  letter  M. 
The  symbol  M is  a name  for  { 1,  4,  5}. 

I Look  at  d6.  What  is  the  universe  for  x in 
x < 5 ? Is  D a finite  set,  or  is  it  an  infinite  set  ? 
Tabulate  D. 

J Is  4 a member  of  D ? Is  5 a member  of  D ? 
Is  any  natural  number  greater  than  4 a mem- 
ber of  D ? 

K Is  5 a member  of  the  complement  of  D?  Is 
each  natural  number  greater  than  4 a mem- 
ber of  D ? How  do  you  know  that  4 is  not  a 
member  of  D ? 

L Is  D a finite  set,  or  is  it  an  infinite  set? 
Tabulate  D. 

M Is  {x|x  < 5}  = {5,  6,  7,  ...}?  Remember 
that  U = N. 

You  have  used  Venn  diagrams  to  represent 
the  union  and  the  intersection  of  sets.  You  can 
also  use  Venn  diagrams  to  represent  the  com- 
plement of  a set. 

N Suppose  that  LJ  is  the  set  of  natural  num- 
bers and  that  A is  the  set  of  even  numbers. 
Tabulate  A.  Tabulate  A. 
o Is  each  set  that  you  tabulated  for  exer- 
cise N a subset  of  the  set  of  natural  numbers  ? 
p Look  at  the  Venn  diagram  in  d7.  The  uni- 
verse is  represented  by  the  picture  of  the  rec- 
tangle and  its  interior.  How  is  A represented? 
Q A is  represented  by  the  portion  of  the  dia- 
gram that  has  vertical  shading.  How  does  the 
diagram  show  that  A and  A are  disjoint  sets  ? 


“The  complement 
of  M 

M = {2,  3). 

is  equal  to 

the  set  whose  members 
are  two,  three.” 

d5 


U = N. 

D = {x|x  < 5}. 

d6 


d 7 

R What  is  the  union  of  a given  set  and  its  com- 
plement?  What  is  the  intersection  of  a 
given  set  and  its  complement  ? 
s If  set  L is  the  complement  of  set  K,  what  is 
the  complement  of  L? 

T If  M is  a given  subset  of  a universe,  what  is 
the  complement  of  M ? 

u What  is  the  complement  of  { } ? What  is 
the  complement  of  any  given  universe  ? 

N ext  you  will  learn  how  to  use  one  condi- 
tion and  a connective  to  form  a new  condition. 
Then  you  will  learn  how  the  solution  set  of  the 
new  condition  is  related  to  the  idea  of  comple- 
ment. 
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U = N. 

x >6. 

d8 


U = N. 

It  is  not  the  case  that  x > 6. 

d9 


“It  is  not  the 
case  that 

~ (x  > 6). 

x is  greater 
than  six.” 

DlO 


U = N. 

(jc|jc  >6}  = {7,  8,  9, 

{jc|—  (jc  > 6)}  ={0,  1,  2,  3,  4,  5,  6}. 

Dll 

A What  simple  condition  is  expressed  in 
d8?  What  is  the  universe  for  x?  Tabulate 
{x|x  >6}. 

B Is  3 a member  of  {x|x  > 6}  ? Is  0 a mem- 
ber of  {x|x  > 6}  ? There  are  five  other  mem- 
bers of  the  universe  that  do  not  satisfy  x > 6. 
Name  these  members. 

Now  look  at  d9.  The  sentence  in  d9  ex- 
presses a new  condition  formed  from  x > 6 
and  the  connective  “not.”  The  connective 
“not”  in  the  sentence  means  that  the  solution 
set  of  the  new  condition  is  the  set  of  all  mem- 
bers of  the  universe  that  do  not  satisfy  the 
original  condition,  x > 6. 


Mathematicians  use  the  symbol  shown  at 
the  right  to  express  the  connec- 
tive “not.”  Notice  that  it  is  the 
same  symbol  that  we  use  for 
equivalence.  However,  when  you  see  the  sym- 
bol used  in  a sentence,  you  will  be  able  to  tell 
which  idea  it  expresses,  the  idea  of  “not”  or 
the  idea  of  equivalence. 

DlO  shows  how  to  write  and  read  a mathe- 
matical sentence  that  includes  the  symbol  for 
“not.”  Notice  that  the  sentence  x > 6 is  within 
parentheses. 

Now  you  will  learn  how  to  find  the  solution 
set  of  ~ (x  > 6).  The  solution  set  of  x > 6 is 
tabulated  in  Dll.  The  solution  set  of  the  new 
condition  formed  from  x > 6 and  the  connec- 
tive “not”  is  also  tabulated. 

C Does  6 satisfy  x > 6 ? Does  any  natural 
number  less  than  7 satisfy  x > 6 ? Does  every 
natural  number  greater  than  6 satisfy  x > 6 ? 

D Tabulate  the  set  of  natural  numbers  that  do 
not  satisfy  x > 6. 

E Is  each  member  of  {0,  1,  2,  3,  4,  5,  6}  a 
member  of  N that  does  not  satisfy  x > 6 ? 

F Does  {0,  1,  2,  3,  4,  5,  6}  contain  all  the 
members  of  N that  do  not  satisfy  x > 6 ? 

G Is  {0,  1,  2,  3,  4,  5,  6}  = {x|~  (x  > 6)}  ? 

H Tabulate  (x|x  > 6}.  U = N. 

I Is  the  solution  set  of  ~ (x  > 6)  the  same  set 
as  the  complement  of  the  solution  set  of 
x > 6 ? Explain  your  answer. 

J Now  look  at  the  graph  in  d12.  How  are  the 
dots  in  the  graph  of  {x|~  (x  > 6)}  indicated? 

Now  you  will  use  the  graph  in  d12  to  find 
a compound  condition  that  includes  the  con- 
nective “or”  and  whose  solution  set  is  the  same 
as  {x|~  (x  > 6)}. 

K Which  dot  forms  the  graph  of  {x|x  = 6}  ? 
Is  {x|x  = 6}  a subset  of  {x|~  (x  > 6)}  ? 

L Which  dots  form  the  graph  of  {x|x  < 6}  ? 
Is  {x|x  < 6}  a subset  of  {x|~  (x  > 6)}  ? 


U = N. 

o o o o o o o 

0123456789 
{*|~  Gc  > 6)}. 

d12 

U = Ra. 

~ (m  = 2). 

Ir-'  V 

0 1 2 3 4 5 6 

d!3 


You  can  develop  a compound  condition 
that  includes  the  connective  “or”  and  whose 
solution  set  is  the  same  as  {ra|~  (ra  = 2)1. 

H Look  again  at  d13.  Which  bar  indicates  the 
graph  of  { ra  | ra  < 2}  ? Which  bar  indicates  the 
graph  of  { ra  \ ra  > 2}  ? 

l How  is  the  graph  of  {ra|ra  < 2 V ra  >2} 
indicated?  Is  this  graph  also  the  graph  of 
{ra|~  (ra  = 2)}  ? 

J Is  {ra|ra  < 2 V ra  > 2}  = {ra|~  (ra  = 2)}  ? 
Is  {ra  | ra  = 2}  ={ra|ra<2  V ra  >2}? 

K Think  about  ~ (b  + 1 < 4).  U = N.  How 
do  you  know  that  {6|~(6+1<4)}  is 
the  same  as  {b  |~  (b  < 3)}  ? The  same  as 
{b\b^3)l  The  same  as  {Z>|Z>  < 3}  ? 


M Which  dots  form  the  graph  of  {x  | x ^ 6}  ? 

N Is  the  graph  of  {x|x  ^ 6}  the  same  as  the 
graph  of  {x | ~ Gc  > 6)}  ? 
o Is  { jc  | jc  ^ 6}  = { jc  | ~ (jc  > 6)}  ? 

P Is  {jc|jc  > 6}  = {jc|x  ^ 6}  ? 

In  the  following  exercises  you  will  learn  how 
to  find  the  solution  sets  of  other  conditions 
that  include  the  connective  “not.” 

A What  condition  is  expressed  in  Dl 3?  What 
is  the  universe  for  the  variable  ? 

B Is  {ra  |~  (ra  = 2)}  = {ra  |ra  = 2}  ? 

C What  member  of  the  universe  satisfies 
ra  = 2?  Does  {ra | ra  = 2}  contain  all  the  ra- 
tional numbers  of  arithmetic  except  the  num- 
ber 2? 

D How  is  the  graph  of  (ra|~(ra  = 2)}  indi- 
cated in  d13?  Does  this  graph  contain  the  dot 
for  point  2?  How  do  you  know  ? 

E Is  the  graph  of  {ra|~(ra  = 2)}  also  the 
graph  of  {ra  | ra  = 2}  ? 

F Is  the  graph  of  {ra  | ^ (ra  = 2)}  also  the 
graph  of  {ra|ra  ^ 2}  ? Remember  that  the 
symbol  ^ expresses  the  idea  of  “not  equal  to.” 
G Is  {ra  | ~ (ra  = 2)}  = {ra  | ra  5^  2}  ? 


Now  you  know  what  is  meant  by  the  comple- 
ment of  a set.  You  also  know  how  to  find  the 
solution  set  of  a condition  formed  from  a sim- 
ple condition  and  the  connective  “not.” 

In  each  of  exercises  1 through  8,  a universe 
and  a subset  A of  the  universe  are  given.  For 
each  exercise,  tabulate  A if  possible.  Other- 
wise, give  a standard  description  of  A. 


l U = N. 

A = (4,  5,  6,  ...}. 

2 U = C. 

A = { 1,  2,  3}. 

3 U = Ra. 

A = {x\x 

4 U = N. 

A = (x|xS  1). 

5 U = N. 

A = {x|2  + x > 12). 

6 U = Ra. 

A = {x|x+  13  >21). 

7 U = {5, 

10,  15,  . . .).  A = { ) 

8 U = Ra. 

A = (x|2  + x = 9). 

Tell  whether  each  of  the  sentences  in  exer- 
cises 9 through  13  expresses  a true  statement  or 
a false  statement.  U = N. 

9 {jc|jc  3}  = {x|~(x  < 3)}. 
to  {x|  jc  + 2 = 7}  = {jc|~(jc  + 2 = 7)}. 

11  {y\y  >4  A y < 4}  = {y\y  = 4}. 

12  {ra  |~  (ra  + 1 > 5)}  = {ra  |ra  ^ 4}. 

13  {k\k  + 3<l)  = {k\k^4). 
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CHECKING  UP 


U 


d14 

Use  the  Venn  diagram  in  d14  to  help  you 
answer  the  questions  in  exercises  14  through 
22. 

14  Suppose  that  U is  the  set  of  all  musical  in- 
struments. Suppose  also  that  A is  the  set  of  all 
violins  and  B is  the  set  of  all  stringed  instru- 
ments. Is  A a subset  of  B ? 

15  How  is  the  universe  represented  in  d14? 

16  How  is  set  A represented  in  the  diagram? 
How  is  set  B represented  ? How  does  the  dia- 
gram show  that  A is  a subset  of  B ? 

17  Which  set,  A or  B,  is  the  same  as  AH  B? 
Which  set,  A or  B,  is  the  same  as  A U B ? 

1 8 Which  portion  of  the  diagram  represents  B ? 
Which  portion  represents  A ? 

19  Is  B a subset  of  A?  Explain  your  answer. 

20  What  set  is  the  same  set  as  BU  B?  The 
same  set  as  A U A ? The  same  set  as  A U B ? 

21  What  set  is  the  complement  of  A ? Of  B ? 

22  What  set  is  the  same  set  as  B n B ? The 
same  set  as  AH  A ?.  ;The  same  set  as  A n B ? 

For  each  condition  expressed  in  exercises 

23  through  28,  tabulate  the  solution  set,  if  pos- 
sible. Otherwise,  give  a standard  description  of 
the  solution  set.  The  universe  for  each  variable 
is  given. 

23  ~iy+  1 > 5).  U = Ra. 

24  ~ (x  < 5).  U = N. 

25  ~ (5  + m > 1 1).  U = Z. 

26  - (JC  - 3 < 2).  U = C. 

27  ~(16  = 9+y).  U = Ra. 

28  - (y  + 1 5*  7).  U = Ra. 
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If  you  have  trouble  with  these  two  tests,  you 
can  find  help  in  lessons  109  through  112. 

Test  114 

A finite  universe  and  two  subsets,  A and  B, 
are  tabulated  below.  Using  these  sets,  tabulate 
each  of  the  sets  named  in  exercises  1 through  9. 
U = { 1,  2,  3,  4,  5,  6,  7,  81. 

A = {2,  5,  7,  8}.  B = { 1,  8}. 
l A 4AUB  7BUB 

2 B 5 AflB  8 An  A 

3 An  B 6 AU B 9 BU A 

For  each  of  exercises  10  through  15,  tell 

whether  the  sentence  expresses  a true  state- 
ment or  a false  statement.  The  universe  for  the 
variables  is  Ra. 

10  {x|~  (x  < 3)}  = {x|x  < 3}. 

11  (jc|  jc  ^ 9§}  = {jc|jc  > 9|  V x = 9§}. 

12  {x|x  = 6g}  = {x|x  > 6|  V x < 6|}. 

13  {x|5  <x<  7}  = {x|5  <*}  n {x|x<7}. 

14  {*1*^5}  ={*|~(*>5)>. 

15  {0c,  y)\x  + y < 4}  = 

{(*,  y)\x<4Ay<4). 

Test  1 1 5 

For  each  condition  expressed  in  exercises  16 
through  21,  give  a standard  description  of  the 
solution  set.  Then  make  a graph  of  the  solu- 
tion set.  U = Ra. 

16  13|<x  + 8|. 

17  x + 7j  >9  A 16^  — JC  > 11. 

18  ll|  - a >9\. 

19  7|  + y = 9|Vy  + 2|>5i 

20  ~ (x  + 2l|  > 25g). 

21  \l\<\4\  + b A6  + 6<13i 

For  each  condition  expressed  below,  make  a 
graph  of  the  solution  set.  U = N X N. 

22  x + y<5  Ay  + 8<  11. 

23  x + y = 4 V 2x  — y = 3. 

24x  = yVx  + y<7. 

25  y > 3x  A x + y > 6. 

End-of-block  tests  on  solution  sets  of  simple  and  compound  conditions 
and  complements  of  sets 


ploring  ideas 


U = Ra. 
a<x<b. 
A 1|<  x < 4|. 

B 

c 1.2<x<8.6. 
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Intervals 

In  this  lesson  you  will  use  what  you  know 
about  compound  conditions  as  you  study  cer- 
tain sets  of  numbers  that  are  called  intervals. 

Look  at  d1.  Each  of  the  conditions  ex- 
pressed by  sentences  A,  B,  and  C was  obtained 
from  the  condition  a < x < b by  replacing  a 
and  b by  members  of  Ra.  The  universe  for  each 
of  the  variables,  a , x,  and  b,  is  Ra. 
a What  replacements  were  made  for  a and  for 
b in  a < x < b to  obtain  condition  A?  Condi- 
tion B?  Condition  C?  In  each  condition,  is 
the  replacement  used  for  a less  than  the  re- 
placement used  for  b ? 

B Look  again  at  d1.  The  sentence  \\  < x < 4§ 
expresses  the  same  compound  condition  as  the 
sentence  I5  < x A x < 4§.  What  sentence  that 
includes  the  symbol  for  “and”  expresses  the 
same  condition  as  the  sentence  3^  < x < l\  ? 
As  the  sentence  1.2  < x < 8.6? 
c Does  the  sentence  0 < x < & express  the 
same  compound  condition  as  the  sentence 
a < x A x < bl 

D Think  about  condition  A.  Is  \\  a solution  of 

\\  < x < 4§?  Is  4§  a solution?  Is  each  mem- 
ber of  Ra  that  is  greater  than  l|  and  less  than 
4§  a solution?  Explain  your  answers. 

Each  solution  of  \\  < x < 4§  is  greater  than 
\\  and  less  than  4§.  Therefore,  the  solution  set 
of  \\  < x < 4§  is  the  set  of  rational  numbers  of 
arithmetic  between  \\  and  4§. 

E Think  about  condition  B.  Is  either  3^  or  7f  a 
solution of3i<x<7|?  Is  {x 1 < x < 7f } the 
set  of  members  of  Ra  between  3^  and  7|? 


D 1 


open  interval  in  Ra  (in^tar  val).  The  set 
of  all  x that  satisfy  a < x < b when  a < b and 
when  the  universe  for  a,  x,  and  b is  Ra.  a and  b 
are  the  limits  of  the  interval. 


F Think  about  condition  C.  How  do  you 
know  that  neither  1.2  nor  8.6  is  a member  of 
the  solution  set  of  1.2  < x < 8.6?  Describe  in 
words  the  solution  set  of  condition  C.  Use  the 
word  “between”  in  your  description. 

G Now  suppose  that,  in  a < x < b,  you  replace 

a by  6\  and  b by  2.  What  condition  do  you 
obtain  ? Is  a member  of  the  solution  set  of 
6^  < x < 2 ? Is  2 a member  ? Is  there  any 
member  of  Ra  that  satisfies  6\  < x < 2 ? Ex- 
plain your  answer. 

H Suppose  that  you  replace  a and  b by  any 
two  members  of  Ra  so  that  a is  less  than  b.  Will 
the  set  of  all  x that  satisfy  aKxKb  contain 
al  Will  the  set  contain  bl  Is  {x|a  <x<6} 
the  set  of  all  members  of  Ra  between  a and  b 
when  the  replacement  for  a is  less  than  the  re- 
placement for  b ? 

The  set  of  all  members  of  Ra  between  two 
given  rational  numbers  is  an  open  interval  in 
Ra.  In  this  book  we  will  call  the  two  given  ra- 
tional numbers  the  limits  of  the  interval.  The 
limits  of  an  open  interval  are  not  members  of 
the  interval.  {x|  < x < 4§> , {x  1 3^  < x < l\), 

and  {x  1 1.2  < x < 8.6}  are  all  open  intervals 
in  Ra. 

1 Name  the  limits  of  each  interval  obtained 
from  conditions  A,  B,  and  C expressed  in  Dl. 


Open  intervals,  closed  intervals,  and  half-open  intervals  in  Ra  83 


U = Ra. 


0 1 if  2 

{x\ if  < 

d2 


U = Ra. 
a S x ^ b. 

D 4|  g X S 6|. 

E 6.5gx§7.2. 

d3 

j Look  at  d2.  Do  the  dots  for  the  points  be- 
tween point  if  and  point  4§  form  the  graph  of 
the  open  interval  {x  | if  < x < 4f>  ? How  are 
these  dots  indicated  in  d2  ? 

Notice  that,  in  d2,  neither  the  graph  of 
{jc|  if  < x)  nor  the  graph  of  {x|*  < 4§>  is  in- 
dicated. We  have  indicated  the  graph  of  the 
solution  set  of  the  compound  condition  only. 
From  now  on,  we  will  usually  use  this  kind  of 
graph  for  the  graph  of  the  solution  set  of  a 
compound  condition. 

K How  can  you  tell  from  the  graph  in  d2  that 
the  limits  of  { jc  | if  < x < 4§}  are  not  members 
of  the  interval  ? 

L Make  a graph  of  {x|3f  < jc  < 7f}  and  a 
graph  of  {*|  1.2  < x < 8.6}. 

You  have  learned  that  an  open  interval  does 
not  contain  its  limits.  Next  you  will  study  an 
interval  that  does  contain  its  limits. 

M Look  at  d3.  Each  of  the  conditions  D and 
E was  obtained  from  the  condition  x ^ b 
by  replacing  a and  b by  members  of  the  uni- 
verse. What  is  the  universe  for  each  of  the 
variables  a , x,  and  b ? 

N What  replacements  were  made  for  a and  for 
b in  a ^ ^ b to  obtain  condition  D?  To  ob- 


<  4|> 


tain  condition  E ? In  each  case,  is  the  replace- 
ment for  a less  than  the  replacement  for  b ? 

Think  about  condition  D in  d3.  The  com- 
pound condition  4f  ^ ^ 6|  is  the  same  as  the 

compound  condition  4f  ^ x A * ^ 6§.  There- 
fore, to  obtain  the  solution  set  of  4f  ^ ^ 6§, 

you  must  decide  which  members  of  Ra  satisfy 
both  4f  ^ x and  x ^ 6§. 

o Is  4f  a solution  of  both  x and  x ^ 6§  ? 

Is  6§  a solution  of  both  ^\  = x and  x^6  §? 
Explain  your  answers. 

p Is  4§  a solution  of  both  4f  ^ x and  jc  ^ 6§? 
Is  5 a solution?  Is  6f  a solution?  Is  each  ra- 
tional number  between  4f  and  6§  a solution? 

Q How  do  you  know  that  no  number  less  than 
4f  is  a solution  of  both  4f  ^ x:  and  jc  ^ 6§  ? 
That  no  number  greater  than  6§  is  a solution  of 
both  conditions  ? 

R Is  the  set  of  numbers  that  contains  4f  and 
6§  and  all  the  rational  numbers  between  4f  and 
6§  the  solution  set  of  4f  S x ^ 6§? 
s Now  think  about  condition  E.  How  do  you 
know  that  6.5  ^ jc  ^ 7.2  is  the  same  compound 
condition  as  6.5  ^ jc  A x ^ 7.2?  Does  6.5  sat- 
isfy 6.5  ^ jc  ^ 7.2?  Does  7.2  satisfy  the  condi- 
tion? Does  every  member  of  Ra  between  6.5 
and  7.2  satisfy  the  condition? 

T Is  { x 1 6.5  ^ ^ 7.2}  the  set  of  rational  num- 

bers that  contains  6.5  and  7.2  and  all  the  ra- 
tional numbers  between  6.5  and  7.2? 
u Suppose  that,  in  a ^ x S b,  you  replace  a 
and  b by  any  two  members  of  Ra  so  that  a 
is  less  than  b.  Will  the  set  of  all  x that  satisfy 
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U = Ra. 


0 1 2 3 4 4i  5 6 6|  7 

{x|4iSxg6|} 


d4 

a ^ x ^ b contain  both  a and  b ? Describe  in 
words  the  solution  set  of  a ^ x ^ b when  the 
replacement  for  a is  less  than  the  replacement 
for  b. 

The  set  of  members  of  Ra  that  contains 
two  given  rational  numbers  and  all  the  rational 
numbers  between  the  two  given  numbers  is  a 
closed  interval  in  Ra.  We  call  the  two  given 
numbers  the  limits  of  the  interval.  The  limits 
of  a closed  interval  are  members  of  the  inter- 
val. ix\4\S  x ^ 6|}  and  {x\6.5  ^ x ^ 7.2}  are 
closed  intervals  in  Ra. 

v Name  the  limits  of  the  intervals  obtained 
from  conditions  D and  E expressed  in  d3. 
w Look  at  d4.  Do  the  dots  for  point  4},  point 
6§,  and  all  the  points  between  these  two  points 
form  the  graph  of  {x\4\S  x ^ 6]}1  How  is 
this  graph  indicated  in  d4  ? 
x How  does  the  graph  show  that  the  limits  of 
{x  1 4\  ^ x ^ 6§}  are  members  of  the  interval? 
y Make  a graph  of  {x|  6.5  ^ x ^ 7.2}. 
z Suppose  that  f and  \ are  the  limits  of  an 
interval  in  Ra.  If  the  interval  is  an  open  inter- 
val, are  f and  \ members  of  the  interval  ? If  the 
interval  is  a closed  interval,  what  do  you  know 
about § and  J? 

Next  you  will  learn  about  a third  kind  of  in- 
terval in  Ra. 

A Look  at  d5.  Condition  F was  obtained  from 
the  condition  a<kx1kb.  Condition  G was  ob- 
tained from  aS  x<b.  What  is  the  universe 
for  each  of  the  variables  ? 


u = 

Ra- 

a<x^b. 

a Ik  xKb. 

F 5\<xS  1\. 

G 2^x<8. 

d5 

dosed  interval  in  Ra. 

The  set  of  all  x that 

satisfy  a k x ^ b when  a < b and  when  the 
universe  for  a,  x,  and  b is  Ra.  a and  b are  the 

limits  of  the  interval. 

B What  replacements  were  made  for  a and  b 
in  a < x ^ b to  obtain  condition  F ? What  re- 
placements were  made  for  a and  b in  a S x < b 
to  obtain  condition  G?  In  each  condition,  is 
the  replacement  for  a less  than  the  replace- 
ment for  b ? 

C Is  condition  F the  same  as  the  compound 
condition  5^  < x A x ^ l\  ? Is  5^  a solution  of 
5|  < x ^ 7|?  Is  l\  a solution?  Is  each  num- 
ber between  and  l\  a solution  ? 

D Is  {x\  < x ^ 7|}  the  set  that  contains  l\ 

and  all  the  members  of  Ra  betv/een  and 
7±? 

E Is  condition  G the  same  as  the  compound 
condition  2^Ax<8?  Is  2a  solution  of 
2 ^ x < 8 ? Is  8a  solution  ? Describe  in  words 
the  solution  set  of  2 x < 8. 

The  set  of  members  of  Ra  that  contains 
a given  rational  number  and  all  the  rational 
numbers  between  that  number  and  another 
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half-open  interval  in  Ra.  The  set  of  all  x 

that  satisfy  a < x tk  b,  or  the  set  of  all  x that 
satisfy  a ^ x < b when  a < b and  when  the 
universe  for  a,  x,  and  b is  Ra.  a and  b are  the 
limits  of  the  interval. 


U = Ra. 

H {n\2\  < n < 4} 
l {« 1 3 ^ n < 6} 

d6 


given  rational  number  is  a half-open  interval  in 
Ra.  The  two  given  numbers  are  the  limits  of 
the  interval.  A half-open  interval  contains  only 
one  of  its  limits. 

F Name  the  limits  of  {x|  5\  < x ^ l\).  Name 
the  limits  of  {x 1 2 ^ x < 8} . 

G Make  a graph  of  {x|5|<x^7|}  and  a 
graph  of  {x 1 2 ^ x < 8} . 

For  each  of  exercises  H through  M,  first 
write  a standard  description  of  an  open  inter- 
val, then  a standard  description  of  a closed 
interval,  and,  finally,  a standard  description  of 
a half-open  interval.  Use  the  two  numbers 
named  in  the  exercise  as  the  limits  of  each 
interval.  U = Ra.  For  exercise  H,  you  could 
write  these  descriptions : 
{x|5<x<ll},<x|5^x^  11}, and 
{x|5<x^  11}. 

H 5 11  J rr  l i .013  .099 

I 7.8  9.5  K 65  12|  M 162  204 


Now  you  know  that  there  are  three  kinds  of 
intervals  in  Ra.  Each  kind  contains  all  the  ra- 
tional numbers  between  two  given  rational 
numbers  that  we  call  the  limits  of  the  interval. 
An  open  interval  in  Ra  contains  neither  of  its 
limits.  A closed  interval  contains  both  of  its 
limits.  A half-open  interval  contains  only  one 
of  its  limits. 

On  your  own 

For  each  of  the  intervals  named  in  exercises 
1 through  10,  first  name  the  limits.  Then  tell 
whether  the  interval  is  open,  closed,  or  half 
open.  Finally,  make  a graph  of  the  interval. 
U = Ra. 
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J l {m\  .6  S m S 4.8} 
v 2 {x|  3.4  < x < 7.9} 
V 3 {q\2.2^q<6.6} 

5 { V 1 1 < V ^ 5U 


6 (s|5  S s < 10) 

7 {&K<6<9|) 

8 {*|5  <fc  < 7.5} 

9 (c|4.9ScS7)  J 
10  <«|l|SnS35)  J 


Use  the  intervals  named  in  d6  to  answer  the 
questions  in  exercises  1 1 through  15. 

1 1 What  kind  of  interval  is  each  of  the  inter- 
vals? Name  the  limits  of  each  interval. 

12  How  do  you  know  that  {n\2\  < n < 4}  KJ 
{n  1 3 ^ n < 6}  = {n  1 2\  < n < 6}  ? 

1 3 How  do  you  know  that  3 is  the  least  num- 
ber that  is  a member  of  both  the  interval 
{n  1 2\  < n < 4}  and  the  interval  {n  1 3 ^ n < 6}  ? 
Can  you  name  the  greatest  number  that  is  a 
member  of  both  intervals  ? 

14  Is  each  rational  number  between  3 and  4 a 
member  of  both  {n\2\<n<4)  and  {«|3^ 
n<  6}? 

15  How  do  you  know  that  the  intersection  of 
{n  1 2\  < n < 4}  and  {n  \ 3 ^ n < 6}  is  the  same 
set  as  {n\  3 ^ n < 4}  ? 

For  each  of  exercises  16  through  21,  give  a 
standard  description  of  the  interval  that  is  the 
union  of  the  two  intervals  named.  Then  give  a 
standard  description  of  the  interval  that  is  the 
intersection  of  the  two  intervals.  U = Ra. 


16  {h\5.9  ^ h S 8.6},  {/z| 8 ^ h S 9.5} 

17  {y\2\<y<5$,(y\\\tiy^fy 
is  {z\\<z<'i),{z\'i<z<>i) 

19  {m|4  ^ m < 5f},  {m|4|  < m < 5} 

20  {x 1 100  ^ x ^ 105},  {x 1 98  < x < 101} 

21  {b\\<b^\)Ab\^b<\} 


A r- 85=11. 
B 20.59. 


C 4\  + s<  12. 
D a + 6|  > 15. 


Conditions  involving  the  idea  of 
“approximately  equal  to" 

In  this  lesson  you  will  use  your  knowledge  of 
intervals  as  you  study  a new  kind  of  condition. 
First,  however,  you  will  review  some  familiar 
kinds  of  conditions. 

a What  conditions  are  expressed  in  d1  ? What 
is  the  universe  for  the  variable  in  each  of  the 
conditions? 

b How  do  you  know  that  condition  A is  a con- 
dition for  equality?  Tabulate  the  solution  set 
of  condition  A. 

c Is  condition  B a condition  for  equality,  or  is 
it  a condition  for  inequality?  Which  rational 
number  of  arithmetic  is  not  a member  of 
{y\y*  20.59}? 

d What  kind  of  condition  is  condition  C?  Is 
4 a member  of  the  solution  set  of  4|  + s < 12? 
Is  1\  a member  of  the  solution  set?  Is  7§  a 
member?  Is  10|  a member?  Each  member  of 
the  solution  set  of  4}  + s < 12  is  less  than  what 
number  ? 

You  know  that,  if  an  object  belongs  to  a 
set,  it  is  a member  of  the  set.  A member  of  a 
set  can  also  be  called  an  element  (el's  mant) 
of  the  set.  From  now  on,  we  will  use  either 
“member”  or  “element”  to  refer  to  an  object 
that  belongs  to  a set. 

e Look  again  at  d 1 . What  kind  of  condition  is 
condition  D ? Is  0 an  element  of  the  solution 
set  of  a + 6§  > 15  ? Is  17  an  element  of  the  so- 
lution set  ? Is  8|  an  element  ? Every  element  of 
the  solution  set  of  a + 6§  > 1 5 is  greater  than 
what  number  ? 


Dl 


“Seventeen 
is  a member  of 

17  € { a\a  > 8§ }. 

the  solution  set 
of  <2  > 85.” 

d2 

Mathematicians  use  the  symbol  below  at  the 
right  to  express  the  idea  of 
“member  of.”  This  symbol  is  one 
form  of  the  Greek  letter  epsilon 
(ep'sa  Ion).  d2  shows  how  to  write  and  read  a 
sentence  that  includes  the  symbol  for  “mem- 
ber of.”  You  can  say  “element  of”  instead  of 
“member  of.” 

For  each  of  exercises  F through  I,  first  read 
the  sentence,  using  the  word  “element.”  Then 
tell  whether  the  sentence  expresses  a true  state- 
ment or  a false  statement.  U = Ra. 

F 3e{x|jc>l}.  H .4  e {j>|  .4  < y < .6}. 

o9e{q\q^9).  1 y 6 — z — 10} . 

The  exercises  you  have  just  completed  con- 
cern conditions  for  equality  and  inequality. 
The  exercises  that  follow  concern  a new  kind 
of  condition.  In  everyday  speech  we  often 
make  statements  like  “I  have  about  50  rec- 
ords” or  “He  walked  about  3 miles.”  All  such 
statements  involve  the  idea  of  “ approximately 
equal  to”  This  idea  is  also  used  in  mathe- 
matics, especially  in  the  study  of  measurement. 
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The  symbol  below  at  the  right  expresses  the 
idea  of  “approximately  equal  to.” 
d3  shows  how  to  write  and  read 
a sentence  that  includes  this  sym- 
bol. Study  d3. 

Read  each  of  the  sentences  in  exercises  A 
through  D. 

A z ~ 10.  B d~  50.5  C r « 3>\.  D y ~ 13. 

Suppose  that  you  were  to  ask  several  per- 
sons if  6 is  approximately  equal  to  7.  Each  per- 
son would  have  his  own  idea  of  what  “approxi- 
mately equal  to”  means.  To  decide  what 
numbers  satisfy  * « 7 you  can  use  different 
rules.  These  rules  involve  the  absolute  differ- 
ence (ab-'se  liit)  of  two  numbers. 

The  absolute  difference  of  two  numbers  is 
the  difference  obtained  when  the  lesser  num- 
ber is  subtracted  from  the  greater  number.  The 
absolute  difference  of  7 and  4 is  3.  The  abso- 
lute difference  of  4 and  7 is  also  3.  The  absolute 
difference  of  5 and  5 is  0. 

“jc 

is  approximately 
equal  to 

X - 7. 

seven.” 

d3 


One  rule  you  can  use  to  find  the  members  of 
{x|x«7}  is  “If  the  absolute  difference  of  7 
and  a given  number  is  equal  to  1 or  less  than  1 , 
then  the  given  number  is  approximately  equal 
to  7.”  U = Ra. 

Use  the  rule  that  you  have  been  given  to 
help  you  answer  the  questions  in  exercises  E 
through  P. 

E The  difference  of  7 and  the  replacement  for 
jc  is  to  be  equal  to  1 or  less  than  1 . So  subtract 
1 from  7.  What  number  do  you  obtain?  What 
is  the  absolute  difference  of  7 and  6 ? How  do 
you  know  that  6 is  a solution  of  x ~ 7 ? 

F Now  add  1 to  7.  What  number  do  you  ob- 
tain ? What  is  the  absolute  difference  of  7 and 
8 ? Is  8 a solution  of  jc  « 7 ? 

G What  is  the  absolute  difference  of  7 and 
6.1?  Is  .9  less  than  1?  Is  6.1  an  element  of 
{jc|x  « 7}  ? What  is  the  absolute  difference  of 
7 and  7.9?  Is  7.9  an  element  of  { jc  | jc  « 7)  ? 

H What  is  the  absolute  difference  of  7 and  6.5  ? 
What  is  the  absolute  difference  of  7 and  7.5? 
Is  6.5  e {x\x  « 7}  ? Is  7.5  e {x\ x « 7}  ? 
i Is  6.99  e {x|jc~7>?  Is  7.01  € (x| jc  « 7}  ? 

Explain  your  answers. 

J Is  0 less  than  1?  Is  7 e {x | x ~ 7}  ? 

K You  know,  from  exercises  G through  J,  that 
6.1,  6.5,  6.99,  7,  7.01,  7.5  and  7.9  are  solutions 
of  x~l.  Is  each  of  these  numbers  between 
6 and  8 ? 

L What  is  the  absolute  difference  of  7 and  5.5  ? 
Of  7 and  8.7? 


U = Ra. 


0123456789 
{x\6SxS%}  = (x|x  ~ 7}. 

d4 


U = Ra. 


0 1 2 3 4 5 6 6.5  7 7.5  8 9 

{*|6.5  ^ x ^ 7.5}  = {x|x  « 7}. 

d5 


m Is  either  5.5  or  8.7  an  element  of  the  solu- 
tion set  of  x~7?  How  do  you  know?  Is 
either  5.5  or  8.7  between  6 and  8? 

According  to  the  rule  you  have  been  using, 
both  6 and  8 satisfy  x » 7.  Each  number  be- 
tween 6 and  8 also  satisfies  x ~ 7.  The  least 
number  that  satisfies  x ~ 7 is  6 ; the  greatest 
number  is  8.  Notice  that  to  obtain  the  least 
number,  you  can  subtract  1 from  7 ; to  obtain 
the  greatest  number,  you  can  add  1 to  7. 
n Is  {x|x  « 7}  = {x  1 6 ^ x ^ 8}  ? How  do 
you  know? 

o Name  the  limits  of  {x|6  ^ x ^ 8}.  How  do 
you  know  that  {x|6  ^ x ^ 8}  is  a closed  in- 
terval in  Ra  ? 

p Look  at  d4.  Explain  how  you  know  that  the 
graph  in  d4  is  a graph  of  both  {x| 6 ^ x ^ 8} 
and  {x|x  ~ 7}. 

You  have  used  one  rule  for  finding  the  solu- 
tions of  x ~ 7.  Now  you  will  use  a different 
rule.  This  second  rule  is  “If  the  absolute  dif- 
erence  of  7 and  a given  number  is  equal  to  .5  or 
less  than  .5,  then  the  given  number  is  approxi- 
mately equal  to  7.”  U = Ra. 

Use  this  second  rule  to  help  you  answer  the 
questions  in  exercises  A through  J. 

A How  can  you  obtain  the  least  member  of  the 
7 solution  set  of  x ~ 7 ? Name  the  least  mem- 
ber of  {x|x  ~ 7}.  Is  the  absolute  difference  of 
7 and  6.5  equal  to  .5? 

B What  number  do  you  add  to  7 to  obtain  the 

greatest  member  of  {x|x  ~ 7}  ? Name  the 


greatest  member.  What  is  the  absolute  differ- 
ence of  7 and  7.5? 

C How  do  you  know  that  both  6.5  and  7.5 
satisfy  x ~ 7 ? 

D What  is  the  absolute  difference  of  7 and 
6.55?  Of  7 and  7.459?  Are  both  6.55  and 
7.459  elements  of  {x  | x ~ 7}  ? 

E Is  6.9  € {x|x  « 7}  ? Is  7e{x|x«7}?  Is 
7.35  e (x|x  ~ 7}  ? Explain  your  answers. 

F You  know  that  each  of  the  numbers  6.55, 
6.9,  7,  7.35,  and  7.459  satisfies  x « 7.  Is  each  of 
these  numbers  between  6.5  and  7.5? 

G When  you  use  the  second  rule,  6 is  not  a 
member  of  (x|x  ~ 7}  because  the  absolute  dif- 
ference of  7 and  6 is  greater  than  .5.  Is  8 a so- 
lution of  x « 7 ? How  do  you  know?  Is  either 
6 or  8 between  6.5  and  7.5? 

H When  you  use  the  second  rule,  is  {x|x  ~ 7} 
the  same  set  as  {x  1 6.5  ^ x ^ 7.5}  ? 
i {x 1 6.5  ^ x ^ 7.5}  is  what  kind  of  interval? 
Name  the  limits  of  the  interval, 
j Look  at  the  graph  in  d5.  Is  it  a graph  of 
both  {x  | x « 7}  and  {x  1 6.5  ^ x ^ 7.5}  ? Why 
is  the  graph  of  {x|x  ~ 7}  in  d5  different  from 
the  graph  of  {x|x  ~ 7}  in  d4? 

You  have  used  two  different  rules  to  obtain 
two  different  solution  sets  of  x ~ 7.  In  each 
case,  the  solution  set  was  a closed  interval  in 
Ra.  Now,  for  exercises  K through  N,  use  the 
rule  “If  the  absolute  difference  of  7 and  a given 
number  is  equal  to  .1  or  less  than  .1,  then  the 
given  number  is  approximately  equal  to  7.” 
U = Ra. 
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K How  can  you  obtain  the  least  number  that 

is  a solution  of  * ~ 7 ? How  can  you  obtain 
the  greatest  number?  What  is  the  least  num- 
ber that  is  a solution  of  x ~ 7 ? What  is  the 
greatest  number  ? 

l Is  {x|6.9  ^ x 7.1}  the  solution  set  of 
x~7?  Is<x|x«7}  = {x|6.9^x^7.1}? 

M {x|6.9  ^ a:  ^ 7.1}  is  what  kind  of  interval? 
Explain  your  answer. 

n Make  a graph  of  {x| 6.9  ^ x ^ 7.1}.  Is  your 
graph  also  a graph  of  {x  | x ~ 7}  ? 

Although  each  rule  you  used  to  obtain  the 
solutions  of  x ~ 7 involved  a different  given 
member  of  Ra,  all  the  rules  involved  the  same 
procedure.  In  each  case,  you  subtracted  the 
given  rational  number  from  7 to  obtain  the 
least  member  of  {x|x  ~ 7},  and  you  added  the 
given  rational  number  to  7 to  obtain  the  great- 
est member  of  {x\x  ~ 7}.  A rational  number 
that  is  used  in  this  way  is  a tolerance  (toKsr- 
ans).  When  you  use  1 to  determine  the  solu- 
tions of  x « 7,  the  tolerance  is  1 . When  you 
use  .5,  the  tolerance  is  .5.  When  you  use  .1,  the 
tolerance  is  .1. 

Look  at  d6.  This  display  shows  how  to  write 
and  read  a sentence  that  expresses  a condition 
involving  the  idea  of  tolerance.  Notice  that  the 
numeral  that  expresses  the  tolerance  is  placed 
below  and  to  the  right  of  the  symbol  for  “ap- 
proximately equal  to.” 

o Study  the  mathematical  sentence  in  d6. 
Then  write  similar  sentences  to  express  the 
conditions  “x  « 7 with  a tolerance  of  .5”  and 
“x  ~ 7 with  a tolerance  of  .1.” 
p d7  shows  how  to  write  and  read  a sentence 
that  expresses  a condition  that  has  a variable 
for  the  tolerance.  What  is  the  universe  for  each 
of  the  variables  ? 

The  condition  x~tk  requires  the  absolute 
difference  of  k and  x to  be  either  equal  to  t or 
less  than  t. 


“x 

is  approximately 
equal  to 

X ~i  7. 

seven 

with  a tolerance 
of  one.” 

d6 


u = z. 

“x 

is  approximately 
equal  to 

x ~t  k. 

k 

with  a tolerance 
of/.” 

D 7 


Q How  do  you  know  that,  for  each  replace- 
ment of  k and  t in  x ~t  k,  k — t is  the  least 
number  that  is  a solution  of  x kl  What  is 
the  greatest  number  ? 

R When  the  universe  is  Z,  the  solution  set  of 
x ~tk  is  (x  | k — tfkx^k  + t).  Is  {x|x  k) 
the  same  set  as  {x | k - t ^ x ^ k + /}  ? 
s Suppose  that  you  replace  k in  x ~t  k by  17 
and  that  you  replace  t by  .2.  What  condi- 
tion do  you  obtain? 
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t What  closed  interval  in  Ra  is  the  solution 
set  of  the  condition  you  obtained  for  exer- 
cise S ? 

u What  replacements  should  you  make  for  k 
and  t in  k — t^xSk  + t to  obtain  a condi- 
tion that  has  the  same  solution  set  as  x ~4  11? 
Write  a standard  description  of  the  interval 
that  is  the  solution  set  of  x ~4  11. 
v Does  each  pair  of  replacements  for  k and  t 
in  k - t S x S k + t determine  an  interval  in 
Ra  if  the  replacement  for  k is  greater  than  the 
replacement  for  /? 

In  this  lesson  you  learned  to  find  solution  sets 
of  conditions  that  involve  the  idea  of  “approxi- 
mately equal  to.” 

On  your  own 

For  each  of  exercises  1 through  10,  tell 
whether  the  sentence  expresses  a true  state- 
ment or  a false  statement.  U = Ra. 

1 5e{x|x  + 2<6}.  6 .3  e (x|x  ^ .3}. 

2 10  e {x|x  — 1 >8}.  7 4 e {x|4  > x}. 

3 .7  € {x|x  + .3  < .1 1}.  8 8 € {x|x  + 1 = 9}. 

4 9 € {x|3  + x > 14}.  9 5 e {x|l  + x<6}. 

5 \ e {x 1 1 + x < f}.  10  0 e (x | .1  < x}. 

For  each  condition  expressed  in  exercises  1 1 

through  22,  tell  what  the  tolerance  is.  Name 
the  least  number  and  the  greatest  number  in 
the  interval  that  is  the  solution  set.  Then  write 
a standard  description  of  this  interval.  U = Ra. 
For  exercise  11,  you  could  write:  tolerance, 
.3;  3.7,  4.3;  {x 1 3.7  ^ x ^ 4.3}. 


11  X 

*3  4. 

15  n ~ 5 3. 

'*  *“*71. 

12  Z 

«7  50. 

16  m 21. 

20  q «10  100. 

13  X 

17- 

17  x«69. 

21  X~25  4. 

14  a 

«4  25. 

1 8 Cl  ~.09  1*5. 

22  m ~ q5  .6. 

For  each  exercise  below,  make  a graph  of 
the  solution  set  of  the  condition  expressed. 
U = Ra. 


23X«24.1.  25  r —.5  9.  27  m 1 . 

24  y ~3  5.5.  26  W 2.7.  28  s 2|. 


KEEPING  SKILFUL 

For  each  exercise  below,  name  the  basic 
fraction  that  indicates  the  rational  number  of 


arithmetic  named  in  the  exercise. 

ifi 

A 84 

4 90 

7 - 

/ 22 

10  « 

, 132 

3 144 

80 

® 80 

11  To 

, 148 

J 12 

f.  95. 

6 105 

o 122 

V 8 

12  TTo 

For 

each  exercise 

below,  write  a mixed 

numeral  that  expresses  the  rational  number  of 

arithmetic  named  in  the  exercise. 

13  f| 

16f 

19  If 

22  22 

ZZ  25 

14f 

1 7f 

20  f 

2000 

Z*  12 

>5  | 

18  T 

21  fi 

24? 

For  each  of  exercises  25  through  44,  find 


the  sum,  difference,  product,  or  quotient. 

25  17f  + 8j 

35  lOjf-S-6 

26  10§  — if 

36  311 + 8^ 

27^X5 

37  25f  H- 1 

28  25^  + 3^ 

o g j — — 2 

125  4 

99  6 x IQQ 

39  8f  X li 

3°  lg-| 

40  18^  + 60 

31  TZ  + To 

41  ioi  + A 

32  3j  + 16f  + 12$ 

42  4 X 3ff 

33  — -5-  - 
25  3 

43  35jf  - 30 

34  l|X3j 

44  22f  + 12-j^ 

For  each  exercise  below,  find  the  sum,  dif- 

ference,  product,  or 

quotient  named  in  the 

exercise. 

45  463  + 287+  1899 

53  816  X 1043 

46  346  -r  29 

54  23+  1837+  159 

47  8291  - 2445 

55  6553  X 12 

48  676  X 82 

56  2153  + 608  + 4839 

49  46588  + 8319 

57  6715  - 56 

so  1082-321 

58  195247  - 3684 

51  6617X462 

59  23+  16  + 89  + 77 

52  8003  - 997 

60  114X627 
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A x + 2y  + 3z  K 20. 

B 2 + 2(4) + 3(6)  <20. 


Exploring  ideas 


Conditions  in  three  variables 


In  Book  1 you  used  ordered  pairs  to  make 
replacements  in  conditions  in  two  variables. 
In  this  lesson  you  will  learn  to  make  replace- 
ments in  conditions  in  three  variables. 

A Look  at  d1.  Is  it  possible  to  decide  whether 
the  idea  expressed  by  sentence  A is  true  or 
false  ? Explain  your  answer. 

B How  many  variables  are  in  condition  A ? 

C When  you  replace  x by  2 , y by  4,  and  z by 
6 in  x + 2y  + 3z  < 20,  do  you  obtain  the  state- 
ment expressed  by  sentence  B ? Is  it  possible 
to  decide  whether  this  statement  is  a true  state- 
ment or  a false  statement  ? 

D When  a condition  contains  three  variables, 
how  many  of  the  variables  must  you  replace 
before  you  obtain  a statement  ? 

E Look  at  d2.  What  are  the  variables  in  the 
condition  ? 

F Read  the  tabulations  of  sets  Q,  V,  and  W 
in  d2.  The  members  of  Q will  be  used  to  re- 
place jc  in  x + y + z < 12;  the  members  of  V, 
to  replace  y;  and  the  members  of  W,  to  replace 
z.  How  many  possible  replacements  are  there 
forjc?  Forj>?  Forz? 

G The  sentences  in  d3  express  all  the  state- 
ments obtained  from  x + y + z < 12  when  you 
use  the  elements  of  Q,  V,  and  W as  replace- 
ments for  x,  y,  and  z.  To  obtain  statement  C, 
you  replace  x by  4 , y by  2,  and  z by  3.  What 
replacements  do  you  make  for  x,  y,  and  z to 
obtain  statement  D ? 

Notice  that,  to  obtain  statement  D,  you 
used  a triple  of  numbers,  4,  2,  and  6,  as  re- 

go  The  idea  of  an  ordered  triple;  using  ordered  triples  to  obtain  solution 
sets  of  simple  and  compound  conditions  in  three  variables 


Dl 


x + y + z<  12. 

Q = (4,  7}. 

V = {2,  3,  5). 

W = (3,  6). 


d2 


4 

+ 

2 + 

3 < 

12. 

4 

+ 

2 + 

6 < 

12. 

4 

+ 

3 + 

3 < 

12. 

4 

+ 

3 + 

6 < 

12. 

4 

+ 

5 + 

3 < 

12. 

4 

+ 

5 + 

6 < 

12. 

l 7 + 2 + 3 <12. 
J 7 + 2 + 6 < 12. 
K 7 + 3 + 3 < 12. 
L 7 + 3 + 6 < 12. 
M 7 + 5 + 3 < 12. 
N 7 + 5 + 6 < 12. 


“The  ordered  triple 


four,  two,  six 


(4,2,6) 


04 


ordered  tri  pie  (trip'al).  A triple  of  objects 
in  which  the  objects  occur  in  a special  order. 
The  object  that  occurs  first  is  the  first  compo- 
nent of  the  ordered  triple.  The  object  that 
occurs  second  is  the  second  component.  The 
object  that  occurs  third  is  the  third  component. 


placements  for  the  three  variables,  x,  y,  and  z 
in  x + y + z < 12.  A triple  of  objects  like  this 
is  an  ordered  triple.  4 is  the  first  component  of 
the  ordered  triple ; 2 is  the  second  component ; 
and  6 is  the  third  component. 


d4  shows  how  to  write  and  read  the  name 
of  the  ordered  triple  whose  components  are 
4,  2,  and  6. 

Now  look  at  d5.  The  diagram  shows  one 
way  to  determine  all  the  ordered  triples  that 
can  be  formed  from  the  members  of  sets  Q, 
V,  and  W.  Notice  that  each  member  of  Q is 
matched  with  each  member  of  V.  Then  each 
pair  of  members  of  Q and  V is  matched  with 
each  member  of  W in  turn. 
h Tabulate  the  set  of  ordered  triples  that  you 
can  obtain  from  the  diagram  in  d5. 
i Look  again  at  d2.  How  many  elements  are 
there  in  Q?  In  V?  In  W?  How  many  or- 
dered triples  do  you  obtain  from  the  diagram 
in  d5? 

j How  can  you  use  the  number  of  elements  in 
each  of  sets  Q,  V,  and  W to  determine  the 
number  of  ordered  triples  that  you  can  form 
from  the  elements  of  Q,  V,  and  W ? 

The  members  of  the  set  that  you  tabulated 
for  exercise  H were  used  as  replacements  for  x, 
y,  and  z in  x + y + z<  12.  This  set  is  the  uni- 


Q V W 


3 
6 
3 
6 
3 
6 
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“The  set  whose 
members  are 

{(x,y,z)\xeQ  A yeV  AzeWj 

all  ordered 
triples  x,  y , z 

that  satisfy  the 
condition  that 

x is  a member 
of  Q 

and  y is  a member 
of  V 

and  z is  a member 
of  W” 

d6 


verse  for  the  ordered  triple  of  variables  x,  y, 
and  z.  You  may  use  the  sym- 
bol at  the  right  to  show  that 
you  are  working  with  an  or- 
dered triple  of  variables. 

The  universe  we  have  been  discussing  is  the 
set  of  all  (x,  y,  z)  that  satisfy  the  condition 
that  xeQA^eVAzeW.  d6  shows  how  to 
write  and  read  a symbol  for  a standard  de- 
scription of  this  universe.  Study  d6. 
k Which  statements  expressed  in  d3  are  true  ? 
Tabulate  { (jc,  y,  z)\x  + y + z < 12}. 


So  far  you  have  used  a finite  set  as  a universe 
for  an  ordered  triple  of  variables.  In  the  fol- 
lowing exercises  you  will  use  as  a universe  the 
infinite  set  of  ordered  triples  formed  from  the 
set  of  natural  numbers. 
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A Suppose  that  the  universe  for  (x,  y,  z ) in  a 
condition  is  the  set  of  all  ordered  triples  whose 
three  components  are  natural  numbers.  Is 
(2,  1,  7)  a member  of  this  set?  Is  (0,  0,  0)  a 
member?  Is  (4,  3,  \)  a member? 

B Look  at  d7.  How  many  variables  are  in  con- 
dition A ? What  is  the  universe  for  (x,  y,  z ) ? 

C Is  {(x,  y,  z)\x  e N A y e N A z e N}  a fi- 
nite set,  or  is  it  an  infinite  set?  Explain  your 
answer. 

D What  three  simple  conditions  make  up  con- 
dition A?  What  connective  is  used  in  condi- 
tion A?  Notice  that  the  sentence  for  each  sim- 
ple condition  is  within  parentheses. 

E How  do  you  know  that  the  solution  set  of 
condition  A is  a set  of  ordered  triples  ? 

F How  do  you  know  that  each  solution  of 
condition  A must  satisfy  all  three  of  the  sim- 
ple conditions  that  make  up  condition  A? 

G Which  simple  condition  in  condition  A con- 
tains only  one  variable  ? 

H Name  the  second  component  of  each  or- 
dered triple  that  satisfies  y = 3.  Is  {(x,  y,  z)  | 
y = 3}  a finite  set,  or  is  it  an  infinite  set? 

I Which  simple  condition  in  condition  A con- 
tains exactly  two  variables  ? 

Next  you  will  decide  which  ordered  triples 
that  satisfy  y = 3 also  satisfy  x + y < 7. 
j Replace  yinx  + y<7by3.  Does  the  con- 
dition x + 3 < 7 have  the  same  solution  set  as 
x < 4?  What  elements  of  N satisfy  x < 4? 

K What  natural  numbers  are  first  components 

of  the  ordered  triples  that  satisfy  both 
x + y < 7 and  y = 3 ? How  do  you  know  that 
3 is  the  second  component  of  each  of  these  or- 
dered triples  ? 

Now  you  will  decide  which  ordered  triples 
satisfy  x + y + z = 12  as  well  as  x + y < 7 and 
y = 3.  You  know  that  each  ordered  triple  that 
satisfies  both  x + y < 7 and  y — 3 has  a first 
component  that  is  less  than  4 and  a second 


Universe  for  (x,  y,  z)  = 

{(x,  y,  z)  |x  € N A y e N A z e N}. 

A (x  + y + z = 12)  A (x  + .y  < 7)  A 

0 = 3)- 

D 7 


b 0 + 3 + z = 12. 
c 1 + 3 + z = 12. 
D 2 + 3 + z=  12. 
E 3 + 3 + z = 12. 

d8 


Universe  for  the  variables 
in  (x,  y,  z)  = N. 

F (x  + y = 5)  A (y  < 4)  A 
(x  + z < 3). 

o9 

component  that  is  equal  to  3.  The  sentences  in 
d8  express  all  the  conditions  that  you  can  ob- 
tain from  x + y + z = 12  by  replacing  x by  a 
natural  number  less  than  4,  and  y by  3. 

L Look  at  d8.  What  member  of  N satisfies 
condition  B?  Condition  C?  Condition  D? 
Condition  E?  Is  each  of  the  numbers  that  you 
just  named  the  third  component  of  an  ordered 
triple  that  satisfies  the  compound  condition  ? 

M Name  the  third  component  of  the  solution 
of  condition  A whose  first  component  is  0 and 
whose  second  component  is  3. 

N Name  the  third  component  of  the  solution 
of  condition  A whose  first  component  is  1 and 
whose  second  component  is  3. 
o You  have  found  that  both  (0,  3,  9)  and 
(1,  3,  8)  satisfy  condition  A.  Name  the  two 
other  ordered  triples  that  satisfy  condition  A. 
p Tabulate  the  solution  set  of  condition  A.  Is 
the  set  you  tabulated  a subset  of  the  universe  ? 
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I x + 2 = 5. 
J x + 3 = 5. 


In  the  following  exercises  you  will  find  the 
solution  set  of  another  compound  condition  in 
three  variables.  This  time  each  of  the  simple 
conditions  will  contain  only  one  or  two  vari- 
ables. 

a Look  at  d9.  How  do  you  know  that  condi- 
tion F is  a compound  condition?  How  many 
different  variables  are  in  condition  F ? 
b In  d9  the  sentence  “Universe  for  the  varia- 
bles in  (x,  y,  z ) = N”  means  that  the  universe 
for  the  ordered  triple  of  variables  is  the  set 
of  all  ordered  triples  whose  first,  second,  and 
third  components  are  natural  numbers.  Write 
a standard  description  of  this  universe. 

C Which  simple  condition  in  condition  F con- 
tains only  one  variable  ? 

D What  do  you  know  about  the  second  com- 
ponent of  each  member  of  the  universe  that 
satisfies  y < 4?  Is  {(x,  y,.z)  \y  < 4}  a finite  set, 
or  is  it  an  infinite  set  ? 

Now  you  can  decide  which  solutions  of 
y < 4 also  satisfy  x + y = 5.  The  sentences  in 
dIO  express  all  the  conditions  that  you  can  ob- 
tain from  x + y = 5 by  replacing  y by  a natural 
number  less  than  4. 

E What  member  of  N satisfies  condition  G ? 
Are  both  y < 4 and  x + y=  5 satisfied  by  each 
ordered  triple  whose  first  component  is  5 and 
whose  second  component  is  0 ? 

F What  member  of  N satisfies  condition  H ? 
Are  both  y < 4 and  x + y = 5 satisfied  by  each 
ordered  triple  whose  first  component  is  4 and 
whose  second  component  is  1 ? 

G Read  sentences  I and  J.  How  do  you  know 
that  each  ordered  triple  with  a first  component 
of  3 and  a second  component  of  2 satisfies 
both  y < 4 and  x + y = 5 ? How  do  you  know 
that  each  ordered  triple  with  a first  component 
of  2 and  a second  component  of  3 satisfies 
both  simple  conditions  ? 


G x + 0 = 5. 
H *+1=5. 

DlO 


k5  + z<3.  m 3 + z<3. 

l4  + z<3.  n 2 + z<3. 

Dll 

Now  that  you  have  a set  of  ordered  triples 
that  satisfy  both  y < 4 and  x + y = 5,  you  can 
find  the  ordered  triples  that  satisfy  x + z < 3. 
The  sentences  in  d1  1 express  all  the  statements 
you  can  obtain  from  x + z < 3 by  replacing  x 
by  each  of  the  first  components  you  obtained 
for  exercises  E,  F,  and  G. 

H Is  there  a natural  number  that  satisfies  con- 
dition K?  Condition  L?  Condition  M? 

I What  natural  number  satisfies  condition  N ? 
What  is  the  third  component  of  the  solution 
of  (x  + y = 5)  A < 4)  A (x  + z < 3)  that 
has  a first  component  of  2 and  a second  com- 
ponent of  3 ? Is  (2,  3,  0)  the  only  ordered  triple 
in  the  universe  that  satisfies  all  three  of  the 
simple  conditions  in  condition  F expressed 
in  d9. 

j Tabulate  the  solution  set  of  condition  F. 

In  this  lesson  you  learned  what  ordered  triples 
are.  You  also  learned  how  to  use  a set  of  or- 
dered triples  as  the  universe  for  three  variables 
in  simple  and  compound  conditions. 

On  your  own 

Write  a name  for  each  of  the  ordered  triples 
described  in  exercises  1,  2,  and  3. 

1 The  ordered  triple  whose  first  component  is 
10:15  p.m.;  whose  second  component  is  9:15 
p.m.  ; and  whose  third  component  is  8:15  p.m. 

2 The  ordered  triple  whose  first  component  is 
4§  ft. ; whose  second  component  is  7 ft. ; and 
whose  third  component  is  5^  ft. 
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3 The  ordered  triple  whose  first  component  is 
the  number  of  prime  numbers  less  than  10; 
whose  second  component  is  the  number  of 
even  numbers  less  than  10;  and  whose  third 
component  is  the  number  of  members  in  the 
intersection  of  the  set  of  prime  numbers  and 
the  set  of  even  numbers 

4 Is  (1,3,2)  the  same  ordered  triple  as 
(3,  2,  D?  Explain  your  answer. 

For  each  of  exercises  5 through  10,  supply 
the  missing  component  or  components  of  an 
ordered  triple  and  write  the  name  of  the  com- 
pleted ordered  triple.  The  second  component 
of  the  ordered  triple  should  be  2 times  the  first 
component,  and  the  third  component  should 
be  the  sum  of  the  first  and  second  components. 

5 < , 4,  6)  7 (1±,  , 4±)  9 ( , .50,  ) 

6 (5,  10,  ) *(!,,)  10  ( , , 45) 

1 1 Sets  A,  B,  and  C are  tabulated  below.  Tab- 
ulate { (x,  y,  z)  | x e A A y e B A z e C} . 

A = {2.5,  3.4}.  B = {.3,  .1}.  C = {4,  .25}. 

Write  sentences  for  all  the  statements  that 
you  can  obtain  from  each  condition  expressed 
in  exercises  12  and  13.  Then  write  “T”  after 
each  sentence  that  expresses  a true  statement. 
The  universe  for  (x,  y , z)  is  the  set  that  you  tab- 
ulated for  exercise  1 1 . 

12  2x  + 3y  - z < 5.  13  x + y + z = 6.8. 

14  Set  A = {0,  1,  2,  3,  4}.  How  many  or- 
dered triples  are  in  {(x,  y,  z)  \ x e A A y e A A 
Z € A}  ? 

Tabulate  the  solution  set  of  each  condition 
expressed  in  exercises  15  through  20.  The  uni- 
verse for  the  variables  in  (x,  y , z)  = N. 

1 5 (2x  = 6)  A (x  + y = 12)  A 
(2*  + 2 y + z = 25). 

16  (z  = 2)  A (x  + z = 7)  A (x  + y + z < 10). 
I7x  + y + z = 4. 

is  (at  + y + z < 3)  A {y  < 2)  A (z  < 2). 

1 9 (x  > 3)  A (x  -1-  y = 5)  A (5  - z > 3). 

20  (x  < 3)  A (x  + y < 4)  A (y  + z = 5). 


CHECKING  UP 

If  you  have  trouble  with  these  two  tests,  you 
can  find  help  in  lessons  113,  114,  and  115. 

Test  116 

1 What  mathematical  sentence  that  includes 
the  symbol  for  “and”  expresses  the  same  con- 
dition as  the  sentence  r < 5 < t? 

2 What  idea  is  expressed  by  the  symbol  » ? 
For  each  of  exercises  3 through  10,  first  tell 

what  kind  of  interval  in  Ra  is  described.  Then 
give  the  limits  of  the  interval.  U = Ra. 
3{x\l2*x£i) 


4 {y|2.5<y^7.6} 

5 {z| 50  ^ z < 51} 


7 {s|4.9  < s < 5.7} 

8 (w|w^3|l 

9 {r\r  ~ 5 9} 

6 I ^6  = P = 83}  10  I 980  ^ Q ^ 7T3} 

For  each  of  the  intervals  described  in  exer- 
cises 11  through  16,  tell  which  of  the  limits,  if 
any,  are  contained  in  the  interval.  U = Ra. 

11  {jc|  5 < jc  ^ 8}  14  {z | z ~ i 4.6} 

12  (y |f  = = 2j}  15  {n\n~*  3\) 

I3{m|^<m<^}  I6{6|^6<5f} 

17  Using  the  symbol  write  another  standard 
description  of  {x|x  « 4 3}.  U = Ra. 

18  Make  a graph  of  « 4 3}.  U = Ra. 

1 9 Give  a standard  description  of  the  intersec- 
tion of  {y\\{^  y ^ 2}  and  {y|lg<y<2|}. 
U = Ra. 

20  What  kind  of  interval  is  the  set  that  you  de- 
scribed for  exercise  19?  What  are  its  limits? 


Test  117 

21  Set  A has  3 elements;  B has  5 elements;  and 
C has  8 elements.  How  many  elements  are  in 
{Gc,  y,  z)|xeAAyeBAz€C}? 

Tabulate  the  solution  set  of  the  condition 
expressed  in  each  of  exercises  22  through  25. 
The  universe  for  the  variables  in  (x,  y,  z)  = N. 

22  x + y + z = 3. 

23  x<2Ay-x  = 3Ax  + y + z<5. 

24  y — 2 = 4Ay  — x>2Az  = xy. 

25  x + y — z = 8Az<l  A ~ (x  < j). 


End-of-block  tests  on  intervals  and  on  conditions  in  three  variables 
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Problems  involving  conditions 
in  one  and  two  variables 

In  Book  1 you  studied  many  new  mathemat- 
ical ideas  and  used  these  ideas  when  you  solved 
problems.  In  the  next  few  lessons,  you  will 
first  review  problems  like  those  you  solved  in 
Book  1.  Then  you  will  learn  to  solve  problems 
by  using  some  of  the  new  ideas  that  have  been 
presented  in  this  unit. 

Read  the  problem  in  d1.  U = Z.  Remember 
that  Z is  the  set  of  non-zero  rational  numbers 
of  arithmetic. 

A Do  you  know  how  many  feet  of  copper  tub- 
ing Mr.  Ames  had  before  he  bought  more? 
Use  x as  a variable  for  the  number  of 
feet  of  copper  tubing  he  had  to  begin 
with. 

b How  many  feet  of  copper 
tubing  did  he  buy?  To  what 
does  x + 27  refer? 

c You  know  that  he  had  less  than  40|  ft.  of 
tubing  after  he  bought  more  tubing.  How  do 
you  know  that  the  sen- 
tence at  the  right  ex- 
presses a condition  for  the  problem  ? 

D Why  is  the  symbol  {x|x  < 13§}  a standard 
description  of  the  solution  set  of  the  condi- 
tion x + 27  < 40|  ? 

E Is  0 a member  of  (x|x<  13§>  ? Why  can 
you  not  tabulate  {x|x  < 13|>  ? 

You  can  use  {x|x  < 13§>  to  get  the  answer 
to  the  problem. 

Mr.  Ames  had  less  than  13|  ft.  of  copper 
tubing  before  he  bought  the  27  ft.  of  tubing. 


Mr.  Ames  had  some  copper  tubing. 
After  he  had  bought  27  ft.  more,  he 
still  had  less  than  40|  ft.  of  tubing. 
How  much  copper  tubing  did  he  have 
before  he  bought  the  27  ft.  of  tubing? 

Dl 


Sam  had  less  than  $30.00.  After  he  had 
spent  $5.25,  he  had  more  than  $20.00 
left.  How  much  money  did  he  have 
before  he  spent  the  $5.25? 

d2 

f Now  you  can  verify  the  answer  to  the  prob- 
lem. If  Mr.  Ames  had  less  than  13|  ft.  of  copper 
tubing  and  bought  27  feet  more,  did  he  then 
have  less  than  40f  ft.  of  tubing  ? 

You  solved  the  problem  in  Dl  by  using  one 
simple  condition  in  one  variable.  In  the  follow- 
ing exercises,  you  will  solve  a problem  by  using 
a compound  condition  in  one  variable. 

Read  the  problem  in  d2.  U = Ra. 

A Explain  why  n - 5.25  > 20.00  is  one  of  the 
simple  conditions  for  the  problem.  For  what  is 
n a variable  ? 

B How  do  you  know  that  n < 30.00  is  another 
simple  condition  for  the  problem  ? 

C Does  the  sentence  below  in  blue  express  the 
compound  condition  for  the  problem  in  d2  ? 

n - 5.25  > 20.00  An<  30.00. 

D How  do  you  know  that  {n  | n > 25.25}  is  the 
solution  set  of  n — 5.25  > 20.00? 

E Does  each  member  of  {n\n  >25.25}  satisfy 
n < 30.00?  Explain  your  answer. 

F Is  {n  1 25.25  < n < 30.00}  the  solution  set  of 
n — 5.25  > 20.00  A n < 30.00?  Explain  your 
answer. 


Solving  problems  that  involve  simple  and  compound  conditions  in 
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G Is  the  solution  set  of  the  compound  condi- 
tion an  open  interval  in  Ra,  or  is  the  solution 
set  a closed  interval  in  Ra?  What  are  the 
limits  of  this  interval?  Explain  your  answers. 

H You  know  that  any  member  of  Ra  between 
25.25  and  30.00  is  a solution  of  the  compound 
condition  for  the  problem  in  d2.  Is  25.6535  be- 
tween 25.25  and  30.00?  Can  you  use  a solu- 
tion like  25.6535  to  get  a sensible  answer  to  the 
problem  ? 

i Is  25.26  the  least  number  that  you  can  use 
to  get  a sensible  answer  to  the  problem? 
What  is  the  greatest  number? 

Now  you  can  give  the  answer  to  the  problem 
in  d2. 

Sam  had  between  $25.25  and  $30.00  before 
he  spent  the  $5.25. 

So  far  you  have  used  simple  and  compound 
conditions  in  one  variable  to  solve  problems. 
In  the  following  exercises  you  will  solve  prob- 
lems by  using  simple  and  compound  condi- 
tions in  two  variables. 

Read  the  problem  in  d3.  The  universe  for 
each  variable  in  (x,  y ) is  N. 

A Do  you  know  how  many  hits  Nick 
made?  Use  x as  a variable  for  the 
number  of  hits  Nick  made. 
b Do  you  know  how  many  hits  Scott 
made?  Use  y as  a variable  for  the 
number  of  hits  Scott  made, 
c What  does  x + y refer  to  in 
the  problem  ? 

d How  do  you  know  that 
the  sentence  at  the  right  ex- 
presses the  condition  for  the 
problem?  How  many  variables  are  there  in 
the  condition? 

e Now  you  can  find  the  solution  set  of  the 
condition.  How  do  you  know  that  the  solution 
set  of  the  condition  is  a set  of  ordered  pairs? 


Sam  had  less  than  $30.00.  After  he  had 
spent  $5.25,  he  had  more  than  $20.00 
left.  How  much  money  did  he  have 
before  he  spent  the  $5.25? 

d2 


Nick  and  Scott  are  members  of  the 
baseball  team  at  Central  School.  To- 
gether, they  made  fewer  than  4 hits 
during  the  first  game  of  the  season. 
How  many  hits  did  each  boy  make  ? 

d3 


There  are  fewer  than  9 boys  and  girls 
on  the  staff  of  the  school  paper.  There 
are  fewer  girls  than  boys  on  the  staff. 
How  many  girls  and  how  many  boys 
are  on  the  staff? 

d4 

If  the  solution  set  is  a set  of  ordered  pairs,  why 
must  the  universe  be  a set  of  ordered  pairs  ? 

F What  is  the  greatest  number  of  hits  that 
either  boy  could  have  made?  What  numbers 
do  you  use  as  replacements  for  x in  x + y < 4 ? 
G Make  a chart  to  help  you  determine  the 
solutions  of  x + y <4.  Tabulate  the  solution 
set  of  x + y < 4. 

H To  what  does  the  first  component  of  each 
member  of  the  solution  set  refer?  To  what 
does  the  second  component  of  each  member 
refer  ? 

Now  you  can  use  the  ordered  pairs  that 
satisfy  the  condition  for  the  problem  in  d3  to 
get  the  answers  to  the  problem. 

I If  Nick  made  0 hits,  then  Scott  made  0 hits, 
1 hit,  2 hits,  or  3 hits.  What  are  the  other  an- 
swers to  the  problem  in  d3  ? 


a + b 


Now  you  will  solve  a problem  by  using  a 
compound  condition  in  two  variables. 

Read  the  problem  in  d4.  The  universe  for 
each  variable  is  C. 

j Do  you  know  how  many  girls  are  on  the 
staff?  Use  a as  a variable  for  the 
number  of  girls  who  are  on  the 
staff. 

K Do  you  know  how  many  boys  are 
on  the  staff?  Use  b as  a variable  for 
the  number  of  boys  who  are  on  the  staff. 

L What  does  a + b refer  to  in 
the  problem  ? 

M How  do  you  know  that  the  sentence  below 
at  the  right  expresses  one 
of  the  conditions  for  the 
problem  ? 

N How  do  you  know  that  a < b, 
and  not  b < a,  is  another  simple 
condition  for  the  problem  ? 

O Does  the  sentence  below  in  blue  express  a 
compound  condition  for  the  problem  ? 

a + b < 9 A a < b. 

p Now  you  can  find  the  solution  set  of  the 
compound  condition.  Is  the  universe  for  ( a , b ) 
the  same  as  {(a,  b)\a  e C A b e C}1  Describe 
the  universe  in  words. 

Q Why  are  the  numbers  from  1 through  7 the 
only  numbers  that  you  can  use  as  replacements 
for  a in  a + 6 < 9 ? Make  a chart  to  help  you 
determine  the  solutions  of  the  simple  condi- 
tion a + b < 9. 

With  the  help  of  your  chart,  you  can  find 
the  solutions  of  a + b < 9 that  are  also  solu- 
tions of  a Kb. 

R How  many  of  the  ordered  pairs  expressed  in 
your  chart  have  first  components  that  are  less 
than  their  second  components  ? 
s Tabulate  {(a,  b)  \a  + b < 9 A a < b). 

T Give  the  answers  to  the  problem  in  d4. 


Beverly  and  Jane  collect  stamps.  Jane 
has  35  more  stamps  than  Beverly  has. 
Beverly  has  more  than  145  stamps, 
but  she  also  has  fewer  than  1 50 
stamps.  How  many  stamps  does  each 
girl  have  ? 


d5 


Th 


m 


he  problems  you  have  studied  so  far  are 
like  problems  that  you  solved  in  Book  1.  The 
next  problem,  however,  involves  a new  idea. 
To  find  the  answer  to  the  problem,  you  will 
use  a new  kind  of  condition. 

Read  the  problem  in  d5.  The  universe  for 
each  variable  is  N. 

A Do  you  know  how  many  stamps  Beverly 
has?  Use  m as  a variable  for  the 
number  of  stamps  she  has. 

B Do  you  know  how  many  stamps 
Jane  has  ? Use  n as  a variable  for  the 
number  of  stamps  Jane  has. 

C How  do  you  know  that  the  sentence  below 
at  the  right  expresses  one 
of  the  conditions  for  the 
problem  ? 

D Is  145  less  than  the  number  of  stamps  that 
Beverly  has?  Is  the  number  of  stamps  that 
Beverly  has  less  than 
1 50  ? Explain  why 
the  sentence  at  the 

right  expresses  another  condition  for  the  prob- 
lem. 

E Does  the  sentence  below  in  blue  express  a 
compound  condition  for  the  problem? 

n — m = 35  A 145  < m < 150. 

F Now  you  can  find  the  solution  set  of  the 
compound  condition.  Write  a standard  de- 
scription of  the  universe  for  (m,  n). 
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G What  natural  numbers  satisfy  145  < m < 
150?  What  numbers  do  you  use  as  replace- 
ments for  m in  n — m = 35  ? Make  a chart  to 
help  you  determine  the  solutions  of  the  com- 
pound condition. 

h How  do  you  know  that  each  ordered  pair 
named  in  your  chart  will  satisfy  the  compound 
condition  n — m = 35  A 145  < m < 150? 

I Tabulate  the  solution  set  of  n - m = 35  A 
145  <m<  150. 

j What  are  the  answers  to  the  problem  in  d5  ? 

Read  the  problem  in  d6.  The  universe  for 
each  variable  is  C. 

K Do  you  know  how  many  stoves  were  in- 
stalled? Use  x as  a variable  for  the  number  of 
stoves  installed. 

L Do  you  know  how  many  refrigerators  were 
installed?  Use  y as  a variable  for  the  number 
of  refrigerators  installed. 

M What  does  x + y refer  to  in  the  problem  ? 

N Is  x + y = 7 one  of  the  conditions  for  the 
problem  ? Why  is  the  idea  of  equality  used  ? 
o You  know  that  at  least  3 stoves  were  in- 
stalled. This  means  that  the  number  of  stoves 
installed  was  either  equal  to  3 or  greater  than  3. 
Which  sentence,  x ^ 3 or  y ^ 3,  expresses  an- 
other condition  for  the  problem?  How  do  you 
know? 

p Isx  + _y  = 7 Ax^3  the  compound  condi- 
tion for  the  problem  ? 

Q Now  you  can  find  the  solution  set  of  the 
compound  condition.  How  do  you  know  that 
5 is  not  a member  of  the  universe  for  (x,  y)  ? 
Is  (5,  5)  a member  of  the  universe?  Write  a 
standard  description  of  the  universe  for  (x,  y). 
R What  does  the  condition  x 3 tell  you 
about  the  first  component  of  each  solution  of 
x + y = 7Ax^3? 

s How  do  you  know  that  you  do  not  need 
to  use  1 and  2 as  replacements  for  x in 
x T-  y = 7 ? Why  do  you  not  use  any  numbers 


Beverly  and  Jane  collect  stamps.  Jane 
has  35  more  stamps  than  Beverly  has. 
Beverly  has  more  than  145  stamps, 
but  fewer  than  150  stamps.  How 
many  stamps  does  each  girl  have  ? 

d5 


Last  year  7 new  stoves  and  refriger- 
ators were  installed  in  the  home  eco- 
nomics department  at  Union  High 
School.  At  least  3 of  these  appliances 
were  stoves.  How  many  stoves  and 
how  many  refrigerators  were  installed  ? 

d6 


The  sum  of  two  numbers  is  5.  The  first 
number  is  not  3.  What  are  the  num- 
bers? 

D 7 

greater  than  6 as  replacements  for  x?  Make  a 
chart  to  help  you  determine  the  solutions  of 
x + y = 7 that  also  satisfy  x ^ 3. 

T Tabulate  {(x,  y)  \x  + y = 7 A x ^ 3}. 
u Give  the  answers  to  the  problem  in  d6. 

So  far  in  this  lesson  you  have  solved  prob- 
lems that  concern  persons  and  things.  Now 
you  will  solve  a problem  that  concerns  num- 
bers only,  and  you  will  use  ordered  pairs 
as  answers. 

A Read  the  problem  in  d7.  The  universe  for 
each  variable  in  (x,  y)  is  N.  Use  x as  a variable 
for  the  first  number.  Use  y as  a variable  for 
the  second  number.  Is  x + y = 5 one  of  the 
conditions  for  the  problem  ? 

B From  the  problem  you  know  that  it  is  not 
the  case  that  the  first  number  equals  3.  Which 
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sentence,  ~ (x  = 3)  or  ~ (y  = 3),  expresses  an- 
other condition  for  the  problem? 
c Does  the  sentence  below  in  blue  express  the 
compound  condition  for  the  problem  in  d7? 

x+y  = 5 A~(x  = 3). 

D Tabulate  the  set  of  ordered  pairs  that  satisfy 
x + >>  = 5. 

E What  does  the  condition  ~ (x  = 3)  tell  you 
about  the  first  component  of  each  ordered 
pair  that  satisfies  x + = 5 A~(x  = 3)?  How 
many  members  of  the  set  that  you  tabulated 
for  exercise  D satisfy  ~ (x  = 3)? 

F Tabulate  (lx,  y)  \x  + y = 5 A ~ (x  = 3)}. 
Are  the  members  of  the  set  you  just  tabulated 
the  answers  to  the  problem  in  d7  ? 


In  this  lesson  you  used  both  simple  and  com- 
pound conditions  in  one  and  two  variables  to 
solve  problems. 

On  your  own 

For  each  of  problems  1 through  4,  first 
write  a sentence  that  expresses  the  condition. 
If  possible,  tabulate  the  solution  set  of  the  con- 
dition. Otherwise,  give  a standard  description 
of  the  solution  set.  Then  give  the  answer  to  the 
problem.  The  universe  is  given  for  each  prob- 
lem. 

1 After  Mr.  Butler  had  planted  48  tulip  bulbs 
in  his  garden,  he  had  fewer  than  200  tulip  bulbs 
left.  How  many  tulip  bulbs  did  he  have  before 
he  planted  the  48  ? U = C. 

2 The  area  of  Jamaica  is  4411  sq.  mi.  The 
area  of  Puerto  Rico  is  976  sq.  mi.  less  than  the 
area  of  Jamaica.  What  is  the  area  of  Puerto 
Rico?  U = Z. 

3 Sally  has  less  than  $25.00.  If  she  had  $10.00 
more,  she  would  have  more  than  $32.50.  How 
much  money  does  Sally  have  now?  U = Ra. 

4 Paul  had  6|  ft.  of  copper  wire.  He  used 
some,  but  not  all,  of  the  wire  and  then  had  less 


than  \\  ft.  of  wire  left.  How  much  wire  had  he 
used?  U = Z. 

think  Why  is  x < 6|  one  simple  condition 
for  the  problem  ? 

For  each  of  problems  5 through  10,  first 
write  a sentence  that  expresses  the  condition. 
Then  write  a standard  description  of  the  uni- 
verse for  the  variable  or  variables.  Finally, 
tabulate  the  solution  set  of  the  condition  and 
give  the  answer  to  the  problem. 

For  problems  5,  6,  and  7,  the  universe  for 
each  variable  is  C.  For  problems  8,  9,  and  10, 
the  universe  for  each  variable  is  N. 

5 Together,  Sandy  and  Marcia  made  fewer 
than  6 place  mats.  How  many  place  mats  did 
each  of  the  girls  make  ? 

6 Kay  sold  15  tickets  for  the  two  perform- 
ances of  a school  play.  She  sold  at  least  7 
tickets  for  the  first  performance.  How  many 
tickets  did  she  sell  for  the  second  performance  ? 

7 The  Peerless  Letter  Service  had  35  type- 
writers. Then  the  company  bought  at  most  5 
typewriters.  How  many  typewriters  did  they 
buy  and  how  many  did  they  then  have  in  all  ? 

think  “At  most  5 typewriters”  means  “5  or 
fewer  than  5 typewriters.” 

8 Altogether,  Hill  High  School  ordered  427 
graduation  gowns.  The  school  ordered  more 
than  200,  but  fewer  than  215,  girls’  gowns. 
How  many  boys’  gowns  and  how  many  girls’ 
gowns  did  the  school  order  ? 

9 The  sum  of  two  numbers  is  6886.  The  first 
number  is  1238  more  than  2829.  What  are  the 
numbers  ? 

io  When  the  first  of  two  numbers  is  subtracted 
from  the  second,  the  difference  is  8.  The  sum 
of  the  first  number  and  2 is  not  greater  than  6. 
What  are  the  numbers  ? 

think  How  do  you  know  that  it  is  not  the 
case  that  the  sum  of  the  first  number  and  2 
is  greater  than  6 ? 
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sring  problems 

Problems  involving 
conditions  for  equivalence 

In  this  lesson  you  will  solve  problems  about 
rates  and  comparisons.  To  solve  such  prob- 
lems, you  will  find  solution  sets  of  conditions 
for  equivalence. 

Read  the  problem  in  d 1 . The  exercises  that 
follow  will  help  you  develop  a condition  for 
equivalence  for  the  problem.  The  universe  for 
each  variable  is  Z. 

a You  know  that  the  helicopter  can  fly  at  a 
rate  of  16  miles  in  9 minutes.  You  can  repre- 
sent this  rate  by  using  an  ordered 
pair  of  numbers  called  a rate  pair. 

You  can  express  the  rate  pair  by 

the  symbol  at  the  right  above.  To  what  does 


The  distance  between  two  airports  is 
16  mi.  A helicopter  regularly  flies  the 
distance  in  9 min.  At  this  rate,  how 
many  miles  can  the  helicopter  fly  in 
60  min.  ? 

d1 


a 9*  = 960. 

B l(9x)  = |(960). 

C (|-9)x  = i(960). 
D lx  = |(960). 

E x = 106j. 

d2 


the  first  component  of  16/9  refer?  To  what 
does  the  second  component  refer? 

B You  do  not  know  how  many  miles  the  heli- 
copter can  fly  in  60  min.  You  must  find  another 
rate  pair  that  represents  the  rate 
at  which  the  helicopter  flies  and 
that  is  equivalent  to  16/9.  Use  x 
as  a variable  for  the  number  of  miles  the  heli- 
copter can  fly  in  60  min.  Why  is  x a variable  for 
the  first  component  of  the  rate  pair  you  are  to 
find  ? Why  is  60  the  second  component  of  the 
rate  pair  that  you  are  to  find  ? 


REMINDER 

Equivalent  ordered  pairs  are  ordered 
pairs  that  are  related  as  follows : 

In  a/b  and  c/d,  the  universe  for  each 
variable  is  Z.  If  ad  = cb,  then 
a/b  ~ c/d. 

Also,  if  a/b  ~ c/d,  then  ad=  cb. 

See  lesson  41,  page  168,  and  lesson  92, 
page  402,  Book  1. 


C The  sentence  at  the 
right  expresses  a con- 
dition for  the  problem. 

What  does  the  condition  tell  you  about  x/60? 

To  find  the  number  that  satisfies  the  condi- 
tion 16/9  ~ x/60,  you  can  use  the  definition  of 
equivalent  ordered  pairs,  which  is  given  in  the 
reminder  above. 

Now  look  at  d2.  Condition  A was  obtained 
from  16/9  ~ x/60  by  using  the  definition  of 
equivalent  ordered  pairs. 

D Does  the  replacement  for  x that  satisfies 
9x  = 960  also  satisfy  16/9  ~ x/60? 

Now  you  will  find  the  number  that  satisfies 
9x  = 960.  A definition  and  some  properties 
that  you  will  need  for  this  work  are  given  in 
the  reminder  on  the  next  page. 
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REMINDER 

Definition  of  reciprocal: 

If  the  product  of  two  rational  numbers 
is  1 , each  number  is  the 
reciprocal  of  the  other. 

See  lesson  84,  page  363,  Book  1. 

Well-defined  property  of  multiplication : 

If  one  or  both  of  the  numbers  used 
in  forming  the  product  of  two  rational 
numbers  are  replaced  by  equal  rational 
numbers,  the  product  is  still 
the  same  rational  number. 

See  lesson  74,  page  326,  Book  1. 

Associative  property  of  multiplication : 
For  each  replacement  of  the  variables, 
(xy)z  = x(yz).  U = Ra. 

See  lesson  81,  page  352,  Book  1. 

Identity-element  property 
of  multiplication : 

For  each  replacement  of  the  variable, 

1 • x = x.  U = Ra. 

See  lesson  83,  page  362,  Book  1. 


E Look  again  at  d2.  First  you  will  obtain  a 
condition  that  involves  lx  instead  of  9x.  In 
condition  B,  how  do  you  know  that  9x  has 
been  multiplied  by  the  reciprocal  of  9 ? 

You  can  obtain  condition  B by  using  the 
well-defined  property  of  multiplication  of  ra- 
tional numbers.  You  know,  from  condition  A, 
that  960  is  equal  to  9x.  Therefore,  in  the  prod- 
uct |(9x),  you  can  replace  the  9x  by  960  and 
obtain  the  product  1(960).  The  product  |(960) 
is  the  same  as  the  product  |(9x). 

F Compare  sentences  B and  C.  What  property 
of  multiplication  tells  you  that,  for  each  re- 
placement of  x,  (5  • 9)x  = 5(9x)  ? 

G Compare  sentences  C and  D.  For  each  re- 
placement of  x,  is  lx  = (5  • 9)x? 


H Compare  sentences  D and  E.  From  the 
identity-element  property,  you  know  that,  for 
each  x,  lx  = x.  What  is  the  product  of  \ and 
960?  Do  all  the  conditions  expressed  in  d2 
have  the  same  solution  ? 

1 What  number  satisfies  x=106f?  What 
number  satisfies  9x  = 960  ? Does  this  number 
also  satisfy  16/9  ~ x/60? 
j Tabulate  {x 1 16/9  ~ x/60}. 

Now  you  can  give  the  answer  to  the  prob- 
lem in  d1. 

The  helicopter  can  fly  106§  mi.  in  60  min. 
Read  the  problem  in  d3.  The  universe  for 
each  variable  is  Z. 

K What  are  you  asked  to  find  in  the  problem  ? 
L The  enrollment  has  increased  by  how  many 
students  for  each  100  students  that  were  en- 
rolled last  year  ? 

M Is  the  rate  pair  named  at  the  right  below 
the  same  rate  pair  as  3 1 % ? 

What  comparison  is  repre- 
sented by  31/100? 

To  answer  the  question  in  the  problem,  you 
should  first  find  a rate  pair  that  is  equivalent 
to  31/100. 

N You  know  that  the  enrollment  increased  by 

155  students.  Is  155  the  first  component,  or  is 

it  the  second  component  of  the 

rate  pair  you  are  to  find  ? How 

do  you  know?  For  what  is  x a 

variable  ? 

At  Wrigley  School,  155  more  students 
are  enrolled  in  summer  classes  this 
summer  than  were  enrolled  last  sum- 
mer. The  enrollment  has  increased  by 
31%.  What  was  the  enrollment  last 
summer  ? 

d3 
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o What  does  the 
condition  expressed 
at  the  right  tell  you 

about  the  rate  pair  whose  second  component 
you  are  to  find  ? 

p Does  U = {x|jceZ}?  Tabulate  the  solu- 
tion set  of  31/100  ~ 155/x. 

Q You  can  use  the  solution  of  31/100  ~ 155/jc 
to  get  the  answer  to  the  problem.  What  was 
last  summer’s  enrollment? 

The  conditions  for  the  first  two  problems  in 
this  lesson  are  simple  conditions  for  equiva- 
lence. Next  you  will  work  with  compound  con- 
ditions that  include  conditions  for  equivalence. 

Read  the  problem  in  d4.  The  universe  for 
each  variable  in  (x,  y ) is  Z. 
a You  are  asked  to  find  the  average  length  of 
the  portages,  that  is,  the  length  of  one  portage 
if  you  assume  that  all  the  portages  were  the 
same  length.  You  need  to  find  the  first  compo- 
nent of  a rate  pair  that  has  a second  compo- 
nent of  1.  Use  jc  as  a variable  for  the  average 
length.  Does  the  rate  pair  expressed 
at  the  right  represent  the  average 
length  per  portage  ? 
b Do  you  know  the  total  length 
of  the  three  portages?  Use  y as  a 
variable  for  the  total  length.  To 
what  does  y / 3 refer  ? 

C How  do  you  know  that  the  sentence  at  the 
right  expresses  one  of  the 
simple  conditions  for  the 
problem  ? 

D How  do  you  know  that  the  sentence  at  the 
right  expresses 
another  simple 

condition  for  y = 120  + 174  + 212. 

the  problem  ? 

Why  is  y,  and 

not  x,  used  in  the  condition  ? 


At  Wrigley  School,  155  more  students 
are  enrolled  in  summer  classes  this 
summer  than  were  enrolled  last  sum- 
mer. The  enrollment  has  increased  by 
31%.  What  was  the  enrollment  last 
summer  ? 

d3 


On  a canoe  trip,  Howard  and  his 
father  made  three  portages.  The 
lengths  of  the  portages  were  120  yd., 
174  yd.,  and  212  yd.  What  was  the 
average  length  of  the  portages  ? 

d4 


Linda  took  a history  test.  She  had  5 
times  as  many  correct  as  incorrect  an- 
swers. She  had  at  most  20  correct  an- 
swers. How  many  incorrect  answers 
did  she  have  ? 

d5 

The  sentence  below  in  blue  expresses  a com- 
pound condition  for  the  problem. 

x/ 1 /3  Ay  = 120  -f  174  + 2 12. 

E Why  is  the  connective  “and”  used  in  the 
compound  condition  for  the  problem  ? 

F Now  you  will  find  the  solution  set  of  the 
compound  condition.  What  number  satisfies 
y=  120+  174  + 212? 

G Replace  y by  506  in  x/l  ~y/ 3.  What  num- 
ber satisfies  x/l  ~ 506/3? 

H Tabulate  the  solution  set  of  x/l  ~ y/3  A 
^ = 120  + 174  + 212. 

i Which  number,  168§  or  506,  do  you  use  to 
get  the  answer  to  the  problem  ? How  do  you 
know? 
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{5/1,  ...) 


j Give  the  answer  to  the  problem  in  d4. 

Now  read  the  problem  in  d5.  The  universe 
for  each  variable  in  (x,  y)  is  C. 

K You  know  that  Linda  had  5 times  as  many 
correct  as  incorrect  answers.  For  each  5 correct 
answers,  how  many  incorrect  an- 
swers did  she  have  ? Does  the  rate 
pair  5/1  represent  this  compari- 
son? 

L You  know  one  rate  pair  that  represents  the 
comparison.  You  want  to  find  other  rate  pairs 
equivalent  to  5/1.  Use  * as  a variable  for  the 
number  of  correct  answers  Linda 
had.  Why  is  x a variable  for  the 

x / 

first  component  of  each  rate  pair 
that  you  are  to  find  ? 

M Notice  that  y is  used  as  a variable  for  the 
second  component.  To  what  does  y refer? 

N How  do  you  know  that  the  sentence  at  the 
right  expresses  a simple 
condition  for  the  prob- 
lem? 

o How  do  you  know  that 

Linda  had  20  or  fewer  correct 

answers?  How  do  you  know 

that  the  sentence  at  the  right  above  expresses 

another  simple  condition  for  the  problem? 

Why  is  x,  and  not  y,  used  in  this  condition  ? 

The  sentence  below  in  blue  expresses  a com- 
pound condition  for  the  problem. 

5 1 x I y A xS20. 

Now  you  can  find  the  solution  set  of  the 
compound  condition. 

p Is  the  proportional  relation  tabulated  in  d6 
the  solution  set  of  5/1  ~ x/y?  Is  the  solu- 
tion set  of  5/1  ~ x/y  a finite  set,  or  is  it  an 
infinite  set? 

Q Name  five  rate  pairs  that  are  members  of 
{5/1,  . . .}.  Is  each  rate  pair  that  you  named  a 
member  of  { (x,  y)  \ 5/ 1 ~ x/y ) ? 


d6 


Mr.  Owen  needs  some  new  camera 
equipment.  He  can  buy  this  equip- 
ment at  either  of  two  stores  for  $126. 

In  one  store,  he  can  pay  ^ of  the 
amount  of  the  bill  each  month.  In  the 
other  store,  he  can  pay  \ of  the  amount 
each  month.  What  can  his  monthly 
payment  be  ? 

D 7 

R Each  solution  of  the  compound  condition 
must  satisfy  both  5/1  ~ x/y  and  x ^ 20.  Which 
members  of  {5/1,  . . .}  have  first  components 
that  are  less  than  or  equal  to  20  ? 

S Tabulate  {(x,  y)  1 5/1  ~ x/y  A x ^ 20). 

I How  do  you  know  that  you  can  use  the 
second  component  of  each  solution  of 
5/1  ~ x/y  A x ^ 20  to  obtain  an  answer  to 
the  problem  ? 

u How  many  incorrect  answers  did  Linda 
have? 

In  the  following  exercises,  you  will  solve  a 
problem  by  finding  the  solutions  of  a com- 
pound condition  that  includes  the  connective 
“or.” 

Read  the  problem  in  d7.  The  universe  for 
each  variable  is  Z. 

You  know  that  Mr.  Owen’s  monthly  pay- 
ment can  be  either  ^ of  the  total  amount  of  the 
bill  or  \ of  the  amount.  You  can  use  the  solu- 
tions of  a compound  condition  that  includes 
“or”  to  find  what  his  payment  can  be.  Re- 
member that  the  solutions  of  such  a condition 
are  solutions  of  one  or  both  of  the  simple  con- 
ditions. 
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Mr.  Owen  needs  some  new  camera 
equipment.  He  can  buy  this  equip- 
ment at  either  of  two  stores  for  $126. 

In  one  store,  he  can  pay  of  the 
amount  of  the  bill  each  month.  In  the 
other  store,  he  can  pay  | of  the  amount 
each  month.  What  can  his  monthly 
payment  be  ? 

D 7 

A In  one  case,  Mr.  Owen  can  pay  ^ of  the 
amount  of  the  bill  each  month.  This  means 
that  he  can  pay  n of  a dollar  for  each  one  dol- 
lar of  the  amount  of  the  bill. 

Does  the  rate  pair  1 repre- 
sent this  comparison  ? 

B You  want  to  find  a rate  pair  that  is  equiva- 
lent to  xi  / 1 . Use  x as  a variable  for  the  amount 
that  Mr.  Owen’s  monthly  payment  can  be. 
You  know  that  the  amount  of  the  bill  is  $126. 
Why  is  x the  first  component 
of  the  rate  pair  you  are  to  find  ? 

What  is  the  second  compo- 
nent? 

c How  do  you  know 
that  the  sentence  at  the 

right  above  expresses  one  of  the  simple  condi- 
tions for  the  problem? 

d In  the  other  case,  he  can  pay  | of  the  amount 
of  the  bill  each  month.  What  com- 
parison is  represented  by  the  rate 
pair  expressed  at  the  right  ? 

E How  do  you  know  that  the  sentence  at  the 
right  expresses  another 
simple  condition  for  the 
problem  ? 

F Does  the  sentence  below  in  blue  express  a 
compound  condition  for  the  problem  ? Ex- 
plain why  “or”  is  used  in  the  condition. 

Tz/l~xl  126  V 126. 


Now  you  can  find  the  solution  set  of  the 
compound  condition. 

G Is  the  solution  set  of  the  compound  condi- 
tion the  intersection,  or  is  it  the  union,  of  the 
solution  sets  of  the  simple  conditions  ? 

H What  member  of  Z satisfies  n/ 1 ~ x/126? 
What  member  of  Z satisfies  \/ 1 ~ x/126? 
i Tabulate  {x|^/l  ~x/126  Vj/l  ~x/126}. 
J How  much  can  Mr.  Owen’s  monthly  pay- 
ment be  ? 


In  this  lesson  you  solved  problems  about  rates 
and  comparisons,  and  you  used  compound 
conditions  that  involve  simple  conditions  for 
equivalence  and  the  connective  “or.” 

For  each  problem,  first  write  a sentence  that 
expresses  a condition.  Then  write  a standard 
description  of  the  universe  for  the  variable  or 
variables.  Finally,  tabulate  the  solution  set  of 
the  condition  and  give  the  answer  to  the  prob- 
lem. The  universe  for  each  variable  is  Z. 

1 Mr.  and  Mrs.  Frank  received  a discount  of 
$94.75  on  an  electric  stove.  The  discount  was 
25%  of  the  regular  price.  What  was  the  regular 
price  of  the  stove  ? 

2 Some  authorities  on  nutrition  say  that  the 
minimum  bread  requirement  for  an  average 
adult  is  3 slices  per  day.  A loaf  of  a certain 
kind  of  bread  contains  26  slices.  The  number 
of  slices  in  such  a loaf  is  how  many  times  the 
minimum  daily  requirement  for  an  adult  ? 

3 Mr.  Winthrop  receives  a 4%  commission 
on  each  piano  that  he  sells.  On  Friday  he  sold 
a piano  priced  at  $750.  How  much  commission 
did  he  receive  ? 

4 Last  year,  John  read  18  books  of  science 
fiction,  and  Allen  read  24.  The  number  of 
science  fiction  books  that  John  read  was  what 
fraction  of  the  number  of  these  books  that 
Allen  read  ? 
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5 The  golf  balls  that  Dave  wants  to  buy  cost 
$.75  each.  He  has  $5.00  to  spend  for  golf  balls. 
How  many  golf  balls  can  he  buy? 

think  Can  Dave  buy  6§  golf  balls  ? 

6 Two  trains  travel  the  175  miles  between 
Elmwood  and  Greenvale  daily.  The  night  train 
travels  at  an  average  rate  of  60  miles  per  hour. 
The  day  train  travels  at  an  average  rate  of  75 
miles  per  hour.  How  long  can  it  take  to  go 
from  Elmwood  to  Greenvale  by  train? 

7 Last  year,  Doug’s  automobile  insurance 
cost  $150.  This  year,  because  he  has  reached 
the  age  of  twenty-five,  his  insurance  costs  only 
$120.  What  was  the  per  cent  of  decrease  in  the 
cost  of  his  insurance  ? 

8 The  tennis  racket  that  Karen  wants  to  buy 
is  on  sale  at  two  different  stores.  The  regular 
price  of  the  racket  is  $12.  One  store  offers  a 
25%  discount  on  the  racket,  and  the  other 
store  offers  a 15%  discount.  How  many  dol- 
lars’ discount  is  it  possible  for  Karen  to  re- 
ceive if  she  buys  the  tennis  racket  on  sale  ? 

9 After  deductions  for  taxes  and  insurance 
are  made  from  Mr.  Rush’s  monthly  salary,  his 
monthly  take-home  pay  is  $523.45.  What  is 
Mr.  Rush’s  yearly  take-home  pay? 

10  Tom  gave  some  of  his  stamps  away.  He 
gave  Jim  | of  the  stamps  that  he  gave  away.  He 
gave  Jim  at  most  10  stamps.  How  many  stamps 
did  Tom  give  away,  and  how  many  stamps  did 
he  give  to  Jim  ? 

11  Mrs.  Campbell’s  kitchen  curtains  shrank 
3%  in  length  when  she  washed  them.  The  cur- 
tains shrank  3j  in.  How  long  were  the  curtains 
after  she  washed  them  ? 

12  A certain  rate  pair  is  equivalent  to  3/5.  The 
difference  of  the  second  component  and  the 
first  component  is  12.  What  is  the  rate  pair? 

13  One  number  is  20%  of  a second  number. 
The  first  number  is  less  than  or  equal  to  12. 
What  are  the  two  numbers  ? 
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F* or  each  exercise  below,  find  the  basic  frac- 
tion that  indicates  the  member  of  Ra  named. 


l .25 

5 .0015 

9 60.4 

13  .830 

2 1.68 

6 .001 

io  .0017 

14  .075 

3 10.3 

7 25.5 

li  .055 

15  .0125 

4 .0096 

8 .875 

12  .0625 

16  100.2 

For  each  exercise  below,  use  a decimal  to  ex- 

press  the  member  of  Ra 

t named  in  the  exercise. 

17  — 

■'  20 

21  li 

2*5 

29  § 

18  & 

18  45 

22  | 

26  IS 

30 

19f 

23  f 

27  — 

1000 

31  Tooo 

20  ? 

24f5 

2®  T 

32  500 

For  each  of  exercises  33  through  54,  use  a 
decimal  to  express  the  sum,  difference,  prod- 
uct, or  quotient. 


41  16.305  + 3.2 + .89 

42  .1889  - .16 

43  10 + .75 + 8.2 

44  .8  X .9  X 10 

45  21  - 18.05 

46  .1  + .01  + .001 

47  32-  13.4289 

48  .69  X. 132  X 1.5 


33  10.2  + 83.4 

34  8.684-  3.217 

35  .25  X .13 

36  .8  + .9  + .1 

37  .62  + .03  + .4 

38  .742 -.105 

39  .185  X9.4 

40  1.675  X .32 

49  16.67  6 (Thousandths) 

50  46  -s-  .3  (Tenths) 

51  .0843  -s-  .9  (Ten-thousandths) 

52  100.457  -s-  24  (Thousandths) 

53  45  -5-  .62  (Hundredths) 

54  600.4  -5-  .9  (Tenths) 

For  each  exercise  below,  find  the  sum,  dif- 
ference, product,  or  quotient. 

55  25  - 13| 


56  38|  - 27| 

57  2l\  X 2\ 

58  6jjS*3 

59  73^  - 55| 

60  X ^ 

61  12f  + 4|  + 6| 


62  32|  - 6\ 

2.  _ 12 
r15  A3 


63  4-{ 

64  12|+  lg  + 3| 

65  6^  X | 

66  25 1 -Ml 

67  40+  16|| 

68  16|  + 3| 
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Problems  involving 
conditions  in  three  variables 


Yo 


.ou  have  learned  how  to  find  solution  sets  of 
compound  conditions  in  three  variables.  In  this 
lesson  you  will  learn  how  to  solve  problems  by 
using  compound  conditions  in  three  variables. 

Read  the  problem  in  d1.  The  exercises  that 
follow  will  help  you  develop  a compound  con- 
dition for  the  problem.  The  universe  for  each 
variable  in  (x,  y,  z ) is  Z. 

A Do  you  know  the  weight  of  any  of  the  three 
fish?  Use  x as  a variable  for 
the  number  of  pounds  the 
pike  weighed ; use  y as  a vari- 
able for  the  number  of  pounds  the  bass  weighed ; 
and  use  z as  a variable  for  the  number  of 
pounds  the  catfish  weighed. 
b What  was  the  total 
weight  of  the  three 
fish?  How  do  you 

know  that  the  sentence  at  the  right  above  ex- 
presses one  of  the  simple  conditions  for  the 
problem  ? 

C How  do  you  know  that  the  pike  weighed 
\\  lb.  for  each  pound  that  the 
bass  weighed?  Is  this  compari- 
son represented  by  the  rate  pair 
named  at  the  right  above  ? 
d To  what  does  each  compo- 
nent of  x/y  refer? 

E How  do  you  know  that 
the  sentence  at  the  right 
expresses  another  simple 
condition  for  the  problem  ? 


11/1 


ly 


I2/1  ~xjy- 


Mr.  James  caught  a pike,  a bass,  and  a 
catfish.  The  total  weight  of  these  three 
fish  was  22\  lb.  The  pike  weighed  1^ 
times  as  much  as  the  bass.  The  pike 
also  weighed  15  lb.  less  than  the  total 
weight  of  the  three  fish.  What  was  the 
weight  of  each  of  the  fish  ? 

Dl 


F The  pike  weighed  how  much  less  than  the 
total  weight  of  the  three  fish?  How  do  you 
know  that  the  sentence 
at  the  right  expresses 
another  simple  condi- 
tion for  the  problem  ? 

G Does  the  sentence  below  in  blue  express  a 
compound  condition  for  the  problem  ? 

(x  +y  + z = 22i)  A (li/l  ~ xjy)  A 
(22i-x=15). 

Now  you  can  find  the  solution  set  of  the 
compound  condition.  Remember  that  each 
member  of  the  solution  set  must  satisfy  all 
three  of  the  simple  conditions. 
h Why  is  it  a good  idea  to  find  the  solution  set 
of  22\  — x = 1 5 first  ? 

i What  member  of  Z satisfies  22\  - x = 15? 
j What  do  you  now  know  about  the  first  com- 
ponent of  each  solution  of  the  compound 
condition  ? Explain  your  answer. 

K What  condition  do  you  obtain  when  you  re- 
place jc  in  \\/ 1 ~ x/y  by  7|?  What  replace- 
ment for  y satisfies  the  condition  that  you 
obtain  when  you  replace  x ? 

L What  is  the  second  component  of  each 
member  of  the  solution  set  of  the  compound 
condition  ? 

M When  you  replace  a;  by  l\  and  y by  5 in 
x + y -\-  z — 22\,  what  replacement  for  z satis- 
fies the  condition  you  obtain? 
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n What  is  the  third  component  of  the  member 
of  the  solution  set  of  the  compound  condition  ? 
o Tabulate  the  solution  set  of  the  compound 

condition  for  the  problem  in  d1. 

You  can  use  the  solution  of  the  compound 
condition  to  get  the  answer  to  the  problem. 

The  pike  weighed  l\  lb.;  the  bass  weighed 
5 lb. ; and  the  catfish  weighed  10  lb. 
p You  can  verify  the  answer  to  the  problem. 
If  the  pike  weighed  l\  lb.,  the  bass  weighed 
5 lb.,  and  the  catfish  weighed  10  lb.,  was  the 
total  weight  of  the  three  fish  22\  lb.  ? Did  the 
pike  weigh  15  lb.  less  than  all  three  fish 
weighed  ? Did  the  pike  weigh  1^  times  as  much 
as  the  bass  ? 

R.ead  the  problem  in  d2.  First  you  will  de- 
velop a compound  condition  for  the  problem. 
The  universe  for  each  variable  in  (x,  y,  z)  is  Z. 
A Do  you  know  how  much  the  rent  was  for 
the  regular  bicycle  for  3 days?  Use  x as  a vari- 
able for  the  number  of  dollars  in  this  amount. 
b Do  you  know  how  much  the  rent  was  for 
the  tandem  bicycle  for  3 days  ? Use  y as  a vari- 
able for  the  number  of  dollars  in  this  amount. 
C To  what  does  x + y refer? 

D Do  you  know  the  number  of  dollars  it  cost 
to  rent  both  bicycles  for  3 days?  Use  z as  a 
variable  for  this  number. 
e Why  does  the  sentence  below  at  the  right 
express  one  of  the  simple 
conditions  for  the  problem? 
f The  cost  of  renting  the  tandem  bicycle  was 
how  many  times  the  cost  of  renting  the  regular 
bicycle?  How  does  the  rate  pair  2/1  represent 
this  comparison  ? 

G Why  do  you  use  y/x,  and  not  x/y,  to  repre- 
sent rate  pairs  equivalent  to  2/1  ? 
h Why  does  the  sentence  below  at  the  right  ex- 
press another  simple  con- 
dition for  the  problem? 


A group  of  girls  rented  a tandem  bicy- 
cle and  a regular  bicycle  for  3 days. 

The  rent  for  the  tandem  bicycle  was  2 
times  the  rent  for  the  regular  bicycle. 

The  rent  for  the  regular  bicycle  was 
$1.50  per  day.  How  much  rent  did  the 
girls  pay  for  both  bicycles  for  3 days  ? 

d2 

i What  was  the  rent  for  the  regular  bicycle  per 
day?  How  does  the  rate  pair  1.50/1  represent 
this  rate  ? 

j How  do  you  know  that  the  sentence  at  the 

right  expresses  another 

simple  condition  for  1.50/l~x/3. 

the  problem  ? What 

does  the  first  component  of  x/3  refer  to? 

K Does  the  sentence  below  in  blue  express  a 
compound  condition  for  the  problem  ? 

(x  + y = z)  A(2 1 y I x)  A 

(1.50/ 1~  x/3). 

Now  you  can  find  the  solution  set  of  the 
compound  condition. 

L Which  of  the  simple  conditions  will  you  use 
first  to  help  you  find  the  solution  set  of  the 
compound  condition  ? Explain  why. 

M What  member  of  Z satisfies  1.50/1  ~x/3? 
What  is  the  first  component  of  each  solution  of 
the  compound  condition  ? 

N When  you  replace  x in  2/1  ~ y / x by  4.50, 
what  replacement  for  y satisfies  the  condition 
you  obtain  ? 

o What  are  the  first  and  second  components 
of  each  solution  of  the  compound  condition  ? 
p When  you  replace  x by  4.50  and  y by  9 in 
x + y = z,  what  replacement  for  z satisfies  the 
condition  you  obtain  ? 

q Tabulate  the  solution  set  of  the  compound 
condition. 
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The  sum  of  three  numbers  is  less 
than  5.  The  first  number  is  less  than  3. 
The  difference  of  the  first  number  and 
the  second  number  is  2.  What  are  the 
three  numbers  ? 

d3 


a 0 — 5 = 2. 

B 1-5  = 2. 
c 2-5  = 2. 

d4 

r How  much  was  the  rent  for  both  bicycles  for 
3 days  ? Which  component  of  the  solution  did 
you  use  to  get  the  answer  to  the  problem? 

R^ead  the  problem  in  d3.  The  universe  for 
each  variable  in  (r,  5,  t)  is  N. 

A Use  rasa  variable  for  the  first  number.  Use 
5 as  a variable  for  the  second  number.  Use  t as 
a variable  for  the  third  number.  How  do  you 
know  that  r -f  5 + / < 5 is  one  of  the  simple 
conditions  for  the  problem? 

B How  do  you  know  that  r < 3 is  another 
simple  condition  for  the  problem  ? 

C What  is  a third  simple  condition  for  the 
problem?  How  do  you  know? 

D Is  (r  + 5 + t < 5)  A (r  < 3)  A (r  — s = 2)  a 
compound  condition  for  the  problem  in  d3  ? 

E What  members  of  N satisfy  r < 3 ? 

F If  you  use  the  solutions  of  r < 3 as  replace- 
ments for  r in  r — s = 2,  do  you  obtain  the  con- 
ditions expressed  in  d4  ? 

G Does  any  member  of  N satisfy  0 — 5 = 2? 
Does  any  member  of  N satisfy  1 —5  = 2? 
What  member  of  N satisfies  2 — 5 = 2? 

H What  is  the  first  component  of  each  mem- 
ber of  the  solution  set  of  the  compound  condi- 
tion? What  is  the  second  component  ? 


i  What  condition  do  you  obtain  when  you  re- 
place r by  2 and  5by0inr  + 5+  J<5?  What 
replacements  for  t satisfy  the  condition  that 
you  obtained  ? 

j How  many  ordered  triples  satisfy  all  three 
simple  conditions?  Tabulate  the  solution 
set  of  the  compound  condition. 

K Is  each  member  of  the  solution  set  that  you 
tabulated  for  exercise  J an  answer  to  the  prob- 
lem in  d3  ? 

Now  you  know  how  to  solve  problems  that  in- 
volve compound  conditions  in  three  variables. 

On  your  own 

For  each  problem,  first  write  a sentence  that 
expresses  a condition.  Then  tabulate  the  solu- 
tion set  of  the  condition  and  give  the  answer  to 
the  problem.  The  universe  is  given  for  each 
problem. 

1 Rita  bought  5 packages  of  bias  tape  priced 
at  $.12  per  package,  and  6 spools  of  thread 
priced  at  2 spools  for  $.15.  How  much  did  she 
spend  in  all  for  the  tape  and  thread  ? The  uni- 
verse for  each  variable  is  Z. 

2 Bud  has  three  kinds  of  coins.  He  has  fewer 
nickels  than  dimes.  If  he  had  3 more  pennies, 
he  would  have  15  pennies.  He  has  5 fewer 
dimes  than  pennies.  How  many  coins  of  each 
kind  does  he  have  ? The  universe  for  each  vari- 
able is  C. 

3 The  sum  of  Marjorie’s  age  and  Sue’s  age  is 
the  same  as  Donna’s  age.  Marjorie  is  2 years 
older  than  Sue.  In  3 years,  Marjorie  will  be 
18  years  old.  How  old  is  each  of  the  girls  now? 
The  universe  for  each  variable  is  C. 

4 Altogether,  Mrs.  Olsen  bought  fewer  than 
10  cans  of  beets,  peas,  and  carrots.  She  bought 
fewer  than  3 cans  of  beets.  She  bought  7 cans  in 
all  of  beets  and  peas.  How  many  cans  of  each 
kind  of  vegetable  did  she  buy?  The  universe 
for  each  variable  is  C. 
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5 Mr.  Angeletti  borrowed  $600  from  a credit 
union  and  agreed  to  pay  1%  interest  per 
month  on  the  unpaid  balance.  At  the  end  of  the 
first  month,  he  paid  the  credit  union  ^ of  the 
amount  he  had  borrowed,  with  interest.  How 
much  in  all  did  Mr.  Angeletti  pay  the  credit 
union  at  the  end  of  the  first  month?  The  uni- 
verse for  each  variable  is  Z. 

6 During  summer  vacation,  Judy  lost  twice  as 
much  weight  as  Harriet.  Carol  lost  twice  as 
much  weight  as  Judy.  Together,  Harriet  and 
Judy  lost  12  lb.  How  many  pounds  did  each  of 
the  girls  lose?  The  universe  for  each  variable 
is  C. 

7 The  first  year  that  Mr.  Harper  worked  as  a 
salesman,  he  received  a commission  of  $700  on 
his  total  sales.  The  second  year  his  commission 
increased  17%.  What  was  the  total  amount  of 
commission  that  Mr.  Harper  received  for  the 
two  years?  The  universe  for  each  variable 
is  Z. 

8 A first  number  is  greater  than  8.  When  this 
first  number  and  a second  number  are  added, 
the  sum  is  equal  to  10.  When  a third  number 
is  subtracted  from  7,  the  difference  you  obtain 
is  equal  to  the  second  number.  What  are  the 
three  numbers  ? The  universe  for  each  variable 
is  N. 

9 A first  number  is  less  than  4.  A second  num- 
ber is  the  difference  of  4 and  the  first  number. 
When  the  second  number  and  the  third  num- 
ber are  added,  the  sum  is  less  than  3.  What  are 
the  three  numbers?  The  universe  for  each 
variable  is  N. 

io  The  sum  of  two  numbers  is  6.  The  first  num- 
ber is  equal  to  the  product  of  2 and  the  second 
number.  When  the  second  number  is  sub- 
tracted from  the  first  number,  the  difference 
you  obtain  is  equal  to  a third  number.  What 
are  the  three  numbers?  The  universe  for  each 
variable  is  N. 


APPLYING  MATHEMATICS 

or  each  problem,  write  a sentence  that  ex- 
presses a condition.  If  possible,  tabulate  the 
solution  set  of  the  condition ; otherwise,  give  a 
standard  description  of  the  solution  set.  Then 
give  the  answer  to  the  problem. 

For  problems  1 through  4,  the  universe  for 
each  variable  is  N. 

1 Marge  has  12  albums  of  records.  She  loaned 
some,  but  not  all,  of  these  albums  to  Jane. 
How  many  albums  did  Marge  loan  to  Jane  and 
how  many  did  Marge  have  left? 

2 Tom  had  more  than  300  stamps.  After  he 
had  sold  245  of  them,  he  had  fewer  than  75 
stamps  left.  How  many  stamps  did  Tom  have 
before  he  sold  the  245  stamps  ? 

3 Mr.  Miller  sells  new  and  used  cars.  Last 
month  he  sold  14  cars.  He  sold  at  most  5 new 
cars.  How  many  new  cars  and  how  many  used 
cars  did  he  sell  ? 

4 The  sum  of  three  numbers  is  equal  to  15. 
The  first  number  is  less  than  5.  The  second 
number  is  the  successor  of  the  first  number. 
What  are  the  three  numbers  ? 

think  Why  is  y = x + 1 one  of  the  simple 
conditions  for  the  problem  ? 

For  problems  5 through  8,  the  universe  for 
each  variable  is  C. 

5 Twenty-two  seventh-  and  eighth-grade  stu- 
dents belong  to  the  Ames  School  Camera 
Club.  At  least  15  of  the  22  members  are 
seventh-grade  students.  How  many  seventh- 
grade  students  and  how  many  eighth-grade 
students  are  members  of  the  Camera  Club  ? 

6 Mr.  Hanley  operates  a sporting  goods  store. 
With  every  tennis  racket  that  he  sells,  he  gives 
the  customer  4 tennis  balls.  On  Saturday  he 
sold  at  most  8 tennis  rackets.  How  many  tennis 
rackets  did  he  sell,  and  how  many  tennis  balls 
did  he  give  away  ? 
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7 The  attendance  at  a play  on  3 consecutive 
nights  was  200,  264,  and  286.  The  attendance 
on  the  third  night  was  how  much  greater  than 
the  average  attendance  per  night  ? 

8 A certain  rate  pair  is  equivalent  to  14/15. 
The  second  component  of  the  rate  pair  is  5 
more  than  the  first  component.  What  is  the 
rate  pair? 

For  problems  9 through  18,  the  universe  for 
each  variable  is  Z. 

9 Jim  can  do  § as  many  consecutive  push-ups 
as  his  older  brother  can.  His  brother  can  do  20. 
How  many  consecutive  push-ups  can  Jim  do  ? 

10  Mr.  Bond’s  monthly  salary  is  $420.  His 
take-home  pay  amounts  to  $82.80  out  of  each 
$100  of  his  salary.  What  is  his  monthly  take- 
home  pay  ? 

11  The  distance  from  Toronto  to  Calgary  is 
about  1680  mi.  This  is  about  2.5  times  the 
distance  from  Toronto  to  Saint  John,  N.B. 
About  what  is  the  distance  from  Toronto  to 
Saint  John? 

12  During  a sale,  a photographer  sold  wallet- 
size  photographs  for  $2.70  per  dozen.  At  this 
rate,  what  was  the  price  of  1 8 photographs  ? 

13  Last  year  the  Sanford  family  spent  25.5% 
of  their  income  for  food.  They  spent  $1530  for 
food.  What  was  their  income  last  year  ? 

14  The  radio  that  Ed  wants  to  buy  costs  $36. 
He  plans  to  save  either  $1.50  every  week  or 
$1.80  every  week  until  he  has  saved  the  $36. 
In  how  many  weeks  will  Ed  save  enough 
money  to  buy  the  radio  ? 

15  A department  store  had  1500  hats  to  sell. 
During  July,  66|%  of  these  hats  were  sold. 
During  August,  80%  of  the  remaining  hats 
were  sold.  How  many  hats  were  sold  during 
each  of  these  months  ? 

16  90.9  is  what  per  cent  of  121.2? 

17  What  number  is  12^%  of  84? 

18  318|  is  66|%  of  what  number? 


If  you  have  trouble  with  this  test,  you  can 
find  help  in  lessons  1 16  through  118. 

Test  118 

For  each  problem,  write  a sentence  that  ex- 
presses a condition.  Tabulate  the  solution  set 
of  the  condition,  if  possible;  otherwise,  give  a 
standard  description  of  the  solution  set.  Then 
give  the  answer  to  the  problem. 

For  problems  1 and  2,  the  universe  for  each 
variable  is  C.  For  the  other  problems,  the  uni- 
verse for  each  variable  is  Z. 

1 There  were  spaces  for  50  autographs  in 
Sam’s  yearbook.  After  Autograph  Day,  Sam 
had  at  most  12  unused  spaces  in  his  book.  How 
many  autographs  did  he  collect  in  his  year- 
book? 

2 There  are  28  fire  extinguishers  on  the  first 
and  second  floors  of  the  Adams  High  School. 
The  first  floor  has  at  most  12  fire  extinguishers. 
How  many  fire  extinguishers  are  on  each  of  the 
two  floors? 

3 Jean  timed  how  long  it  took  her  to  wash 
dishes  each  day  for  one  week.  Her  times  in 
minutes  were:  17,  9,  12,  14,  10,  18,  and  26. 
What  was  the  average  time  she  spent  washing 
dishes  per  day  that  week  ? 

4 Bill  had  $64.00  in  his  savings  account.  After 
interest  had  been  added  to  the  account  on 
July  1,  he  had  more  than  $64.50  but  less  than 
$65.50  in  his  account.  How  much  interest  was 
added  to  Bill’s  account  on  July  1 ? 

5 In  three  games,  a baseball  pitcher  allowed 
2 runs  in  9 innings;  5 runs  in  12  innings;  and  6 
runs  in  4 innings.  At  this  rate,  he  allowed  how 
many  runs  for  each  9 innings  he  pitched? 
(Hundredths) 

6 What  number  is  49%  of  23  ? (Hundredths) 

7 35%  of  what  number  is  53^? 

8 24  is  what  fraction  of  38  ? 
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Intersections  of  lines 
and  circles 

In  Book  1 you  worked  not  only  with  sets  of 
numbers,  but  also  with  sets  of  points.  You 
learned  that  geometry  is  a branch  of  mathe- 
matics that  deals  with  points,  lines,  planes,  and 
space.  In  this  lesson  you  will  review  some  of 
the  geometric  ideas  that  were  presented  in 
Book  7.  You  will  also  study  the  intersections 
of  lines  and  circles. 

A Look  at  d1.  Is  point  E represented  by  a 
dot  ? Is  F represented  by  a dot  ? Tabulate  the 
set  of  points  that  are  represented  by  dots  in  Dl. 
b Point  G is  in  the  plane  represented  in  Dl. 
Which  of  the  other  points  represented  by  dots 
are  in  this  plane  ? 

C Is  a plane  a finite  set  of  points  ? Is  it  an  in- 
finite set  of  points  ? 

D Look  again  at  Dl.  Line  contains  points 
E,  F,  and  G.  How  do  you  know  that  is  in- 
cluded in  the  plane  represented  in  Dl  ? 

REMINDER 

If  a line  contains  two  points  of  a plane, 
the  line  is  included  in  the  plane. 

See  lesson  9,  page  34,  Book  1. 

e How  do  you  know  that  E,  F,  and  G are 
collinear  points  ? 

Fisa  line  a finite  set  of  points  ? Is  it  an  infi- 
nite set  of  points? 

G Look  again  at  Dl.  Point  I is  not  in  the  plane 
represented  in  Dl.  What  other  point  named 
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A SX  = ST.  B SX  < ST.  C SX  > ST. 


d2 


in  d1  is  not  in  this  plane?  How  do  you  know 
that  these  two  points  are  members  of  space  ? 

You  have  learned  that  the  universe  for  the 
variable  in  a condition  may  be  a set  of  points. 
Remember  that  the  solution  set  of  a condition 
that  involves  such  a variable  is  also  a set  of 
points. 

H Look  at  d2.  All  of  the  points  represented  in 
the  display  are  in  the  same  plane.  Explain 
why  you  can  use  “plane  STN”  to  name  this 
plane.  Explain  why  you  can  also  use  “plane 
VFR”  to  name  this  plane.  Explain  why  you 
cannot  use  “plane  VST”  to  name  this  plane. 

Condition  A expressed  in  d2  requires  that 
each  point  that  you  are  to  find,  together  with 
point  S,  must  determine  a segment  congruent 
to  segment  ST.  The  variable  in  the  condition 
is  X. 

Review  of  sets  of  points  and  geometric  conditions;  -j  -|  3 
intersections  of  lines  and  circles 


REMINDER 

A segment  is  a set  of  points  whose 
members  are  two  given  points  and 
all  points  between  these  two. 
Segments  that  are  the  same  size 
are  congruent  segments. 

See  lesson  10,  pages  38  and  39,  Book  1. 


i What  is  the  universe  for  X in  condition  A ? 
j ST  = ST.  How  do  you  know  that  point  F 
is  a solution  of  ST  = ST  ? How  do  you  know 
that  T is  a solution  of  SX ^ ST ? 

K You  know  that  T and  F are  solutions  of 
SX  = ST.  Which  of  the  other  points  named  in 
d2  appear  to  be  elements  of  { X\  SX ^ ST}  ? 

L What  geometric  figure  is  { X\  SX ^ ST}  ? Is 
this  set  finite,  or  is  it  infinite  ? 


REMINDER 

The  set  of  all  points  in  a plane  that 
satisfy  RT  ^ RT  is  a circle.  The  centre 
of  this  circle  is  point  R. 

See  lesson  12,  page  46,  Book  1. 


m Name  the  centre  of  the  circle  represented 
in  d2. 

You  may  use  a special  symbol  to  name  a cir- 
cle. d3  shows  how  to  write  and  read  a symbol 
that  names  circle  S,  represented  in  d2. 
n Look  again  at  d2.  Is  S e OS?  Is  V e OS? 
Explain  your  answers. 

o How  do  you  know  that  ST  is  a radius  of 
OS?  Name  the  other  radii  of  OS  that  are 
represented  in  d2. 

p Condition  B requires  that  each  X,  together 
with  the  centre  of  the  circle,  must  determine  a 
segment  that  is  less  than  a radius.  What  seg- 
ment is  determined  by  R and  the  centre  of  the 
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circle  ? How  do  you  know  that  R is  a solution 
of  SX  < ST ? 

Q The  set  that  consists  of  the  centre  of  OS 
and  all  of  the  points  in  the  plane  tnat  satisfy 
SX  < ST  is  the  interior  of  OS.  Which  points 
named  in  d2  are  members  of  {Y|ST  < ST}  ? 
Is  the  interior  of  a circle  a finite  set  of  points  ? 
An  infinite  set  of  points  ? 

R What  does  condition  C require?  How  do 
you  know  that  M is  a solution  of  SX  > ST ? 
s The  solution  set  of  ST  > ST  is  the  exterior 
of  OS.  Which  points  named  in  d2  are  members 
of  { Y|ST  > ST}  ? Is  the  exterior  of  a circle  a 
finite  set  of  points  ? An  infinite  set  of  points  ? 

In  the  following  exercises,  you  will  study  the 
intersections  of  sets  of  points.  Remember  that 
the  intersection  of  two  sets  is  the  set  that  con- 
sists of  only  those  elements  that  belong  to 
both  sets. 
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a Look  at  d4.  Tabulate  the  set  of  points  in  (2 
that  are  represented  by  dots.  Tabulate  the  set 
of  points  in  OK  that  are  represented  by  dots. 
b How  do  you  know  that  l2  and  OK  inter- 
sect? Tabulate  i2  C\  OK. 

The  intersection  of  i2  and  OK  contains  ex- 
actly two  points.  i2  is  a secant  of  OK.  We  will 
refer  to  l2  as  “secant  f2.”  A line  is  a secant  of  a 
circle  if  the  intersection  of  the  line  and  the 
circle  contains  exactly  two  points, 
c Look  again  at  d4.  How  do  you  know  that 
CD  is  a chord  of  OK?  Name  another 
chord  of  OK. 

d How  many  lines  contain  both  C and  D? 
What  line  is  determined  by  C and  D ? Is  i 2 the 
same  set  of  points  as  secant  f2?  How  do  you 
know  that  chord  CD  is  a subset  of  secant  l2  ? 

E What  other  secant  of  OK  is  represented 
in  d4?  Tabulate  the  intersection  of  this  secant 
and  OK.  Name  the  chord  of  OK  that  is  a sub- 
set of  this  secant. 

F Chord  EF  contains  point  K.  How  do  you 
know  that  EF  is  a diameter  of  OK?  How 
do  you  know  that  EF  is  a subset  of  1 3 ? 

G How  many  diameters  of  OK  contain  E? 
Contain  C?  Explain  your  answers. 

H Does  every  secant  of  a given  circle  include 
a chord  of  that  circle  ? Does  it  include  a diam- 
eter of  that  circle  ? Explain  your  answers, 
i Look  at  d5.  The  geometric  figures  repre- 
sented in  d5  are  subsets  of  the  same  plane. 
That  is,  they  are  coplanar.  Tabulate  the  set  of 
points  in  f4  that  are  represented  by  dots.  Tabu- 
late the  set  of  points  in  OA  that  are  repre- 
sented by  dots. 

J How  do  you  know  that  lA  and  OA  inter- 
sect? Tabulate  f4  C\  OA. 

The  intersection  of  f4  and  OA  is  {B}.  iA  is 
tangent  to  O A.  Point  B is  the  point  of  tangency. 
We  say  that  l4  is  tangent  to  OA  and  OA  is 
tangent  to  lA  at  the  point  of  tangency.  A line 
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secant  of  a circle  (se'kant  or  se'kant).  A 
line  whose  intersection  with  the  circle  contains 
exactly  two  points. 


tangent  to  a circle  (tan'jant).  A line  includ- 
ed in  the  plane  of  the  circle  so  that  its  intersec- 
tion with  the  circle  contains  exactly  one  point. 
The  point  contained  in  the  intersection  is  the 
point  of  tangency  (tan'jan  se).  The  line  is 
tangent  to  the  circle  and  the  circle  is  tangent 
to  the  line  at  the  point  of  tangency. 


is  a tangent  to  a circle  if  the  intersection  of  the 
line  and  the  circle  contains  exactly  one  point. 
The  line  and  the  circle  must  be  coplanar. 

K Look  again  at  d5.  Explain  why  is  neither 
a tangent  to  OA  nor  a secant  of  OA.  Tabulate 

t5  r\  oa. 
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In  this  lesson  you  have  reviewed  certain  ideas 
that  concern  sets  of  points  and  geometric  con- 
ditions. You  have  also  studied  chords,  diam- 
eters, secants,  and  tangents  of  circles. 

On  your  own 

Use  d6  as  you  answer  the  questions  in  exer- 
cises 1 through  9. 

1 Name  the  centre  of  ON. 

2 Name  a diameter  of  ON. 

3 Name  four  radii  of  ON. 

4 Name  six  chords  of  ON. 

5 Name  three  points  in  the  interior  of  ON. 

6 Name  five  points  in  the  exterior  of  ON. 

7 Name  a secant  of  ON. 

8 Name  a fine  tangent  to  ON. 

9 Tabulate  the  intersection  of  f6  and  the  in- 
terior of  ON.  Tabulate  the  intersection  of 
and  the  interior  of  ON.  Describe  the  inter- 
section of  f7  and  the  interior  of  ON. 

10  Make  a sketch  of  a circle  and  its  centre. 
Name  the  circle  by  using  the  letter  W.  Use  your 
sketch  for  exercises  11,  12,  and  13. 

1 1 Make  a sketch  of  radius  WZ  of  OW. 

12  Make  a sketch  of  chord  ZH  that  contains 
the  centre  of  OW.  Then  make  a sketch  of  f9 
that  is  tangent  to  OW  at  point  H. 

13  Make  a sketch  of  f10  so  that  f10  is  a secant 
of  OW.  Make  a sketch  of  ln  so  that  the  inter- 
section of  In  and  OW  is  the  empty  set. 
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Exploring  ideas 


Central  angles  and  arcs 

In  the  last  lesson,  you  studied  the  intersec- 
tions of  lines  and  circles.  In  this  lesson,  you 
will  study  certain  subsets  of  circles. 

A Look  at  the  picture  of  OA  in  d1.  The  ray 
that  contains  point  B and  whose  endpoint  is  A 
is  named  by  the  symbol  AB.  Name  the  ray  that 
contains  C and  whose  endpoint  is  A.  Name  the 
common  endpoint  of  AB  and  AC. 

B The  angle  that  is  the  union  of  AB  and  AC  is 
named  by  the  symbol  ZBAC.  Name  the  vertex 
of  ZBAC.  Name  the  sides  of  ZBAC. 


REMINDER 

An  angle  is  the  union  of  two  rays  that 
have  a common  endpoint  and 
do  not  form  a line.  The  common 
endpoint  is  the  vertex  of  the  angle. 

Each  of  the  rays  is  a side  of  the  angle. 

See  lesson  27,  page  105,  Book  1. 

I 1 I 

Notice  that  the  vertex  of  ZBAC  is  the  cen- 
tre of  OA.  ZBAC  is  a central  angle  of  OA. 
A central  angle  of  a given  circle  is  an  angle 
whose  vertex  is  the  centre  of  the  circle  and 
whose  sides  intersect  the  circle. 

C Look  again  at  Dl.  Name  the  points  of 
ZBAC  that  are  also  in  OA.  How  many  central 
angles  of  O A contain  both  of  these  points  ? 

Points  B and  C determine  central  angle  BAC 
of  OA. 

D Look  at  the  picture  of  OD  in  d2.  Chord  EF 
contains  the  centre  of  OD.  How  do  you 
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Central  angles,  arcs,  and  degree  measure  of  arcs 


central  angle  of  a circle  (sen^tral).  An 
angle  whose  vertex  is  the  centre  of  the  circle 
and  whose  sides  intersect  the  circle. 


mi  nor  arc  of  a circle  (mPnsr  ark).  The 
subset  of  a circle  that  is  included  in  the  union 
of  a central  angle  of  the  circle  and  the  interior 
of  the  central  angle.  The  points  in  this  subset 
that  are  also  contained  in  the  central  angle  are 
the  endpoints  of  the  minor  arc. 


major  arc  of  a circle  (ma^jar).  The  sub- 
set of  a circle  that  is  included  in  the  union  of  a 
central  angle  of  the  circle  and  the  exterior  of 
the  central  angle.  The  points  in  this  subset 
that  are  also  contained  in  the  central  angle  are 
the  endpoints  of  the  major  arc. 


know  that  EF  is  a diameter  of  OD?  How  do 
you  know  that  E and  F do  not  determine  a 
central  angle  of  OD? 

E Do  any  two  points  in  a circle  determine  a 
central  angle  of  the  circle  ? Explain  your  an- 
swer. 

f Which  points  represented  in  d1  are  in 
ZBAC?  In  the  interior  of  ZBAC?  In  the 
union  of  ZBAC  and  the  interior  of  ZBAC? 

G Now  think  of  the  subset  of  OA  that  is  in- 
cluded in  the  union  of  ZBAC  and  the  in- 
terior of  ZBAC.  Which  points  represented  by 
dots  are  in  this  subset  ? 

The  subset  of  OA  that  is  included  in  the 
union  of  ZBAC  and  the  interior  of  ZBAC  is  a 
minor  arc  of  OA.  Points  B and  C are  the  end- 
points of  this  minor  arc. 

H Look  again  at  d1  . Which  points  represented 
by  dots  are  in  the  exterior  of  ZBAC? 
Which  points  are  in  the  union  of  ZBAC  and 
the  exterior  of  ZBAC? 

i Now  think  of  the  subset  of  OA  that  is  in- 

A 

s eluded  in  the  union  of  ZBAC  and  the  ex- 
terior of  ZBAC.  Which  points  represented  by 
dots  are  in  this  subset  ? 

The  subset  of  OA  that  is  included  in  the 
union  of  ZBAC  and  the  exterior  of  ZBAC  is  a 
major  arc  of  OA.  Points  B and  C are  the  end- 
points of  this  major  arc. 
j Look  again  at  d2.  The  line  determined  by 
points  E and  F is  named  by  the  symbol  EF. 
Into  how  many  half-planes  does  EF  separate 
the  plane  that  includes  OD?  Name  the  bound- 
ary of  each  of  these  half-planes. 

K Think  of  the  half-planes  that  are  bounded 
by  EF  and  that  are  subsets  of  the  plane  that 
includes  OD.  Which  points  represented  by 
dots  in  d2  are  in  the  same  half-plane  as  L? 
Which  points  are  in  EF  ? Which  points  are  in 
the  union  of  EF  and  the  half-plane  that  con- 
tains L ? 
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semicircle  (sem'e  ser'kal).  If  a line  in- 
cludes a diameter  of  a circle,  then  the  subset  of 
the  circle  included  in  the  union  of  the  line  and 
a half-plane  bounded  by  that  line  is  a semicircle. 
The  endpoints  of  the  diameter  are  the  end- 
points of  the  semicircle. 


L Now  think  of  the  subset  of  OD  that  is  in- 
cluded in  the  union  of  EF  and  the  half-plane 
that  contains  L.  Which  points  represented  by 
dots  are  in  this  subset  ? 

M Name  the  diameter  of  OD  that  is  included 
in  EF. 

EF  includes  a diameter  of  OD.  The  subset 
of  OD  that  is  included  in  the  union  of  EF  and 
a half-plane  bounded  by  EF  is  a semicircle  of 
OD.  Points  E and  F are  the  endpoints  of  the 
semicircle. 

N Look  again  at  d2.  How  many  semicircles  of 
OD  have  E and  F as  endpoints?  Point  K is  in 


one  of  these  semicircles.  This  semicircle  con- 
tains what  other  points  represented  by  dots? 
Name  the  endpoints  of  this  semicircle. 

A subset  of  a circle  that  is  a minor  arc, 
a major  arc,  or  a semicircle  is  an  arc  of  the 
circle.  d3  shows  how  to  write  and  read  a name 
of  one  of  the  arcs  of  OD  represented  in  d2. 
The  name  of  a point  in  the  arc  that  is  not  an 
endpoint  of  the  arc  is  written  between  the 
names  of  the  two  endpoints.  Notice  the  sym- 
bol for  arc  above  the  letters, 
o Look  at  the  three  pictures  of  OG  in  d4. 

Segment  KJ  is  a diameter  of  OG.  Is  KIJ  a 
semicircle?  How  do  you  know?  How  do  you 
know  that  HDJ  is  a minor  arc?  How  do  you 
know  that  IHJ  is  a major  arc? 
p Is  D e IHJ?  Use  the  letter  D in  another 
name  for  IHJ. 

Q Any  two  points  in  a circle  are  the  endpoints 
of  how  many  arcs  of  the  circle  ? 

R Suppose  that  BCD  and  BLD  are  two  differ- 
ent arcs  of  a circle.  If  BD  is  a diameter  of  the 
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circle,  what  do  you  know  about  BCD  and 
BLD? 

S Suppose  that  MNK  and  MFK  are  two  dif- 
ferent arcs  of  a circle,  and  that  MNK  is  a 
minor  arc.  What  kind  of  arc  is  MFK? 

Another  way  to  name  a major  or  a minor 
arc  is  to  use  the  names  of  the  endpoints  and 
the  symbol  for  arc,  and  then  to  indicate 
whether  the  arc  is  major  or  minor.  For  ex- 
ample, the  minor  arc  whose  endpoints  are  R 


and  S can  be  named  “minor  RS.”  The  major 
arc  whose  endpoints  are  R and  S can  be  named 
“major  RS.”  The  semicircle  whose  endpoints 
are  R and  T and  that  contains  V can  be  named 
“semicircle  RVT.” 

In  lesson  101  you  learned  how  to  find  the 
measure  of  an  angle  in  degrees.  You  can  use 
what  you  know  about  angle  measure  to  find 
the  measures  of  arcs  in  degrees. 

A Look  at  d5.  What  number  is  associated 
with  CL?  What  number  is  associated  with 
CQ  ? How  can  you  use  these  two  numbers  to 
find  the  measure  of  ZLCQ? 
b The  standard  unit  of  angle  measure  called 
the  degree  was  used  to  determine  the  num- 
bers associated  with  the  rays  represented  in  d5. 
What  is  the  measure  in  degrees  of  ZLCB? 
What  is  ZQCH°  ? Remember  that  the  symbol 
ZQCH°  is  read  “the  measure  in  degrees  of 
ZQCH.”  How  do  you  know  that  ZQCH  is  a 
right  angle  ? 

C Look  at  d6.  Name  the  arcs  of  OK  whose 
endpoints  are  P and  R.  Name  the  central  angle 
of  OK  determined  by  P and  R. 

D In  our  work,  all  angles  will  be  measured  in 
degrees.  What  is  ZPKR°? 

ZPKR°  = 70.  The  measure  in  degrees  of 
minor  PR  is  70.  The  measure  in  degrees  of  a 
minor  arc  of  a circle  is  the  same  as  the  measure 
in  degrees  of  the  central  angle  that  is  deter- 
mined by  the  endpoints  of  the  arc. 

Look  at  d7.  The  display  shows  how  to  write 
and  read  a sentence  that  expresses  a true  state- 
ment about  minor  PR. 


measure  in  degrees  of  a minor  arc  of  a 
circle.  The  measure  in  degrees  of  the  central 
angle  that  is  determined  by  the  endpoints  of 
the  arc. 


119 


E Look  again  at  d6.  What  is  LMR°? 

F How  many  points  are  in  the  intersection  of 
minor  LR  and  minor  PR?  Tabulate  the  inter- 
section of  minor  LR  and  minor  PR. 

Two  minor  arcs  of  the  same  circle  that  in- 
tersect in  exactly  one  point  are  adjacent  arcs. 

G Look  again  at  d6.  How  do  you  know  that 
sTm  and  MRT  are  adjacent  arcs?  Are  SLR 
and  MRT  adjacent  arcs?  Are  sTm  and  PTR 
adjacent  arcs?  Explain  your  answers. 

H You  know  that  LMR  and  PTR  are  adjacent 
arcs.  Name  the  arc  that  is  the  union  of  these 
two  arcs.  Is  LMR  VJ  PTR  = LRP? 

I What  is  LMR°?  What  is  PTR°?  What  is 
LMR°  + PTR°? 

J What  is  ZLKP°?  Is  this  also  the  measure 
of  LRP?  Is  LRP°  = LMR°  + PTR° ? 

An  arc  of  a circle  that  is  the  union  of  two 
adjacent  arcs  of  that  circle  has  a measure  in 
degrees  equal  to  the  sum  of  the  measures  in 
degrees  of  the  adjacent  arcs.  This  property  is 
expressed  below. 

The  measure  in  degrees  of  the  union  of  two 
adjacent  arcs  of  a circle  is  the  sum  of  the  meas- 
ures in  degrees  of  the  adjacent  arcs. 

K Look  at  d8.  BD  and  EC  are  diameters  of 
< — > < — > 

OA.  BD  is  perpendicular  to  EC.  What  is 

the  measure  in  degrees  of  each  of  the  central 
angles  of  OA  that  are  determined  by  B,  C,  D, 
andE?  How  do  you  know? 

L What  is  semicircle  BCD° ? What  is  CDE° ? 
Explain  your  answers. 

The  property  of  the  measures  in  degrees  of  a 
semicircle  is  expressed  below. 

The  measure  in  degrees  of  a semicircle  is  180. 
M Look  again  at  d8.  How  many  points  are  in 
the  intersection  of  semicircle  BCD  and  semi- 
circle DEB?  Tabulate  BCD  C\  DEB. 

The  measure  in  degrees  of  the  union  of 
BCD  and  DEB  is  180  + 180,  or  360.  For  any 
circle,  the  measure  in  degrees  of  the  union  of 


d9 

adjacent  arcs.  Two  minor  arcs  of  the  same 
circle  that  intersect  in  exactly  one  point. 

measure  in  degrees  of  a major  arc  of  a 
circle.  The  difference  of  360  and  the  measure 
in  degrees  of  the  minor  arc  of  the  circle  that  has 
the  same  endpoints  as  the  major  arc. 
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two  of  its  semicircles  that  have  exactly  two 
points  in  common  is  360.  This  property  is  ex- 
pressed below. 

If  two  semicircles  of  the  same  circle  have 
exactly  two  points  in  common , then  the  union 
of  the  two  semicircles  has  a measure  in  degrees 
of 360. 

N Is  OA  the  union  of  CDE  and  CBE?  How 
do  you  know  that  the  measure  in  degrees  of 
OA  is  360? 

The  property  of  the  measure  in  degrees  of  a 
circle  is  expressed  below. 

The  measure  in  degrees  of  a circle  is  360. 

0 Look  at  d9.  Does  minor  NP  have  the  same 
endpoints  as  major  NP?  Tabulate  the  in- 
tersection of  NOP  and  NQP.  What  is  the 
common  name  of  NOP  \J  NQP  ? 

You  know  that  major  NP  has  the  same  end- 
points as  minor  NP.  The  union  of  these  two 
arcs  is  OM,  and  the  measure  in  degrees  of  a 
circle  is  360.  Major  NP°  = 360  — minor  NP°. 
The  measure  in  degrees  of  a major  arc  is  the 
difference  of  360  and  the  measure  in  degrees  of 
the  minor  arc  that  has  the  same  endpoints, 
p Look  again  at  d9.  What  is  NOP°?  What  is 
NQP°? 

Q If,  for  a given  circle,  minor  AB°  = 27,  what 
is  major  AB°? 

In  this  lesson  you  studied  minor  arcs,  major 
arcs,  semicircles,  and  central  angles.  You  also 
learned  how  to  find  the  measure  in  degrees  of 
an  arc  of  a circle. 

Use  the  picture  of  OP  in  d 10  for  exercises 

1 through  10.  You  will  find  it  helpful  to  make 
a sketch  of  your  own. 

1 Name  the  central  angle  of  OP  that  is  de- 
termined by  points  A and  D. 

2 What  is  ZAPD°? 

3 Use  three  letters  to  name  minor  AD. 


N 


Q T 

V 


DlO 

4 Use  three  letters  to  name  major  AD. 

5 What  is  minor  AD°? 

6 What  is  ACD°? 

7 Name  a diameter  of  OP. 

8 Name  two  semicircles  of  OP. 

9 What  is  DEC°? 

10  What  is  major  DB°? 

Use  the  picture  of  OQ  in  d10  for  exercises 

11  through  20.  JH  is  a diameter  of  OQ. 
JSK°  = 40.  ZJQS°  =18.  Again,  you  will  find 
it  helpful  to  make  a sketch  of  your  own. 

11  What  is  JKH°? 

12  What  is  JVH°? 

13  What  is  ZJQK^? 

14  What  is  minor  JS°? 

15  What  is  major  JS°? 

16  What  is  minor  SK°? 

17  What  is  ZKQH°? 

18  What  is  KTH°? 

19  Name  an  arc  of  OQ  whose  measure  in  de- 
grees is  162. 

20  Name  an  arc  of  OQ  whose  measure  in  de- 
grees is  338. 


Q A 
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Polygons 

You  know  that  a simple  polygon  is  a simple 
closed  curve  that  is  the  union  of  segments.  In 
this  lesson  you  will  study  several  special  kinds 
of  simple  polygons. 

A Four  polygons  are  represented  in  d1.  Name 
the  sides  and  vertices  of  polygon  UVWXYZ. 
How  many  sides  does  polygon  UVWXYZ 
have? 

A simple  polygon  that  has  six  sides  is  a 
Jiexagon. 

B Name  the  polygon  represented  in  d1  that 
has  five  sides. 

A simple  polygon  that  has  five  sides  is  a 
pentagon. 

c Name  the  quadrilateral  represented  in  d1. 
Name  the  triangle. 

D Look  at  d2.  Name  the  side  of  quadrilateral 
WXYZ  that  is  opposite  side  XY.  Name  the 
side  of  quadrilateral  WXYZ  that  is  opposite 
side  YZ. 

E Line  XY  is  parallel  to  line  WZ.  Is  segment 
XY  parallel  to  segment  WZ?  Tabulate 
xy  n wz. 

The  symbol  at  the  right  below  is  often  used 
to  express  the  idea  of  “parallel  to.” 
d3  shows  how  to  write  and  read  a 
sentence  that  includes  this  symbol. 

Study  d3. 

f Look  again  at  d2.  Y ou  know  that  XY  1 1 WZ. 
Is  WZ  II  XY? 

G WX  is  not  parallel  to  YZ.  Is  WX  II  YZ? 

Notice  that  quadrilateral  WXYZ  has  two, 
and  only  two,  sides  parallel.  Such  a quadri- 
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“Segment  XY 

XY  II  WZ. 

is  parallel  to 
segment  WZ.” 


d3 


hex  a gon  (hek/sa  gon). 

A simple  polygon 

that  has  six  sides. 

pen  ta  gon  (per/ta  gon). 

A simple  polygon 

that  has  five  sides. 

trap  e zoid  (trap-'a  zoid). 

A quadrilateral  in 

which  two,  and  only  two,  sides  are  parallel. 
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lateral  is  a trapezoid.  Any  quadrilateral  in 
which  two,  and  only  two^_side_s_are  parallel-  is 
a trapezoid. 

H Look  at  d4.  AB  II  CD  and  BC  II  AD.  Is 
quadrilateral  ABCD  a trapezoid?  Is  quadri- 
lateral ABCD  a parallelogram?  Explain  your 
answers. 


REMINDER 

A parallelogram  is  a quadrilateral 
in  which  the  opposite  sides  are  parallel. 
The  opposite  sides  of  a parallelogram 
are  congruent.  The  opposite  angles 
are  also  congruent. 

See  lesson  106,  pages  43  and  44. 


I Look  again  at  d4.  Name  the  side  of  paral- 
lelogram ABCD  that  is  opposite  BC.  Is  AD  = 
BC  ? Name  the  side  of  the  parallelogram  that 
is  opposite  AB.  Is  CD  = AB  ? 
j Which  angle  of  parallelogram  ABCD  is 
congruent  to  ZC?  Which  angle  of  the  paral- 
lelogram is  congruent  to  ZB? 

K How  do  you  know  that  m(BC)  = m(AD) ? 

Remember  that  you  read  the  symbol  m(BC) 
as  “the  measure  of  segment  BC.”  How  do  you 
know  that  ZD°  = ZB°? 

L What  is  the  measure  of  Z A?  What  is  the 
measure  of  ZC? 

m Can  a simple  polygon  be  both  a trapezoid 
and  a parallelogram  ? Explain  your  answer. 


“Segment  EF 

EF  1 FG. 

is  perpendicular  to 
segment  FG.” 

d5 

In  the  following  exercises,  you  will  review 
some  of  the  knowledge  you  have  about  quadri- 
laterals that  are  parallelograms.  You  will  also 
study  some  new  ideas  that  are  related  to  paral- 
lelograms. 

A Look  again  at  d4.  What  is  the  measure  of 
each  side  of  parallelogram  EFGH  ? The  meas- 
ure in  degrees  of  ZE  is  90.  How  do  you  know 
that  90  is  the  measure  in  degrees  of  each  angle 
of  parallelogram  EFGH  ? 


REMINDER 

If  one  angle  of  a parallelogram  is  a 
right  angle,  then  each  of  the  angles 
of  the  parallelogram  is  a right  angle. 
See  lesson  106,  page  44. 


B How  do  you  know  that  parallelogram 
EFGH  represented  in  d4  is  a rectangle? 
How  do  you  know  that  EF  is  perpendicular 
to  FG? 


b c 

F Z 8 G 

90 

70  E H 

A D 

d4 


The  symbol  at  the  right  below  is  often  used 
to  express  the  idea  of  “perpen- 
dicular to.”  d5  shows  how  to 
write  and  read  a sentence  that 
includes  this  symbol. 

C Look  again  at  d4.  How  do  you  know  that 
EF  _L  EH  ? How  do  you  know  that  FG  _L  G H ? 
How  do  you  know  that  EH  _L  GH  ? 
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D Now  look  at  the  picture  of  polygon  IJKL  in 
d6.  JT  ||  KL  and  JK  ||  IL.  How  do  you  know 
that  IJKL  is  a parallelogram  ? 

E The  small  symbol  printed  in  blue  indicates 
that  ZI  is  a right  angle.  You  will  often  use 
this  symbol  in  pictures  of  plane  figures.  What 
is  the  measure  in  degrees  of  each  angle 
of  IJKL? 

F How  do  you  know  that  IJKL  is  a rectangle  ? 

How  do  you  know  that  IJKL  is  also  a 
square  ? 

G Name  the  two  sides  of  IJKL  that  are  adja- 
cent to  JK.  Remember  that  adjacent  sides  of  a 
polygon  are  any  two  sides  that  intersect.  Is 
IJ_LIK?  Is  LK  _L  JK? 

H Polygon  RSTU,  represented  in  d6,  is  a par- 
allelogram. How  do  you  know  that  each  side 
of  RSTU  is  congruent  to  each  of  the  other 
sides  ? 

Any  parallelogram  in  which  each  side  is 
congruent  to  each  of  the  other  sides  is  a 

rhombus. 

i  Look  again  at  d6.  Is  RSTU  a rhombus?  If 
ZR°=  100,  how  do  you  know  that  RSTU  is 
not  a square  ? 

J Is  IJKL  a rhombus  ? How  do  you  know  ? 

K Is  every  rhombus  a parallelogram  ? Is  every 
parallelogram  a rhombus?  Is  every  square  a 
rhombus  ? Is  every  rhombus  a square  ? 

In  this  lesson  you  studied  different  kinds  of 
polygons.  You  also  learned  to  use  symbols  to 
express  the  ideas  of  “parallel  to”  and  “perpen- 
dicular to.” 

1 Make  a sketch  of  a simple  closed  curve  that 
is  not  a simple  polygon. 

2 What  is  the  least  number  of  sides  that  a 
simple  polygon  can  have  ? 

3 Make  a sketch  of  a pentagon. 

4 Make  a sketch  of  a hexagon. 
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rhom  bus  (rom'bas).  A parallelogram  in 

which  each  of  the  sides  is  congruent  to  each  of 
the  other  sides. 

5 Make  a sketch  of  a quadrilateral  that  is 
neither  a trapezoid  nor  a parallelogram. 

6 Make  a sketch  of  a trapezoid. 

7 Make  a sketch  of  a parallelogram  that  is 
neither  a rhombus  nor  a rectangle. 

8 Make  a sketch  of  a rhombus  that  is  not  a 
square.  Then  make  a sketch  of  a rectangle  that 
is  not  a square. 

9 Make  a sketch  of  a parallelogram  that  has 
a right  angle  and  also  has  two  adjacent  sides 
that  are  congruent. 

Use  d7  in  connection  with  exercises  10 
through  17. 

10  In  quadrilateral  EFGH,  EF  II  GH.  How  do 
you  know  that  EFGH  is  not  a parallelogram  ? 
What  kind  of  quadrilateral  is  EFGH  ? 
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Each  of  the  other  quadrilaterals  represented 
in  d7  is  a parallelogram. 

1 1 Name  each  rhombus. 

12  Name  each  rectangle. 

1 3 Name  each  square. 

1 4 Name  each  side  whose  measure  is  1 . 

15  Name  each  side  whose  measure  is  1.5. 

16  Name  each  right  angle. 

17  What  is  ZJ°?  WhatisZY0? 


KEEPING  SKILFUL 

Tabulate  the  solution  set  of  each  condition 
expressed  in  exercises  1 through  8.  U = C. 

1 9/1-720/6.  5 r + 16  < 45. 

2 1 52  - a > 25.  6 345  is  y%  of  3450. 

3 - (c  < 12  • 13).  7 20/21  - d/ 231. 

4 xis  5%  of  60.  8 213  is  150%  of  z. 

Tabulate  the  solution  set  of  each  condi- 
tion expressed  in  exercises  9 through  14. 
U = C X c. 


9  c/180-4/720  A c + d<  5. 

10  x + y = 100  A y >95. 

11  x + y <1  /\  x~  y = 2. 

12  5 + t < 20  A s = 3t. 

13  m/n  — 9/5  A m + n < 30. 

14  7/8  — r/s  A r + 4 >5. 

For  each  of  exercises  15  through  23,  first 
tabulate  the  solution  set  described.  Then  make 
a graph  of  each  solution  set.  For  exercises  15 
through  18,  U = N.  For  exercises  19  through 
23,  U = N X N. 

15  (s|s  + 8 < 104  -5-  8} 

16  OH  -0  + 2 >14)} 

17  {r\25r  > 150  V 16~r  = 9} 

18  {jc|jc  + 4<  10  Vx  = 8} 

19  {Oc,  y)|x  + y—  10  A x;  >7} 

20  {(m,  n)\m  = 6 — n V n = 4 — m} 

21  { (r,  s)  | r + s'  = 7 V r = 5 — s) 

22  {( a , 6)|a+10=15  A 6+1  <7} 

23  {(p,q)\p  + 21  <30  Aq=p  + 3) 
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Triangles  and  related  segments 

You  know  that  a triangle  is  the  union  of  the 
three  segments  that  are  determined  by  any 
three  noncollinear  points.  In  this  lesson,  you 
will  study  certain  segments  that  are  related  to 
triangles. 

A Look  at  d1.  Name  the  sides  and  vertices  of 
AABC. 

B Name  the  two  sides  of  AABC  that  are  con- 
gruent to  each  other. 

C The  sentence  CA  > AB  expresses  a true 
statement  about  sides  CA  and  AB  of  AABC. 
Write  a sentence  that  expresses  a true  state- 
ment about  sides  CA  and  BC. 

D Which  angle  of  AABC  is  opposite  AB? 
Which  angle  is  opposite  BC  ? 

E What  is  ZA°?  What  is  ZC°?  What  is 
ZA°  + ZB°  + ZC°?  What  is  ZB°?  Ex- 
plain your  answers. 
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Review  of  triangles;  midpoint  of  a segment;  -{25 
median  of  a triangle;  bisector  of  an  angle 
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f Now  look  at  the  picture  of  ADEF  in  d1. 
How  many  congruent  sides  does  ADEF  have? 
G Which  angle  of  ADEF  is  opposite  DE? 
Which  angle  is  opposite  EF  ? Which  angle  is 
opposite  FD  ? 

H What  is  ZF°?  What  is  ZE°?  Do  all  three 
angles  of  ADEF  have  the  same  measure? 

Any  triangle  in  which  all  three  angles  have 
the  same  measure  is  an  equiangular  triangle. 
i How  do  you  know  that,  in  an  equilateral 
triangle,  each  angle  must  have  a measure  in 
degrees  of  60  ? 

j Now  look  at  the  picture  of  AGHI  in  d1. 
Gl  > HI.  How  do  you  know  that  HI  > GH? 
Is  Gl  > GH  ? Explain  your  answer. 

K How  do  you  know  that  neither  ZG  nor 
ZI  is  congruent  to  ZH  ? 


L Which  triangle  represented  in  Dl  is  scalene? 

Which  triangle  is  equilateral?  Which  tri- 
angles are  isosceles  ? 

M Which  angles  represented  in  Dl  are  acute 
angles  ? Which  angle  is  a right  angle  ? Which 
angle  is  an  obtuse  angle  ? 

N Which  triangle  represented  in  Dl  is  an  acute 
triangle  ? Which  is  a right  triangle  ? Which 
is  an  obtuse  triangle?  Which  triangle  is  equi- 
angular ? 

Now  you  are  ready  to  study  certain  seg- 
ments that  are  related  to  triangles. 

A Look  at  d2.  Name  the  sides  and  angles  of 
AJKL.  Use  three  letters  to  name  each  angle. 

B How  do  you  know  that  JM  is  an  altitude  of 
AJKL?  When  JM  is  used  as  an  altitude  of 
AJKL,  which  side  of  AJKL  is  used  as  the 
base? 

c How  many  altitudes  does  a triangle  have? 
d Make  a sketch  of  an  obtuse  triangle.  In  your 
sketch,  show  pictures  of  all  the  altitudes  of  the 
triangle. 

E Look  at  d3.  Points  Q,  N,  and  R are  col- 
linear.  Is  N between  Q and  R?  How  do  you 
know  that  QN  = NR? 

Point  N is  the  midpoint  of  QR.  The  mid- 
point of  a segment  is  a point  in  the  segment 
that,  together  with  the  endpoints  of  the  seg- 
ment, determines  two  congruent  segments. 


equi  an  gu  lar  triangle  (e'kwe  ang'gyu  lar).  A 
triangle  all  of  whose  angles  have  the  same 
measure. 


midpoint  of  a segment  (micPpoint).  A 
point  contained  in  a segment  so  that  the  two 
segments  that  are  determined  by  the  point  and 
the  endpoints  of  the  given  segment  are  con- 
gruent. If  point  B is  between  A and  C and 
AB  = BC,  then  point  B is  the  midpoint  of  AC. 
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d4 


median  of  a triangle  (me'de  sn).  A seg- 
ment determined  by  a vertex  of  a triangle  and 
the  midpoint  of  the  side  opposite  that  vertex. 


bisector  of  an  angle  (bisek/tar).  A ray 
determined  by  the  vertex  of  an  angle  and  a 
point  in  the  interior  of  the  angle  so  that  the 
two  angles  formed  by  the  ray  and  the  sides  of 
the  original  angle  are  congruent.  If  point  J is  in 
the  interior  of  Z BAC  and  if  ZBAJ  = Z JAC, 
then  ray  AJ  is  the  bisector  of  Z BAC. 


bisector  of  an  angle  of  a triangle.  A seg- 
ment that  is  included  in  the  ray  that  bisects  an 
angle  of  a triangle.  One  endpoint  of  the  seg- 
ment is  the  vertex  of  the  angle,  and  the  other 
endpoint  is  in  the  side  of  the  triangle  opposite 
the  vertex. 


F How  many  midpoints  does  a segment  have  ? 

The  midpoint  of  a given  segment  bisects 
(bi  sektsQ  the  segment.  A geometric  figure, 
such  as  a line  or  a circle,  that  intersects  a seg- 
ment in  the  midpoint  of  the  segment  bisects 


the  segment.  Such  a geometric  figure  is  a 
bisector  (bi  sek^tsr)  of  the  segment. 

G Look  again  at  d3.  Describe  the  points  that 
determine  PN. 

PN  is  a median  of  APQR.  A median  of  a 
triangle  is  a segment  that  is  determined  by  a 
vertex  of  the  triangle  and  the  midpoint  of  the 
side  opposite  that  vertex. 

H Look  again  at  d3.  RY^VP.  Name  the 
median  of  APQR  that  is  a bisector  of  RP. 

I How  many  medians  does  a triangle  have  ? 

J Make  a sketch  of  an  acute  triangle.  In  your 
sketch,  show  pictures  of  all  the  medians  of  the 
triangle. 

K Look  at  d4.  Point  S is  the  endpoint  of  three 
rays  represented  in  the  display.  Name  the 
three  rays. 

L Which  of  the  rays  that  you  named  for  exer- 
cise K is  determined  by  the  vertex  of  ZTSW 
and  a point  in  the  interior  of  ZTSW  ? 

M Name  the  angle  formed  by  the  union  of  SU 
and  ST.  By  the  union  of  SU  and  SW. 

N How  do  you  know  that  ZTSU  = ZUSW  ? 

SU  is  the  bisector  of  ZTSW.  The  bisector  of 
an  angle  is  a ray.  This  ray  is  determined  by  the 
vertex  of  the  angle  and  a point  in  the  interior 
of  the  angle.  The  two  angles  formed  by  the  ray 
and  the  sides  of  the  original  angle  are  congru- 
ent. A ray  that  is  the  bisector  of  an  angle  bi- 
sects the  angle. 

o How  many  bisectors  does  an  angle  have  ? 

R Look  again  at  d4.  Name  the  sides  and  an- 
gles of  ALMN.  Use  three  letters  to  name  each 
angle. 

Q How  do  you  know  that  ray  MG  is  the  bi- 
sector of  ZLMN  ? Is  segment  MG  a subset  of 
ray  MG? 

MG  is  the  bisector  of  ZLMN  of  ALMN. 
The  bisector  of  an  angle  of  a triangle  is  a seg- 
ment. The  segment  is  included  in  the  ray  that 
bisects  the  angle.  One  endpoint  of  the  segment 
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is  the  vertex  of  the  angle,  and  the  other  end- 
point is  in  the  side  opposite  the  vertex. 

R Does  any  angle  of  a triangle  have  more  than 
one  bisector  ? 

S  Make  a sketch  of  a right  triangle.  In  your 
sketch,  show  pictures  of  all  the  bisectors  of  the 
angles  of  the  triangle. 

In  this  lesson  you  have  reviewed  the  ways  in 
which  triangles  can  be  identified.  You  have 
also  studied  the  midpoint  of  a segment,  a 
median  of  a triangle,  the  bisector  of  an  angle, 
and  the  bisector  of  an  angle  of  a triangle. 

Use  d5  as  you  answer  exercises  1 through 
18.  When  you  name  an  angle,  use  three  letters. 

1 In  A ABC,  which  angle  is  opposite  AB? 

2 Which  side  is  opposite  ZBAC? 

3 What  is  ZACB°? 

4 What  is  Z ABC°  ? 

5 How  is  BJ  related  to  A ABC? 

6 In  ADFE,  what  is  ZDEF°? 

7 What  is  ZDFE°? 

8 What  is  ZEDF°? 

9 How  is  FK  related  to  ADFE? 
io  What  is  ZDKF°? 


1 1 When  EF  is  used  as  a base,  which  side  of 
ADFE  is  the  altitude? 

12  In  AHIG,  what  is  ZIHG°? 

13  In  AHGL,  what  is  ZHLG°?  What  is 
ZHGL0? 

14  Name  the  nine  triangles  that  are  repre- 
sented in  d5. 

1 5 Name  two  isosceles  triangles  represented  in 
d5. 

16  Name  three  right  triangles. 

17  Name  two  obtuse  triangles. 

18  Which  triangle  is  equiangular? 

19  Make  a sketch  of  ARST  so  that  ZSRT  is 
obtuse,  TR  < RS,  and  RS  < ST.  In  your 
sketch,  show  pictures  of  altitude  TM,  angle 
bisector  TN,  and  median  TQ. 

KEEPING  SKILFUL 

LJ  sing  the  sets  described  below,  tabulate 
each  of  the  sets  named  in  exercises  1 through  6. 
U = N. 

A = {*|*  + 44  >54}. 

B = {x\x  — 46  >31}. 

C = {*|27  + *<36}. 

D = {*|  102-76  = *}. 

1 An  B 3AUD  5 An  D 

2 cn  A 4DUC  6 B U A 

Tabulate  the  solution  set  of  each  condition 

expressed  in  exercises  7 through  10.  U = Z. 

7 x/\  ~ 4/3.  9 5/6~7i/j. 

a 30.5 /g  ~ 5/2.5.  10  16.2/100  ~ Ar/250. 

For  each  of  the  conditions  expressed  in  ex- 
ercises 1 1 through  1 5,  give  a standard  descrip- 
tion of  the  solution  set.  Then  make  a graph  of 
each  solution  set.  U = Ra. 
u 7^  — 6 < a. 

12  x+  13j  S 19|. 

13  12 -y  > 8.5  A y+  1.75  >2.25. 

14  z+  10S  12|  A z + 65  < 9|. 

15  c-  .25  >4.25  V .2  + . 05  > c. 
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SPECIAL  CHALLENGE 

I ou  have  studied  both  finite  and  infinite  num- 
ber systems.  You  have  also  worked  with  an 
infinite  geometry.  That  is,  you  have  thought 
about  space  as  an  infinite  set  of  points.  Now 
you  will  meet  a finite  geometry  in  which  space 
is  a set  of  exactly  nine  points.  Picture  A in  the 
display  shows  the  nine  dots  that  represent  the 
space  of  this  geometry. 

A Remember  that  the  set  of  all  points  in  a 
geometry  is  the  space  of  that  geometry.  Tabu- 
late the  space  of  the  geometry  of  nine  points. 

In  an  infinite  geometry,  space  includes  in- 
finitely many  lines,  and  each  line  contains  in- 
finitely many  points.  In  the  geometry  of  nine 
points,  however,  there  are  just  twelve  “lines,” 
and  each  “line”  contains  exactly  three  points. 
Keep  these  two  properties  of  the  new  geometry 
in  mind  as  you  work  the  rest  of  the  exercises. 

We  have  chosen  twelve  particular  “lines” 
and  represented  them  in  the  display. 

B The  three  “lines”  represented  in  picture  B 
are  named  nrs>”  afld  “^Tyx*”  Name 

the  “lines”  represented  in  picture  C.  Name 
each  “line”  represented  in  pictures  D and  E. 

We  do  not  use  the  word  “straight”  in  the 
geometry  of  nine  points.  Look  at  picture  F. 
^kvs>  f°r  example,  is  a “line”  in  this  geometry, 
c Name  each  of  the  “fines”  represented  in  pic- 
tures G,  H,  and  I. 

D Does  fTRM  = {T,  R,  M}  ? Tabulate  fXLS. 
E In  the  geometry  of  nine  points,  as  in  the 
infinite  geometry  that  you  have  studied,  points 
in  the  same  fine  are  collinear.  Which  point  is 
collinear  with  N and  L?  What  property  of  the 
geometry  of  nine  points  tells  you  that  four  or 
more  points  cannot  be  collinear? 

F Which  of  these  sets  is  a set  of  collinear 
points,  {N,  R,  M},{L,  S,  T},or{V,  X,  K}  ? 
G Name  the  “fines”  that  contain  point  X. 
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H Another  property  of  this  geometry  is  that 
two  given  points  can  be  contained  in  only  one 
fine.  Which  “fine”  contains  both  K and  R? 
Both  V and  M ? Why  did  we  not  choose  both 
{K,  R,  X}and{K,  M,  X}  for  “fines” ? 

I Is  any  pair  of  points  not  in  a “fine”  ? 
j Tabulate  the  intersection  of  l NVm  and  fitvs- 
Tabulate  the  intersection  of  ^nlx  and  Grm- 
k Give  a definition  of  two  intersecting  “fines.” 
L There  are  no  skew  fines  in  the  geometry  of 
nine  points.  Two  parallel  “fines”  are  two 
“fines”  whose  intersection  is  the  empty  set. 
What  “fines”  are  parallel  to  fXRM?  To  /XLS? 

For  each  of  the  following  questions,  first 
give  an  answer  for  infinite  geometry.  Then  give 
an  answer  for  the  geometry  of  nine  points. 

M Space  contains  how  many  points  ? 

N Space  includes  how  many  fines  ? 

O A fine  contains  how  many  points  ? 

R Each  point  is  in  how  many  fines  ? 

Q How  many  points  determine  a fine  ? 

R Two  fines  intersect  in  how  many  points  ? 

S How  many  points  are  in  the  intersection  of 
two  parallel  fines  ? 

T How  many  fines  are  parallel  to  each  fine  ? 
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Geometric  constructions 

You  have  often  been  asked  to  make  pictures 
of  plane  geometric  figures.  In  this  lesson,  you 
will  learn  special  methods  of  making  pictures 
of  certain  plane  figures. 

In  lesson  101,  you  learned  how  to  use  a 
protractor  to  measure  a given  angle  and  to 
make  a picture  of  an  angle  with  a given  mea- 
sure. Now  you  will  learn  to  use  a protractor 
and  a straightedge  to  make  a picture  of  a line 
that  is  parallel  to  a given  line. 

A Look  at  picture  A in  d1  . RS  is  a given  line. 
You  will  see  how  we  used  a protractor  and 
a straightedge  to  make  a picture  of  a line  that 
is  parallel  to  RS.  How  many  lines  intersect  any 
given  line?  How  many  lines  intersect  RS ? 

B Look  at  picture  B.  We  used  a straightedge 
to  make  a picture  of  one  of  the  lines  that 
intersect  RS.  We  say  that  MN  is  any  line  that 
intersects  RS.  Tabulate  MN  C\  RS.  How  do 
you  know  that  MN  and  RS  are  coplanar? 
Name  the  plane  that  includes  MN  and  RS. 

C Look  again  at  picture  B.  Next  we  located 
any  point  T in  MN.  We  will  accept  the  fact 
that,  for  any  point  T in  MN,  there  is  one,  and 

only  one,  line  parallel  to  RS  that  contains  that 

^ ^ 

point.  How  many  lines  that  are  parallel  to  RS 
intersect  MN? 

D Look  at  picture  C in  d1.  What  is  ZMNS°? 
E Look  at  picture  D.  Notice  where  we  placed 
the  protractor.  Point  U was  located  so  that 
ZUTM°  = ZMNS°.  What  is  ZUTM°? 

F Look  at  picture  E.  We  used  a straightedge 
to  make  a picture  of  the  line  determined  by 
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points  T and  U.  How  do  you  know  that  MN  is 
a transversal  of  TU  and  RS? 

G Are  ZMNS  and  ZUTM  corresponding  an- 
gles? How  do  you  know  that  ZMNS  = 
ZUTM? 

H How  do  you  know  that  TU  II  RS? 


REMINDER 

Corresponding  angles  are  a pair  of  angles 
formed  by  two  coplanar  lines  and  a 
transversal.  The  interiors  of  both 
angles  are  subsets  of  the  same  half- 
plane bounded  by  the  transversal. 

A side  of  one  angle  is  a proper  subset 
of  a side  of  the  other  angle. 

If  two  corresponding  angles  are 
congruent,  then  the  two  lines  are  parallel. 
See  lesson  103,  pages  30  and  31. 


I On  a sheet  of  paper,  make  a picture  of  any 
line  AB.  Then  use  the  method  shown  in  Dl  to 
make  a picture  of  any  line  CD  parallel  to  AB. 

In  the  following  exercises,  you  will  learn 
how  to  use  a new  kind  of  instrument  to  help 
you  draw  pictures  of  geometric  figures. 

J Look  at  picture  F in  d2.  Name  the  segment 
represented  in  the  picture.  What  point  is  repre- 
sented that  is  not  in  the  segment  ? 

Now  look  at  picture  G in  d2.  The  instru- 
ment being  used  is  called  compasses  (kum-'- 
pas  ez).  Notice  the  parts  of  the  compasses  that 
we  call  the  tip  and  the  lead  (led).  Compasses 
are  used  to  draw  pictures  of  arcs  and  circles. 

Picture  G shows  the  first  step  in  using  the 
compasses  to  draw  a picture  of  a circle  whose 
center  is  point  C and  whose  radii  are  congru- 
ent to  AB. 

K Look  again  at  picture  G.  The  tip  of  the  com- 
passes is  on  dot  A.  Where  is  the  lead  of  the 
compasses  ? 


F 


A B C 


d2 

The  distance  between  the  tip  of  the  com- 
passes and  the  lead  is  the  same  as  m(AB).  We 
say  that  the  compasses  are  set  to  the  measure 
of  radius  AB,  or,  more  simply,  the  setting  of 
the  compasses  is  radius  AB. 

L Look  at  picture  H in  d2.  The  setting  of  the 
compasses  was  not  changed.  Now  where  is  the 
tip  of  the  compasses  ? 

M We  used  the  lead  to  draw  a picture  of  a sim- 
ple closed  curve.  Explain  why  this  simple 
closed  curve  is  a circle.  Name  this  circle. 
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Pictures  of  many  geometric  figures  can  be 
drawn  by  using  only  a straightedge  and  com- 
passes. Pictures  that  are  drawn  with  these  two 
instruments  represent  geometric  constructions. 
To  construct  a geometric  figure  actually  means 
to  think  about  certain  relationships  between 
sets  of  points.  However,  we  will  also  use  the 
word  “construct”  when  we  talk  about  draw- 
ing a picture  that  represents  a geometric  con- 
struction. That  is,  we  will  say  “construct” 
instead  of  “draw  a picture  of.”  Measuring  de- 
vices, such  as  rulers  and  protractors,  are  not 
permitted  when  geometric  constructions  are 
represented.  Now  you  will  learn  to  construct  a 
segment  that  is  congruent  to  a given  segment. 

Look  at  picture  I in  d3.  EF  is  a given  seg- 
ment. First  we  used  a straightedge  to  draw  a 
picture  of  any  line  l\.  Notice  that  we  located 
any  point  G in 

N In  picture  J,  what  is  the  setting  of  the  com- 
passes ? 

O Look  at  picture  K.  Without  changing  the 
setting  of  the  compasses,  and  with  the  tip  on 
dot  G,  we  constructed  an  arc  that  intersects 
How  do  segments  GH  and  EF  compare  ? 

The  picture  of  GH  is  a copy  of  EF.  When 
you  are  asked  to  copy  a given  geometric  figure, 
you  should  construct  a figure  that  is  congruent 
to  the  given  figure. 

p Draw  a picture  of  any  segment  MN  on  a 
sheet  of  paper.  Use  the  steps  shown  in  d3  to 
construct  OP  that  is  a copy  of  MN. 

Q You  obtain  an  approximate  check  of  your 
picture  by  measuring.  Use  a ruler  to  find  the 
measure  of  MN  and  the  measure  of  OP.  Are 
the  two  measures  approximately  equal?  Re- 
member that  it  is  impossible  to  measure  a physi- 
cal object  without  a certain  amount  of  error. 

So  far  you  have  learned  how  to  construct  a 
circle  that  has  a given  radius  and  a given  cen- 
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ter.  You  have  also  learned  how  to  copy  a given 
segment.  Next  you  will  learn  how  to  construct 
a bisector  of  a given  segment. 

A What  segment  is  represented  in  picture  L? 
We  set  the  compasses  to  a radius  greater  than 
\ of  m(PQ).  Then,  with  the  tip  on  dot  P,  we 
constructed  arcs  both  above  and  below  PQ. 

B Look  at  picture  M.  Without  changing  the 
setting  of  the  compasses,  and  with  the  tip  on 
dot  Q,  we  constructed  two  more  arcs  that  in- 
tersect the  first  two  arcs.  Name  the  points  of 
intersection. 

c Now  look  at  picture  N.  We  used  a straight- 
edge to  construct  RS.  Tabulate  RS  r\  PQ. 
d T is  the  midpoint  of  PQ.  Is  FT  ^ TQ  ? 

RS  bisects  PQ,  and  it  is  perpendicular  to 
PQ.  Line  RS  is  the  perpendicular  bisector 
of  PQ. 

E Draw  a picture  of  any  segment  EF.  Then 
follow  the  steps  shown  in  d4  to  construct  the 
perpendicular  bisector  of  EF. 
f How  can  you  use  a ruler  and  a protractor  to 

check  your  picture  ? 

Now  you  will  learn  how  to  copy  a given 
angle. 

G Look  at  picture  O in  d5.  Name  the  angle 
represented  in  picture  O.  As  the  first  step  in 
copying  the  angle,  we  constructed  any  ray  YZ 
as  one  side  of  the  angle  to  be  constructed.  With 
the  tip  of  the  compasses  on  dot  V,  we  con- 
structed arc  LD  so  that  it  intersects  both  sides 
of  ZUVW.  Tabulate  LD  n ZUVW. 

In  picture  O,  we  set  the  compasses  to  a con- 
venient radius  to  construct  arc  LD.  This  means 
that  we  chose  a setting  so  that  the  construction 
would  be  accurate  and  yet  not  too  large  for  the 
amount  of  space  we  had. 

H Look  at  picture  P in  d5.  With  the  setting  of 
the  compasses  unchanged,  and  with  the  tip  on 
dot  Y,  we  constructed  an  arc  that  intersects 
YZ.  Name  the  point  of  intersection. 
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perpendicular  bisector  of  a segment.  A line 
that  is  perpendicular  to  a segment  and  that 
also  contains  the  midpoint  of  the  segment. 

Look  at  picture  Q.  With  the  compasses  set 
to  radius  DL,  and  with  the  tip  on  dot  D,  we 
constructed  an  arc  that  intersects  LD. 

I Look  at  picture  R.  Without  changing  the 
setting  of  the  compasses,  and  with  the  tip  on 
dot  J,  we  constructed  an  arc  that  intersects  the 
first  arc  in  point  X.  Then  we  constructed  ray 
YX.  Name  the  angle  that  is  the  union  of  YZ 
and  YX. 

Angle  XYZ  is  congruent  to  angle  UVW; 
therefore,  ZX YZ  is  a copy  of  ZUVW. 

J On  a sheet  of  paper,  first  draw  a picture  of 
any  acute  angle  RST.  Then  follow  the  steps 
shown  in  d5  to  copy  ZRST.  Use  a protractor 
to  check  your  picture. 
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K The  pictures  in  d6  show  the  steps  used  to 
construct  the  bisector  of  ZABC.  Study  the 
pictures  and  describe,  in  your  own  words,  each 
step  taken  in  representing  the  construction. 

L On  a sheet  of  paper,  first  draw  a picture  of 
any  obtuse  angle  JKL.  Then  use  the  steps 
shown  in  d6  to  construct  the  bisector  of  ZJKL. 
Use  a protractor  to  check  your  picture. 

In  this  lesson  you  have  learned  how  to  con- 
struct circles,  segments,  angles,  and  bisectors 
of  segments  and  angles. 

On  your  own 

For  each  of  exercises  1 through  4,  use  a 
straightedge  and  a protractor  to  make  a pic- 


ture of  the  angle  whose  measure  is  expressed 
in  the  exercise. 

1 ZCDE°  = 35.  3 ZPQR°  = 90. 

2 ZFGH°  =116.  4 ZSTU°  = 6. 

5 Construct  a line  that  is  parallel  to  a given 
line.  Remember  that  you  can  use  only  a 
straightedge  and  compasses  to  construct  a geo- 
metric figure. 

6 Construct  a circle  whose  radii  are  congruent 
to  a given  segment.  Then,  without  changing 
the  radius  of  the  compasses,  start  at  some  point 
in  the  circle  and  construct  arcs  that  intersect 
the  circle  as  shown  in  d7. 

7 Use  a straightedge  to  construct  the  seg- 
ments determined  by  the  intersections  of  the 
arcs  and  the  circle  as  shown  in  d7. 

8 What  is  the  special  name  of  the  simple 
polygon  that  you  have  constructed  ? How  do 
you  know? 

9 Use  a ruler  to  find  the  measure  of  each  side 
of  the  polygon.  Are  the  measures  approxi- 
mately the  same  ? 

10  Use  a protractor  to  find  the  measure  in  de- 
grees of  each  angle  of  the  polygon.  Are  the 
measures  approximately  the  same  ? 

11  Use  what  you  know  about  constructing  the 
perpendicular  bisector  of  a segment  to  con- 
struct a right  angle. 

12  Construct  the  bisector  of  the  right  angle 
that  you  constructed  for  exercise  11.  Use  a 
protractor  to  find  the  measure  of  each  of  the 
angles  formed  by  the  union  of  the  bisector  and 
a side  of  the  right  angle. 

13  Draw  a picture  of  an  obtuse  triangle.  Use 
what  you  know  about  constructing  a bisector 
of  an  angle  to  construct  the  bisector  of  the  ob- 
tuse angle  of  the  triangle. 

14  Draw  a picture  of  acute  triangle  DEF.  Use 
what  you  know  about  constructing  the  perpen- 
dicular bisector  of  a segment  to  determine  the 
midpoint  of  EF.  Then  construct  median  DM. 
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Congruent  triangles 

In  lesson  105  you  learned  how  the  vertices  of 
two  triangles  can  be  put  in  one-to-one  corres- 
pondence. You  also  learned  what  is  meant  by 
a congruence  correspondence  between  the  ver- 
tices of  two  triangles.  In  this  lesson  you  will 
study  some  of  the  properties  of  congruence 
for  triangles. 

A Two  scalene  triangles  are  represented  in  d1. 
Name  the  angles  and  the  sides  of  ARST. 
Name  the  angles  and  the  sides  of  AUVW. 
b Diagram  A in  d1  represents  one  way  in 
which  the  vertices  of  ARST  and  AUVW  can 
be  put  in  one-to-one  correspondence.  The  or- 
der of  the  letters  in  the  names  of  the  triangles 
shows  that  vertices  R and  U are  mapped  onto 
each  other.  Which  other  vertices  are  mapped 
onto  each  other  in  this  correspondence  ? 

C In  lesson  105  of  unit  8,  you  learned  that  the 
correspondence  between  the  vertices  of  two 
triangles  determines  a correspondence  between 
the  sides  and  the  angles  of  the  triangles.  Use 
diagram  B to  help  you  name  the  pairs  of  corre- 
sponding sides  determined  by  the  correspond- 
ence given  in'diagram  A in  d1.  Use  diagram  C 
to  help  you  name  the  pairs  of  corresponding 
angles. 

D Now  look  at  d2.  Diagram  D represents  an- 
other correspondence  between  the  vertices  of 
the  two  triangles  represented  in  d1.  Which  ver- 
tices are  mapped  onto  each  other  in  this  cor- 
respondence ? 

E Name  the  pairs  of  corresponding  sides  and 
the  pairs  of  corresponding  angles  that  are  de- 
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A RST  « — » UVW 


B RS< — >UV  c ZR< — >ZU 

ST  < — >VW  ZS  < — * ZV 

RT  < — > UW  ZT  < — » ZW 
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— > wvu 
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RS  = WV. 

H ZR  = ZW. 

F 

ST  = VU. 

I ZS^ZV. 

G 

RT  = WU. 

J ZT  = ZU. 

d2 

termined  by  the  correspondence  given  in  dia- 
gram D. 

F Each  sentence  in  d2  expresses  a true  state- 
ment about  the  corresponding  parts  of 
ARST  and  AWVU.  Does  diagram  D repre- 
sent a congruence  correspondence?  How  do 
you  know  that  ARST  = AWVU ? 


REMINDER 

In  a congruence  correspondence  between 
the  vertices  of  two  triangles,  the 
corresponding  sides  and  the 
corresponding  angles  are  congruent. 

If  there  is  a congruence  correspondence 
between  the  vertices  of  two  triangles, 
then  the  triangles  are  congruent. 

See  lesson  105 , page  39. 


G From  diagram  A in  d1  and  diagram  D in 
d2,  you  know  two  ways  in  which  the  vertices 

Review  of  congruence  correspondence  for  triangles;  10c 
congruence  properties  for  triangles 


of  ARST  and  AUVW  can  be  put  in  one-to- 
one  correspondence.  There  are  six  correspond- 
ences in  all.  Make  diagrams  to  represent  the 
four  other  correspondences. 
h How  many  of  the  diagrams  that  you  made 
for  exercise  G determine  a congruence  cor- 
respondence ? How  do  you  know  ? 
i Suppose  that  AGHI  = AJKL.  Name  the 
corresponding  sides  and  the  corresponding 
angles  of  AGHI  and  AJKL.  Remember  that, 
in  the  sentence  AGHI  = AJKL,  the  order  in 
which  the  vertices  are  named  indicates  a con- 
gruence correspondence  between  the  vertices, 
j How  do  you  know  that  the  corresponding 
sides  that  you  named  for  exercise  I are  con- 
gruent? How  do  you  know  that  the  corres- 
ponding angles  are  congruent  ? 

You  have  learned  one  way  to  tell  whether  or 
not  two  triangles  are  congruent.  In  the  work 
that  follows,  you  will  see  that  it  is  possible  to 
decide  if  two  triangles  are  congruent  even 
though  you  do  not  know  that  the  three  pairs 
of  corresponding  sides  are  congruent,  and  the 
three  pairs  of  corresponding  angles  are  con- 
gruent. 

a Look  at  d3.  You  are  going  to  learn  one 
method  of  constructing  a triangle  that  is  con- 
gruent to  a given  triangle.  The  given  triangle 
is  AFGH.  We  first  constructed  any  segment 
JK  included  in  ix  that  is  congruent  to  side  FH. 
Describe  how  JK  was  constructed. 
b Look  at  d4.  We  set  the  compasses  to  radius 
FG.  Then,  with  the  tip  on  dot  J,  we  con- 
structed an  arc.  How  does  any  segment  de- 
termined by  a point  in  this  arc  and  point  J 
compare  to  FG  ? 

c Look  at  d5.  We  next  set  the  compasses  to 
radius  GH.  With  the  tip  on  dot  K,  we  con- 
structed a second  arc  that  intersects  the  first 
arc.  Name  the  point  of  intersection  of  the  arcs. 


E 

F 

G 


D RST  I — >WVU 
RS  ==  WV.  H ZR  = ZW, 

ST  = VTJ.  I ZS^ZV. 

RTzWU.  j zt^zu. 
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h 


d3 


G 


F H J 
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d5 

d Finally,  we  used  a straightedge  to  construct 
IL  and  LK.  How  do  you  know  that  JL  = FG  ? 
That  LK  = GH  ? 

From  d3,  d4,  and  d5,  you  have  seen  how  to 
construct  a triangle  whose  sides  are  congruent 
to  the  sides  of  a given  triangle.  Now  you  will 
decide  if  AJLK  and  AFGH  are  congruent. 
In  other  words,  you 
will  decide  if  the  cor-  JLK  4 — * FGH 

respondence  expressed 

at  the  right  above  is  a congruence  correspond- 
ence. 
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E Name  the  corresponding  sides  and  the  cor- 
responding angles  of  AJLK  and  AFGH. 

F You  know  that  the  corresponding  sides  of 
AJLK  and  AFGH  are  congruent.  For  each 
pair  of  corresponding  sides,  are  the  measures 
of  the  sides  equal  ? 

G You  know  that,  if  the  measures  of  two  an- 
gles are  equal,  the  angles  are  congruent.  To 
compare  the  measures  of  the  corresponding 
angles  of  AJLK  and  AFGH,  make  a tracing 
of  the  picture  of  AJLK  and  place  it  over  the 
picture  of  AFGH.  For  each  pair  of  corres- 
ponding angles,  do  the  measures  of  the  angles 
appear  to  be  equal  ? 

H The  corresponding  sides  and  the  corre- 
sponding angles  of  AJLK  and  AFGH  are 
congruent.  Is  AJLK^  AFGH?  How  do  you 
know? 

The  construction  represented  in  d5  and  the 
work  in  exercises  E through  H have  suggested 
an  important  property  of  congruence  for  tri- 
angles. We  will  accept  this  property  without 
proof.  The  property  is  expressed  below. 

For  any  two  triangles , if  the  corresponding 
sides  are  congruent , then  the  two  triangles  are 
congruent. 

The  property  just  expressed  is  often  called 
the  s-s-s  (side,  side,  side)  property  of  congruence 
for  triangles. 

i Use  a straightedge  to  draw  a picture  of  any 
triangle  ABC.  Then  use  the  s-s-s  property  of 
congruence  for  triangles  to  construct  a triangle 
DEF  that  is  congruent  to  A ABC. 

In  the  following  exercises,  you  will  learn  a 
second  method  of  constructing  a triangle  con- 
gruent to  a given  triangle.  You  will  also  study 
another  property  of  congruence  for  triangles. 

A Name  the  triangle  represented  in  d6.  To 
construct  a triangle  congruent  to  AOMN,  we 
first  drew  a picture  of  any  line  i 2 and  chose  any 


M 


d6 


M 


d8 

point  Q in  i2.  We  next  constructed  an  angle 
with  vertex  Q that  is  congruent  to  ZO  of 
AOMN.  How  was  this  angle  constructed? 

B Look  at  d7.  We  constructed  QR  in  l2  con- 
gruent to  ON.  To  what  radius  did  we  set  the 
compasses  for  this  construction  ? 

C Look  at  d8.  How  did  we  construct  QS  con- 
gruent to  OM  ? What  instrument  did  we  use  to 
construct  SR  ? 

From  d6,  d7,  and  d8,  you  have  seen  how  to 
construct  a triangle  in  which  one  angle  and  the 
two  sides  of  the  triangle  that  are  subsets  of 
that  angle  are  congruent  to  the  corresponding 
parts  of  a given  triangle.  Now  you  will  decide 
if  AQSR^  AOMN. 

D Name  the  corresponding  sides  and  the  cor- 
responding angles  of  AQSR  and  AOMN. 
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E From  the  construction  represented  in  d8, 
you  know  that  two  sides  of  AQSR  are  con- 
gruent to  two  sides  of  AOMN.  Name  these 
pairs  of  congruent  sides. 

F Name  the  third  pair  of  corresponding  sides 
of  the  two  triangles.  Use  a ruler  to  find 
the  measure  of  each  of  these  sides  as  repre- 
sented in  d8.  Are  the  measures  approximately 
equal  ? 

G The  corresponding  sides  of  AQSR  and 

AOMN  are  congruent.  How  do  you  know 
that  AQSR  and  AOMN  are  congruent? 

The  construction  represented  in  d8  and  the 
work  in  exercises  D through  G have  suggested 
another  property  of  congruence  for  triangles. 
We  will  accept  this  property  without  proof. 
The  property  is  expressed  below. 

For  any  two  triangles , if  an  angle  of  one  tri- 
angle and  the  two  sides  of  the  triangle  that  are 
subsets  of  that  angle  are  congruent  to  the  cor- 
responding parts  of  the  other  triangle,  then  the 
two  triangles  are  congruent. 

The  property  just  expressed  is  often  called 
the  s-a-s  (side,  angle,  side)  property  of  con- 
gruence for  triangles. 

H Use  a straightedge  to  draw  a picture  of  any 
triangle  GHI.  Then  use  the  s-a-s  property  of 
congruence  for  triangles  to  construct  a triangle 
JKL  that  is  congruent  to  A GHI. 

Now  you  will  learn  a third  method  of  con- 
structing a triangle  that  is  congruent  to  a given 
triangle.  You  will  also  study  a third  property 
of  congruence  for  triangles. 

A Study  the  pictures  in  d9  carefully.  To  con- 
struct a triangle  congruent  to  ASTU,  we  first 
drew  a picture  of  any  line  f3  and  chose  any 
point  V in  the  line.  Next  we  constructed  ZV. 
ZV  is  a copy  of  ZS  of  ASTU.  Is  Z V = ZS? 

B Then  we  constructed  a segment  YX  that  is 
congruent  to  SU.  Is  VX  a copy  of  SU  ? 


h 

O N Q 1 IR 

d8 


d9 

c Finally,  we  constructed  ZX  congruent  to 
ZU  of  ASTU.  Tabulate  VW  XW.  How 
was  point  W located  ? 

D Is  VX  a subset  of  ZV?  Is  it  a subset  of  ZX? 

You  have  just  seen  how  to  construct  a tri- 
angle in  which  two  angles  and  the  side  of  the 
triangle  that  is  a subset  of  both  those  angles 
are  congruent  to  the  corresponding  parts  of  a 
given  triangle.  Now  you  will  decide  whether  or 
not  AVWX^  ASTU. 

E Name  the  corresponding  sides  and  the  cor- 
responding angles  of  AVWX  and  ASTU. 

F Use  a ruler  to  find  the  measures  of  the 
corresponding  sides  VW  and  ST,  as  repre- 
sented in  d9.  Are  the  measures  approximately 
equal  ? 

G VWZST.  Is  AVWX  = A STU  ? Upon 
what  property  does  your  answer  depend  ? 
The  construction  represented  in  d9  and  the 
work  in  exercises  D through  G have  suggested 
another  property  of  congruence  for  triangles. 
We  will  accept  this  property  without  proof. 
The  property  is  expressed  below. 

For  any  two  triangles , if  two  angles  of  one 
triangle  and  the  side  of  the  triangle  that  is  a 


subset  of  each  of  those  angles  are  congruent  to 
the  corresponding  parts  of  the  other  triangle , 
then  the  two  triangles  are  congruent. 

The  property  just  expressed  is  often  called 
the  a-s-a  (angle,  side,  angle)  property  of  con- 
gruence for  triangles. 

h Draw  a picture  of  any  triangle  MNO.  Use 
the  a-s-a  property  of  congruence  for  triangles 
to  construct  a triangle  PQR  that  is  congruent 
to  A MNO. 

i  Imagine  two  triangles  ABC  and  DEF. 

ZA  = ZD,  and  ZB  = ZE.  How  do  you 
know  that  ZC  = ZF? 

j Now  imagine  two  triangles  GHI  and  JKL. 

GH^JK,  ZH  = ZK,  and  ZI^ZL. 
Which  property  of  congruence  for  triangles 
can  you  use  to  show  that  triangles  GHI  and 
JKL  are  congruent?  Explain  your  answer. 

K Does  the  following  sentence  express  a true 
statement?  “If  two  triangles  are  congruent, 
then  the  corresponding  angles  of  the  two  tri- 
angles are  congruent.” 

In  lesson  103  of  unit  8,  you  learned  that 
the  converse  of  a given  statement  may  be  ob- 
tained by  interchanging  the  idea  expressed  by 
the  “if”  clause  and  the  idea  expressed  by  the 
“then”  clause. 

L Is  the  statement  expressed  by  the  following 

sentence  the  converse  of  the  statement  ex- 
pressed in  exercise  K?  “If  the  corresponding 
angles  of  two  triangles  are  congruent,  then  the 
two  triangles  are  congruent.”  Is  the  converse 
of  the  statement  expressed  in  exercise  K true  ? 
Make  a sketch  to  help  explain  your  answer. 
m Does  the  following  sentence  express  a true 

statement?  “If  the  two  sides  of  a right  tri- 
angle that  are  subsets  of  the  right  angle  are 
congruent  to  the  corresponding  parts  of  an- 
other right  triangle,  then  the  two  right  trian- 
gles are  congruent.”  Make  a sketch  to  help  ex- 
plain your  answer. 


n Does  the  following  sentence  express  a true 
statement?  “If  two  sides  and  an  angle  oppo- 
site one  of  the  sides  of  one  triangle  are  congru- 
ent to  the  corresponding  parts  of  another  tri- 
angle, then  the  triangles  are  congruent.”  Make 
a sketch  to  help  explain  whether  or  not  the 
statement  is  true. 

In  this  lesson  you  learned  three  methods  of 
constructing  a triangle  congruent  to  a given 
triangle.  You  also  studied  the  s-s-s,  the  s-a-s, 
and  the  a-s-a  properties  of  congruence  for  tri- 
angles. 

On  your  own 

1 Use  a straightedge  to  draw  a picture  of  any 
obtuse  triangle  RST.  Then  use  the  s-s-s  prop- 
erty of  congruence  for  triangles  to  construct  a 
triangle  that  is  congruent  to  A RST. 

2 Draw  a picture  of  any  scalene  triangle 
UVW.  Then  use  the  a-s-a  property  of  congru- 
ence for  triangles  to  construct  a triangle  that  is 
congruent  to  A UVW. 

3 Draw  a picture  of  any  acute  triangle  XYZ. 
Then  use  the  s-a-s  property  of  congruence  for 
triangles  to  construct  a triangle  that  is  congru- 
ent to  AXYZ. 

4 Draw  a picture  of  any  acute  triangle  DEF. 
Use  the  s-s-s  property  of  congruence  for  tri- 
angles to  construct  a triangle  MNO  that  is 
congruent  to  triangle  DEF.  Then  use  what 
you  know  about  constructing  the  bisector  of 
an  angle  to  construct  the  bisector  of  ZM  of 
AMNO. 

5 Draw  a picture  of  any  scalene  triangle  GHI. 
Use  the  s-s-s  property  of  congruence  for  tri- 
angles to  construct  a triangle  JKL  that  is 
congruent  to  triangle  GHI.  Then  use  your 
knowledge  of  how  to  construct  a perpen- 
dicular bisector  of  a segment  to  determine 
the  midpoint  of  JK.  Finally,  construct  me- 
dian KM. 
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6  Each  picture  in  DlO  represents  a pair  of 
triangles.  Study  the  pictures  carefully  to  see 
how  we  have  used  marks  to  indicate  pairs  of 
congruent  parts.  In  picture  B,  for  example, 
ZX  ^ZZ,  and  ZM^ZN.  Decide  which  pic- 
tures in  DlO  represent  pairs  of  congruent  tri- 
angles. In  each  case,  tell  which  property  you 
used  to  decide  that  the  triangles  are  congruent. 

For  each  of  exercises  7 through  12,  first 
make  a sketch  of  two  triangles  that  appear  to 
be  congruent.  Name  them  ABC  and  DEF. 
Using  the  true  statements  expressed  in  each 
exercise  to  help  you,  next  indicate  in  each  pic- 


ture the  parts  of  the  two  triangles  that  are  con- 
gruent. Mark  each  picture  in  the  way  shown 
in  DlO.  Then  tell  whether  you  can  use  the 
s-s-s  property,  the  s-a-s  property,  or  the  a-s-a 
property  of  congruence  for  triangles  to  show 
that  the  two  triangles  are  congruent. 

7 ZA  = ZD.  ZB ~ZE.  BC  = EF. 

8 BC  ==  EF.  ZB  = ZE.  ZC  = ZF. 

9 AC  = DF.  BC  = EF.  AB  = DE. 

10  BC  = EF.  AB  = DE.  ZC^ZF. 

1 1 ZC°  = ZF°.  ZB°  = ZE°.  AC  = DF. 

1 2 m(AB)  = m(DE).  ZB°  = ZE°. 
m(BC)  = m(EF). 
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U^25^j  Exploring  ideas 

Areas  of  geometric  figures 

In  lesson  107  you  learned  that  the  union  of  a 
simple  closed  curve  and  its  interior  is  a closed 
region.  You  know  that  you  can  assign  to  a 
closed  region  a number  that  is  its  area.  In  this 
lesson  you  will  develop  conditions  for  equival- 
ence to  find  the  areas  of  certain  closed  regions. 
A The  picture  in  d1  represents  rectangle 
ABCD  and  its  interior.  Is  the  union  of  rec- 
tangle ABCD  and  its  interior  a closed  region  ? 
Is  the  union  a rectangular  region?  Explain 
your  answers. 

B Look  again  at  Dl.  Rectangular  region 
ABCD  has  been  subdivided  into  square  units. 
What  is  the  measure  of  each  side  of  a square 
unit? 


REMINDER 

A square  unit  is  the  union  of  a square 
and  its  interior.  The  measure  of 
each  side  of  the  square  is  1 . 

See  lesson  107,  page  48. 


You  can  use  a condition  for  equivalence  to 
find  the  area  of  rectangular  region  ABCD.  Re- 
member that  the  area  of  a rectangular  region 
is  the  number  of  square  units  that  can  be  in- 
cluded in  the  closed  region  without  overlap- 
ping. 

C What  is  m(AD)  ? The  rate  pair  expressed  at 
the  right  represents  the  fact  that  4 
square  units  are  included  in  1 row  4/1 
of  rectangular  region  ABCD. 


A D 

< 4 > 

Dl 

D What  is  the  measure  of  AB?  How  many 
rows  are  included  in  rectangular  region 
ABCD? 

E Use  x as  a variable  for  the  number  of  square 
units  in  all  the  rows,  or,  in  other  words,  for 
the  area  of  rectangular  region  ABCD.  Why 
can  you  use  the  rate  pair  expressed  below  at 
the  right  to  represent  the  fact  that 
x square  units  are  included  in  3 
rows  ? U = Z. 

F Since  the  square  units  occur  at  the  same 
rate  in  3 rows  as  in  1 row,  you  can  use  a con- 
dition for  equivalence  to  find  the  total  num- 
ber of  square  units  in  the  rectangular  region. 
Does  the  sentence  at  the 
right  express  a condition  4 / 1 ~ 
for  equivalence  for  finding 
the  area  of  rectangular  region  ABCD  in  square 
units  ? 

From  now  on  in  this  book,  we  will  say  “area 
of  a rectangle”  whenever  we  mean  “area  of  a 
rectangular  region.” 

G What  is  the  area  of  rectangle  ABCD  in 
square  units  ? 

H The  measure  of  each  side  of  rectangle 
WXYZ  is  4.6.  Is  rectangle  WXYZ  a 
square  ? How  do  you  know  ? What  condition 
for  equivalence  can  you  use  to  find  the  area  of 
rectangle  WXYZ  in  square  units?  U = Z. 

I What  is  the  area  of  rectangle  WXYZ  in 
square  units  ? 
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A rectangular  driveway  is  56.5  ft.  long 
and  7.25  ft.  wide.  What  is  the  area  of 
the  driveway  in  square  feet?  (Ones) 


d2 


IE  J H 

d3 


56.5/1 


Now  read  the  problem  in  d2.  In  the  follow- 
ing exercises,  you  will  develop  a condition  for 
the  problem.  Notice  that  the  foot  is  the  stand- 
ard unit  in  which  the  measures  are  given.  The 
universe  for  each  variable  is  Z. 

J Why  can  you  use  the  rate 
pair  expressed  at  the  right  in  a 
condition  for  the  problem? 

K Use  m as  a variable  for  the  area  of  the  drive- 
way in  square  feet.  Is  m a variable  for  the  num- 
ber of  square  feet  in  all  the  rows?  Why  can 
you  use  the  rate  pair  ex- 
pressed at  the  right  in  a 
condition  for  the  problem? 

L Does  the  sentence 
at  the  right  express 
a condition  for  the 
problem  ? 

M Tabulate  {m  | 56.5/1  - m/1. 25). 

Look  again  at  d2.  The  word  within  paren- 
theses at  the  end  of  the  problem  tells  you  that 
the  number  you  use  to  get  the  answer  should 
be  rounded  to  the  nearer  one. 

N Give  the  answer  to  the  problem  in  d2. 


m/7.25 


56.5/1- m/7.25. 


N< 


ow  that  you  know  how  to  find  the  area  of 
a rectangle,  you  can  use  what  you  have  learned 


to  find  the  area  of  a parallelogram  that  is  not  a 
rectangle. 

Look  at  d3.  Polygon  EFGH  is  a parallelo- 
gram, but  it  is  not  a rectangle.  Polygon  IFGJ 
is  a rectangle. 

A Name  the  two  altitudes  that  are  common  to 
parallelogram  EFGH  and  rectangle  IFGJ. 
Name  the  common  base  of  EFGH  and  IFGJ. 

B What  is  m(FG)?  What  is  m(GJ)?  Give  a 
sentence  that  expresses  a condition  for  equiva- 
lence that  you  can  use  to  find  the  area  of 
rectangle  IFGJ.  U = Z. 

c Can  you  also  find  the  area  of  parallelogram 
EFGH  by  using  the  condition  that  you  ob- 
tained for  exercise  B ? Explain  your  answer. 


REMINDER 

If  a parallelogram  that  is  a rectangle 
and  a parallelogram  that  is  not  a 
rectangle  have  a common  base  and  a 
common  altitude,  then  the  two 
parallelograms  have  the  same  area. 
See  lesson  108,  page  53. 


D What  is  the  area  of  parallelogram  EFGH  in 
square  units  ? 

E You  know  that  a rhombus  is  a parallelo- 
gram in  which  each  side  is  congruent  to  each  of 
the  other  sides.  The  measure  of  side  ST  of 
rhombus  STUV  is  3.5.  What  is  the  measure  of 
each  of  the  other  sides  of  rhombus  STUV  ? 

F The  measure  of  an  altitude  of  rhombus 
STUV  is  3.  What  is  the  measure  of  the  base? 

G You  can  use  the  condition  expressed  below 
at  the  right  to  find 
the  area  of  rhombus 

3.5  / 1 — X / 3. 

STUV.  For  what  is  x 
a variable  ? U = Z. 

H What  is  the  area  of  rhombus  STUV  in 
square  units  ? 
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Read  the  problem  in  d4.  The  universe  for 
each  variable  is  Z. 

Notice  that  the  measure  of  an  altitude  and 
the  measure  of  the  base  are  given  in  different 
standard  units.  For  this  reason,  it  is  helpful  to 
develop  a compound  condition  for  the  prob- 
lem. 

i What  is  the  measure  of  the  altitude  in 
inches  ? First  you  will  develop  a simple  condi- 
tion for  finding  the  numbe)  of  feet  that  is  the 
same  length  as  18  in.  Why  c m you  use  the  rate 
pair  12/1  in  this  simple  co  idition?  Why  can 
you  also  use  18/x  in  the  condition?  For  what 
is  x a variable  ? 

J Why  is  12/1  ~ 18/x  a simple  condition  for 
the  problem  ? 

K Next  you  will  develop  a simple  condition  to 
find  the  area  of  the  piece  of  plywood  in  square 
feet.  Why  can  you  use  the  rate  pair  4/1  in 
this  simple  condition?  Use  y as  a variable 
for  the  area.  Why  can  you  use  y/x  in  the 
condition  ? 

L Is  4/1  ~ y/x  another  simple  condition  for 
the  problem? 

M What  is  the  compound  condition  for  the 
problem  in  d4?  Why  do  you  use  “and”  in  the 
compound  condition  ? 

N Tabulate  {(x,y)|  12/1  ~ 18/x  A 4/1  ^ y/x). 
Then  give  the  answer  to  the  problem  in  d4. 

Next  you  will  use  what  you  know  about  the 
area  of  a parallelogram  to  find  the  area  of  a 
triangle. 

A Look  at  d5.  LP  is  a common  altitude  of 
parallelogram  KLMN  and  AKLN.  Name  the 
common  base  of  parallelogram  KLMN  and 
AKLN. 

b LN  is  a diagonal  of  parallelogram  KLMN. 

Remember  that  a diagonal  of  a parallelo- 
gram is  a segment  that  is  determined  by  two 
opposite  vertices.  How  do  you  know  that 


A piece  of  plywood  is  in  the  shape  of 
a parallelogram.  The  length  of  an 
altitude  of  the  piece  is  18  in.  The 
length  of  the  base  is  4 ft.  What  is  the 
area  of  the  piece  in  square  feet  ? 

d4 


L M 


d5 

AKLN^AMNL?  Do  AKLN  and  AMNL 
have  the  same  area  ? 

c How  do  you  know  that  the  area  of  parallel- 
ogram KLMN  is  2 times  the  area  of  AKLN ? 


D What  is  m(KN)?  Whatism(LP)? 

E Use  x as  a variable  for  the  area  of  AKLN. 
The  universe  for  x is  Z.  How  do  you  know 
that  2x  refers  to  the  area  of  parallelogram 
KLMN? 

F Why  can  you  use 
the  condition  ex-  / 1 ~ 
pressed  at  the  right  to 
find  the  area  of  AKLN ? 

G Tabulate  {x\A\/ 1 ~ 2x/2\).  What  is  the 
area  of  AKLN  in  square  units? 


REMINDER 

If  a parallelogram  and  a triangle 
have  a common  base  and  a 
common  altitude,  then  the  area 
of  the  parallelogram  is  2 times 
the  area  of  the  triangle. 

See  lesson  108,  page  55. 
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A window  in  an  old  house  is  in  the 
shape  of  a triangle.  The  length  of  an 
altitude  is  | yd.  The  length  of  the  base 
is  l|  yd.  What  is  the  area  of  the  win- 
dow in  square  feet? 

d6 

Now  read  the  problem  in  d6.  The  universe 
for  each  variable  is  Z. 

You  are  to  find  the  area  of  the  window  in 
square  feet.  Since  the  measure  of  an  altitude 
and  the  measure  of  the  base  are  given  in  yards, 
it  is  helpful  to  develop  a compound  condition 
for  the  problem. 

H You  will  first  develop  a simple  condition  to 
find  the  area  of  the  window  in  square  yards. 
Why  can  you  use  the  rate  pair  \\/ 1 in  this 
simple  condition?  Why  can  you  use  2x/\  in 
the  condition  ? For  what  is  * a variable  ? 

I  Why  is  the  condi- 
tion expressed  at  the 
right  one  of  the  simple 
conditions  for  the  problem  ? 

J The  second  simple  condition  for  the  prob- 
lem will  be  used  to  find  the  area  of  the  window 
in  square  feet.  1 square  yard  is  the  same  as  how 
many  square  feet?  Use  y as  a variable  for  the 
area  of  the  window  in  square  feet. 

K Why  is  the  condition 
expressed  at  the  right 
another  simple  condi- 
tion for  the  problem  ? 

L What  is  the  compound  condition  for  the 
problem  in  d6  ? 

M Tabulate  {Gc,  y ) 1 1 -J  1 ~2x/|  A 9/1  ~y/x). 
Then  give  the  answer  to  the  problem  in  d6. 

In  this  lesson  you  used  conditions  for  equiva- 
lence to  find  the  areas  of  rectangles,  parallelo- 
grams, and  triangles. 


On  your  own 

For  each  problem,  write  a sentence  that  ex- 
presses a condition.  Tabulate  the  solution  set 
of  the  condition  and  give  the  answer  to  the 
problem.  The  universe  for  each  variable  is  Z. 

1 A rectangular  lot  is  75  ft.  long  and  50^  ft. 
wide.  What  is  the  area  of  the  lot  in  square  feet? 

2 A sign  is  in  the  shape  of  a parallelogram. 
The  length  of  an  altitude  of  the  sign  is  8 ft.  The 
length  of  the  base  is  12^  ft.  What  is  the  area  of 
the  sign  in  square  feet  ? 

3 Mr.  Hammond  made  a shelf  in  the  shape  of 
a triangle.  The  length  of  an  altitude  of  the  shelf 
was  14g  in.  The  length  of  the  base  was  28  in. 
What  was  the  area  of  the  shelf  in  square  inches  ? 

4 The  shape  of  a baseball  diamond  is  square. 
The  length  of  a side  is  90  ft.  What  is  the  area  of 
a baseball  diamond  in  square  feet  ? 

5 John  has  a piece  of  glass  in  the  shape  of  a 
parallelogram.  The  area  of  the  piece  of  glass  is 
4 sq.  yd.  The  length  of  an  altitude  is  \\  yd. 
What  is  the  length  of  the  base  in  yards  ? 

think  For  what  will  you  use  x as  a varia- 
ble ? Is  x/\  ~ 4/1}  a condition  for  the  prob- 
lem? 

6 The  length  of  an  altitude  of  rhombus 
WXYZ  is  2.5  ft.  The  length  of  the  base  is  4.8  ft. 
What  is  the  area  in  square  inches  ? 

think  Is  1 sq.  ft.  the  same  area  as  144  sq.  in  ? 

7 The  length  of  an  altitude  of  AIJK  is  8.5  in. 
The  length  of  the  base  is  4 times  the  length  of 
the  altitude.  What  is  the  area  of  AIJK  in 
square  inches  ? 

8 The  area  of  a rectangle  is  162  sq.  ft.,  and  the 
length  is  13.5  ft.  What  is  the  width  in  feet? 

9 The  length  of  an  altitude  of  parallelogram 
JKLM  is  2.75  yd.  The  length  of  the  base  is 
6 yd.  What  is  the  area  in  square  feet? 

io  The  area  of  ADEF  is  27  sq.  in.  The  length 
of  an  altitude  is  l\  ft.  What  is  the  length  of  the 
base  of  ADEF  in  inches? 
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APPLYING  MATHEMATICS 

r or  each  problem,  first  write  a sentence  that 
expresses  a condition.  Then  tabulate  the  solu- 
tion set  of  the  condition  and  give  the  answer  to 
the  problem.  For  problems  1 through  11,  the 
universe  for  each  variable  is  Z. 

1 The  rectangular  ceiling  of  a television 
studio  is  180  ft.  long  and  90{  ft.  wide.  What  is 
the  area  of  the  ceiling  in  square  feet  ? 

2 Mr.  Evans  built  a rectangular  patio.  The 
length  of  the  patio  is  24\  ft.  The  width  of  the 
patio  is  15  ft.  What  is  the  perimeter  of  the 
patio  ? 

think  Is  the  perimeter  of  a simple  polygon 
the  sum  of  the  measures  of  the  sides  of  the 
polygon?  For  what  will  you  use  x as  a 
variable  ? Is  jc  = 24j  + 1 5 + 24\  + 1 5 a con- 
dition for  the  problem  ? 

3 Allen  made  a triangular  pennant  with  sides 
of  35  in.,  18  in.,  and  35  in.  What  is  the  perim- 
eter of  the  pennant  in  feet  ? 

4 The  area  of  the  rectangular  bulletin  board 
in  Mrs.  Brown’s  classroom  is  50  sq.  ft.  The 
bulletin  board  is  12  ft.  long.  How  many  feet 
wide  is  the  bulletin  board  ? 

5 The  sail  on  Mr.  Nelson’s  boat  is  in  the 
shape  of  a triangle.  The  length  of  an  altitude  of 
the  sail  is  10^  ft.  The  length  of  the  base  is  6 ft. 
What  is  the  area  of  the  sail  in  square  feet  ? 

6 John  made  a tent  out  of  a square  piece  of 
canvas.  The  length  of  each  side  of  the  piece  of 
canvas  is  3^  yd.  What  is  the  area  of  the  canvas 
in  square  feet? 

7 Mr.  Alessandro  bought  a field  shaped  like 
a parallelogram.  The  length  of  an  altitude  of 
the  field  is  40  rd.  The  length  of  the  base  is 
75  rd.  Mr.  Alessandro  paid  $310  per  acre 
for  the  field.  How  much  did  he  pay  for  the 
field? 

think  Is  1 acre  the  same  area  as  160  sq.  rd? 


8 The  length  of  an  altitude  of  rhombus  PQRS 
is  lj  ft.  The  area  of  the  rhombus  is  5|  sq.  ft. 
What  is  the  length  of  the  base  of  the  rhombus 
in  feet? 

9 The  area  of  triangle  QRS  is  39  sq.  in.  The 
length  of  an  altitude  of  the  triangle  is  6\  in. 
What  is  the  length  of  the  base  of  triangle  QRS 
in  inches  ? 

10  The  length  of  an  altitude  of  parallelogram 
ABCD  is  6§  in.  The  length  of  the  base  is  4\  in. 
The  area  of  parallelogram  ABCD  is  the  same 
as  the  area  of  parallelogram  LMNO.  The 
length  of  an  altitude  of  parallelogram  LMNO 
is  4 in.  What  is  the  length  of  the  base  of  paral- 
lelogram LMNO  in  inches  ? 

1 1 The  length  of  side  AC  of  A ABC  is  4\  ft. 
The  length  of  side  AB  is  1 j times  the  length  of 
side  AC.  The  length  of  side  BC  is  if  times  the 
length  of  side  AC.  What  is  the  perimeter  of 
A ABC  in  feet? 

For  problems  12,  13,  and  14,  the  universe 
for  each  variable  is  the  set  of  rational  numbers 
between  0 and  180. 

12  In  triangle  RST,  the  measure  of  angle  R is 
5 times  the  measure  of  angle  S.  The  measure  of 
ZR  is  10  less  than  the  measure  of  a right  angle. 
What  is  the  measure  in  degrees  of  each  angle 
of  triangle  RST? 

think  Use  x as  a variable  for  ZR°.  Use  y 
as  a variable  for  ZS°.  Use  z as  a variable  for 
ZT°.  How  do  you  know  that  (x  + y + z = 
180)  A (5/1-  x/y)  A (90  — *=  10)  is  a 
compound  condition  for  the  problem  ? 

13  AKLM  is  a right  triangle  in  which  angle  K 
is  the  right  angle.  ZL°  is  29  less  than  ZK°. 
What  is  the  measure  in  degrees  of  each  angle  of 
triangle  KLM  ? 

14  In  triangle  XYZ,  ZX°  is  3 times  ZY°.  If 
ZX°  were  17  greater,  ZX°  would  be  132.  What 
is  the  measure  in  degrees  of  each  angle  of  tri- 
angle XYZ? 
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CHECKING  UP 

Ihe  small  numerals  within  parentheses  tell 
what  pages  to  turn  to  for  help  if  you  need  it. 

Test  119 

Nine  sets  are  described  below.  Each  set  is  a 
subset  of  Ra. 

{x|*>7^}  {x|*<]|}  {x|x>2.5} 

{x|x^l.7}  {x|8.5<*} 

{x|*  > 1.7}  {x|  In  >x}  { } 

From  the  descriptions  given  above,  select  a 
description  that  is  a name  of  each  set  expressed 
in  exercises  1 through  6.  U = Ra. 

1 (*|~(n<*)} 

2 {jc|4|-X  >3^}  4,67) 

3 { jc  j 2.5  < x}  H { jc  1 1.7  < x) 

4 {x  1 5.75  < x A 8.8  > 7.1  + x} 

5 {x|jt  - 2 >6^  V x + l|  >9^}  70 ) 

6 {jc  1 4.2  < 2.5  + x)  (71,79) 

Test  120 

For  exercises  7 through  18,  decide  what 
words  or  symbols  best  complete  each  exercise. 

7 (5,  9,  3)  is  an  ordered . ( 92 ) 

8 The  symbol  expresses  the  ideas  of 

“less  than  or  equal  to.”  (71 ) 

9 The  solution  set  of  a compound  condition 
that  involves  two  simple  conditions  and  the 
connective  “or”  is  the  ——  of  the  solution  sets 
of  the  two  simple  conditions.  ( 71 ) 

10  The  measure  in  degrees  of  a circle  is -. 

(121) 

1 1 The  number  associated  with  a point  in  a 
number  line  is  the  — — of  the  point.  ( 75) 

12  A pentagon  is  a simple  polygon  that  has 
sides.  (122) 

13  The  symbol  — ~~  expresses  the  idea  of 
“perpendicular  to.”  ( 123) 

1 4 The  union  of  a given  set  and  its  complement 

is  the  — . (78, 79) 

1 5 A — is  a quadrilateral  in  which  two,  and 
only  two,  sides  are  parallel.  122) 


16  The  solution  set  of  2\  < m ^ 7|  is  •— 
interval.  U = Ra.  86) 

17  In  w ~2  50,  the  tolerance  is . U = Ra. 

(90) 

18  A line  that  is  perpendicular  to  a segment 

and  contains  the  midpoint  of  the  segment  is 
the of  the  segment. 

Test  121 

1 9 The  measure  in  degrees  of  a minor  arc  of  a 

circle  is  always  less  than  what  number  ? 19) 

20  Tabulate  {(x,y)\x  + y ^ 3>.  U = N X N. 

(76) 

21  Tabulate  {y  | ~ (3  + y is  9)1 . U = N.  (80) 
22F  = {2,  3,  4).  M = {6,  7).  P = {0,  5). 
Tabulate  {(/,  m,p)\ft  F A m e M A p e P). 

(93) 

23  Give  a standard  description  of  the  solution 
set  of  s«8  12.  Use  the  symbol  for  “less  than 
or  equal  to.”  U = Ra.  90) 

24  Set  A has  5 members,  and  set  B has  6 mem- 
bers. How  many  members  are  there  in  A X B? 
(74) 

25  Set  C has  3 members,  set  D has  5,  and 

set  E has  5.  How  many  members  are  there  in 
{(c,  d,  e)  | c e C A d e D A e e E}  ? (93) 

26  Make  a graph  of  {x  | x ^ 2|} . U = Ra.  (72) 

27  Make  a graph  of  {6|6~>63}.  U = Ra. 
(as) 

28  Make  a graph  of  {z  1 1 - z^OAz  + j^^}. 
U = Ra.  (85) 

Test  122 

For  each  problem,  write  a sentence  that  ex- 
presses a condition.  Tabulate  the  solution  set 
of  the  condition,  if  possible.  Otherwise,  give  a 
standard  description  of  the  solution  set.  Then 
give  the  answer  to  the  problem. 

For  problems  29  through  32,  the  universe 
for  each  variable  is  Z. 

29  A rectangular  parking  lot  is  128  ft.  long  and 

48|  ft.  wide.  What  is  the  area  of  the  parking  lot 
in  square  feet  ? (142) 


146  End-of-unit  tests  on  sets  of  numbers  and  sets  of  points 


30  An  object  that  is  located  near  the  equator 
moves  about  24,900  mi.  in  24  hr.  because  of 
the  rotation  of  the  earth  upon  its  axis.  About 
how  many  miles  per  hour  does  this  object 
move  because  of  the  earth’s  rotation?  (Ones) 

(102) 

31  Last  year  260  tokens  for  the  Wilmot  Beach 
were  sold.  This  year  294  beach  tokens  were 
sold.  What  was  the  per  cent  of  increase  in 
the  number  of  beach  tokens  sold?  (Tenths) 

(103) 

32  A window  in  a new  bus  is  in  the  shape  of 
a parallelogram.  The  length  of  an  altitude  of 
the  parallelogram  is  lj  ft.  The  length  of  the 
base  is  2f  ft.  What  is  the  area  of  the  window 
in  square  feet  ? (142) 

For  problems  33  and  34,  the  universe  for 
each  variable  is  N. 

33  Brad’s  mother  is  2 years  younger  than  his 
father.  His  father  is  at  least  41  years  old,  but 
less  than  47  years  old.  How  old  is  each  of 
Brad’s  parents?  (99) 

34  The  sum  of  a first  number  and  a second 
number  is  less  than  6.  The  difference  of  the 
first  number  and  a third  number  is  1.  The 
third  number  is  greater  than  2.  What  are  the 
three  numbers  ? (110) 

For  problems  35  and  36,  the  universe  for 
each  variable  is  C. 

35  Certain  rate  pairs  are  equivalent  to  8/3. 
The  sum  of  the  components  of  each  of  these 
rate  pairs  is  not  greater  than  44.  What  are  the 
rate  pairs?  (104) 

36  A certain  rate  pair  is  equivalent  to  18/12. 
The  product  of  the  components  of  the  rate  pair 
is  20.  What  is  the  rate  pair  ? (104) 

For  problem  37,  the  universe  for  each  vari- 
able is  Ra. 

37  What  numbers  are  at  least  as  great  as  32| 
and  not  greater  than  the  difference  of  412|  and 
286|?(ioo) 
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126 


Exploring  ideas 


The  natural  numbers  and  the 
rational  numbers  of  arithmetic 


In  your  study  of  mathematics  up  to  now,  you 
have  used  only  two  sets  of  numbers,  the  nat- 
ural numbers  and  the  rational  numbers  of 
arithmetic.  Much  of  mathematics  makes  use  of 
other  sets  of  numbers.  In  this  unit  you  will 
learn  why  at  least  one  other  set  of  numbers  is 
needed.  First,  however,  you  will  review  some 
of  the  properties  of  natural  numbers  and  of 
rational  numbers  of  arithmetic. 

A Tabulate  the  set  of  natural  numbers.  Is 
15.6  eN?  Is  lfeN?  Is  349  eN? 

In  Book  1 you  learned  that  the  sum  of  any 
two  members  of  N is  also  a member  of  N,  and 
that  the  product  of  any  two  members  of  N is 
also  a member  of  N.  You  can  express  these 
two  properties  in  another  way:  N is  closed 
under  the  operations  of  addition  and  multi- 
plication. 

b How  do  you  know,  without  computing,  that 
648  + 5984  e N ? How  do  you  know,  without 
computing,  that  648  X 5984  e N ? 

You  can  use  the  relationship  between  sub- 
traction and  addition  to  decide  whether  or  not 
N is  closed  under  subtraction  also. 

C Think  about  8-3  = 5.  When  you  add  5 to 
3,  you  obtain  the  sum  8.  Is  the  difference  8 — 3 
a natural  number  ? 

D How  do  you  know  that  the  difference 

1 3 — 28  is  not  a natural  number  ? 

As  you  know,  the  closure  property  of  addi- 
tion of  natural  numbers  can  be  expressed  as 
follows. 


The  universe  for  a and  b is  N.  For  each  re- 
placement of  a and  b,  a + b e N. 

However,  since  you  know  that  you  replace 
a variable  only  by  members  of  the  universe,  the 
property  also  can  be  expressed  in  the  way 
given  below.  Notice  that  the  words  “replace- 
ment of”  are  omitted.  From  now  on  in  this 
book,  we  will  usually  omit  the  words  “replace- 
ment of.” 

The  universe  for  a and  b is  N.  For  each  a and 
b,  a + b e N. 

e The  universe  for  a and  b is  N.  For  each  a 
and  b,  is  a X b € N ? How  do  you  know  ? 

F The  universe  for  a and  b is  N.  For  each  a 
and  b,  is  a — b e N ? Is  N closed  under  sub- 
traction ? Explain  your  answers. 

You  can  use  the  relationship  between  di- 
vision and  multiplication  to  decide  whether  or 
not  N is  closed  under  division. 

G Think  about  35  -s-  7 = 5.  By  what  natural 
number  can  you  multiply  7 to  get  35?  Is  the 
quotient  35  7 a natural  number? 

H How  do  you  know  that  the  quotient  18  -MO 
is  not  a natural  number? 
i The  universe  for  a and  b is  N.  For  each  a 
and  b,  is  a -*■  b e N ? Is  N closed  under  di- 
vision ? Explain  your  answers. 

Because  N is  not  closed  under  either  sub- 
traction or  division,  there  are  many  problems 
that  cannot  be  answered  when  the  set  of  natu- 
ral numbers  is  used  as  a universe.  The  follow- 
ing exercises  will  help  you  see  why  this  is  so. 
j Read  the  problem  in  d1.  Suppose  that  the 
universe  is  N.  Is  19/3  ~ x/\  a condition  for 
the  problem?  How  can  you  obtain  19  = 3x 
from  19/3  ~ x/l  ? 

To  find  the  solution  of  19  = 3x,  you  must 
find  a natural  number  by  which  you  can  multi- 
ply 3 to  obtain  the  product  19.  This  means  that 
you  must  find  a natural  number  that  is  the 
quotient  of  19  and  3. 


148  Review  of  some  properties  of  N and  Ra;  motivation  for  studying 
( other  sets  of  numbers 


The  distance  by  water  between  Pirates’ 
Point  and  Walton  Harbor  is  19  mi. 
One  day,  Jerry  sailed  from  Pirates’ 
Point  to  Walton  Harbor  in  3 hr.  He 
sailed  an  average  of  how  many  miles 
per  hour? 

d! 


At  noon  on  Tuesday,  the  temperature 
in  Lake  City  was  10  degrees  above 
zero.  By  7 p.m.,  the  temperature  had 
dropped  15  degrees.  What  was  the 
temperature  at  7 p.m.  ? 

d2 


3 _6  _9_ 

5>  105  15»  • • • 


d3 

k Is  there  a natural  number  that  is  the  quo- 
tient of  19  and  3?  Is  there  a natural  number 
that  satisfies  19  = 3x1  Is  there  a natural  num- 
ber that  satisfies  19/3  ~ x/l  ? Is  there  a natu- 
ral number  that  provides  an  answer  to  the 
problem  in  Dl  ? 

l Next  read  the  problem  in  d2.  Again  suppose 
that  the  universe  is  N.  Is  10  — 15  — a the  con- 
dition for  the  problem?  Is  there  a natural 
number  that  satisfies  10  — 15  = al  Is  there  a 
natural  number  that  provides  an  answer  to 
the  problem  ? 

There  are  no  natural  numbers  that  satisfy 
the  conditions  19/3  ~ x/l  and  10—  15  = a. 
To  find  answers  to  problems  like  the  ones  in 
Dl  and  d2,  you  must  use  other  sets  of  numbers. 

Another  set  of  numbers  you  might  use  is  the 
set  of  rational  numbers  of  arithmetic,  which 
you  studied  in  Book  1.  In  the  following  exer- 


cises you  will  review  some  of  the  properties 
of  the  rational  numbers  of  arithmetic.  Then 
you  will  decide  if  this  set  of  numbers  provides 
answers  to  the  problems  in  d1  and  d2. 

Look  at  d3.  Each  member  of  the  set  tabu- 
lated in  d3  is  a fraction.  A fraction  is  an  or- 
dered pair  of  natural  numbers  in  which  the 
second  component  is  not  zero.  The  first  com- 
ponent of  such  an  ordered  pair  is  the  numer- 
ator of  the  fraction,  and  the  second  component 
is  the  denominator. 

a What  is  the  product  of  the  numerator  of  § 
and  the  denominator  of  ? What  is  the  prod- 
uct of  the  numerator  of  and  the  denominator 
off?  Is  3 X 10  = 6X5? 

In  Book  1 you  learned  that,  since  3X10  = 
6X5,  the  fractions  § and  ^ are  equivalent. 

B Show  that  § and  ^ are  equivalent  fractions. 
Show  that  and  are  equivalent  fractions. 
You  will  recall  that  numbers  whose  only 
common  factor  is  1 are  relatively  prime  num- 
bers, and  that  a fraction  whose  numerator  and 
denominator  are  relatively  prime  is  a basic 
fraction. 

C Look  again  at  d3.  Explain  why  f is  a basic 
fraction.  Is  either  or  ^ a basic  fraction? 
How  do  you  know? 

D The  set  tabulated  in  d3  is  the  set  whose 
members  are  § and  all  fractions  equivalent 
to  §.  How  do  you  know  that  this  set  is  a ra- 
tional number  of  arithmetic  ? 

For  each  rational  number  of  arithmetic  ex- 
pressed in  exercises  E through  H,  name  two 
more  fractions  that  indicate  the  number. 

C (3  6 9_  I r (9  ]8  27  i 

c '45  85  125  • • •/  l8,  16,  24,  . . ./ 

r (5  10  15  \ „ (12  20  15  \ 

r l8’  165  245  • • •/  M * 7 5 145  215  • • •/ 

In  the  following  exercises  you  will  see 
whether  Ra  is  closed  under  the  operations  of 
addition  and  multiplication.  First  you  will  re- 
view how  to  find  the  product  of  two  members 
of  R*. 
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Universe  for  a and  c = N. 

Universe  for  b and  d=  C. 

. a w c ac 

A b A d bd’ 

_ a i c • ad  + be 
B b + d-—bd~- 

d4 

i Look  at  sentence  A in  d4.  What  is  the  uni- 
verse for  the  variables  ? Sentence  A expresses 
the  definition  of  the  product  of  two  members 
of  Ra.  For  each  a,  b , c,  and  d,  § X -d  = §§. 
j Use  the  definition  to  find  the  product  of 
\ and  §.  To  find  the  product  of  \ and  y-  To  find 
the  product  of  5 and  y-  Is  each  of  these  prod- 
ucts a member  of  Ra? 

K Is  the  product  of  any  two  members  of  Ra 
also  a member  of  Ra  ? Use  the  closure  prop- 
erty of  multiplication  of  natural  numbers  to 
explain  your  answer. 

Next  you  will  review  how  to  find  the  sum  of 
two  members  of  Ra. 

L Look  at  sentence  B in  d4.  What  is  the  uni- 
verse for  the  variables?  Sentence  B expresses 
the  sum  property  of  members  of  Ra.  For  each 
a,  b , c,  and  d,  -b  + -d  = 

M Use  the  sum  property  to  find  the  sum  of  f 
and  To  find  the  sum  of  \ and  §.  To  find  the 
sum  of  y and  Is  each  of  these  sums  a mem- 
ber of  Ra  ? 

N Is  the  sum  of  any  two  members  of  Ra  also  a 
member  of  Ra?  Use  the  closure  properties 
of  N to  explain  your  answer. 

Your  answers  for  exercises  K and  N should 
remind  you  that  both  the  product  and  the  sum 
of  any  two  members  of  Ra  are  also  members  of 
Ra.  The  set  of  rational  numbers  of  arithmetic 
is  closed  under  addition  and  multiplication. 

Before  you  decide  whether  or  not  Ra  is 
closed  under  division,  you  will  review  some  of 
the  other  properties  of  Ra.  In  Book  1 you 


learned  that,  if  the  product  of  two  members  of 
Ra  is  1,  then  each  number  is  the  reciprocal  of 
the  other. 

o What  is  the  product  of  if  and  f?  Are  if 
and  § reciprocals?  How  do  you  know  that 
and  f are  reciprocals  ? 

The  universe  for  x is  Z.  For  each  x,  the  re- 
ciprocal of  x is  1 -j-  x,  or  1 /x.  This  is  the  re- 
ciprocal property  of  the  rational  numbers  of 
arithmetic. 

p What  is  the  reciprocal  of  ^?  Of  3f?  Of  7? 

To  find  the  quotient  of  any  two  members  of 
Ra,  you  can  use  the  quotient  property  of  the 
rational  numbers  of  arithmetic  and  the  recip- 
rocal property.  The  quotient  property  is:  For 
each  x and  y,  x + y = x • \/y.  The  universe  for 
x is  Ra,  and  the  universe  for  y is  Z.  From  the 
quotient  property  you  know  that,  to  find  the 
quotient  § -s-  for  example,  you  find  the  prod- 
uct of  | and  the  reciprocal  of 
Q Is  1 !\  the  reciprocal  of  J ? Isl/|  = f?  Use 
the  quotient  property  to  find  the  quotient  of  \ 
and  Is  the  number  you  obtain  a member  of 
Ra? 

R What  is  the  quotient  of  y and -^  ? Of  y and 
ff?  Is  each  quotient  a member  of  Ra? 

Remember  that,  if  the  divisor  is  a non-zero 
rational  number  of  arithmetic,  the  quotient  of 
any  two  members  of  Ra  is  also  a member  of 
Ra.  Consequently,  the  set  of  non-zero  rational 
numbers  of  arithmetic  is  closed  under  division. 
S Read  the  problem  in  d1  again.  Now  suppose 
that  the  universe  is  Ra.  Is  19/3  ~ x/\  a condi- 
tion for  the  problem  ? Is  there  a member  of  Ra 
that  satisfies  this  condition?  Can  you  use  the 
solution  set  of  the  condition  to  get  an  answer 
to  the  problem  ? What  is  the  answer  ? 

Although  you  cannot  find  an  answer  to  the 
problem  in  d1  when  you  use  natural  numbers, 
you  can  find  an  answer  when  you  use  rational 
numbers  of  arithmetic.  This  is  possible  because 
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the  set  of  non-zero  rational  numbers  of  arith- 
metic is  closed  under  division. 

To  decide  whether  or  not  Ra  is  closed  under 
subtraction,  you  can  use  the  relationship  be- 
tween subtraction  and  addition. 

T How  do  you  know  that  the  difference  § — | 
is  not  a member  of  Ra? 
u Is  the  difference  of  any  two  members  of  Ra 
always  a member  of  Ra  ? Is  Ra  closed  under 
subtraction  ? 

v Read  the  problem  in  d2  again.  Suppose  that 
the  universe  is  Ra.  Is  10  — 15  = a the  condi- 
tion for  the  problem  ? Is  there  a member  of  Ra 

The  distance  by  water  between  Pirates’ 
Point  and  Walton  Harbor  is  19  mi. 

One  day,  Jerry  sailed  from  Pirates’ 
Point  to  Walton  Harbor  in  3 hr.  He 
sailed  an  average  of  how  many  miles 
per  hour  ? 

d1 


At  noon  on  Tuesday,  the  temperature 
in  Lake  City  was  10  degrees  above 
zero.  By  7 p.m.,  the  temperature  had 
dropped  15  degrees.  What  was  the 
temperature  at  7 p.m.  ? 

d2 


that  satisfies  the  condition?  Explain  your  an- 
swer. Can  you  get  an  answer  to  the  problem 
in  d2  by  using  rational  numbers  of  arithmetic  ? 

You  have  seen  that  neither  the  natural  num- 
bers nor  the  rational  numbers  of  arithmetic 
provide  answers  to  problems  like  the  one  in 
d2.  This  is  because  neither  N nor  Ra  is  closed 
under  subtraction.  In  the  lessons  that  follow, 
you  will  study  a set  of  numbers  that  can  be 
used  to  obtain  answers  to  such  problems.  Be- 
fore you  begin  to  work  with  this  set  of  num- 
bers, you  will  review  the  idea  of  a number  sys- 
tem. 

In  Book  1 you  learned  that  a number  system 
consists  of  a set  of  objects  called  numbers, 
along  with  two  operations.  Each  operation 
must  be  closed,  commutative,  and  associative. 
One  of  the  operations  must  distribute  over  the 
other. 

As  you  answer  the  questions  below,  remem- 
ber that  addition  and  multiplication  are  binary 
operations.  “Binary”  means  that  you  work 
with  only  two  numbers  at  a time. 

A Look  at  d5.  Suppose  that  S is  any  set  of  ob- 
jects. What  is  the  universe  for  the  variables  in 
each  condition  expressed  in  d5  ? 

B What  two  operations  are  named  in  d5? 
Which  conditions  tell  you  that  S is  closed 
under  the  two  operations  ? 


Universe  for  x,  y,  and  z = S. 

Operations  — * 

Addition 

Multiplication 

Closure  properties  — *jj 

x + y e S. 

xy  e S. 

Commutative  properties  — * 

x + y = y + x. 

£ 

II 

& 

Associative  properties  — > 

(x  + y)  + z = x + (y  + z). 

(xy)z  = x(yz). 

Distributive  property  — * 

x(y  + z)  = 

xy  + xz. 

d5 
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Universe  for  x,  y,  and  z = S. 

Operations  — » 

Addition 

Multiplication 

Closure  properties  — > 

x + y e S. 

xy  e S. 

Commutative  properties  — * 

x + y = y + x. 

II 

V- 

H 

Associative  properties  — > (x  + y)  + z = x + (y  + z). 

(■ xy)z  = x(yz). 

Distributive  property  — »' 

x(y  + z)  = 

■ xy  + xz. 

d5 


C Which  condition  tells  you  that  the  order  in 
which  you  add  any  two  members  of  S does  not 
affect  the  sum  ? Which  condition  tells  you  that 
the  order  in  which  you  multiply  any  two  mem- 
bers of  S does  not  affect  the  product  ? 
d Which  conditions  tell  you  that  the  way  in 
which  you  group  the  members  of  S does  not 
affect  either  the  sum  or  the  product  ? 

E Which  property  relates  the  two  operations  ? 
F Does  set  S,  together  with  the  operations  of 
addition  and  multiplication,  form  a number 
system  ? 

G Now  suppose  that  N is  the  universe  for  the 
variables  in  the  conditions  expressed  in  d5. 
How  do  you  know  that  N,  together  with  the 
operations  of  addition  and  multiplication, 
forms  a number  system  ? 

H Next  suppose  that  Ra  is  the  universe  for 
the  variables  in  the  conditions  expressed  in 
d5.  How  do  you  know  that  Ra,  together  with 
the  operations  of  addition  and  multiplication, 
forms  a number  system  ? 

In  this  lesson  you  learned  that  N and  Ra  do 
not  contain  solutions  to  conditions  for  certain 
problems.  You  also  reviewed  some  of  the  prop- 
erties of  addition  and  multiplication  of  natural 
numbers  and  rational  numbers  of  arithmetic. 

On  your  own 

For  each  condition  expressed  in  exercises  1 
through  10,  first  use  N as  the  universe  and  tell 


whether  or  not  there  is  a natural  number  that 
satisfies  the  condition.  If  not,  explain  why. 
Then  use  Ra  as  the  universe  and  tell  whether  or 
not  there  is  a rational  number  of  arithmetic 
that  satisfies  the  condition.  If  not,  explain  why. 

1 1095  + 8 = y.  6 555  -3  = m. 

2 752  753  = x.  7 0-  1 =6. 

3 1300  + 0 = n.  8 10  X 100  = c. 

4 269  - 2 = n.  9 250  = 75  = p. 

5 25  X 1 =?.  10  692  - 659  = m. 

Name  the  basic  fraction  that  indicates  each 

rational  number  of  arithmetic  that  is  expressed 
in  exercises  11  through  15. 

11—  12—  13—  14—  15  — 

I I 27  14  1 J 18  14  35  1 5 30 

For  each  of  exercises  16  through  27,  tell 
whether  the  sentence  expresses  a true  statement 
or  a false  statement.  For  each  true  statement, 
name  the  property  that  you  used  to  make  your 
decision. 

^ §(!  + !)  = id + £)• 

1 -j  _2_  _5_  __  5 _ 2. 

■'  11  11  11  11* 

l8(iX6)Xf=(6X±)Xf. 

19  17=  15.2  e Ra. 

20  100  - 320  e Ra. 

21  (1.09  + 2. 1)8.5  = (1.09)8.5  + (2.1)8.5. 

22  255  = 25  = 25  = 255. 

23  .1(8  X 10)  = (.1  X 8)10. 

24  | + (8  X.  j)  = (|  + 8)(|  + 1). 

25  (£  + *)+  1 =4  + 0+1). 

26  16(3  + f)=  16(1  + 3). 

27  .5  + 1.3  e Ra. 
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Exploring  ideas 

positive  rational  numbers 

In  lesson  126  you  reviewed  the  system  of  nat- 
ural numbers  and  the  system  of  rational  num- 
bers of  arithmetic.  In  this  lesson  you  will  begin 
the  study  of  another  system  of  numbers.  The 
set  of  numbers  in  this  system  contains  solu- 
tions of  conditions  like  10  — 15  = x. 

To  introduce  you  to  the  new  set  of  numbers, 
we  will  use  a special  kind  of  segment.  Look  at 
the  picture  of  a number  line  in  d1.  The  coor- 
dinates of  the  points  in  this  line  are  rational 
numbers  of  arithmetic. 

A What  is  the  coordinate  of  point  B?  Of 
point  F?  Of  point  A? 

B Name  the  coordinates  of  the  endpoints  of 
DO.  What  is  the  measure  of  D G ? 


REMINDER 

The  measure  of  a segment  is  the  absolute 
difference  of  the  coordinates  of  the 
endpoints  of  the  segment.  If  the 
coordinate  of  A is  2 and  the  coordinate 
of  B is  4|,  then  m(AB)  = l\. 

See  lesson  98,  page  5. 


c What  is  the  measure  of  CF?  What  is 
m(FL)  ? 

D Which  segments,  whose  endpoints  are 
named  in  d1,  have  a measure  of  3 ? 

Next  look  at  the  picture  of  a number  line 
in  d2.  You  can  use  this  number  line  to  deter- 
mine the  measures  of  segments  MN,  RS,  and 
TU,  which  are  represented  in  d2. 


10  127 

The 


abcdefghjl 


0 1 

2 

Dl 

13  2 5 

2 2 

3 2 4 ? 

2 2 

M 

N 

R S 

T U 

* 

2 

15  2 5 

2 2 

3 15  13 

4 3 

d2 

directed  segment  (di  rekt'sd).  A segment 
in  which  one  endpoint  is  chosen  as  the  starting 
point  and  the  other  endpoint  is  chosen  as  the 
terminal  point.  A directed  segment  is  directed 
from  its  starting  point  to  its  terminal  point. 

e Which  endpoint  of  MN  has  the  coordinate 
5?  What  is  the  coordinate  of  N?  What  is 
m(MN)? 

F Is  NM  the  same  segment  as  MN ? What  is 
m(NM)? 

G How  do  you  know  that  m(RS)  = \ ? What 
is  m(TU)  ? 

You  can  think  about  segments  MN,  RS, 
and  TU  in  another  way.  Imagine  that  each 
segment  represents  a trip  from  one  point  to 
another  point.  If,  for  example,  you  start  at 
point  M and  travel  to  point  N,  you  travel  a 
certain  distance  to  the  right.  But  if  you  start  at 
point  N and  travel  to  point  M,  you  travel  a 
certain  distance  to  the  left. 

H In  which  direction  are  you  traveling  if  you 
start  at  point  U and  travel  to  point  T ? If  you 
start  at  R and  travel  to  S ? If  you  start  at  T and 
travel  to  U ? 

When  you  choose  one  endpoint  of  a seg- 
ment as  a starting  point  and  the  other  endpoint 
as  a terminal  (terAna  nal)  point , the  segment  is 
a directed  segment. 
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1 d3  shows  how  to  write  and  read  a name  of 
the  directed  segment  that  has  R as  the  starting 
point  and  S as  the  terminal  point.  How  does 
the  symbol  for  a directed  segment  differ  from 
the  symbol  for  a segment  ? 
j In  the  name  of  a directed  segment,  the  first 
letter  indicates  the  starting  point  and  the  sec- 
ond letter  indicates  the  terminal  point.  Name 
the  starting  and  terminal  points  of  DL. 

K The  arrow  in  a symbol  like  DL  is  not  in- 
tended to  show  whether  the  segment  is  directed 
to  the  right  or  to  the  left.  Look  again  at  d2. 
How  do  you  know  that  SR  is  directed  to  the 
left?  How  do  you  know  that  TU  is  directed  to 
the  right  ? 

l Is  GW  the  same  as  WG?  How  are  the  two 

directed  segments  alike  ? How  are  they  dif- 
ferent ? 

M Write  the  name  of  the  directed  segment 
whose  starting  point  is  K and  whose  terminal 
point  is  A.  Write  the  name  of  the  directed  seg- 
ment whose  terminal  point  is  L and  whose 
starting  point  is  Z. 

Each  directed  segment  is  directed  either  to 
the  left  or  to  the  right.  The  endpoint  that  has 
the  greater  coordinate  is  always  to  the  right  of 
the  endpoint  that  has  the  lesser  coordinate. 

N Four  directed  segments  are  represented  in 
d4.  The  arrows  in  the  pictures  of  these  seg- 
ments show  that  you  are  to  think  of  the  seg- 
ments as  directed  to  the  right.  Name  each  of 
these  directed  segments. 

M N 

From  now  on  in  this  lesson,  you  will  work 

R S T U 

only  with  directed  segments  that  are  directed 
to  the  right. 

113  2 5 3 is  ij 

2 2 2 4 3 

o How  do  you  know  that  m(AB)  — |?  What 
is  m(EF) ? Is  m(AB)  = m(EF) ? Do  AB  and 

d2 

EF  have  the  same  direction? 

AB  and  EF  have  the  same  direction  and  the 

“The  directed 
segment 

same  measure.  Directed  segments  that  have  the 
same  direction  and  the  same  measure  are 
equivalent  directed  segments.  AB  ~ EF  is  a true 
statement.  If  you  think  of  directed  segments 

RS 

as  representing  trips,  then  equivalent  directed 
segments  represent  trips  of  the  same  distance 

RS” 

in  the  same  direction. 

p Look  again  at  d4.  How  do  you  know  that 

d3 

HC  is  equivalent  to  AB  ? That  HC  ~ EF  ? 

J 

D 

A B E 

F H C 

0I132 

2 2 

d4 

5 3 Z 4 ? 

2 2 2 
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Q Using  the  number  line  represented  in  d4, 
imagine  a directed  segment  WV.  Point  V 
has  a coordinate  of  y,  and  point  W has  a co- 
ordinate of  25.  What  is  the  direction  of  WV? 
Whatism(WV)?  Explain  your  answers. 

R Name  the  directed  segments  represented  in 
d4  that  are  equivalent  to  WV. 


lhe  directed  segments  AB,  EF,  and  HC, 
represented  in  d4,  are  members  of  an  infinite 
set  of  equivalent  directed  segments.  Each  mem- 
ber of  this  set  is  a directed  segment  that  has  a 
measure  of  \ and  is  directed  to  the  right.  Now 
you  will  learn  about  the  number  that  is  asso- 
ciated with  this  set. 

a For  each  directed  segment  represented  in 
d4,  the  coordinates  of  the  endpoints  form  an 
ordered  pair  of  rational  numbers  of  arithme- 
tic. Which  component  of  (f,  2)  is  the  coordi- 
nate of  the  starting  point  of  EF?  Which  com- 
ponent is  the  coordinate  of  the  terminal  point? 

We  say  that  (§,  2)  determines  EF.  Each  or- 
dered pair  of  rational  numbers  of  arithmetic 
determines  exactly  one  directed  segment.  The 
first  component  of  the  ordered  pair  that  de- 
termines the  directed  segment  is  the  coordinate 
of  the  terminal  point.  The  second  component 
is  the  coordinate  of  the  starting  point. 

B Which  ordered  pair,  (0,  or  0),  deter- 
mines AB,  represented  in  d4?  How  do  you 
know? 

You  know  that  AB  ~ EF.  Now  you  will 
learn  how  ({,  0)  and  (§,  2),  which  determine  AB 
and  EF,  are  related. 

C Look  at  d5.  What  is  the  sum  of  the  first 
component  of  ({,  0)  and  the  second  component 
of  (§,  2)  ? What  is  the  sum  of  the  first  compo- 
nent of  (§,  2)  and  the  second  component  of 
({,  0)  ? Are  these  sums  equal  ? 
d Does  the  sentence  in  d5  express  a true  state- 
ment, or  does  it  express  a false  statement  ? 


1 + 2 

I 1 

a o)  (i,  2) 

I I 

1+0 

j + 2 = | + 0. 


equivalent  ordered  pairs  for  directed  seg- 
ments. The  universe  for  a,  b,  c,  and  d is  Ra. 
For  each  a,  b,  c,  and  d,  if  a + d = c + b,  then 
(a,b)~(c,d).  Also,  if  (a,  6)  ~ (c,  d),  then 
a + d = c + b. 


The  ordered  pairs  that  determine  the  equiv- 
alent directed  segments  AB  and  EF  are  equiva- 
lent ordered  pairs  for  directed  segments.  You 
can  use  variables  to  define  equivalent  ordered 
pairs  for  directed  segments.  Suppose  that  {a,  b) 
and  (c,  d)  are  any  two  ordered  pairs  for  di- 
rected segments.  The  universe  for  a , &,  c,  and  d 
is  Ra.  For  each  a , b,  c,  and  d,  if  a + d = c + b, 
then  (< a , b)  ~ ( c , d).  Also,  if  (a,  b)  ~ ( c , d),  then 
a + d=c  + b. 

Notice  that  this  definition  of  equivalent  or- 
dered pairs  is  different  from  the  definition  you 
use  when  the  ordered  pairs  are  rate  pairs  or 
fractions.  “Equivalent”  has  several  meanings 
in  mathematics.  The  definition  given  here  ap- 
plies to  the  ordered  pairs  that  determine  di- 
rected segments. 

E Look  again  at  d4.  You  know  that  HC  ~ AB 
and  that  HC  ~ EF.  Name  the  ordered  pair  that 
determines  HC.  Use  the  definition  of  equiva- 
lent ordered  pairs  for  directed  segments  to 
show  that  (4,  \)  ~ (|,  0)  and  that  (4,  |)  ~ (§,  2). 
F Is  JD  equivalent  to  AB  ? What  ordered  pair 
determines  JD  ? Use  the  definition  to  find  out 
if  (3,  |)  is  equivalent  to  (5,  0).  Is  3 + 0 = \ + §? 
Is  (3,  |)  ~ (5,  0)  a true  statement? 
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G Suppose  that  two  ordered  pairs  for  directed 
segments  are  equivalent.  What  do  you  know 
about  the  directed  segments  determined  by 
these  ordered  pairs? 

H Suppose  that  two  directed  segments  are  not 
equivalent.  What  do  you  know  about  the 
ordered  pairs  that  determine  these  directed  seg- 
ments ? 

I The  directed  segments  that  you  have  been 
studying  are  directed  to  the  right.  For  each 
ordered  pair  that  determines  one  of  these  seg- 
ments, which  component  is  the  greater? 
j Look  at  d6.  What  condition  is  expressed? 
Notice  that  the  universe  for  (x,  y)  is  Ra  X Ra. 
The  Cartesian  set  Ra  X Ra  is  an  infinite  set  of 
ordered  pairs  of  rational  numbers  of  arith- 
metic. Both  components  of  each  member  of 
Ra  X Ra  are  rational  numbers  of  arithmetic. 

For  any  infinite  set  of  equivalent  directed 
segments,  there  is  an  infinite  set  of  equivalent 
ordered  pairs  of  rational  numbers  of  arithme- 
tic that  determine  these  segments.  ({,  0),  (§,  2), 
and  (4,  l),  which  determine  AB,  EF,  and  HC, 
are  members  of  an  infinite  set  of  ordered  pairs 
that  satisfy  the  condition  expressed  in  d6. 
k Is  (3,  |)  a member  of  the  solution  set  of 
(x,  y)  ~ ({,  0)  ? Is  (y,  5)  a member  ? Explain 
your  answers.  How  do  you  know  that  (J,  |)  is 
not  a member  of  {(x,  y)  | (x,  y)  ~ 0)}  ? 

L Does  ({,  0)  satisfy  (x,  y)  ~ (5,  0)  ? Is  (|,  0) 
the  same  ordered  pair  of  rational  numbers 
of  arithmetic  as  ({,  0)?  Is  (x,  y)  ~ 0)  satis- 

fied by  any  other  ordered  pair  with  0 as  the  sec- 
ond component?  Explain  your  answers.  Re- 
member that  the  universe  for  (x,  y)  is  Ra  X Ra. 


In  each  set  of  equivalent  ordered  pairs  of 
rational  numbers  of  arithmetic,  there  is  one 
pair  that  has  0 as  at  least  one  of  its  compo- 
nents. This  pair  is  the  basic  pair  for  the  set. 
For  {(x,  y)  |(x,  y)  ~ (5,  0)},  the  basic  pair  is 

0).  In  this  lesson,  every  basic  pair  has  0 as 
its  second  component.  In  the  next  lesson,  you 
will  study  basic  pairs  that  have  0 as  the  first 
component. 

M Is  {(x,  y)  | (x,  y)  0)}  a finite  set,  or  is  it 
an  infinite  set  ? 

{(x,  y)  | (x,  y)  ~ ({,  0)}  is  a positive  rational 
number.  The  members  of  a positive  rational 
number  determine  equivalent  directed  seg- 
ments that  are  directed  to  the  right.  The  num- 
ber describes  each  of  these  directed  segments. 
Therefore,  a positive  rational  number  describes 
an  infinite  set  of  equivalent  directed  segments 
that  are  directed  to  the  right. 

A standard  name  of  the  positive  rational 
number  {(x,  y)  | (x,  y)  ~ (5,  0)}  is  shown  at  the 
right.  This  standard  name  is  read 
“positive  one  half.”  The  symbol 
above  and  to  the  left  of  the  symbol  \ 
is  read  “positive.” 

To  obtain  a standard  name  of  a positive  ra- 
tional number  from  the  basic  pair  for  the  num- 
ber, you  can  use  the  name  of  the  non-zero  com- 
ponent. If,  for  example,  the  basic  pair  for  a 


basic  pair.  An  ordered  pair  of  rational  num- 
bers of  arithmetic  that  has  0 as  at  least  one  of 
its  components. 


positive  rational  number  (poz'a  tiv).  An 
infinite  set  of  equivalent  ordered  pairs  of  ra- 
tional numbers  of  arithmetic,  each  of  whose 
members  determines  a directed  segment  that  is 
directed  to  the  right.  A positive  rational  num- 
ber contains  a basic  pair  whose  second  com- 
ponent is  0,  along  with  all  other  ordered  pairs 
that  are  equivalent  to  the  basic  pair. 
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positive  rational  number  is  (3,  0),  the  non-zero 
component  is  3.  A standard  name  of  this  posi- 
tive rational  number  is  the  numeral  +3. 
n What  is  a standard  name  of  the  positive  ra- 
tional number  whose  basic  pair  is  (^-,  0)? 
o Name  the  basic  pair  for  +y. 

P Is  the  same  positive  rational  number  as 
+f?  Explain  your  answer. 

Q You  know  that  +{  describes  each  directed 
segment  that  has  a measure  of  \ and  is  di- 
rected to  the  right.  What  is  the  measure  of 
each  directed  segment  described  by  +y?  What 
is  the  direction  of  these  directed  segments  ? 

R What  positive  rational  number  describes  a 
directed  segment  that  has  a measure  of  g and 
is  directed  to  the  right  ? 

You  can  use  any  member  of  a positive  ra- 
tional number  to  indicate  the  number.  It  is 
often  convenient,  however,  to  use  the  basic 
pair  that  is  a member  of  the  set. 
s What  basic  pair  indicates  +|?  How  do  you 
know  that  (f,  1)  also  indicates  +|? 

T What  is  a standard  name  of  the  positive  ra- 
tional number  that  is  indicated  by  (6,  0)  ? 

In  the  following  exercises,  you  will  study  the 
set  of  all  positive  rational  numbers. 

A Look  at  d7.  What  ordered  pair  determines 
TR?  What  ordered  pair  determines  NK? 
How  do  you  know  that  TR  ~ NK  ? 
b How  do  you  know  that  both  (|,  0)  and  (f,  1) 
are  members  of  the  positive  rational  number 


S 


0 i 1 4 2 ? 

3 3 4 


D 7 


{(x,  y ) | (x,  y)  ~ (g,  0)}  ? The  universe  for  (x,  y) 
is  Ra  X Ra. 

c Which  ordered  pair,  (|,  0)  or  (f,  1),  is  the 
basic  pair  for  {(x,  y)  | (x,  y)  ~ (},  0)}  ? What  is 
a standard  name  of  {(x,  y)  \ (x,  y)  ~ (},  0)}  ? 
d Does  (|,0)  indicate  +|?  Does  (f,  1)  also 
indicate  +|? 

E Look  again  at  d7.  Name  the  ordered  pair 
that  determines  SL.  Is  this  ordered  pair  a basic 
pair?  How  do  you  know? 

You  can  find  the  basic  pair  that  is  equivalent 
to  (3,  2)  by  using  a condition  for  equivalence. 
You  know  from  the  definition  of  equivalent 
ordered  pairs  that,  if  (< a , b ) ~ (c,  d ),  then 
a + d = c + b.  The  universe  for  each  variable 
is  Ra. 

F How  do  you  obtain  (a,  0)  ~ (3,  2)  from 

(a,  b)~(c,d)1 

G How  do  you  know  that  a + 2 = 3 + 0 has 
the  same  solution  as  ( a , 0)  ~ (3,  2)  ? What  is 
the  solution  ? 

H Name  the  basic  pair  that  is  equivalent  to 
(3,  2).  Is  {(x,  y)  | (x,  y)  ~ (3,  2)}  the  same  posi- 
tive rational  number  as  {(x,  y)  \ (x,  y)  ~ (1,  0)}  ? 
The  universe  for  (x,  y)  = Ra  X Ra. 

I What  is  a standard  name  of  the  positive  ra- 
tional number  indicated  by  (3,  2)  ? 

You  can  also  find  the  basic  pair  that  indi- 
cates the  same  positive  rational  number  as 
(3,  2)  by  finding  the  absolute  difference  of  the 
components  of  (3,  2).  Remember  that  the  abso- 
lute difference  of  two  numbers  is  the  number 
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obtained  when  the  lesser  number  is  subtracted 
from  the  greater  number, 
j What  is  the  absolute  difference  of  the  com- 
ponents of  (3,2)?  Is  the  absolute  difference 
the  first  component,  or  is  it  the  second  com- 
ponent, of  the  basic  pair  (1,0)? 

K The  ordered  pair  (f,  f)  determines  MV,  rep- 
resented in  d7.  What  is  the  absolute  difference 
of  the  components  of  (§,  |)  ? What  basic  pair 
indicates  the  same  positive  rational  number  as 
(!,!)? 

L In  an  ordered  pair  that  indicates  a positive 
rational  number,  which  component  is  the 
greater  ? 

M Think  about  the  set  of  all  ordered  pairs  of 
rational  numbers  of  arithmetic,  in  which 
each  second  component  is  0 and  each  first  com- 
ponent is  not  zero.  Is  this  set  a finite  set,  or  is  it 
an  infinite  set  ? Does  each  of  these  basic  pairs 
indicate  a different  positive  rational  number? 

N Now  think  about  the  set  of  all  positive  ra- 
tional numbers.  Is  this  set  a finite  set,  or  is  it 
an  infinite  set? 
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We  will  use  the  symbol  at  the  right  below  to 
name  the  set  of  positive  rational 
numbers.  This  symbol  is  read 
“the  set  of  positive  rational  num- 
bers.” 

Give  a standard  name  of  each  member  of 
Rp  that  is  described  below.  The  universe  for 
(x,  y)  is  Ra  X Ra. 
o {Gc,  y)\(x,  y ) ~ (|,  0)} 
p {(*,  j)|(x,  y)  ~(§,  0)} 

Q {G,  y)  j (x,  y)  ~ (25,  0)} 

R {(x,  y)\(x,  y)  ~ (8,  |)} 
s {(x,j)|(jc,  >>)~(100,  15)} 

In  this  lesson  you  learned  that  directed  seg- 
ments are  determined  by  ordered  pairs  of  ra- 
tional numbers  of  arithmetic.  You  also  learned 
that  a positive  rational  number  is  an  infinite 
set  of  equivalent  ordered  pairs  of  rational  num- 
bers of  arithmetic. 

Use  the  number  line  and  the  directed  seg- 
ments represented  in  d8  in  connection  with 
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exercises  1 through  6.  Each  of  the  directed  seg- 
ments represented  is  directed  to  the  right. 

1 Name  the  ordered  pair  of  rational  numbers 
of  arithmetic  that  determines  AB. 

2 Give  a standard  description  of  the  set  of 
ordered  pairs  equivalent  to  the  ordered  pair 
you  named  for  exercise  1.  The  universe  for 
(x,  y)  is  Ra  X Ra. 

3 Give  a standard  name  of  the  positive  ra- 
tional number  that  you  described  for  exer- 
cise 2. 

4 For  each  of  the  other  directed  segments 
represented  in  d8,  name  the  ordered  pair  of 
rational  numbers  of  arithmetic  that  determines 
the  directed  segment. 

5 For  each  of  the  ordered  pairs  that  you 
named  for  exercise  4,  give  a standard  descrip- 
tion of  the  set  of  ordered  pairs  equivalent  to 
the  given  ordered  pair.  The  universe  for  (x,  y ) 
is  Ra  X Ra. 

6 Give  a standard  name  of  each  positive  ra- 
tional number  that  you  described  for  exer- 
cise 5. 

For  exercises  7 through  11,  first  make  one 
picture  of  a number  line.  Use  rational  numbers 
of  arithmetic  as  the  coordinates  of  the  points 
in  the  line.  Then,  for  each  positive  rational 
number  named  in  exercises  7 through  11,  make 
a picture  of  a directed  segment  described  by 
the  number. 

7+Ja  8+2  9+2  ,0+f  11+2 

Give  a standard  name  of  each  member  of  Rp 
described  below.  The  universe  for  (x,  y)  is 
Ra  X Ra. 

12  {(x,  _y)|Gc,  y)  ~ (f,  0)} 

13  {(x,  y)  \(x,yy~;<±  0)1 

14  {(x,  _y)|(.x,  y)  ~ (f,  0)} 

15  {(x,y)\(x,  j>)~(§,  |)} 

16  {(x,y)  |0t,  y)~%  0)} 

17  {Oc,  _y)|Cx,  y)  ~ (2,  ^)} 


Find  the  basic  pair  equivalent  to  each  of  the 
ordered  pairs  named  below.  Then  give  a stand- 
ard name  of  the  positive  rational  number  indi- 
cated by  each  pair. 

is  (£  3)  21  (U)  24  (175,16) 

19  (is)  22(7,5)  25  (22,  2) 

20  (32,  y)  23  26  (7,  y) 


KEEPING  SKILFUL 

IVlake  one  sketch  for  exercises  1 through  8. 
Then  use  this  sketch  as  you  answer  the  ques- 
tions in  exercises  9 through  18.  The  universe  is 
the  plane  that  includes  circle  A. 

1 Make  a sketch  of  OA. 

2 Make  a sketch  of  diameter  BC  of  OA. 

3 Locate  D in  OA.  Make  a sketch  of  AD. 

4 Make  a sketch  of  secant  whose  intersec- 
tion with  OA  contains  points  B and  D. 

5 In  OA  locate  point  E that  is  not  in  semi- 
circle BDC. 

6 Make  a sketch  of  i2  that  is  tangent  to  cir- 
cle A at  point  E. 

7 Locate  point  F between  A and  B. 

8 Locate  point  G in  the  exterior  of  OA. 

9 Name  two  chords  of  OA. 

10  Name  three  radii  of  OA. 

1 1 Write  a standard  description  of  OA. 

12  Write  a standard  description  of  the  interior 
of  OA.  Of  the  exterior  of  OA. 

13  Name  the  central  angle  of  OA  that  is  de- 
termined by  points  B and  D. 

14  Tabulate  the  intersection  of  i2  and  the  in- 
terior of  OA. 

15  Describe  in  words  the  intersection  of  and 
the  interior  of  OA. 

1 6 Describe  the  union  of  O A and  AG. 

17  Write  a sentence  that  expresses  a true  state- 
ment comparing  AF  and  AB. 

18  Write  a sentence  that  expresses  a true  state- 
ment comparing  FC  and  AC. 
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Exploring  ideas 


The  negative  rational  numbers; 
the  set  of  rational  numbers 


In  the  last  lesson  you  learned  that  a positive 
rational  number  describes  each  member  of  a 
set  of  equivalent  directed  segments  that  are 
directed  to  the  right.  In  this  lesson  you  will 
study  sets  of  equivalent  directed  segments  that 
are  directed  to  the  left. 

Look  at  d1.  The  coordinates  of  the  points 
in  the  number  line  represented  in  d1  are  ra- 
tional numbers  of  arithmetic.  The  arrows  in 
the  pictures  in  d1  indicate  that  you  are  to  think 
of  the  directed  segments  QP,  SR,  UT,  and  WV 
as  segments  directed  to  the  left. 

A Which  point  is  the  starting  point  of  QP? 
Which  point  is  the  terminal  point  of  QP? 
Why  is  the  symbol  QP,  rather  than  the  symbol 
PQ,  used  to  name  this  directed  segment? 
b Name  the  coordinate  of  the  starting  point 
of  QP.  Name  the  coordinate  of  the  terminal 
point.  What  is  m(QP)? 

c For  each  directed  segment  represented  in 
Dl,  which  is  greater,  the  coordinate  of  the 
starting  point  or  the  coordinate  of  the  termi- 
nal point  ? 


D How  do  you  know  that  m(UT)  = §? 

E How  do  you  know  that  QP  and  UT  are 
equivalent  directed  segments  ? 

F What  is  m(SR)?  Is  SR  - QP?  Is  SR  ~ 
UT? 

G Whatism(WV)?  Is  WV  - QP?  Is  WV- 
UT? 


H Think  about  the  set  of  directed  segments, 
each  of  which  is  directed  to  the  left  and  has  a 
measure  of  f.  Is  this  set  a finite  set,  or  is  it  an 
infinite  set  ? 

In  the  last  lesson,  you  studied  certain  or- 
dered pairs  of  rational  numbers  of  arithmetic 
that  determine  directed  segments  that  are  di- 
rected to  the  right.  In  this  lesson,  you  will  study 
the  ordered  pairs  of  rational  numbers  of  arith- 
metic that  determine  directed  segments  that 
are  directed  to  the  left. 

i Look  again  at  Dl.  QP  is  the  directed  seg- 
ment that  is  determined  by  (0,  §).  Which  com- 
ponent of  (0,  |)  is  the  coordinate  of  the  termi- 
nal point  of  QP?  Which  component  is  the 
coordinate  of  the  starting  point  of  QP  ? Notice 
that,  just  as  for  directed  segments  that  are  di- 
rected to  the  right,  the  first  component  of  the 
ordered  pair  is  the  coordinate  of  the  terminal 
point,  and  the  second  component  is  the  coordi- 
nate of  the  starting  point. 

J Name  the  ordered  pair  of  rational  numbers 

of  arithmetic  that  determines  UT.  Use  the 
definition  of  equivalent  ordered  pairs  for  di- 
rected segments  to  show  that  (5,  2)  ~ (0,  §). 
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Negative  rational  numbers  defined  as  sets  of  equivalent  ordered  pairs; 
the  set  of  rational  numbers;  the  rational-number  line 


Universe  for  (x,  y)  = Ra  X Ra. 
Vx,y)\(.x,y)~(0,  f» 

d2 


negative  rational  number  (neg^a  tiv).  An 
infinite  set  of  equivalent  ordered  pairs  of  ra- 
tional numbers  of  arithmetic,  each  of  whose 
members  determines  a directed  segment  that  is 
directed  to  the  left.  A negative  rational  number 
contains  a basic  pair  whose  first  component  is  0, 
along  with  all  other  ordered  pairs  that  are 
equivalent  to  the  basic  pair. 


K Name  the  ordered  pair  of  rational  numbers 
of  arithmetic  that  determines  WV.  Is  the  or- 
dered pair  that  you  just  named  equivalent  to 
(0,  |)  ? Is  it  equivalent  to  (5,  2)  ? How  do  you 
know? 

l Name  the  ordered  pair  of  rational  numbers 
of  arithmetic  that  determines  SR.  Show  that 
this  ordered  pair  is  not  equivalent  to  (0,  f). 

M Now  read  the  standard  description  in  d2. 
(0,  |),  (5,  2),  and  (y,  3)  are  all  members  of 
{0c,  y)  | (x,  y)  ~ (0,  |)>.  Is  (1,§)  a member  of 
this  set?  Is  (§,  0)  a member?  Is  (5,  y)  a mem- 
ber? Explain  your  answers. 

N Is  {(x,  y)  | (x,  y)  ~ (0,  §)}  a finite  set,  or  is  it 
an  infinite  set  ? 

o How  do  you  know  that  (0,  f)  is  a basic  pair  ? 
How  do  you  know  that  (0,  y)  is  the  same  or- 
dered pair  as  (0,  §)  ? 

p How  many  basic  pairs  are  members  of  the 
? solution  set  of  (x,  y)  ~ (0,  |)  ? How  do  you 
know? 

{(x,  y)  | (x,  y)  ~ (0,  §)}  is  a negative  rational 
number.  The  members  of  a negative  rational 
number  determine  equivalent  directed  seg- 
ments that  are  directed  to  the  left.  The  number 
describes  each  of  these  directed  segments. 
Therefore,  a negative  rational  number  de- 
scribes an  infinite  set  of  equivalent  directed 
segments  that  are  directed  to  the  left. 


A standard  name  of  the  negative  rational 
number  {(x,  y)  | (x,  y)  ~ (0,  f)}  is  shown  at  the 


right.  This  standard  name  is  read 
“negative  three  fifths.”  The  sym- 
bol that  is  above  and  to  the  left 
of  the  symbol  § is  read  “nega- 
tive.” 

You  can  obtain  a standard  name  of  a nega- 
tive rational  number  from  the  basic  pair  for  the 
number  by  using  the  name  of  the  non-zero 
component.  If,  for  example,  the  basic  pair  for 
a negative  rational  number  is  (0,  6),  the  non- 
zero component  is  6.  A standard  name  of  this 
negative  rational  number  is  the  numeral  -6. 

Q What  is  a standard  name  of  the  negative  ra- 
tional number  whose  basic  pair  is  (0,  |)  ? 

R Name  the  basic  pair  of  _ 1 1 . 
s How  do  you  know  that  § is  the  same  nega- 
tive rational  number  as  | ? 

T You  know  that  § describes  each  directed 
segment  that  has  a measure  of  f and  is  directed 
to  the  left.  What  is  the  measure  of  each  di- 
rected segment  described  by  y ? What  is  the 
direction  of  each  directed  segment  described 

by  "S? 


u What  negative  rational  number  describes 
each  directed  segment  that  has  a measure  of  \ 
and  is  directed  to  the  left  ? 

You  can  use  any  member  of  a negative  ra- 
tional number  to  indicate  the  number.  It  is 
often  convenient,  however,  to  use  the  basic 
pair. 

v What  basic  pair  indicates  }?  Explain  how 
you  know  that  (2,  |)  also  indicates  }. 
w What  is  a standard  name  of  the  negative  ra- 
tional number  indicated  by  (0,  y)  ? 


In  the  preceding  exercises,  you  learned  what 
a negative  rational  number  is.  Now  you  will 
examine  the  set  of  all  negative  rational  num- 
bers. 
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A Look  at  d3.  Name  the  ordered  pair  that  de- 
termines ED.  Name  the  ordered  pair  that  de- 
termines I H . How  do  you  know  that  I H ~ E D ? 
b How  do  you  know  that  both  (0,  |)  and 
are  members  of  {Gc,  y)  | Gc,  y)  ~ (0,  f)}  ? 
The  universe  for  (x,  y)  is  Ra  X Ra.  What  is  a 
standard  name  of  {Gc,  y ) | (x,  y ) ~ (0,  |)}  ? 
c Name  the  ordered  pair  that  determines  GF. 
Is  this  ordered  pair  a basic  pair?  How  do  you 
know? 

In  lesson  127  you  learned  how  to  find  the 
basic  pair  for  a positive  rational  number  when 
you  know  another  ordered  pair  that  is  a mem- 
ber of  the  same  number.  Now  you  will  learn 
how  to  find  the  basic  pair  for  a negative  ra- 
tional number. 

d How  do  you  know  that  (1,3)  indicates  a 

negative  rational  number  rather  than  a posi- 
tive rational  number  ? Does  the  basic  pair  that 
is  equivalent  to  (1,  3)  indicate  the  same  nega- 
tive rational  number  as  (1,  3)? 

You  can  find  the  basic  pair  that  is  equiva- 
lent to  (1,  3)  by  using  the  definition  of  equiva- 
lent ordered  pairs  for  directed  segments.  The 
universe  for  each  variable  in  (a,  b ) ~ (c,  d ) 
is  Ra. 

E How  do  you  obtain  (0, 6)~(1,3)  from 
(a,  b ) ~ ( c , d)  ? What  does  (0,  b)  refer  to  ? 
Why  do  you  use  (0,  b ),  and  not  ( b , 0)  ? 

F How  do  you  know  that  0 + 3 = 1 + b has 
the  same  solution  as  (0,  b)  ~ (1,  3)?  What  is 
the  solution  ? 


G What  basic  pair  is  equivalent  to  (1,  3)?  Is 
{Gc,  y)\(x,  y)  ~~  (1,  3)}  the  same  negative  ra- 
tional number  as  {Gc,  y)  \ (x,  y)  ~ (0,  2)}  ? The 
universe  for  (x,  y)  is  Ra  X Ra. 
h What  is  a standard  name  of  the  negative  ra- 
tional number  indicated  by  (1,  3)? 

You  can  also  find  the  basic  pair  that  indi- 
cates the  same  negative  rational  number  as 
(1,  3)  by  finding  the  absolute  difference  of  the 
components  of  (1,  3). 

I What  is  the  absolute  difference  of  the  com- 
ponents of  (1,  3)?  Is  the  absolute  difference 
the  first  component,  or  is  it  the  second  compo- 
nent, of  (0,  2)  ? 

J Look  again  at  d3.  Name  the  ordered  pair 
that  determines  KJ. 

K How  can  you  use  the  absolute  difference  of 
the  components  of  (2,  §)  to  find  the  basic  pair 
that  is  equivalent  to  (2,  f)  ? 

L Which  number  does  (^,  indicate,  a posi- 
tive rational  number  or  a negative  rational 
number  ? How  do  you  know  ? 

M In  an  ordered  pair  that  indicates  a nega- 
tive rational  number,  which  component  is  the 
greater? 

N Think  about  the  set  of  all  ordered  pairs  of 
rational  numbers  of  arithmetic  that  have  0 
as  the  first  component  and  that  have  a number 
that  is  not  zero  as  the  second  component. 
Which  is  this  set,  a finite  set  or  an  infinite  set  ? 
Does  each  of  these  basic  pairs  indicate  a dif- 
ferent negative  rational  number  ? 
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We  will  use  the  symbol  at  the  right  below 
to  name  the  set  of  all  negative 
rational  numbers.  This  symbol  is 
read  “the  set  of  negative  rational 
numbers.” 

Give  a standard  name  of  each  member  of 
Rn  that  is  described  below.  The  universe  for 
(x,  y ) is  Ra  X Ra. 
o {( x , y)|(x,  y ) ~ (0,  f)} 
p { (x,  y)  | (x,  y)  ~ (0,  15)} 
q {(x,  y)|(x,  y)  ~ (0,  |)} 
r {(x,  y)  |(x,  y)  ~ (5,  9)} 
s {(x,  >>)|(x,  y)~(n,  |)) 

You  have  observed  that,  in  an  ordered  pair 
that  indicates  either  a positive  rational  number 
or  a negative  rational  number,  the  components 
are  different  numbers.  For  positive  numbers, 
the  first  components  are  greater.  For  negative 
numbers,  the  second  components  are  greater. 
There  is  also  a number  that  is  indicated  by  an 
ordered  pair  in  which  both  components  are 
the  same  number.  Now  you  will  study  the 
number  indicated  by  such  a pair. 
a Read  the  standard  description  in  d4.  Use 
the  definition  of  equivalent  ordered  pairs  for 
directed  segments  to  show  that  (5,  |)  is  a mem- 
ber of  {(x,  y)  I (x,  y)  ~ (0,  0)}.  Show  that  (3,  3) 
is  a member  of  the  set.  How  do  you  know  that 
(§,  f)  is  a member  ? 

B What  do  you  know  about  the  first  and  sec- 
ond components  of  each  member  of  the  solu- 
tion set  of  (x,  y)  ~ (0,  0)  ? 
c Is  {(x,  y)  | (x,  y)  ~ (0,  0)}  a finite  set,  or  is  it 
an  infinite  set?  How  do  you  know? 

D How  do  you  know  that  (0,  0)  is  the  basic 
pair  for  {(x,  y)  | (x,  y)  ~ (0,  0)}  ? 

The  rational  number  zero  is  the  infinite  set  of 
equivalent  ordered  pairs  of  rational  numbers 
of  arithmetic  whose  first  and  second  compo- 
nents are  the  same  number.  That  is,  the  ra- 


Universe  for  (x,  y)  = Ra  X Ra. 
{(x,  y)  | (x,  y)~~i 0,  0)} 

d4 


rational  number.  An  infinite  set  of  equiva- 
lent ordered  pairs  of  rational  numbers  of  arith- 
metic. A rational  number  contains  a basic  pair 
and  all  other  ordered  pairs  that  are  equivalent 
to  the  basic  pair. 


tional  number  zero  is  {(x,  y)  | (x,  y)  ~ (0,  0)}. 
You  may  use  the  symbol  0 to  name  this  num- 
ber. 

e Is  0 e Rp  ? Is  0 e Rn?  Explain  your  an- 
swers. 

F Think  about  the  set  of  all  possible  basic 
pairs.  Is  (0,  5)  a member  of  this  set?  Is  (y,  0) 
a member  of  this  set?  Is  (0,  0)  a member?  Is 
this  set  of  basic  pairs  a finite  set,  or  is  it  an  infi- 
nite set  ? 

G Now  think  about  the  set  that  consists  of  all 
the  negative  rational  numbers,  all  the  positive 
rational  numbers,  and  the  rational  number  0. 
The  set  just  described  is  the  set  of  rational 
numbers.  Each  rational  number  is  an  infinite 
set  of  ordered  pairs.  Is  the  set  of  rational  num- 
bers a finite  set,  or  is  it  an  infinite  set  ? 

We  will  use  the  symbol  at  the  right  below  to 
name  the  set  of  rational  numbers. 

This  symbol  is  read  “the  set  of 
rational  numbers.” 

H IsR  = RpURnU  {0}  ? Tabulate  the  in- 
tersection of  Rp,  Rn,  and  {0}. 

In  Book  1 we  developed  the  set  of  rational 
numbers  of  arithmetic  by  forming  infinite  sets 
of  equivalent  ordered  pairs  of  natural  num- 
bers. Now  we  have  developed  the  set  of  ra- 
tional numbers  by  forming  infinite  sets  of 
equivalent  ordered  pairs  of  rational  numbers 
of  arithmetic.  In  each  case,  we  developed  a 
new  set  of  numbers  from  a familiar  set. 
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Now  look  at  d5.  The  number  line  repre- 
sented is  a rational-number  line.  The  coordi- 
nates of  the  points  in  this  line  are  rational 
numbers,  not  rational  numbers  of  arithmetic. 
Notice  that,  in  a rational-number  line,  coor- 
dinates are  assigned  to  points  to  the  left  of 
point  0 as  well  as  to  points  to  the  right  of 
point  0. 

i  How  do  the  coordinates  of  points  to  the 
right  of  point  0 differ  from  the  coordinates  of 
points  to  the  left  of  point  0? 

J Is  point  +f  to  the  right  of  point  0,  or  is  it  to 
the  left  of  point  0?  Is  point  “2  to  the  left  of 
point  0,  or  is  it  to  the  right  of  point  0? 

K Each  point  in  a rational-number  line  is  asso- 
ciated with  a different  rational  number.  Is  a 
rational-number  line  a finite  set  of  points  ? An 
infinite  set  of  points? 

L In  d5,  what  do  the  two  arrows  tell  you  about 
the  points  in  a rational-number  line  ? 
m What  is  the  coordinate  of  point  G?  What 
is  the  coordinate  of  point  F? 
n Now  suppose  that  you  want  to  find  the  co- 
ordinate of  point  E.  If  FG  is  congruent  to  FE, 
what  do  you  think  is  the  coordinate  of  point  E? 
o Look  again  at  d5.  FB  = FJ.  What  is  the 
coordinate  of  point  B ? 

You  know  that,  in  the  rational-number 
line  represented  in  d5,  +1  is  associated  with 
point  H.  +1  is  also  associated  with  FH  and 
with  each  directed  segment  that  is  equivalent 
to  FH. 

p What  rational  number  is  associated  with 
each  directed  segment  that  is  equivalent  to 
FA? 


Q Name  a directed  segment  whose  starting 
point  is  F and  that  is  associated  with  +§. 

R In  a rational-number  line  like  the  one  repre- 
sented in  d5,  how  do  the  directed  segments 
associated  with  “3  differ  from  the  directed  seg- 
ments associated  with  +3  ? 

In  this  lesson  you  have  studied  the  set  of  nega- 
tive rational  numbers,  the  rational  number 
zero,  and  the  set  of  all  rational  numbers.  You 
have  also  learned  that  the  rational  numbers 
can  be  associated  with  both  points  and  directed 
segments  in  a number  line. 

On  your  own 

Use  the  number  line  and  the  directed  seg- 
ments represented  in  d6  in  connection  with 
exercises  1 through  6.  Each  of  the  directed 
segments  is  directed  to  the  left.  The  coordi- 
nates of  the  points  in  the  number  line  are  ra- 
tional numbers  of  arithmetic. 

1 Name  the  ordered  pair  that  determines  BA. 

2 Give  a standard  description  of  the  set  of 
all  ordered  pairs  equivalent  to  the  ordered 
pair  you  named  for  exercise  1 . U = Ra  X Ra. 

3 Give  a standard  name  of  the  rational  num- 
ber that  you  described  for  exercise  2. 

4 Name  the  ordered  pair  that  determines 
each  of  the  other  directed  segments  represented 
in  d6. 

5 For  each  of  the  ordered  pairs  that  you 
named  for  exercise  4,  give  a standard  descrip- 
tion of  the  set  of  all  ordered  pairs  equivalent 
to  the  given  ordered  pair.  U = Ra  X Ra. 

6 Give  a standard  name  of  each  rational  num- 
ber that  you  described  for  exercise  5. 
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Give  a standard  name  of  each  rational  num- 
ber that  is  described  in  exercises  7 through  12. 
The  universe  for  ( x , y ) is  Ra  X Ra. 

7 (Or,  | (jc,  y)  ~ (0,  10)} 

8 {(x,  _y)|0t,  y)  ~ (0,  |)} 

9{(x,y)\(x,y)~(l  f)} 

10  { (x,  y)  | (x,  y)  ~ ( 104,  83)} 

11  {0c,j>)|0e,.y)~(£0)} 

12  {(x,y)\(x,y)~(l2,  20)} 

Find  the  basic  pair  that  is  equivalent  to  each 
of  the  ordered  pairs  named  in  exercises  13 
through  20.  Then  give  a standard  name  of  the 
rational  number  indicated  by  each  pair. 
13(|,1)  15(1,8)  17(1,1)  19  (U) 

14(12,9)  16  &&)  18(9,2)  20(fe& 

Use  the  rational-number  line  represented  in 
d7  when  you  work  exercises  21  through  26. 

21  What  is  the  coordinate  of  point  B?  Of 
point  E?  Of  point  F? 

22  +|  is  the  coordinate  of  which  point?  0 is 
the  coordinate  of  which  point?  f is  the  co- 
ordinate of  which  point  ? 

23  Gl  = DG.  Name  the  coordinate  of  point  I. 

24  DE  = DC.  Name  the  coordinate  of  point  C. 

25  What  rational  number  is  associated  with 
DF?  With  DA?  WithDI? 
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26  If  D is  the  starting  point,  name  the  di- 
rected segment  associated  with  +§.  Name  the 
directed  segment  associated  with  Name  the 
directed  segment  associated  with  +1. 

27  The  positive  and  negative  rational  numbers 
are  often  used  to  represent  vertical  distances 
above  and  below  sea  level.  Lake  Victoria  in 
Africa  is  3720  ft.  above  sea  level.  Lake  Eyre 
in  Australia  is  39  ft.  below  sea  level.  What 
rational  numbers  could  you  use  to  represent 
these  distances  ? 

28  The  positive  and  negative  rational  numbers 
are  often  used  to  represent  temperatures  above 
and  below  zero.  What  rational  number  could 
you  use  to  represent  a temperature  of  15  de- 
grees below  zero?  A temperature  of  212  de- 
grees above  zero  ? 

29  Suppose  that  the  negative  rational  numbers 
are  used  to  represent  the  number  of  seconds 
before  a missile  launching  and  that  the  posi- 
tive rational  numbers  are  used  to  represent  the 
number  of  seconds  after  a missile  launching. 
What  rational  number  could  you  use  to  repre- 
sent 5 seconds  before  the  launching?  What 
rational  number  could  you  use  to  represent 
10  seconds  after  the  launching? 
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Exploring  ideas 


Ordering  of  the 
rational  numbers 


In  Book  1 you  learned  how  to  order  the  natu- 
ral numbers  and  also  the  rational  numbers  of 
arithmetic  according  to  the  idea  of  “less  than.” 
In  this  lesson  you  will  learn  how  to  order  the 
rational  numbers. 

A Look  at  the  picture  of  a rational-number 
line  in  d1.  Is  each  point  whose  coordinate  is  a 
positive  rational  number  located  to  the  right 
of  point  0?  To  the  left  of  point  0?  Notice  the 
dots  for  the  points  whose  coordinates  are  nega- 
tive rational  numbers.  Where  are  these  points 
located  with  respect  to  point  0 ? 

B Is  point  +\  to  the  right  of  point  +1  ? Is  it  to 
the  left  of  point  +1  ? 

Point  +\  is  to  the  left  of  point  +1.  There- 
fore, +\  < + 1 is  a true  statement.  In  a rational- 
number  line,  if  the  point  associated  with  one 
rational  number  is  to  the  left  of  the  point  asso- 
ciated with  a second  rational  number,  then  the 
first  number  is  less  than  the  second  number. 

C What  basic  pair  indicates  the  number  |? 
How  do  you  know  that  ({,  f)  also  indicates  f ? 

A rational  number  may  be  expressed  by  the 
name  of  any  ordered  pair  that  indicates  the  ra- 
tional number. 


D Is  (0,!)=  I?  Is  (U)=  I?  Is  (0,  |)  = 

|)  ? Explain  your  answers. 

E Look  again  at  d1.  Is  “1  <_|?  Is  (0,  |)  < 
(1,0)?  Explain  your  answers. 

F How  do  you  know  that  0 is  less  than  any 

positive  rational  number?  How  do  you 
know  that  any  negative  rational  number  is  less 
than  0? 

Now  look  at  d2.  Sentence  A expresses  a 
true  statement.  g < +\  because  point  g is 
to  the  left  of  point  +\.  You  do  not  need  a 
rational-number  line,  however,  to  tell  whether 
or  not  g is  less  than  +\.  The  work  that  follows 
explains  one  way  to  order  rational  numbers 
without  using  a rational-number  line. 

G Does  sentence  B in  d2  express  the  same  true 
statement  as  sentence  A ? 

H Look  at  diagram  C in  d2.  The  arrows  show 
that  the  first  component  of  (0,  |)  has  been 
added  to  the  second  component  of  (J,  0).  What 
is  the  sum  of  these  components  ? 

I Look  at  diagram  D in  d2.  Which  compo- 
nents of  the  two  ordered  pairs  have  been 
added  ? What  is  the  sum  of  \ and  g? 
j Now  look  at  sentence  E.  How  do  you  know 

that  0 + 0 and  \ + g are  rational  numbers  of 
arithmetic?  Does  sentence  E express  a true 
statement  ? 

The  sum  of  the  first  component  of  (0,  g)  and 
the  second  component  of  (|,  0)  is  less  than  the 
sum  of  the  first  component  of  (J,  0)  and  the 
second  component  of  (0,  g).  Therefore,  the  ra- 
tional number  (0,  g),  or  g,  is  less  than  the  ra- 
tional number  (j,  0),  or  +\. 
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B (0,  l)  < (l  0). 

C 

0 + 0 
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o(0,  i)  (i0) 
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(0,1)  (i  0) 

i i 
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G (1,0)  <(A,o). 

J- 

H (§,  0) 
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1 
(b>  0) 
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l f + o 

<4  + 0. 
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Universe  for  a. 

b , c,  and  d = Ra. 

J 

(a,  b)  < ( c , d). 

L a + d<c  + b. 

K 

(o,  §)  < (o,  i). 

M 0 + 5<C0  + |. 

d4 

“less  than”  for  rational  numbers.  The 

universe  for  a,  b,  c,  anc 

1 d is  Ra.  For  each  a,  b,  c, 

and  d,  if  a + d < c + 

b,  then  (a,  b)  < (c,  d). 

K Look  at  d3.  Do  sentence  F and  sentence  G 
express  the  same  statement?  Explain  your 
answer. 

L Look  at  diagram  H and  sentence  I in  d3. 
Which  components  of  the  basic  pairs  were 
added  to  obtain  § + 0?  To  obtain  n + 0? 
Does  sentence  I express  a true  statement? 

Because  statement  I is  false,  you  know  that 
the  statement  expressed  by  sentences  F and  G 
is  also  false. 


You  can  use  variables  to  help  you  develop 
the  definition  of  “less  than”  for  rational  num- 
bers. 

A Look  at  d4.  What  is  the  universe  for  a , b, 
c , and  d ? 

B What  replacements  were  made  in  condi- 
tion J to  obtain  statement  K ? In  condition  L 
to  obtain  statement  M ? 
c Is  statement  M true?  How  do  you  know 
that 

Now  we  can  say  exactly  what  we  mean  by 
the  idea  of  “ less  than ” for  rational  numbers. 
For  each  a , b,  c , and  d , if  a + d is  less  than 
c + b,  then  (a,  b)  is  less  than  ( c , d).  The  uni- 
verse for  each  variable  is  Ra. 

D How  can  you  obtain  (0,  |)  < (0,  f)  from 
(a,  b ) K(c,d)l  When  you  make  the  same  re- 
placements in  a + d < c -f  b,  do  you  obtain  a 
true  statement? 

E Is  | < | a true  statement  ? 

Tell  whether  each  sentence  below  expresses 
a true  statement  or  a false  statement.  Explain 
your  answers. 

F +4<+3.  h ~9<+\.  J +!<1 

G “|<  I “4  < “8.  K +f  <+5. 

L The  inequality  +3  > +2  gives  you  the  same 
information  as  +2  < +3.  What  inequality  that 
involves  the  idea  of  “greater  than”  gives  you 
the  same  information  as  +f  <C  +§? 

M What  inequality  that  involves  the  idea  of 
“less  than”  gives  you  the  same  information  as 
(0,  i)  > (0,  i)  ? Is  1 < 1?  Is  1 > 1?  Explain 
your  answers. 

You  can  see  that  the  idea  of  “greater  than” 
can  be  explained  by  using  the  idea  of  “less 
than.”  Thus  ( c , d)  > {a,  b ) means  (a,  b)  < (c,  d). 

Tell  whether  each  sentence  below  expresses 
a true  statement  or  a false  statement.  Explain 
your  answers. 

m +2  > +i  o _5  > -1  “2  > +5 

^4^2*  U8X4-  Y 8 / 6* 
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Q Use  the  definition  of  the  idea  of  “less  than” 

that  has  just  been  developed  to  show  that 
any  negative  rational  number  is  less  than  any 
positive  rational  number. 

Now  you  know  how  to  order  the  rational 
numbers  according  to  both  the  idea  of  “greater 
than”  and  the  idea  of  “less  than.”  Next  you 
will  study  three  important  subsets  of  the  set  of 
rational  numbers. 

A In  Book  1 you  learned  that  {°,  },  f,  . . .}  is 
a particular  subset  of  the  set  of  rational  num- 
bers of  arithmetic.  Each  member  of  this  subset 
is  a mate  of  a natural  number.  The  natural 
number  0 is  the  mate  of  °,  which  is  a rational 
number  of  arithmetic.  What  member  of  N is  the 
mate  of  f?  Use  a fraction  numeral  to  name 
the  mate  of  the  natural  number  7. 

The  set  of  mates  of  the  natural  numbers  be- 
haves in  the  same  way  as  the  set  of  natural 
numbers  with  respect  to  the  operations  of 
addition  and  multiplication.  For  this  reason, 
you  can  use  the  numerals  0,  1,2,  and  so  on  to 
name  the  mates  that  are  members  of  Ra. 
b Now  think  about  the  set  of  rational  num- 
bers whose  basic  pairs  have  first  and  second 
components  that  are  mates  of  natural  num- 
bers. Is  “5  a member  of  this  set?  Is  (16,  0)  a 
member  of  this  set ? Is  \ a member?  Is  (0,  0) 
a member?  Explain  your  answers. 

The  set  described  in  exercise  B is  the  set  of 
integers  (in'ta  jarz).  We  will  use  the 
symbol  shown  at  the  right  as  a name 
of  the  set  of  integers. 

C Is  "15  el?  Is  +23  el?  Is  (0,118)  el? 
Name  three  rational  numbers  that  are  not 
members  of  I. 

D How  do  you  know  that  I is  a subset  of  R ? 

E Look  at  the  tabulation  in  d5.  Is  each  mem- 
ber of  the  set  a member  of  Rp  ? Is  each  mem- 
ber a member  of  I ? 


{+1,  +2,  +3,  . . .} 

d5 


d6 


“The  set  whose 
members  are 

{ • • • , "3,  "2,  71,  0,  +1,  +2,  +3,  ...  } 

the  negative 
integers, 

zero, 

and  the  positive 
integers” 


D 7 


The  set  tabulated  in  d5  is  the  set  of  positive 
integers.  We  will  use  the  symbol 
shown  at  the  right  as  a name  of 
this  set. 

f Is  "52  « Ip?  Is  & 0)6  Ip?  Is+?€lp? 

G Does  Ip  contain  all  the  positive  rational 
numbers  ? How  do  you  know  that  Ip  is  a sub- 
set of  R ? A subset  of  Rp  ? A subset  of  I ? 

H Name  the  least  member  of  Ip.  Does  Ip  have 
a greatest  member  ? 

i Look  at  the  tabulation  in  d6.  Is  each  mem- 
ber of  the  set  a negative  rational  number?  Is 
each  member  an  integer  ? 

The  set  tabulated  in  d6  is  the  set  of  negative 
integers.  We  will  use  the  symbol 
shown  at  the  right  as  a name  of 
this  set. 

J Is  “83  € I„?  Is  +6  « In?  Is  1 € I„?  Explain 
your  answers. 

K How  do  you  know  that  In  is  a subset  of  R ? 
A subset  of  Rn?  A subset  of  I? 
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L Does  In  have  a least  member?  What  is  the 
greatest  member  of  In  ? 

m Name  the  integer  that  is  neither  a member 
of  Ip  nor  a member  of  In. 
n What  set  is  the  same  as  IpUlnU(0}? 
Tabulate  lp  O In  H {0}. 

d7  shows  how  to  write  and  read  a tabula- 
tion of  the  set  of  all  integers.  Study  d7. 
o In  d7,  what  do  the  three  dots  to  the  right  of 
the  numeral  +3  indicate?  What  do  the  three 
dots  to  the  left  of  the  numeral  “3  indicate  ? 
p Is  there  a least  integer?  A greatest  integer ? 

In  this  lesson  you  learned  that  you  can  use  the 
idea  of  “less  than”  to  order  the  rational  num- 
bers. You  also  studied  the  set  of  integers. 

On  your  own 

Give  a standard  name  of  each  rational  num- 
ber expressed  in  exercises  1 through  4. 

1(0,2)  2(1§,0)  3(8,5)  4(1,1) 

Name  the  basic  pair  for  each  rational  num- 
ber expressed  in  exercises  5 through  8. 

5 “3  6 0 7+\  8 “I 

For  each  of  exercises  9 through  12,  list  the 
names  of  the  rational  numbers  in  order  accord- 
ing to  the  idea  of  “less  than.”  Begin  with  the 
name  of  the  least  number. 

+5  +7  +2-5  11+40  +i  +1 

v 6>  8’  3 ’ 8 1 1 3»  3’  3»  3 

10  1,  0,  “1,"2  12  +1,  "1,  ~2,  +3,  +2,  "3 

Tell  whether  each  sentence  in  exercises  13 
through  18  expresses  a true  statement  or  a false 


statement. 

1 3 0 < \ 

15  1>  1. 

17  1>  l 

14+|<+1. 

l*l>+3- 

18+i<+i 

Use  set  S,  tabulated  below,  for  exercises  19 


through  24. 

S = {-2,  +f,  +3, 1, 1,  0, 11. 

19  Tabulate  S r\  In.  22  Tabulate  SHR. 

20  Tabulate  I r\  S.  23  Tabulate  Rp  C\  S. 

21  Tabulate  Ip  n S.  24  Tabulate  Rn  n S. 


SPECIAL  CHALLENGE 

n lesson  67  of  Book  /,  you  studied  a finite 
number  system  that  was  formed  from  a finite 
set  together  with  two  operations,  addivision 
and  muldivision.  Now  you  will  see  how  condi- 
tions may  be  used  with  a finite  number  system. 

The  display  below  shows  a part  of  an  addivi- 
sion and  of  a muldivision  table  for  a set  of 
numbers.  Use  the  display  for  the  work  below. 
A Set  F is  tabulated  in  the  display.  When  you 
divide  a natural  number  by  3,  is  the  remainder 
always  one  of  the  numbers  that  belong  to 
set  F ? Explain  your  answer. 

B We  will  represent  the  operation  of  addivi- 
sion by  the  symbol  ®.  The  symbol  is  read 
“addivided  by.”  The  addiv  of  1 and  2,  which  is 
symbolized  by  (1  © 2),  is  the  remainder  you 
obtain  when  you  divide  the  sum  of  1 and  2 
by  3.  What  is  1 © 2?  What  is  1 © 1 ? What  is 
2 ©2?  What  is  1 ©0? 

C Copy  and  complete  the  addivision  table 
shown  at  the  left  in  the  display. 

D We  will  represent  the  operation  of  muldivi- 
sion by  the  symbol  0.  The  symbol  is  read 
“muldivided  by.”  The  muldiv  of  1 and  2,  which 
is  symbolized  by  (1  0 2),  is  the  remainder  you 
obtain  when  you  divide  the  product  of  1 and  2 
by  3.  What  is  1 0 2?  What  is  2 0 2?  What  is 
2 0 1?  What  is  0 0 0? 

E Copy  and  complete  the  muldivision  table 
shown  at  the  right  in  the  display. 


F = {0,  1,  2}. 


© 

HI 

1 0 I 

0 

j » 1 

2 0 

-rl 1 : J 

2 

1 2 1 

1 

2 

1 
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Tabulate  the  solution  set  of  each  condition 
expressed  in  exercises  F through  K.  The  uni- 
verse for  x is  F.  F = {0,  1,  2}. 
f 2 ® 0 = x.  i 1 © x = 2. 

G ~(l<g)x  = 2).  J x ® 2 = 0. 

H l=x(g>2.  K x = x©2. 

l Tabulate  F X F. 

Tabulate  the  solution  set  of  each  condition 
expressed  in  exercises  M through  R.  The  uni- 
verse for  (x,  y)  is  F X F. 

M x = y.  R ~ (y  = 0 ® x). 

N 2 ®y  = x.  Q x = 0. 

Ox®2  = y.  R 2<g)x  = j>®l. 

S {(x,  y,  z)  |x  € F A y e F A z e F}  has  how 
many  members  ? 

Tabulate  the  solution  set  of  each  condition 
expressed  in  exercises  T through  Y.  The  uni- 
verse is  {(x,  y,  z)  |x  e F A y e F A z € F}. 

T X©7  = Z.  W X©  (1  ® z)=  1 <g> 

U >><g)z  = x®2.  X x = >>  A y = z. 

V x ® j ® z = 1 . Yx<g)j>  = 2Az  = 0. 


KEEPING  SKILFUL 

F or  each  exercise  below,  find  the  sum,  dif- 
ference, product,  or  quotient. 


1 2500-  112 

2 25.12X9.05 

3 7f  + 25i  + g 

4 16+17  + 925 

5 1752-  968 

6 1200  X 999 

7 29.001  - 1.008 
a 795  + 342+  18 
9 807  X 78 

io3^5| 


11  .004  X .09 

12  20|  — 8| 

13  U2{+  120f 

1 4 65|  — 1 3{i 
is  10f-s-.l§ 

16  2lf  X 3^ 

17  .012 + .104 + .187 

18  24.651  - 1.495 

19  6^  X 65 

20  175.2  + 85.8 


21  850  32  (Ones) 

22  100.76  - .85  (Tenths) 

23  85.12  -5-  21  (Hundredths) 

24  654.3013  -5-  5.1  (Thousandths) 

25  1000  - 130  (Tenths) 
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CHECKING  UP 

Xf  you  have  trouble  with  this  test,  you  can 
find  help  in  lessons  126  through  129. 

Test  123 

Each  statement  expressed  in  exercises  1 
through  4 is  an  example  of  a property  of  Ra. 
For  each  statement,  name  the  property. 

1 M+j) =Ki) +5(5)- 

2 4.6  X 9.7  = 9.7  X 4.6. 


5 _ 5 

4 1 + (I + 2|)  = (!  + !)  + 2 1. 

For  each  of  exercises  5 and  6,  list  the  names 
of  the  rational  numbers  in  order  according  to 
the  idea  of  “less  than.”  Begin  with  the  name 
of  the  least  number. 

5 +i  -7  0 +1  "Z 

5 2 Z U 2 4 4 

-2  +2  +J.  Q “3  -c 

0 3 5 10  U 5 D 

For  each  of  exercises  7 through  10,  give  a 
standard  name  of  the  rational  number  ex- 
pressed. U = Ra  X Ra. 

7 {(x,  y)\(x,  y)  ~ (y,  2)} 
B{(x,y)\(x9y)~0$9li)} 

9  { (x,  y)  j (x,  y)  ~ (12,  12)} 

10  { (x,  jp)  | (x,  y)  ~ (5,  6)} 

1 1 Which  numbers  that  you  named  for  exer- 
cises 7 through  10  are  members  of  the  set  of  in- 
tegers ? 

Use  the  display  below  in  connection  with 
exercises  12  through  16. 

12  Name  the  coordinate  of  point  F. 

13  | is  the  coordinate  of  which  point  ? 

14  What  number  is  associated  with  EG? 

1 5 What  number  is  associated  with  EC  ? 

1 6 What  number  is  associated  with  EA  ? 


31*1  = 6 


2 

+5 

2 


A B C D E 


F 

+3 


G H 


+i  +1 


End-of-block  test  on  the  rational  numbers  of  arithmetic;  the  rational  numbers; 

ordering  of  the  rational  numbers;  integers 
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10  130  Exploring  ideas 

Preparation  for  addition 

You  know  how  to  find  the  sum  of  two  natu- 
ral numbers  and  the  sum  of  two  rational  num- 
bers of  arithmetic.  Now  you  will  use  trips  to 
suggest  the  sum  of  two  rational  numbers. 

Earlier  in  this  unit,  you  learned  that  you 
can  think  of  trips  as  representing  rational  num- 
bers. You  can  think  of  the  result  of  two 
successive  trips  as  representing  the  sum  of  two 
rational  numbers.  A rational-number  line  will 
help  establish  where  the  trips  begin  and  end. 

Look  at  the  picture  of  a rational-number 
line  in  d1.  When  we  use  trips  to  represent  a 
sum,  we  will  agree  to  begin  the  first  trip  at 
point  0.  The  second  trip  will  begin  where  the 
first  trip  ends.  A trip  to  the  right  will  represent 
a positive  rational  number.  A trip  to  the  left 
will  represent  a negative  rational  number. 

A You  can  think  of  +2  as  a trip  of  2 units  to 
the  right,  that  is,  from  D to  F.  If  you  start 
at  D,  to  what  point  does  a trip  of  “3  take  you? 
If  you  start  at  D,  to  what  point  does  a trip  of 
+3  take  you?  Explain  your  answers. 
b Suppose  that  you  take  a trip  of  +1,  fol- 
lowed by  a second  trip  of  +2.  The  trip  of  +1  is 
a trip  from  D to  what  point?  If  you  start 
where  the  first  trip  ended  and  take  the  second 
trip,  why  do  you  go  2 units  to  the  right  from 
E ? Do  you  go  from  E to  G for  the  trip  of  +2  ? 
C Suppose  that  you  take  two  successive  trips, 
+2  and  _3.  You  go  from  D to  what  point  for 
the  trip  of  +2?  From  this  point,  how  many 
units  to  the  left  do  you  go  for  the  trip  of  “3  ? 
Do  you  go  from  F to  C for  the  trip  of  “3  ? 


”3  "2 

"1  0 +1  +2  +3 

d1 

> 

"2  “1 

0 +1  +2  +3  +4  +5 

d2 

D Now  look  at  d2.  If  you  start  at  point  0,  to 
what  point  does  a trip  of  +2  take  you  ? If  you 
follow  the  trip  of  +2  with  a trip  of  +3,  at  what 
point  do  you  start  ? To  what  point  do  you  go  ? 
E A trip  of  +5  takes  you  from  point  0 to  what 
point  ? Does  a trip  of  +5  take  you  to  the  same 
point  as  two  successive  trips  of  +2  and  +3  ? 

Since  the  result  of  a trip  of  +2  followed  by 
a trip  of  +3  is  the  same  as  a single  trip  of  +5, 
it  appears  that  +5  should  be  the  sum  of  +2 
and  +3. 

F Suppose  that  you  take  a trip  of  +|.  If  you 
follow  the  trip  of  +\  with  a trip  of  +f,  at  what 
point  do  you  start  the  second  trip?  Why 
would  you  go  to  point  f ? Draw  a picture  of  a 
rational-number  line  if  you  need  to. 

G A trip  of  +f  takes  you  from  point  0 to  what 
point  ? Does  a trip  of  take  you  to  the  same 
point  as  two  successive  trips  of  +\  and  +f  ? 

H Do  your  answers  for  exercise  G suggest  that 
+\  should  be  the  sum  of  +\  and  +|? 
i Use  the  idea  of  successive  trips  to  answer 
the  following  questions:  What  number 
should  be  the  sum  of  +5  and  +7  ? The  sum  of 
+13  and  +9?  The  sum  of +|  and  +|? 

J Use  the  idea  of  successive  trips  to  explain 
why  the  sum  of  two  positive  numbers  should 
be  a positive  number. 

Use  of  “trips  in  a line”  to  motivate  the  definition  -j "7 -I 
of  the  sum  of  two  rational  numbers 


K The  picture  in  d3  will  help  you  see  what 
number  should  be  the  sum  of  _1  and  “2.  If 
you  start  at  point  0,  to  what  point  does  a trip 
of  ~1  take  you?  If  you  follow  the  trip  of  -1 
with  a trip  of  “2,  at  what  point  do  you  start  ? 
To  what  point  do  you  go  ? 

L A trip  of  _3  takes  you  from  point  0 to  what 
point  ? Is  a trip  of  ~3  the  same  as  the  result  of 
two  successive  trips  of  “1  and  “2? 

M Do  your  answers  for  exercise  L suggest  that 
-3  should  be  the  sum  of  “1  and  “2? 

N Use  the  idea  of  successive  trips  to  answer 
the  following  questions : What  number 
should  be  the  sum  of  -5  and  ~6  ? The  sum  of 
|and  |?  The  sum  of  “13  and  ~7? 

0 Use  the  idea  of  successive  trips  to  explain 
why  the  sum  of  two  negative  numbers 

should  be  a negative  number. 

So  far,  you  have  used  the  idea  of  successive 
trips  to  suggest  that  the  sum  of  two  positive 
numbers  should  be  positive  and  that  the  sum 
of  two  negative  numbers  should  be  negative. 
When  we  refer  to  a sum  as  negative  or  posi- 
tive, we  mean  that  the  sum  should  be  a nega- 
tive rational  number  or  a positive  rational 
number.  Now  you  will  use  trips  to  suggest 
what  the  sum  of  a positive  number  and  a nega- 
tive number  should  be. 

A Look  at  picture  A in  d4.  If  you  start  at 
point  0,  to  what  point  does  a trip  of  -3  take 
you  ? If  you  follow  the  trip  of  -3  with  a trip 
of  +1,  at  what  point  do  you  start  the  second 
trip?  From  this  point,  why  should  you  go 

1 unit  to  the  right?  To  what  point  does  the 
trip  of +1  take  you? 

B A trip  of  ~2  takes  you  from  point  0 to  what 
point  ? Is  a trip  of  ~2  the  same  as  the  result  of 
two  successive  trips  of  “3  and  +1  ? 
c What  number  should  be  the  sum  of  ~3 
and  +1  ? 


< — 

♦ * — ♦- — 

"3  "2  “1  0 +1  +2 

d3 


<- 


«-• • • « ♦ • • 

"3  ~2  “1  0+1  +2  +3 

< 


D !-• • • • * • 

"3  “2  "1  0 +1  +2  +3 

<4- 

— — 

c 

“3  "2  “1  0+1+2  +3 

d4 

d Look  again  at  picture  A in  d4.  Which  is 
longer,  the  trip  of  +1  or  the  trip  of  “3?  Is  the 
result  of  taking  a trip  of  “3,  followed  by  a trip 
of +1,  the  same  as  a trip  to  the  right  from  point 
0,  or  is  it  the  same  as  a trip  to  the  left  from 
point  0? 

E Use  the  idea  of  successive  trips  to  answer 
the  following  questions : What  number 
should  be  the  sum  of  “5  and  +2  ? The  sum  of 
“14  and  +6?  The  sum  of  |and+|? 

F Next  look  at  picture  B in  d4.  If  you  start  at 
point  0,  to  what  point  does  a trip  of  +3  take 
you  ? If  you  follow  a trip  of  +3  with  a trip  of 
“1,  you  go  from  point  +3  to  what  point? 

G Does  a trip  of  +2  take  you  to  the  same  point 
as  two  successive  trips  of  +3  and  “1  ? 
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H What  number  do  you  think  should  be  the 
sum  of  +3  and  “1  ? 

I  Look  again  at  picture  B.  Which  is  longer, 
the  trip  of  +3  or  the  trip  of  “1  ? Is  the  result 
of  taking  a trip  of  +3,  followed  by  a trip  of 
“1,  the  same  as  a trip  to  the  right  from  point  0, 
or  is  it  the  same  as  a trip  to  the  left  from 
point  0? 

J Use  the  idea  of  successive  trips  to  answer 
the  following  questions:  What  number 
should  be  the  sum  of  +9  and  _3  ? The  sum  of 
+ 16  and  “10?  The  sum  of  and  |? 

K Use  the  idea  of  successive  trips  to  explain 
when  the  sum  of  a positive  number  and  a 
negative  number  should  be  positive,  and  when 
the  sum  should  be  negative. 

L Use  picture  C in  d4  to  answer  the  following 
questions:  When  does  a trip  to  the  right, 
followed  by  a trip  to  the  left,  take  you  to 
point  0 ? When  should  0 be  the  sum  of  a posi- 
tive number  and  a negative  number? 

M Is  it  also  possible  for  a trip  to  the  left,  fol- 
lowed by  a trip  to  the  right,  to  take  you  to 
point  0 ? How  do  you  know  that  “3  + +3 
should  be  0 ? 

N Are  there  two  positive  rational  numbers 
whose  sum  should  be  0?  Are  there  two  nega- 
tive rational  numbers  whose  sum  should  be  0 ? 
o Use  the  idea  of  successive  trips  to  decide 
what  number  should  be  the  sum  of  0 and 
any  given  rational  number. 

In  this  lesson  you  used  the  idea  of  trips  to  sug- 
gest what  the  sum  of  two  given  rational  num- 
bers should  be.  In  the  next  lesson  you  will  use 


ordered  pairs  and  variables  to  develop  a defi- 
nition of  the  sum  of  two  rational  numbers. 

On  your  own 

Use  the  rational-number  line  represented  in 
d5  to  help  you  answer  the  questions  in  the 
exercises  below. 

1 If  you  start  at  point  0,  to  what  point  does 
a trip  of  +3  take  you?  A second  trip  of  +4 
takes  you  from  the  point  you  just  named  to 
what  point? 

2 What  number  should  be  the  sum  of  +3 
and  +4? 

3 At  what  point  would  you  be  if  you  took  a 
trip  of  -5,  followed  by  a trip  of  +7  ? 

4 What  number  should  be  the  sum  of  -5  and 

+7? 

5 To  what  point  do  you  go  for  a trip  of  _2? 
If  you  follow  this  trip  with  another  trip  of  ~2, 
to  what  point  do  you  go  ? 

6 What  number  should  be  the  sum  of  ~~2 
and  “2? 

7 Suppose  that  you  follow  a trip  of  +5  with 
a trip  of  ~1.  The  result  is  the  same  as  the  result 
of  a trip  from  point  0 to  what  point? 

8 What  number  should  be  the  sum  of  +5  and 

"7? 

9 Use  trips  to  explain  why  +6  + ~2  should 
be  the  same  number  as  ~2  + +6. 

10  Use  trips  to  explain  why  “5  + +5  should 
be  0. 

11  Use  trips  to  explain  why  0 + _7  should 
be  “7. 

12  Use  trips  to  explain  why  the  sum  of  +5  and 
~6  should  be  the  same  number  as  the  sum  of 
“4  and  +3. 


4* • a • * * » a * a a — * » *- 

"7  "6  “5  "4  “3  "2  "1  0 +1  +2  +3  +4  +5  +6  +7 
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Sum  of  two  rational  numbers 


In  this  lesson  you  will  see  how  you  can  use 
the  ordered  pairs  for  two  rational  numbers  to 
find  an  ordered  pair  for  their  sum.  Then  you 
will  use  variables  to  develop  a definition  of  the 
sum  of  any  two  rational  numbers. 

In  the  last  lesson  you  used  the  idea  of  suc- 
cessive trips  to  suggest  that  the  sum  of  two 
positive  rational  numbers  should  be  positive 
and  that  the  sum  of  two  negative  rational  num- 
bers should  be  negative.  Now  you  will  see  how 
you  can  obtain  the  sum  of  two  such  numbers 
by  using  their  basic  pairs. 
a Look  at  d1.  Use  trips  to  explain  why  state- 
ment A should  be  true.  Do  sentence  A and  sen- 
tence B express  the  same  statement  about  the 
sum  of  +2  and  +3  ? How  do  you  know  ? 

B Compare  sentences  C and  D.  How  do  trips 
suggest  that  sentence  C should  express  a true 
statement  ? How  do  you  know  that  sentence  C 
and  sentence  D express  the  same  statement 
about  the  sum  of  “1  and  -2? 

C Look  again  at  sentence  B.  What  is  the  non- 
zero component  of  the  basic  pair  for  +5?  Is 
this  number  the  sum  of  the  non-zero  compo- 
nents of  (2,  0)  and  (3,  0)? 

D Look  again  at  sentence  D.  What  is  the  non- 
zero component  of  the  basic  pair  for  -3?  Is 
this  number  the  sum  of  the  non-zero  compo- 
nents of  (0,  1)  and  (0,  2)? 

From  exercises  C and  D,  you  can  see  how  to 
use  the  non-zero  components  of  basic  pairs  to 
help  you  get  the  sum  of  two  rational  numbers. 
To  obtain  the  non-zero  component  of  the  basic 


A +2  + +3  = +5. 
b (2,  0)  + (3,  0)  = (5,  0). 
C ~l+~2  = “3. 
d (0,  1)  + (0,  2)  = (0,  3). 

d! 


pair  for  the  sum  of  two  positive  or  two  nega- 
tive rational  numbers,  you  can  add  the  non- 
zero components  of  the  basic  pairs  for  the  two 
given  numbers.  If  you  are  finding  the  sum  of 
two  positive  rational  numbers,  the  component 
you  obtain  is  a first  component,  and  the  sum  is 
positive.  If  you  are  finding  the  sum  of  two 
negative  rational  numbers,  the  component  you 
obtain  is  a second  component,  and  the  sum  is 
negative. 

E Suppose  that  you  want  to  find  the  sum  of 
+f  and  +{.  Are  | and  \ the  non-zero  compo- 
nents of  the  basic  pairs  for  +|  and  +|?  What  is 
the  non-zero  component  of  the  basic  pair  for 
the  sum  of  +|  and  +\  ? Is  the  sum  that  you  ob- 
tain+|,  or  is  it  |? 

f Suppose  that  you  want  to  find  the  sum  of  ~2 
and  f.  Is  f the  non-zero  component  of  the 
basic  pair  for  their  sum  ? Is  the  non-zero  com- 
ponent of  the  basic  pair  for  their  sum  a first 
component,  or  is  it  a second  component? 
What  is  the  sum  of  ”2  and  §? 

Your  work  with  trips  in  lesson  130  also  sug- 
gested what  the  sum  of  two  rational  numbers 
should  be  when  one  of  the  numbers  is  positive 
and  the  other  number  is  negative.  Next  you 
will  work  with  basic  pairs  to  obtain  the  sum  of 
two  such  numbers. 

G Look  at  d2.  From  your  work  with  trips,  you 
know  that  sentences  E,  G,  and  I should  ex- 
press true  statements.  Compare  sentence  F 
with  sentence  E.  How  do  you  know  that  both 
sentences  express  the  same  statement?  Next, 
compare  sentence  H with  sentence  G.  How  do 
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you  know  that  both  sentences  express  the  same 
statement?  Finally,  compare  sentence  J with 
sentence  I.  How  do  you  know  that  both  sen- 
tences express  the  same  statement  ? 

H Look  again  at  sentence  F.  What  is  the  non- 
zero component  of  the  basic  pair  for  “3?  Is 
this  number  the  difference  of  the  non-zero 
components  of  (0,  4)  and  (1,0)? 
i Study  sentence  H.  What  is  the  non-zero 
component  of  the  basic  pair  for  +3?  Is  this 
number  the  difference  of  the  non-zero  compo- 
nents of  (4,  0)  and  (0,  1)? 

J Study  sentence  J.  Does  the  basic  pair  for  0 
have  a non-zero  component  ? What  is  the  dif- 
ference of  the  non-zero  components  of  (0,  2) 
and  (2,  0)? 

From  exercises  H through  J,  you  see  how 
the  non-zero  components  of  basic  pairs  can  be 
used  to  help  you  get  the  sum  of  two  rational 
numbers.  To  find  one  of  the  components  of  the 
basic  pair  for  the  sum  of  a positive  number  and 
a negative  number,  you  can  find  the  difference 
of  the  non-zero  components  of  the  basic  pairs 
for  the  two  given  numbers.  The  other  compo- 
nent of  the  basic  pair  for  the  sum  will,  of 
course,  be  0. 

If  the  greater  of  the  non-zero  components  of 
two  basic  pairs  is  a second  component,  then 
the  difference  of  these  components  is  the  sec- 
ond component  of  the  basic  pair  for  their  sum. 
The  sum  of  the  rational  numbers  is  negative. 
(See  sentence  F in  d2.) 

If  the  greater  of  the  non-zero  components  of 
two  basic  pairs  is  a first  component,  then  the 
difference  of  these  components  is  the  first  com- 
ponent of  the  basic  pair  for  their  sum.  The  sum 
of  the  two  rational  numbers  is  positive.  (See 
sentence  H in  d2.) 

If  the  non-zero  components  of  two  basic 
pairs  are  equal,  then  the  difference  of  these 
components  is  0,  and  the  components  of  the 


E ~4  + +l=~3. 

F (0,4) + (1,0)  = (0,3). 

G +4  + “l  = +3. 

H (4,  0)  + (0,  1)  — (3,  0). 

i "2 + +2  = 0. 

J (0,2) + (2,0)  = (0,0). 

d2 

basic  pair  for  their  sum  are  also  equal.  The 
sum  of  the  two  rational  numbers  is  0.  (See  sen- 
tence J in  d2.) 

k Suppose  that  you  want  to  find  the  sum  of  ~2 
and  +|.  Can  you  find  the  difference  of  2 and  f 
to  obtain  the  non-zero  component  of  the  basic 
pair  for  their  sum  ? Which  number  is  the  sum, 

+>i? 

L Suppose  that  you  want  to  find  the  sum  of  | 
and  +f.  Can  you  find  the  difference  of  f and  | 
to  obtain  the  non-zero  component  of  the  basic 
pair  for  their  sum  ? Which  number  is  the  sum, 
+1  or  ? 

M Suppose  that  you  want  to  find  the  sum  of 
| and  +f.  Explain  how  you  can  use  the  non- 
zero components  of  the  basic  pairs  for  f and 
+f  to  help  you  find  the  sum.  What  is  the  sum 
of  fand+f? 


For  each  pair  of  rational  numbers  named 
below,  use  the  non-zero  components  of  their 
basic  pairs  to  help  you  find  their  sum. 


n "3, +3 

Q 

"3,  +2 

T 

00 

+ 

1 

W +l,+2 

o — 12,  ~9 

R 

+6,  _6 

U 

+ 

r-*' 

1 

+ 

=12 

1 

X 

P +?,“2 

S 

~2  “5 

3>  6 

V 

“3  +5 

5>  8 

v +i  +1 

T 9,  9 

From  the  exercises  that  follow,  you  will  learn 
how  to  use  the  components  of  any  ordered 
pairs  that  indicate  two  rational  numbers  to 
find  the  ordered  pair  that  indicates  their  sum. 
Then  you  will  use  variables  to  develop  a 
definition  of  the  sum  of  any  two  rational 
numbers. 
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A Look  at  expression  K in  d3.  Does  (7,  5)  in- 
dicate +2  ? What  rational  number  is  indicated 
by  (4,  1)?  Expression  K names  the  sum  of 
what  two  rational  numbers  ? 

B Now  look  at  diagram  L and  sentence  M in 
d3.  What  is  the  sum  of  the  first  components  of 
(7,  5)  and  (4,  1)?  Is  this  number  the  first  com- 
ponent of  (1 1,  6)?  What  is  the  sum  of  the  sec- 
ond components  of  (7,  5)  and  (4,  1)?  Is  this 
number  the  second  component  of  (1 1,  6)? 
c What  rational  number  does  (11,6)  indicate  ? 

From  your  work  with  trips,  you  know  that 
+5  should  be  the  sum  of  +2  and  +3.  Should 
(11,  6)  be  the  sum  of  (7,  5)  and  (4,  1)? 
d Look  at  d4.  Statement  N concerns  the  sum 
of  what  two  negative  rational  numbers  ? Give 
a standard  name  of  each  number. 

E What  is  the  sum  of  the  first  components  of 
(1,2)  and  (8,  10)  ? Is  this  number  the  first  com- 
ponent of  (9,  12)?  What  is  the  sum  of  the  sec- 
ond components  of  (1,  2)  and  (8,  10)?  Is  this 
number  the  second  component  of  (9,  12)? 
f What  number  should  be  the  sum  of  _1  and 
“2?  Should  (9,  12)  be  the  sum  of  (1,  2)  and 
(8,  10)? 

G Statement  O,  expressed  in  d4,  concerns  the 
sum  of  a negative  number  and  a positive 
number.  What  rational  number  is  indicated 
by  (2,  6)?  By  (5,  4)? 

H What  is  the  sum  of  the  first  components  of 
(2,  6)  and  (5,  4)  ? Of  the  second  components  of 
(2,  6)  and  (5,  4)  ? Are  the  sums  that  you  named 
the  first  and  second  components  of  (7,  10)? 

I Explain  why  (7,  10)  indicates  the  number 
that  should  be  the  sum  of  ~4  and  +1. 

J Statement  P concerns  the  sum  of  a positive 
number  and  a negative  number.  Explain  how 
you  can  use  the  components  of  (8,  4)  and  (3,  4) 
to  obtain  the  components  of  an  ordered  pair 
that  indicates  the  number  that  should  be  the 
sum  of  +4  and  _1. 


K (7,  5) + (4,1) 

7 + 4 

I 1 

L (7,  5) + (4,1) 

I I 

5+1 

m(7,5)  + (4,  1)  = (11,  6). 

d3 


n (1,2) + (8,10)  = (9,12). 
o (2,6)  + (5,4)  = (7,  10). 

P (8,  4) + (3,4)  = (11,  8). 

d4 


Universe  for  a , b,  c , and  d = Ra. 

{a,  b)  + (c,  d)  = {a  + c,  b + d). 

Q (6,  l)  + (4,-l)  = (6  + 4,  1+-1). 

R (i  8)  + (2,  J)  = (j  + 2,  8 + J). 

s (2,  3)  + (10,  5)  = (2  + 10,  3 + 5). 

T (U)  + (?,6)  = (±  + U + 6). 

d5 

You  can  use  variables  to  develop  the  defi- 
nition of  the  sum  of  two  rational  numbers. 
Look  at  d5.  Think  of  (a,  b)  and  (c,  d)  as  any 
two  rational  numbers,  (a  + c,  b + d)  is  the  sum 
of  ( a , b)  and  (c,  d). 

K In  {a  + c,  b + d),  is  a + c the  sum  of  the 
first  components  of  ( a , b)  and  (c,  d)l  Is  b + d 
the  sum  of  the  second  components  of  (a,  b) 
and  (c,  d)  ? 

Now  we  can  define  the  sum  of  the  rational 
numbers  ( a , b)  and  (c,  d).  The  universe  for  a , 
b , c,  and  d is  Ra.  For  each  a , b , c,  and  d , 
(< a , b ) + (c,  d)  = (a  + c,  b + d). 
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l Study  sentence  Q in  d5.  To  obtain  state- 
ment Q from  (< a , b)  + (c,  d)  = (a  + c,  b + d),  a 
was  replaced  by  6,  b by  1,  c by  4,  and  d by 
Is  statement  Q true?  How  do  you  know? 
m What  replacements  were  made  for  the  vari- 
ables in  (( a , b)  + (c,  d)  = {a  + c,  b + d)  to  ob- 
tain statement  R ? To  obtain  statement  S?  To 
obtain  statement  T?  Is  each  of  these  state- 
ments true  ? 

Use  the  definition  of  the  sum  of  two  rational 
numbers  to  decide  whether  each  statement  ex- 
pressed below  is  true  or  false. 

N (1,0) + (3,5)  = (4,5). 
o (2,  i)  + (|,  6)  = (8, 1). 
p (§,|)  + (8,8)  = (f,16). 

Q (6,  4) + (4,6)  = (10,  10). 

R (6,  0)  + (0,  6)  = (6,  6). 

ow  you  will  study  some  of  the  properties 
of  addition  of  rational  numbers. 

A You  know  that  {a  + c,  b + d)  is  the  sum  of 
(a,  b)  and  (c,  d).  The  universe  for  a , b , 
c,  and  d is  Ra.  What  property  of  addition  of 
rational  numbers  of  arithmetic  tells  you  that, 
for  each  a , b , c,  and  d,  a + c and  b + d are 
members  of  Ra  ? 

b Use  your  answer  for  exercise  A and  the  defi- 
nition of  the  sum  of  two  rational  numbers 
to  explain  why  the  sum  of  any  two  rational 
numbers  is  a rational  number, 
c If  jc  and  y are  any  two  rational  numbers, 
is  x + y always  a rational  number? 

You  have  seen  that  the  sum  of  any  two  ele- 
ments of  R is  an  element  of  R.  Therefore,  R is 
closed  under  addition.  This  property  is  the 
closure  property  of  addition  of  rational  numbers. 
The  property  is  expressed  below. 

The  universe  for  x and  y is  R.  For  each  x and 
y,  x + y € R. 

D Now  look  at  d6.  Does  each  sentence  express 
a true  statement?  In  statement  A,  (|,  2)  is  the 


a (|,  0)  + (0,  2)  = (|,  2). 
B &D  + (1.3)  = <§,%. 
c (|,0)  + (3,5)  = (£5). 
D (i  1)  + (0,2)  = (J,3). 

d6 


sum  of  two  rational  numbers.  The  uni- 
verse for  a,  b,  c,  and  d is  Ra.  For  each  a,  b,  c, 
and  d,  ( a , b)  + (c,  d)  = (o  + c,  b + d). 


sum  of  what  two  rational  numbers?  Remem- 
ber that  the  components  of  the  ordered  pairs 
are  members  of  Ra. 

E Look  again  at  d6.  To  obtain  statement  B 
from  statement  A,  (|,  0)  was  replaced  by  (§,  f). 
Is  the  rational  number  (|,  |)  the  same  rational 
number  as  (|,  0)?  (0,  2)  was  replaced  by  (1,  3). 
Is  (1,3)  = (0,  2)?  Explain  your  answers.  Re- 
member that  when  we  ask  “Is  (1,  3)  = (0,  2)?” 
we  mean  “Is  the  rational  number  indicated  by 
(1,3)  equal  to  the  rational  number  indicated 
by  (0,  2)?” 

F To  obtain  statement  C from  statement  A, 
what  replacement  was  made  for  (0,2)?  Is 
(3,  5)  = (0,2)? 

G To  obtain  statement  D from  statement  A, 
what  replacement  was  made  for  (f,  0)  ? Is 

a i) = (i  o)? 

H You  know  that  each  sentence  in  d6  ex- 
presses a true  statement.  Now  think  about  the 
sums  expressed  at  the  right  of  the  symbols  for 
equality.  Are  all  these  sums  the  same  rational 
number  ? How  do  you  know  ? 

I If  one  or  both  of  the  two  rational  numbers 
that  form  a sum  are  replaced  by  equal  rational 
numbers,  does  the  sum  remain  the  same  ? 

Now  you  know  that,  if  one  or  both  of  the 
two  rational  numbers  that  form  a sum  are 
replaced  by  equal  rational  numbers,  the  sum  is 
the  same  rational  number.  This  property  is  the 
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Universe  for  m and  n = Z. 

E (m,  0)  + ( n , 0)  = (m  + n,  0). 

F (0,  m)  + (0,  n)  = (0,  m + n). 

G (m,  0)  + (0,  n ) = (m,  n ). 

D 7 

well-defined  property  of  addition  of  rational 
numbers.  The  property  is  expressed  below. 

If  one  or  both  of  the  numbers  used  in  forming 
the  sum  of  two  rational  numbers  are  replaced  by 
equal  rational  numbers,  the  sum  is  still  the  same 
rational  number. 

.Adthough  you  can  use  the  idea  of  trips  to 
suggest  whether  the  sum  of  two  rational  num- 
bers is  positive  or  negative,  it  is  sounder 
mathematically  to  use  the  definition  of  the  sum 
of  two  rational  numbers.  The  definition  as- 
sures you  of  the  following  facts:  the  sum  of 
two  positive  rational  numbers  is  positive;  the 
sum  of  two  negative  rational  numbers  is  nega- 
tive ; and  the  sum  of  a positive  rational  number 
and  a negative  rational  number  is  one  of  three 
numbers — a positive  number,  a negative  num- 
ber, or  zero. 

A Study  sentence  E in  d7.  Notice  that  the  uni- 
verse for  m and  n is  Z.  Remember  that  Z is  the 
set  of  non-zero  rational  numbers  of  arithmetic. 
For  each  m and  n,  is  (m,  0)  a positive  rational 
number  ? Is  ( n , 0)  a positive  rational  number  ? 
B For  each  m and  n,  is  (m,  0)  + ( n , 0)  = 
(m  + n,  0 + 0)  ? Is  (m  + n,  0 + 0)  the  same 
rational  number  as  (m  + n,  0)  ? Is  (m  + n,  0) 
a positive  rational  number,  or  is  it  a negative 
rational  number?  Explain  your  answers, 
c Is  the  sum  of  any  two  positive  rational  num- 
bers a positive  rational  number  ? 

D Read  sentence  F in  d7.  For  each  m and  n, 
are  both  (0,  m)  and  (0,  n)  negative,  or  are  they 
positive  ? How  do  you  know  ? 


E For  each  m and  n,  is  (0,  m)  + (0,  n)  = (0  + 0, 
m + n)  ? Is  (0  + 0,  m + n)  = (0,  m + n)  ? Is 
(0,  m + n)  negative,  or  is  it  positive  ? 

F Is  the  sum  of  any  two  negative  rational 
numbers  a negative  rational  number  ? 

G Study  sentence  G.  For  each  m and  n,  what 
kind  of  rational  number  is  indicated  by  (m,  0)  ? 
By  (0,  n)l 

H For  each  m and  n,  is  (m,  0)  + (0,  n)  = 
(m  + 0,  0 + n)  ? Is  (m  + 0,  0 + n)  = (m,  n)  ? 
Suppose  that  m<n.  Is  (m,  n)  positive,  or  is  it 
negative  ? 

I Suppose  that  m > n.  Is  ( m , n)  positive,  or  is 
it  negative  ? If  m = n,  what  rational  number  is 
(m,  n)  ? 

J Is  the  sum  of  a positive  rational  number 
and  a negative  rational  number  always  a 
positive  rational  number?  Always  a negative 
rational  number?  Explain  your  answers. 
When  is  the  sum  zero  ? 

K For  each  c and  d,  is  (0,  0)  + (c,  d)  = (c,  d)  ? 

The  universe  for  c and  d is  Ra.  What  is 
the  sum  of  zero  and  any  given  rational 
number  ? 


In  this  lesson  you  learned  to  find  the  sum  of 
two  rational  numbers.  You  also  studied  the 
closure  property  and  the  well-defined  property 
of  addition  of  rational  numbers. 

On  your  own 

Each  sentence  in  exercises  1 through  6 ex- 
presses a statement  about  the  sum  of  two  ra- 
tional numbers.  Use  the  definition  of  the  sum 
of  two  rational  numbers  to  tell  whether  the 
statement  is  true  or  whether  it  is  false. 

1 (2,  3)  + (4,  7)  = (8,21). 

2 (1,  3)T(|,  2)  = (|,  5). 

3(M)  + (i  D = (¥,D. 

4(|,  1)  + (2,  2)  = (y,  4). 

5 (i  0)  + (0,  |)  = (0, !). 

6 (27,  13)  + (49,  126)  = (76,  139). 


178 


The  sentences  in  exercises  7 through  1 1 ex- 
press true  statements  about  the  sum  of  two  ra- 
tional numbers.  For  each  exercise,  write  two 
other  sentences  that  express  the  same  state- 
ment. Do  this  by  first  replacing  one  or  both  of 
the  rational  numbers  by  an  equal  rational 
number.  Then  find  the  sum  of  the  replace- 
ments. For  exercise  7 you  could  write: 

0,4)  + (U)  = &-£). 

(3,  6)  + (f,  1)  = (£  7). 

7(0,  3)  + (0,  I)  = (0,  y). 

8(1,  0)  + (5,  0)  = (y,  0). 

9(7,  0)  + (0,21)  = (7,21). 

io(0,I)  + (§,0)  = (U). 


li  (16,0) + (14,0)  = (30,0). 

Find  the  sum  of  the  numbers  named  in  each 
of  the  exercises  below.  Give  a standard  name 
of  the  number  that  is  the  sum. 


12  +15,  +22 

13  "4, +12 

14  +16, +16 

15  "11, +11 

16  “6,  ”7 

17  “8,  +2 

18  +5,  ”8 

19  +27,0 


20  +7,  +14 

21  “37,  +256 

22  ”14,  ”75 

23  ”64,  +38 

3»  5 

9,  ”8 


28  ”576, +112 

29  ”15, +15 

30  +72, +17 

31  ”16, +39 

32  ”183, +183 


25 

26 


17,  +26 


35 


36  To  obtain  a sum  of  0,  what  number  do  you 


add  to +9?  To  ”9?  To +13?  To  ”13? 


KEEPING  SKILFUL 

labulate  the  solution  set  of  each  condition 
expressed  below.  U = Z. 

1 |/1  ~ c/8. 

2 25j  + x=305. 


6|-h(2£X3  ) = r. 
7 h + .001  = .094. 


3 w — 9.9  = 1.2. 

4 87i/100~«/90. 

5 1.52  -s-  .8  = m. 

n 1/  l~x/2±V5/l 

12  § + ! >>>  A 1 + 1 <J. 

13  a- 65=  10|V  a- 65=12|. 


8 1.25/5  ~ 6.25/d. 

9 7/5  ~ p/50.5. 

10  100.25  — a—  5.07 
x/5. 


10 
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Exploring  ideas 


Preparation  for  multiplication 

In  lesson  130  we  used  the  idea  of  trips  to  sug- 
gest what  the  sum  of  two  rational  numbers 
should  be.  We  cannot  use  trips  to  suggest  what 
the  product  of  two  rational  numbers  should  be, 
because  it  does  not  make  sense  to  think  of  a 
trip  as  being  multiplied  by  another  trip.  In- 
stead, we  will  rely  on  our  knowledge  of  certain 
properties. 

You  will  recall  that,  for  Ra,  we  first  defined 
the  sum  of  two  members  and  the  product  of 
two  members.  We  then  found  that  the  opera- 
tions of  addition  and  multiplication  had  cer- 
tain properties.  We  want  certain  properties  to 
hold  true  for  rational  numbers.  These  proper- 
ties will  be  used  to  suggest  what  the  product  of 
two  members  of  R should  be.  Then,  in  later 
lessons,  after  we  have  developed  a precise  defi- 
nition of  the  product  of  two  rational  numbers, 
we  will  decide  whether  or  not  these  properties 
really  do  hold  true. 

A What  is  the  sum  of  \ and  J?  What  is  the 
sum  of  +\  and  +|? 

You  can  see  that,  under  addition,  the  posi- 
tive rational  numbers  behave  in  much  the  same 
way  as  members  of  Ra.  We  want  the  positive 
rational  numbers  also  to  behave  in  much  the 
same  way  as  members  of  Ra  under  multiplica- 
tion. We  know,  for  example,  that  \ X \ = |.  So 
we  want  the  product  of  +\  and  +\  to  be  +g. 
b What  is  the  product  of  2 and  3?  What 
should  be  the  product  of  +2  and  +3  ? 

C What  should  be  the  product  of  +6  and  +|? 
Of  +|  and  +f?  Should  the  product  of  any  two 


Use  of  properties  to  motivate  the  definition  of 
the  product  of  two  rational  numbers 
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positive  rational  numbers  be  positive,  or 
should  it  be  negative  ? 

d You  know  that,  if  x is  any  member  of  Ra, 
then  x(0)  = 0.  We  want  rational  numbers  to 
have  the  zero  property  of  multiplication.  What 
should  be  the  product  of  any  given  rational 
number  and  0 ? 

E What  should  be  the  product  of  +f  and  0 ? 
Of  "7and0?  Of +2  and  0? 

So  far,  we  want  the  rational  numbers  to  be- 
have in  such  a way  that  the  product  of  any  two 
positive  numbers  is  positive  and  the  product  of 
any  rational  number  and  0 is  0.  Next  you  will 
see  what  number  we  want  for  the  product  of  a 
positive  number  and  a negative  number. 

F Look  at  Dl.  What  is  the  sum  of  +3  and  “3  ? 
Is  statement  A true  ? 

G What  should  be  the  product  of  +2  and  0? 
Should  statement  B be  true  ? 

H Now  compare  statements  B and  C.  We  want 
multiplication  of  rational  numbers  to  be 
well  defined.  This  means  that  we  should  be  able 
to  replace  one  or  both  of  the  rational  numbers 
in  +2(0)  by  equal  rational  numbers  without 
affecting  the  product.  Now  explain  how  we 
used  statements  A and  B to  obtain  statement  C. 
i Should  statement  C be  true  ? 

J You  know  that,  in  Ra,  multiplication  dis- 
tributes over  addition.  If  x,  y,  and  z are  any 
three  members  of  Ra,  then  x(y  + z)  = xy  + xz. 
We  also  want  the  rational  numbers  to  have  the 
distributive  property.  Should  statement  D be 
true? 

K What  property  makes  it  possible  to  obtain 
statement  E from  statements  C and  D ? 

L We  have  already  decided  that  +6  should  be 
the  product  of  +2  and  +3.  If  statement  E is  to 
be  true,  should  "6  be  the  product  of  +2  and 
"3  ? Explain  your  answer. 

We  obtained  the  statements  expressed  in  Dl 
by  using  some  of  the  properties  that  we  want 


A +3  + "3  = 0. 

B +2(0)  = 0. 
c +2(+3  + ~3)  = 0. 

D +2(+3  + “3)  = (+2  • +3)  + (+2  • ~3). 
E (+2  • +3)  + (+2  • "3)  = 0. 

Dl 


F +2 + "2  = 0. 

G "3(0)  = 0. 

H "3(+2  + ~2)  = 0. 
i ~3(+2  + "2)  = ("3  • +2)  + ("3  • "2). 

J ("3  • +2)  + ("3  • "2)  = 0. 

d2 

to  hold  true  for  addition  and  multiplication  of 
rational  numbers.  Statement  E suggests  that  "6 
should  be  the  product  of  +2  and  ”3. 

M We  also  want  multiplication  of  rational 
numbers  to  have  the  commutative  property. 
If  multiplication  in  R is  commutative,  what 
should  be  the  product  of  “3  and  +2  ? 

N What  should  be  the  product  of  +|  and  §? 
Of  fand+5?  Should  the  product  of  any  posi- 
tive rational  number  and  any  negative  rational 
number  be  positive,  or  should  it  be  negative  ? 

Next  you  will  see  what  the  product  of  any 
two  negative  rational  numbers  should  be. 
o Look  at  d2.  What  is  the  sum  of  +2  and  "2  ? 
Is  statement  F true  ? 

R Why  should  statement  G be  true  ? 

Q Compare  statements  F and  G with  state- 
ment H.  Statement  H should  be  true  be- 
cause we  want  a certain  property  to  hold  true 
for  multiplication  of  rational  numbers.  Name 
the  property.  How  was  statement  H obtained  ? 
R What  property  that  we  want  to  hold  true  for 
rational  numbers  tells  you  that  statement  I 
should  be  true  ? 


s What  property  makes  it  possible  to  obtain 
statement  J from  statements  H and  I ? 

T We  have  already  decided  that  -6  should  be 
the  product  of  “3  and  +2.  If  statement  J is  to 
be  true,  should  +6  be  the  product  of  _3  and 
~2  ? Explain  your  answer, 
u Statement  J suggests  that  +6  should  be  the 
product  of  “3  and  “2.  Why  should  +6  also  be 
the  product  of  ~2  and  _3  ? 
v What  should  be  the  product  of  _15  and  -4? 
Of  l and  5?  Should  the  product  of  any  two 
negative  rational  numbers  be  positive,  or 
should  it  be  negative  ? 

Notice  what  we  have  done  in  this  lesson. 
First  we  decided  that  we  wanted  the  positive 
rational  numbers  to  behave  much  as  the  mem- 
bers of  Ra  do.  Therefore,  the  product  of  any 
two  positive  numbers  should  be  positive.  Then 
we  decided  that  we  wanted  certain  properties 
to  hold  true  for  the  rational  numbers.  These 
properties  suggested  that  the  product  of  any 
rational  number  and  0 should  be  0 ; the  prod- 
uct of  any  positive  number  and  any  negative 
number  should  be  negative ; and  the  product  of 
any  two  negative  numbers  should  be  positive. 

In  the  next  lesson  we  will  develop  a precise 
definition  of  the  product  of  two  rational  num- 
bers. Then,  in  later  lessons,  you  will  see 
whether  or  not  we  have  defined  both  the  sum 
and  the  product  of  two  rational  numbers  in 
such  a way  that  the  usual  properties  actually 
do  hold  true  for  the  operations  of  rational 
numbers. 

In  this  lesson  you  learned  that  we  want  the 
product  of  two  positive  rational  numbers  to  be 
positive;  the  product  of  two  negative  rational 
numbers  to  be  positive;  the  product  of  any  ra- 
tional number  and  0 to  be  0 ; and  the  product 
of  a positive  number  and  a negative  number  to 
be  negative. 


a +6  + "6  = 0. 
b +5(0)  = 0. 
c +5(+6  + _6)  = 0. 
d +5(+6  + ”6)  = (+5  • +6)  + (+5  • _6). 

E (+5  • +6)  + (+5  • ~6)  = 0. 

d3 

On  your  own 

1 What  number  should  be  the  product  of  +5 
and +6?  Of  and  +4?  Of+Jfand+f? 

2 The  statements  expressed  in  d3  suggest 
what  number  should  be  the  product  of  +5  and 
“6.  Explain  why  statement  A is  true. 

3 What  property  must  hold  true  if  state- 
ment B is  true  ? 

4 Explain  how  you  can  use  statement  A and 
statement  B to  obtain  statement  C. 

5 What  property  must  hold  true  for  rational 
numbers  for  statement  D to  be  true  ? 

6 How  can  you  use  statements  C and  D to  ob- 
tain statement  E? 

7 Think  about  statement  E.  What  should  be 
a standard  name  of  +5  • “6? 

a Explain  why  “6  • +5  should  be  “30. 

9  What  number  should  be  the  product  of  +7 
and  +2  ? Of  +7  and  0 ? Now  develop  five  state- 
ments like  the  ones  expressed  in  d3  to  explain 
why  the  product  of  +7  and  ~2  should  be  _14. 

10  If  +7«_2  should  be  “14,  explain  why 
~2  • +7  should  also  be  _14. 

1 1 What  number  should  be  the  product  of  ~2 
and  0? 

12  Develop  five  statements  like  the  ones  ex- 
pressed in  d3  to  explain  what  number  the  prod- 
uct of  ~2  and  ~1  should  be.  Use  your  answers 
for  exercises  10  and  11  and  the  true  statement 
+7  + ~7  = 0 to  help  you  develop  the  state- 
ments. 

13  What  should  be  a standard  name  of  the 
product  ~2  • ~1  ? 
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Exploring  ideas 


Product  of  two  rational  numbers 

In  lesson  132  you  used  certain  properties  of 
operations  to  suggest  what  number  the  prod- 
uct of  two  given  rational  numbers  should  be. 
In  this  lesson  you  will  develop  a precise  defini- 
tion of  the  product  of  two  rational  numbers. 

A Look  at  sentences  A,  C,  E,  and  G in  d1. 
From  your  previous  work,  you  know  that  you 
want  the  product  of  two  rational  numbers  to 
be  defined  in  such  a way  that  statements  A, 
C,  E,  and  G are  all  true.  How  do  you  know 
that  the  same  statement  is  expressed  by  sen- 
tences A and  B ? That  the  same  statement  is 
expressed  by  sentences  C and  D ? By  sentences 
E and  F ? By  sentences  G and  H ? 
b Sentence  B in  d1  is  repeated  in  d2.  Keep 
this  sentence  in  mind  as  you  study  diagram  I 
in  d2.  What  is  the  product  of  the  first  compo- 
nents of  (3,  1)  and  (5,  2)?  What  is  the  product 
of  the  second  components?  Is  the  first  com- 
ponent of  (17,  11)  the  sum  of  these  two  prod- 
ucts? 

C Study  diagram  J.  What  is  the  product  of  the 
first  component  of  (3,  1)  and  the  second  com- 
ponent of  (5,  2)  ? What  is  the  product  of  the 
second  component  of  (3,  1)  and  the  first  com- 
ponent of  (5,  2)  ? Is  the  second  component  of 
(17,  11)  the  sum  of  these  two  products? 
d Now  look  at  d3.  Notice  that  sentence  D in 
d1  is  repeated.  Keep  this  sentence  in  mind  as 
you  study  diagram  K.  How  was  12  obtained 
from  the  components  of  (4,  2)  and  (3,  3)  ? How 
was  6 obtained?  Is  the  first  component  of 
(18,  18)  the  sum  of  12  and  6? 


A +2  X +3  = +6. 

B (3,  1)  X (5,  2)  = (17,  1 1). 
C +2X0  = 0. 
d (4,  2)  X (3,  3)  = (18,  18). 
E +2X_3  = ~6. 

F (5,  3)  X (1,4)  = (17,  23). 
G “3  X “2  = +6. 

H (2,  5)  X (2,  4)  = (24,  18). 

D 1 


B (3,  1)  X (5,  2)  = (17,  11). 


3X5  = 15. 

I 1 


3X2  = 6. 


r 


i 


I (3,  1)  X (5,  2)  J (3,  1)  X (5,  2) 

I I T I 


1X2  = 2. 
15  + 2=  17. 


1X5  = 5. 
6 + 5=11. 


d2 


d (4,  2)  X (3,  3)  = (18,  18). 


12 

I 1 


12 


I 1 

K (4,  2)  X (3,  3)  L (4,  2)  X (3,  3) 


t I 

6 


I I 

6 


d3 


e Study  diagram  L in  d3.  How  was  12  ob- 
tained from  the  components  of  (4,  2)  and 
(3,  3)?  How  was  6 obtained?  Is  the  second 
component  of  (18,  18)  equal  to  12  + 6? 

F Sentence  F in  d1  is  repeated  in  d4.  Study 
diagram  M in  d4.  Explain  how  to  obtain  the 
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first  component  of  (17,  23)  from  the  compo- 
nents of  (5,  3)  and  (1,4). 

G Study  diagram  N in  d4.  Explain  how  to  ob- 
tain the  second  component  of  (17,  23)  from  the 
components  of  (5,  3)  and  (1,4). 

H Sentence  H in  d1  is  repeated  in  d5.  Make  a 
diagram  that  shows  how  to  obtain  the  first 
component  of  (24,  18)  from  the  components  of 
(2,  5)  and  (2,  4).  Then  make  a diagram  that 
shows  how  to  obtain  the  second  component  of 
(24,  18). 

You  have  already  decided  what  the  product 
of  two  given  rational  numbers  should  be.  From 
exercises  A through  H above,  you  see  that  you 
can  obtain  this  product  by  using  the  compo- 
nents of  the  ordered  pairs  that  indicate  the  two 
rational  numbers. 

Now  you  will  use  variables  to  develop  a defi- 
nition of  the  product  of  two  rational  numbers. 
I Look  at  d6.  Think  of  (a,  b)  and  (c,  d)  as 
any  two  rational  numbers.  What  is  the  uni- 
verse for  each  of  the  variables  in  condition  O ? 
j Think  about  condition  O.  What  is  the  first 
component  of  ( ac  + bd,  ad  + be)  ? What  is  the 
second  component? 

K Now  study  diagrams  P and  Q in  d6.  How 
can  you  obtain  the  first  component  of  (ac  + bd, 
ad  + be)  from  the  components  of  (a,  b)  and 
(c,  d)  ? How  can  you  obtain  the  second  com- 
ponent of  (ac  + bd,  ad  + be)  from  the  compo- 
nents of  (a,  b)  and  (c,  d)  ? 

Now  we  can  define  the  product  of  the  ra- 
tional numbers  (a,  b)  and  (c,  d).  The  universe 
for  a,  b,  c,  and  d is  Ra.  For  each  a,  b,  c,  and  d, 
(a,  b)  X(c,  d)  = (ac  + bd,  ad  + be). 

L Look  at  d7.  Sentence  O in  d6  is  repeated. 

To  obtain  statement  R from  condition  O, 
we  replaced  a by  3,  b by  1,  c by  0,  and  d by  f. 
Is  3 • 0 + 1 • f the  same  number  as  0 + \ ? Is 
3*|+1  *0  the  same  number  as  2 + 0?  How 
do  you  know  ? 


F 

(5,  3)  X (1,4) 

= (17,  23). 

M 

I 1 

(5,  3)  X (1,  4) 

T I 

I 1 

N (5,  3)  X (1,4) 

LJ 

d4 

H 

(2,  5)  X (2,  4) 

= (24,18). 

d5 

Universe  for  < 

a,  b,  c,  and  d = Ra. 

O 

(a,  b)  X (c,  d) 

= (ac  + bd,  ad  + be). 

ac 

ad 

P 

I 1 

(a,  b)  X (c,  d) 

t 1 

I 1 

Q (a,  b)  X (c,  d) 

' t I 

bd 

be 

d6 

Universe  for 

a,  b,  c,  and  d = Ra. 

O 

(a,  b)  X (c,  d) 

= (ac  + bd,  ad  + be). 

R 

(3,  1)  X (0,  |) 

= (0  + f,2  + 0). 

S 

(i  2)  X (2,1)- 

-(l+fci  + 4). 

T 

(i>  2)  X (2,  |)  = 

= (f>  ?)• 

U 

a i)  x (i  d = 

= (t.2). 

d7 

product  of  two  rational  numbers.  The  uni- 
verse for  a,  b,  c,  and  d is  Ra.  For  each  a,  b,  c, 
and  d,  (a,  b)  X (c,  d)  = ( ac  + bd,  ad  + be). 
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M How  do  you  know  that  statement  R is  true  ? 
N What  replacements  were  made  for  the  vari- 
ables in  condition  O to  obtain  statement  S ? Is 
statement  S true  ? 

o How  do  you  know  that  sentence  T expresses 
the  same  statement  as  sentence  S ? 
p What  replacements  were  made  for  the  vari- 
ables in  condition  O to  obtain  statement  U ? Is 
statement  U true  ? 

Use  the  definition  of  the  product  of  two  ra- 
tional numbers  to  decide  whether  each  of  the 
following  sentences  expresses  a true  statement 
or  a false  statement. 

Q (5,  o)  x (!,  o)  = (|,  !)• 

R (0,5)X(§,0)  = (0,f). 

S (0, 0)  X (I,  D = (0, 0). 

t (U)x(U)  = (B,M). 

ow  that  you  have  studied  the  definition  of 
the  product  of  two  rational  numbers,  you  can 
decide  whether  or  not  multiplication  of  ra- 
tional numbers  has  these  two  important  prop- 
erties: the  closure  property  and  the  well- 
defined  property. 

A Use  the  closure  properties  of  addition  and 

multiplication  of  rational  numbers  of  arith- 
metic to  explain  why,  for  each  a , b , c,  and  d , 
(ac  + bd , ad  + be)  is  an  ordered  pair  in  which 
the  components  are  members  of  Ra.  The  uni- 
verse for  each  variable  is  Ra. 

B Use  your  answer  for  exercise  A and  the  defi- 
nition of  the  product  of  two  rational  num- 
bers to  explain  why  the  product  of  any  two  ra- 
tional numbers  is  a rational  number. 

You  can  see  that  the  product  of  any  two  ra- 
tional numbers  is  an  element  of  R.  Therefore, 
R is  closed  under  multiplication.  This  prop- 
erty is  the  closure  property  of  multiplication  of 
rational  numbers.  The  property  is  expressed 
as  follows. 


Universe  for  a , b , c,  and  d = Ra. 

O (a,  b ) X(c,d)  = (ac  + bd,  ad  + be). 
R (3,  1)  X (0,  f)  = (0  + f,  2 + 0). 

S (5,  2)  X (2,  f)  = (1  + 1,  | + 4). 

T (5,  2)  X (2,  f)  = (5,  y). 

U (i,l)X(i,|)  = (^,2). 

D 7 


A (4,  2) -(1,6)  = (16,  26). 

B (I,  i)  • (0, 5)  = (!,¥). 

C (4,2).(i,f)  = (f,f). 

D (20,  18) -(1,6)  = (128,  138). 

d8 

The  universe  for  x and  y is  R.  For  each  x and 
y,  xy  e R. 

C Is  multiplication  of  rational  numbers  a 
binary  operation  ? 

D Now  look  at  d8.  Does  each  sentence  ex- 
press a true  statement  ? How  do  you  know  ? 

E In  statement  A,  (16,  26)  is  the  product  of 
(4,  2)  and  what  other  rational  number  ? 

F Statement  B was  obtained  from  statement  A . 
(4,  2)  was  replaced  by  (§,  |).  What  replace- 
ment was  made  for  (1,6)?  Is  (§,  |)  = (4,  2)? 
Is  (0,5)  = (1,6)? 

G To  obtain  statement  C from  statement  A, 
what  replacement  was  made  for  (1,  6)?  Is  the 
replacement  equal  to  (1,  6)? 

H To  obtain  statement  D from  statement  A, 
what  replacement  was  made  for  (4,  2)  ? Is  the 
replacement  equal  to  (4,  2)  ? 

1 Is  each  of  the  products  (§,  y),  (y,  y),  and 
(128,  138)  equal  to  the  product  (16,  26)?  How 
do  you  know  ? 

J If  one  or  both  of  the  two  rational  numbers 
that  are  used  to  obtain  a product  are  replaced 
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by  equal  rational  numbers,  does  the  product 
remain  the  same  ? 

If  two  rational  numbers  that  form  a prod- 
uct are  replaced  by  equal  rational  numbers, 
the  product  is  still  the  same  rational  number. 
This  property  is  the  well-defined  property  of 
multiplication  of  rational  numbers.  The  prop- 
erty is  expressed  below. 

If  one  or  both  of  the  numbers  used  in  forming 
the  product  of  two  rational  numbers  are  replaced 
by  equal  rational  numbers , the  product  is  still 
the  same  rational  number. 

ext  you  will  use  the  definition  of  the  prod- 
uct of  two  rational  numbers  to  decide  whether 
the  product  of  two  given  rational  numbers  is  a 
positive  number,  a negative  number,  or  zero. 
a Look  at  d9.  What  is  the  universe  for  m and 
n ? Now  study  sentence  E.  How  do  you  know 
that,  for  each  m and  n,  both  {m,  0)  and  (; n , 0) 
are  positive  rational  numbers  ? 
b Explain  why  {mn,  0)  is  the  product  of  {m,  0) 
and  ( n , 0). 

C For  each  m and  n , is  {mn,  0)  positive,  or  is 
it  negative  ? What  can  you  say  about  the  prod- 
uct of  any  two  positive  numbers  ? 

D Look  at  sentence  F in  d9.  You  know  that 
(m,  0)  is  a positive  rational  number.  For  each 
n,  is  (0,  n)  positive,  or  is  it  negative  ? Explain 
why  (0,  mn)  is  the  product  of  (m,  0)  and  (0,  n). 
For  each  m and  n,  is  (0,  mn)  positive,  or  is  it 
negative  ? 

E What  can  you  say  about  the  product  of  any 
positive  number  and  any  negative  number  ? 

F Look  at  sentence  G.  How  can  you  obtain 
the  product  (0,  mn)  ? What  can  you  say  about 
the  product  of  any  negative  number  and  any 
positive  number  ? 

G Look  at  sentence  H.  How  can  you  obtain 
the  product  {mn,  0)  ? What  can  you  say  about 
the  product  of  any  two  negative  numbers  ? 


Universe  for  m and  n = Z. 
E {m,  0)  • {n,  0)  = {mn,  0). 

F (m,  0)  • (0,  n)  = (0,  mn). 

G (0,  m)  • {n,  0)  = (0,  mn). 

H (0,  m)  • (0,  n)  = {mn,  0). 

d9 


I (§,(>)•  (14,0)  = (4,0). 

J (o,  D • (!.  o)  = (o,  ID- 

K (0,  10)  • (0,  7)  = (70,  0). 

DlO 

H Now  think  of  {a,  b)  as  any  rational  number. 
The  universe  for  a and  b is  Ra.  What  is  the 
product  of  {a,  b)  and  (0,  0)  ? What  is  the  prod- 
uct of  (0,  0)  and  {a,  b)  ? 

i What  is  the  product  of  any  rational  number 
and  0?  What  is  the  product  of  0 and  any 
rational  number  ? 

Tell  whether  each  product  named  below  is  a 
positive  number,  a negative  number,  or  0. 

J +3X“8  L 1X1  n +52  X+f 

K “26  X 0 M "n  X +3  o X “98 

In  the  following  exercises  you  will  learn  a 
short  way  to  find  the  product  of  two  rational 
numbers.  You  will  use  basic  pairs  and  the 
definition  of  the  product  of  two  rational  num- 
bers. 

A Look  at  d10.  Use  the  definition  of  product 
to  explain  why  statement  I is  true.  Does  (f,  0) 
indicate  +§?  What  is  a standard  name  of 
(14,  0)  ? What  is  the  product  of  and  +14  ? 

B Look  again  at  sentence  I.  This  time  think 
only  of  the  rational  numbers  of  arithmetic  that 
are  components  of  the  basic  pairs.  How  can 
you  obtain  4 from  f and  14? 
c You  can  find  the  product  of  +j  and  +14  by 
first  finding  the  product  of  § and  14  and  then 
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« (f,0) -(14,0)  = (4,0). 

J (o,  i)  • (f,  o)  = (o,  H). 

K (0,  10)  • (0,  7)  = (70,  0). 

DlO 


deciding  whether  the  product  is  positive  or 
negative.  Is  the  product  of  any  two  positive 
rational  numbers  positive,  or  is  it  negative  ? 

D Does  sentence  J in  DlO  express  a true  state- 
ment ? What  is  a standard  name  of  (0,  §)  ? Of 
(1,0)? 

E Now  think  about  the  non-zero  components 
of  (0,  |)  and  (f,  0).  What  is  the  product  of  § and 
| ? Is  the  product  of  § and  +f  positive,  or  is  it 
negative?  Give  a standard  name  of  the  prod- 
uct of  | and  +§. 

To  obtain  the  product  of  \ and  +f,  you  can 
first  find  the  product  of  \ and  § and  then  decide 
if  the  product  of  the  rational  numbers  is  posi- 
tive or  negative. 

F Does  sentence  K express  a true  statement? 
What  is  a standard  name  of  (0,  10)  ? Of  (0,  7)  ? 
G Think  about  the  non-zero  components  of 
(0,  10)  and  (0,  7).  What  is  the  product  of  10 
and  7?  Is  the  product  of  any  two  negative 
rational  numbers  positive,  or  is  it  negative? 
What  is  the  product  of  ~10  and  ~7  ? 

A short  way  to  find  the  product  of  “10  and 
~1  is  first  to  find  the  product  of  10  and  7 and 
then  to  decide  whether  the  product  of  _10 
and  ~1  is  positive  or  negative. 

Use  the  short  way  that  you  have  just 
learned  to  find  the  product  of  each  pair  of 
numbers  named  below. 

H +±,  +|  j '9,  '6  L 1,  +i  N +12, 1 
l +3, 1 K 0, 1 M +45,  0 o “6,  “9 

In  this  lesson  you  learned  how  to  find  the  prod- 
uct of  two  rational  numbers.  You  also  studied 


the  closure  property  and  the  well-defined  prop- 
erty of  multiplication  of  rational  numbers. 

On  your  own 

Use  the  definition  of  the  product  of  two  ra- 
tional numbers  to  decide  whether  each  of  the 
sentences  in  exercises  1 through  6 expresses  a 
true  statement  or  a false  statement. 

1 (1,  3)  X (3,  1)  = (4,  4). 

2 (1, 1)  X (i  0)  = (f,§). 

3(5,  5) -(2,  2)  = (10,  10). 

4(9,  0)  X (£,  0)  = (1,  0). 

5 (i  0)  • (|,  0)  = (0,  i). 

6 (0, 1)  x (0, 1)  = (4  0). 

For  each  of  exercises  7 through  11,  tell 
whether  the  statement  expressed  is  true  or 
false.  For  each  true  statement,  explain  how  you 
can  use  the  well-defined  property  of  multiplica- 
tion of  rational  numbers  to  make  your  decision. 

7(2,  3)  • (i  4)  = (1, 1)  • (i  4). 

8(8,  !)X(0,  3)  = (4,  |)  X (0,  3). 

9 (y»  0)  X (|,  0)  = (4f,  l)X(f,  14). 

10(3,  5)  • (|,  1)  = (6,  10)  • (|,  2). 
n (£3)X(0,f)  = (0,f)X(4,f). 

In  each  exercise  below,  find  the  product  of 
the  pair  of  numbers  named. 

12  “3, +9  15+13,  ”4  18  ~4, +25 

13+12, +4  16 '5, 'll  19  1,5 

14 '6,  “6  17+12, +12  20  “5,1 


KEEPING  SKILFUL 


IP  or  each  of  exercises  1 through  9,  find  the 
sum  of  the  numbers  named  in  the  exercise. 


- +6  +0 
1 5»  10 


A +1  ~± 

4 6,  15 

5 ~1  0. 

3 7,  12 

6 “25,  +A 


8, 


a +11  “8 
* 17,  3 

O +18 

y 35,  5 


5,5  w 14 

For  each  of  exercises  10  through  18,  find  the 
product  of  the  numbers  named  in  the  exercise. 


10+-r,  +JT  13+40,  | 16 


2 , 5 

+5  21 

4,  4 

6,  5 


12 

13, 


11  1 T 

12 


14 

15 


'2  +20 

3,  3 

Z,  7 


17 

1 8 +— 

28’ 


10  134  J Exploring  ideas 

The  elements  of  Ra  related  to 
certain  elements  of  R 

You  know  how  the  set  of  natural  numbers  is 
related  to  a subset  of  the  set  of  rational  num- 
bers of  arithmetic.  Now  you  will  learn  how  the 
set  of  rational  numbers  of  arithmetic  is  re- 
lated to  a subset  of  the  set  of  rational  numbers. 
A Study  the  mappings  represented  in  d1.  Pic- 
ture A represents  a number  line  for  the  rational 
numbers  of  arithmetic.  Picture  B represents  a 
number  line  for  the  rational  numbers.  The 
number  0 in  Ra  is  mapped  onto  the  number  0 
in  R.  Onto  what  member  of  R is  \ mapped? 
Onto  what  member  of  Ra  is  +3  mapped  ? 

B How  many  elements  of  Ra  that  are  named 
in  d1  are  not  mapped  onto  rational  numbers? 
Which  rational  numbers  named  in  d1  are  not 
mapped  onto  elements  of  Ra  ? 
c If  you  were  to  continue  the  mapping  repre- 
sented in  d1,  each  element  of  Ra  would  be 
mapped  onto  a rational  number.  Onto  what 
rational  number  would  § be  mapped?  Onto 
what  rational  number  would  y be  mapped  ? 

D In  lesson  128  you  learned  that  the  set  of  ra- 
tional numbers  is  the  union  of  Rp,  Rn,  and 
{0}.  Is  {0}  URP  a subset  of  R? 

E Is  every  positive  rational  number  a member 
of  {0}  U Rp?  How  many  negative  rational 
numbers  are  members  of  {0}  vj  Rp? 

Any  rational  number  that  is  not  a negative 
number  is  a non-negative  rational  number. 

F How  do  you  know  that  0 is  a non-negative 
rational  number?  How  do  you  know  that 
{0}  \J  Rp  is  a proper  subset  of  R? 


d! 


Rn  = {0}  U Rp. 


d2 


g The  universe  is  R.  Is  {0}  U Rp  the  comple- 
ment of  Rn  ? How  do  you  know  ? 


REMINDER 

The  set  that  contains  all  the  members 
of  the  universe,  and  only  those  members, 
that  do  not  belong  to  a given  subset 
is  the  complement  of  the  given  subset. 

See  lesson  112,  page  78. 


When  the  universe  is  R,  the  complement  of 
Rn  is  the  set  of  non-negative  rational  numbers. 
The  set  of  non-negative  rational  numbers  con- 
tains zero  and  all  the  positive  rational  num- 
bers. We  will  use  the  symbol 
shown  at  the  right  as  a name  of 
this  set.  The  sentence  in  d2  ex- 
presses a true  statement  about  Rn. 

H Think  about  the  mapping  that  is  repre- 
sented in  Dl.  How  do  you  know  that  there 
is  a one-to-one  correspondence  between  Ra 
and  Rn?  How  do  you  know  that  Ra  and  Rn 
are  equivalent  sets  ? 

I What  member  of  Rn  is  mapped  onto  5? 
What  member  of  Ra  is  mapped  onto  +|? 

Since  \ and  are  mapped  onto  each  other, 
\ and  +\  are  mates  of  each  other.  In  the  one- 

Isomorphlsm  between  the  set  of  rational  numbers  of  arithmetic  igy 
and  the  set  of  non-negative  rational  numbers 


to-one  correspondence  that  we  have  been  dis- 
cussing, any  two  numbers  that  map  onto  each 
other  are  mates.  Each  number  is  the  mate  of 
the  other.  One  of  the  mates  is  a rational  num- 
ber of  arithmetic,  and  the  other  is  a non- 
negative rational  number, 
j How  do  you  know  that  § and  are  mates  ? 
How  do  you  know  that  f and  +f  are  not 
mates  ? That  f and  f are  not  mates  ? 

K How  many  members  of  Rn  are  mates  of  | ? 
How  many  members  of  Ra  are  mates  of  +|? 

L What  is  the  basic  pair  for  +|?  Is  | the  mate 
of  the  rational  number  (§,  0)  ? 

M You  know  that  you  can  use  either  standard 
names  or  names  of  ordered  pairs  to  express  ra- 
tional numbers.  When  the  universe  is  Ra,  we 
will  use  the  symbol  +a  to  name  (a,  0).  What  is 
the  mate  of  +a  ? 

N Is  +(a  + b ) the  same  as  ( a + b , 0)  when  the 
universe  for  a and  b is  Ra?  Is  +{a  + b)  the 
mate  of  a + b ? Is  +(a  • b)  the  mate  of  a • b ? 

Remember  that  mates  are  members  of  two 
different  sets.  For  example,  \ and  +|  are  mates. 
| e Ra,  and  +|  e Rn. 

o What  is  the  sum  of  f and  5?  What  is  the 
sum  of +|  and  +^? 
p Are  | and +|  mates? 

q What  is  the  mate  of  +\  ? What  is  the  mate 
of  +\  ? What  is  the  mate  of  +\  + +\  ? 
r Think  of  a and  +a  and  b and  +b  as  any  two 
pairs  of  mates.  The  universe  for  a and  b is 
Ra.  You  know  that  +(a  + b)  and  a + b are 
mates.  How  do  you  know  that,  for  each  a 
and  b,  a + b is  the  mate  of  +a  + +b  ? 

If  you  add  two  rational  numbers  of  arith- 
metic and  then  add  the  non-negative  rational 
numbers  that  are  their  mates,  the  sum  of  the 
two  elements  of  Ra  is  the  mate  of  the  sum  of 
the  two  elements  of  Rn. 

S What  is  the  product  of  \ and  f?  What  is 
the  product  of +|  and  +f? 


T Is  ^ the  mate  of  +^? 

U What  is  the  mate  of  +|?  What  is  the  mate 
of  +\1  What  is  the  mate  of  +|  • ~4? 
v Think  of  a and  +a  and  b and  +b  as  any  two 

pairs  of  mates.  The  universe  for  a and  b is 
Ra.  You  know  that  +{a  • b)  and  a • b are  mates. 
How  do  you  know  that,  for  each  a and  b,  a • b 
is  the  mate  of  +a  • +b  ? 

If  you  multiply  two  rational  numbers  of 
arithmetic  and  then  multiply  the  non-negative 
rational  numbers  that  are  their  mates,  the 
product  of  the  two  elements  of  Ra  is  the  mate 
of  the  product  of  the  two  elements  of  Rn. 

Because  the  rational  number  of  arithmetic  a 
and  the  non-negative  rational  number  +a  be- 
have in  much  the  same  way  in  addition  and 
multiplication,  it  is  often  convenient  to  use  the 
same  numeral  to  name  a member  of  Rn  and  its 
mate  in  Ra.  For  example,  you  can  use  the  sym- 
bol 3 to  name  +3  or  the  symbol  \ to  name  +{. 


In  this  lesson  you  learned  that  Ra  and  Rn  can 
be  put  in  one-to-one  correspondence  and  that 
element  a of  Ra  is  the  mate  of  element  +a  of 
Rn.  You  also  learned  that,  if  a and  b are  ra- 
tional numbers  of  arithmetic,  then  a + b and 
+a  + +b  are  mates  and  a • b and  +a  • +b  are 
mates.  The  universe  for  the  variables  is  Ra. 

On  your  own 

Name  the  rational  number  of  arithmetic 
that  is  the  mate  of  the  rational  number  named 

in  each  of  exercises  1 through  5. 

, +7  o +1L  , +5  . + ± - +9. 

'8  L 1 * 2 * 19  D10 

For  each  of  exercises  6 through  10,  name 
the  element  of  Rn  that  is  the  mate  of  the  ele- 
ment of  Ra  named. 

*0  7\  8f  9 >0  TJo 

Two  rational  numbers  of  arithmetic  are 
named  in  each  of  exercises  1 1 through  20.  For 
each  exercise,  first  write  a sentence  that  ex- 
presses a true  statement  about  the  sum  of  the 


two  numbers.  Then  replace  the  members  of 
Ra  by  their  rational-number  mates  and  write 
a sentence  that  expresses  a true  statement 
about  the  sum  of  the  mates.  For  exercise  11, 
you  could  write  the  two  sentences  below. 

5 I Z _ 26  +5  i +7  _ +26 
9 ' 3 9-  9 ' 3 9- 


11  5,  i 


13  i 2 


1 o 11  — 14- 

1 * 10»  10  A 


1 5 
4>  8 


15  i,?  17  6,  f 19  f,  n 

16  9,4  18 1,7  20 


21  0,  +j 

22  +5,  +1 


Two  non-negative  rational  numbers  are 
named  in  each  of  exercises  21  through  26.  For 
each  exercise,  first  write  a sentence  that  ex- 
presses a true  statement  about  the  product  of 
the  two  numbers.  Then  replace  the  members 
of  Rn  by  their  mates  in  Ra  and  write  a sentence 
that  expresses  a true  statement  about  the  prod- 
uct of  the  mates. 

23  +—  +1  25  +-  +— 

**  10>  1 5’  15 

24  +5  +A  26  +Z 

'2  4 6»  12  zo  I?  1 

Tell  which  sentences  in  exercises  27  through 
32  express  true  statements  and  which  express 
false  statements. 

27R  = RpURnU  {0}.  30  Rn  n Ip  = Ip. 

28  In  U {0}  URp  = R.  31  In  n Rn  = In. 

29  Rn  = {0}  \J  Rn.  32  Ip  U In  = I. 


KEEPING  SKILFUL 

IT  or  each  condition  expressed  below,  tabu- 
late the  solution  set  if  possible.  Otherwise, 
give  a standard  description  of  the  solution  set. 
U = Ra. 

1 15.5  — 5 > 10.5  A .4 +1.4  <5. 
2~(«-z>4|). 

3 .5  + .3  = m V 16.9  — 16.2  = m. 


43|<2  + rAr  + 1|<4. 

5 -(/?  + . 53  + 7.53). 

68f  + ?>9z  Vq  + \ = 3. 

7 z — 4 ^ lO^Az  + 3 >16i 

8 m + .5  < 3.6  V m - 2.5  = .2. 

9 16.8  - w > 13.4  A w+  .2^  1. 


CHECKING  UP 

If  you  have  trouble  with  these  two  tests,  you 
can  find  help  in  lessons  130  through  134. 

Test  124 

Name  the  element  of  Rn  that  is  the  mate  of 
each  rational  number  of  arithmetic  expressed 
in  exercises  1 through  5. 

1 ! 2 | 3 U 4 0 5 67 

Name  the  element  of  Ra  that  is  the  mate  of 
each  rational  number  expressed  in  exercises  6 
through  10. 

* +l  7 0 8+81  9 +'i  10  ^ 

For  each  of  exercises  11  through  19,  decide 
which  one  of  the  symbols,  Rn,  Rp,  or  {0},  cor- 
rectly completes  the  sentence.  The  universe  for 
x:  and  y is  Z. 

1 1 For  each  x and  y,  ( x , 0)  + (y,  0)  e — 

1 2 For  each  x and  y,  (0,  x)  + (0,  y)  e 

1 3 For  each  x and  y,  (x,  0)  X (0,y)e  — 

1 4 For  each  x and  y,  (0,  x)  X (y,  0)  e — - 

1 5 For  each  x and  y , (x,  0)  X (y,  0)  e — ^ 

1 6 For  each  x and  y,  (0,  x)  X (0,jOe  — 

17  Suppose  that  x is  less  than  y.  For  each  x 

and  y,  (0,  x)  + (y,  0)  e . 

18  Suppose  that  x is  equal  to  y.  For  each  x 

and  y,  (0,  x)  + (y,  0)  e . 

1 9 Suppose  that  x is  greater  than  y.  For  each  x 

and  y,  (0,  x)  + (y,  0)  e . 

Test  125 

For  each  of  exercises  20  through  28,  find  the 
sum  of  the  numbers  named. 


20+13,  +42 

23  +7,  '8 

26 

+ 8 
152 

+ 4 
15 

21  '17,  “5 

24  “26,  +52 

27 

18 

7 2 

+ 11 
14 

22  - - 

2’  5 

25  +-  - 

42  8 

28 

_1  ‘ 
32 

“5 

6 

For  each  of  exercises  29  through  37,  find  the 
product  of  the  numbers  named. 

29  +13,  +42  32  1,  1 35  + 


2 

32  5 


30  “7,  _2 

31  “23,  +12 


33  +3 

34  +4  +33 


36 


17 


07  i.  £ 


End-of-block  tests  on  mates  of  non-negative  rational  numbers  and  IgQ 
addition  and  multiplication  of  rational  numbers  u 


Exploring  ideas 

commutative  properties 

Iou  know  that  the  order  in  which  you  add 
two  members  of  N or  two  members  of  Ra  does 
not  affect  their  sum.  You  also  know  that  the 
order  in  which  you  multiply  two  members  of  N 
or  two  members  of  Ra  does  not  affect  their 
product.  In  this  lesson  you  will  decide  if  addi- 
tion and  multiplication  of  rational  numbers 
have  the  commutative  properties. 
a Look  at  d1.  Sentence  A expresses  a state- 
ment about  the  sum  of  two  members  of  Ra. 
Is  | the  mate  of  the  rational  number  +|?  What 
rational  number  is  the  mate  of  |?  Of  j|? 

Since  Ra  and  Rn  behave  in  the  same  way 
with  respect  to  the  operations  of  addition  and 
multiplication,  you  may  use  the  same  numeral 
to  name  a member  of  Rn  and  its  mate  in  Ra. 
This  means  that  you  may  omit  the  symbol  for 
“positive”  in  standard  names  of  positive  ra- 
tional numbers.  Sentence  A in  d1  can  express 
the  same  statement  about  rational  numbers  as 
does  the  sentence  +f  + +\  = +{§. 

B Now  think  of  each  sentence  in  d1  as  ex- 
pressing a statement  about  the  sum  of  two  ra- 
tional numbers.  Are  all  of  the  statements 
true? 

From  the  transitive  property  of  equality, 
you  know  that,  if  a first  number  is  equal  to  a 
second  number  and  the  second  number  is  equal 
to  a third  number,  then  the  first  number  is 
equal  to  the  third  number.  Using  the  transitive 
property  of  equality  and  statements  A and  B 
expressed  in  d 1 , you  can  obtain  the  true  state- 
ment | + { = i+  f. 
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The 


A 

B 

C 


5 I 1 13 

6 ' 4 12- 


1 I 5 _ 13 
4 ' 6 12* 


D 1 


Universe  for  a , b , c,  and  d = Ra. 
G {a,  b)  + (c,  d)  = {a  + c,  b + d). 
h (c,d)  + {a9b)  = (c  + a,d+b). 

I {a  -h  c,  b + d)  = (c  + a,  d + b). 

J ( a , b)  + (c,  d)  = (c  + a,  d + b). 

K ( a , b)  + (c,  d)  = ( c , d)  + (a,  b). 


d2 


c What  does  | T-  \ = \ f tell  you  about  the 
order  in  which  you  add  f and  \ ? 

D From  which  two  statements  expressed  in  d1 
can  you  obtain  |+  \=  \+  |?  Is  §+  \ = 
\ + | a true  statement  ? What  do  you  know 
about  the  order  in  which  you  add  | and  |? 

E Using  the  transitive  property  of  equality, 
what  other  true  statement  can  you  obtain  from 
statements  E and  F?  What  do  you  know 
about  the  order  in  which  you  add  \ and  |? 

You  can  use  variables  to  help  you  decide  if 
the  order  in  which  you  add  any  two  rational 
numbers  affects  the  sum. 

F Look  at  d2.  Think  of  («,  b)  and  (c,  d)  as 
any  two  rational  numbers.  What  is  the  uni- 
verse for  each  of  the  variables  ? 

If  you  can  show  that,  for  each  a , b,  c , and 
d , the  sum  of  (a,  b)  and  (c,  d)  is  the  same  as  the 
sum  of  (c,  d)  and  (< a , b ),  then  you  know  that 
the  order  in  which  you  add  any  two  rational 
numbers  does  not  affect  the  sum. 

G Look  at  sentences  G and  H in  d2.  For  each 
a , b , c,  and  d,  is  {a  + c,  b + d)  the  sum  of 
(a,  b)  and  ( c , d)  ? How  do  you  know  ? What 
is  the  sum  of  (c,  d)  and  (< a , b)  ? 
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H Look  at  sentence  I in  d2.  Remember  that 

the  universe  is  Ra.  For  each  a , b,  c,  and  d , 
is  a + c = c + al  Is  b d=  d~\~  bl  Upon 
what  property  of  addition  of  rational  numbers 
of  arithmetic  do  your  answers  depend?  Is 
(a  + c,  b + d)  = (c  + a,  d + b)  ? Remember  that 
two  ordered  pairs  are  equal  when  their  first 
components  are  equal  and  their  second  com- 
ponents are  equal. 

I Look  again  at  d2.  You  can  obtain  condi- 
tion J from  conditions  G and  I by  using  the 
transitive  property  of  equality.  Since  true  state- 
ments are  obtained  from  conditions  G and  I 
for  each  a , b,  c , and  d , a true  statement  is  also 
obtained  from  condition  J.  From  which  condi- 
tions expressed  in  d2  can  you  obtain  condi- 
tion K ? 

J How  do  you  know  that,  for  each  a , b , c, 

and  d,  (a,  b)  + (c,d)  = (c,  d)  + (a,  b)  ? 

You  have  just  observed  that  the  order  in 
which  you  add  any  two  rational  numbers  does 
not  affect  the  sum.  This  important  property  is 
the  commutative  property  of  addition  of  ra- 
tional numbers.  The  property  is  expressed  be- 
low. 

The  universe  for  x and  y is  R.  For  each  x and 
y,  x + y = y + x. 

Notice  that  you  have  developed,  or  derived, 
the  commutative  property  of  addition  of  ra- 
tional numbers  from  a definition  and  proper- 
ties that  you  studied  previously.  By  using  the 
definition  and  these  properties,  you  were  able 
to  prove  that  x + y = y + xis  actually  a prop- 
erty of  rational  numbers.  Remember  that, 
when  a condition  is  a property,  you  obtain  a 
true  statement  from  the  condition  for  each  re- 
placement of  the  variables. 

Decide  whether  each  sentence  below  ex- 
presses a true  statement  or  a false  statement. 

K 2 + “4  = - 4-3  M “5  , -7.  = - J_  4-  -5 

* 4 ' 5 5 ~ 4-  1X1  9 ' 10  10  ' 9- 

i 1 + § = 1 + i n | + 1 = 1 + |. 
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Universe  for  a , b , c , and  d = Ra. 

R {a,  b)  • (c,  d)  = (ac  + bd , ad  + be). 

S ( c,d) • (< a , b)  = (ca  + db , cb  + da). 

d4 

In  lesson  132  you  used  the  idea  of  a commu- 
tative property  of  multiplication  to  help  you 
find  a useful  definition  of  the  product  of  two 
rational  numbers.  Now  you  can  decide  whether 
or  not  you  have  defined  the  product  in  such 
a way  that  multiplication  of  rational  numbers 
has  the  commutative  property.  In  other  words, 
you  will  decide  if  the  order  in  which  you  multi- 
ply two  rational  numbers  affects  the  product. 

A Each  statement  expressed  in  d3  concerns 
the  product  of  two  rational  numbers.  Are  all 
of  the  statements  true  ? 

B Using  the  transitive  property  of  equality, 
can  you  obtain  \ X f = \ X | from  statements  L 
and  M?  Is|x|  = |x|? 
c Using  the  transitive  property,  what  other 
true  statement  can  you  obtain  from  state- 
ments N and  O?  What  other  true  statement 
can  you  obtain  from  statements  P and  Q ? 

D What  do  you  know  about  the  order  in  which 
you  multiply  f and  5 ? f and  \ ? f and  \ ? 

You  can  use  variables  to  help  you  decide  if 
the  order  in  which  you  multiply  any  two  ra- 
tional numbers  affects  the  product. 

E Look  at  d4.  Think  of  (< a , b)  and  (c,  d)  as  any 
two  rational  numbers.  What  is  the  universe  for 
each  of  the  variables  ? 
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Universe  for  a,  b,  c,  and  d=  Ra. 

R (a,  b ) • (c,  d ) = (( ac  + bd,  ad  + be). 
s (c,  d)  • (a,  b)  = ( ca  + db,  cb  + da). 

d4 

f What  is  the  product  of  (a,  b)  and  (c,  d)  ? Of 
(c,  </)  and  (a,  b)  ? How  do  you  know  ? 

G Now  try  to  prove  that,  for  each  a , b , c, 
and  d,  {a,  b)  • (c,  6?)  = (c,  d)  • (a,  6).  The  uni- 
verse for  the  variables  is  Ra.  In  your  proof, 
use  the  transitive  property  of  equality  and  the 
commutative  properties  of  addition  and  multi- 
plication of  rational  numbers  of  arithmetic. 
You  can  refer  to  d2  and  to  the  questions  that 
concern  d2  to  help  you  in  your  proof. 

You  have  learned  that  the  order  in  which 
you  multiply  two  rational  numbers  does  not 
affect  the  product.  This  property  is  the  com- 
mutative property  of  multiplication  of  rational 
numbers.  The  property  is  expressed  below. 

The  universe  for  x and  y is  R.  For  each  x 
and  y,  xy  = yx. 

Decide  whether  each  of  the  following  sen- 
tences expresses  a true  statement  or  a false 
statement. 


In  this  lesson  you  learned  that  both  addition 
and  multiplication  of  rational  numbers  have 
the  commutative  property. 


On  your  own 


Decide  whether  each  of  the  following  sen- 

tences  expresses  a true 

statement  or  a false 

statement. 

i lyl-lyl 

1 2^4  4 A 2' 

5 “1  , 3 = 3 . -5 

3 6 ' 4 4 ' 6* 

2 , -2  = -3  , -5 

1 5 ' 3 2 ' 4- 

60+  | = | + 0. 

3 5 .7  = 2,5 

J 8 ' 8 1 ' 1- 

— 4 \y  3 3 v/  — 4 

7 7 A 7 7 X 7" 

. — 1 +1  1 \y  1 

4 2 X 4“4X2- 

8 1 X } X +§. 

Two  rational  numbers  are  named  in  each  of 
exercises  9 through  17.  For  each  exercise, 
write  two  sentences  that  express  true  state- 
ments about  the  sum  of  the  two  numbers.  Use 
the  commutative  property  of  addition  of  ra- 
tional numbers  to  obtain  your  second  state- 
ment. For  exercise  11,  you  could  write  the  fol- 


lowing  sentences : ^ + § = 

1 

©I- 

+ 

9 2.  ~1 
y 10’  4 

12  1 ~J- 
3’  12 

15  1 

1A  5 5 

10  8’  6 

13  - — 

5’  11 

16  i 

11  - - 

11  2,  ? 

1 4 — ~ 

16»  12 

17  1 

Two  rational  numbers  are  named  in  each  of 
exercises  18  through  29.  For  each  exercise, 
write  two  sentences  that  express  true  state- 
ments about  the  product.  Use  the  commuta- 
tive property  of  multiplication  of  rational 
numbers  to  obtain  your  second  statement. 


18 

— 3 
8’ 

3 

4 

2 1 — - 
z 1 10’  9 

24  ~U 

27 

-5  +1 

Jj  8 

19 

— 7 
9’ 

2 

15 

22  - - 

iZ  3’  2 

25  k~5 

28 

“12,  ~6 

20 

+ 1 
6’ 

_ 5 

12 

23  — - 

20’  7 

10’  7 

29 

4 1 

3’  16 

KEEPING  SKILFUL 

r or  each  exercise  below,  find  a mixed  nu- 
meral that  expresses  the  rational  number  of 
arithmetic  named. 


3 ¥ 


12  'T  11  w 3 ”11 

In  each  exercise  below,  use  a decimal  to  ex- 


press the  member  of  Ra  named. 

5_ 

12 

125 


10 


1 1 


15 


14  5 16f 

For  each  exercise  below,  tabulate  the  solu- 
tion set  of  the  condition.  U = Z. 


17  5/2~*/|. 
is  87^/100-56/*. 

19  18/*-. 4/1. 

20  10|  — * = 4f. 

21  *+  19|  = 24i 


22  x/7  - 23/2. 

23  */104-  121/100. 

24  27/*  — .75/1. 

25  * - 15j  = 18|. 


26  * 


— 


6s  + 2k 
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Exploring  ideas 


The  associative  properties 


You  know  that  the  way  in  which  you  group 
any  three  members  of  N or  of  Ra  does  not 
affect  their  sum  or  their  product.  Now  you  will 
decide  if  addition  and  multiplication  of  ra- 
tional numbers  have  the  associative  properties. 

Look  at  symbol  A in  d1.  To  find  the  sum 
named  by  symbol  A,  you  must  work  with  one 
pair  of  numbers  at  a time. 

A Study  sentence  B in  d1.  In  the  numeral 
(§  + j)  + the  sum  of  which  pair  of  numbers 
is  expressed  within  parentheses  ? Is  ^ the  sum 
of  | and  | ? 


A |+  1 + 1 

B (i  + l)  + l = l + ( 1 + 1)- 


c (!+!)+  f-  !+(!+  !)• 

d (1+1) + "£=!+ (!+“&• 


b What  is  the  sum  of  ^ and  |?  What  is  a 
standard  name  of  (§  + 1)  + 1? 
c Look  again  at  sentence  B.  In  the  numeral 
\ + ( 1 + 1),  the  sum  of  which  pair  of  numbers 
is  expressed  within  parentheses?  What  is  the 
sum  of  | and  5? 

d What  is  the  sum  of  \ and  the  sum  that  you 
found  for  exercise  C?  What  is  a standard 
name  of  \ + ( 1 + 1)  ? 

e Is  statement  B true  ? Does  the  way  in  which 
you  group  f,  and  \ affect  the  sum  ? 

F Now  read  sentence  C in  d2.  What  is  the 
sum  of  | and  |?  The  sum  of  j§  and  f? 

G What  is  the  sum  of  § and  f?  What  is  the 
sum  of  \ and  ^ ? 

H Is  statement  C true  ? Does  the  way  in  which 
you  group  % f , and  f affect  the  sum  ? 
i Read  sentence  D in  d2.  What  is  the  sum  of 
\ and  | ? What  is  the  sum  of  the  number  that 
you  just  found  and  ^ ? 

J What  is  the  sum  of  f and  What  is  the 
sum  of  | and  the  number  that  you  just  found  ? 
K Is  statement  D true  ? Does  the  way  in  which 
you  group  f,  f,  and  ^ affect  the  sum  ? 

You  can  use  variables  to  help  you  prove  that 
the  way  in  which  you  group  any  three  rational 
numbers  does  not  affect  the  sum. 
a Look  at  d3.  Think  of  ( a , b),  ( c , d),  and 
( e,f ) as  any  three  rational  numbers.  What  is 
the  universe  for  each  of  the  variables  ? 


Universe  for  a,  b,  c,  d,  e , and / = Ra. 

E [(a,  b)  + (c,  d )]  + (e,/)  = (( a + c)  + e,{b  + d)  +/). 

F (a,  b)  + [(u,  d)  + (e,f)]  = {a  + (c  + e),b  + {d+fj). 

G ((a  + c)  + e,(b  + d)+f)  = (a  + (c  + e),  b + {d+fj). 
H {{a,  b)  + (c,  d)]  + (e,f)  = {a,  b)  + [(c,  d)  + (e,f)]. 


d3 
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You  know  that,  to  find  the  sum  of  three 
numbers,  you  must  work  with  one  pair  of  num- 
bers at  a time.  The  symbol  below  suggests  one 
way  to  group  {a,  b ),  (c,  d),  and  (e,  f)  to  obtain 
their  sum. 

[{a,  b)  + (c,  d)]  + (e,  f) 

Notice  that  the  sum  of  (a,  b)  and  ( c , d)  is  ex- 
pressed within  brackets.  This  means  that  you 
will  first  find  the  rational  number  that  is  the 
sum  of  (< a , b ) and  ( c , d).  Then  you  will  find  the 
sum  of  this  number  and  (< e,f ). 

B Is  {a  + c,  b + d)  the  sum  of  {a,  b)  and  ( c , d)  ? 
Remember  that,  when  we  say  that  {a  + c, 
b T-  d)  is  the  sum  of  (a,  b)  and  (< c , d),  we  mean 
that,  for  each  replacement  of  the  variables, 
{a,  b)  + (c,d)  = (a  + c,b  + d). 
c Is  (( a + c)  + e,  (b  + d)  + /)  the  sum  of 
(i a + c,  b + d)  and  (e,/)?  Use  the  definition  of 
the  sum  of  two  rational  numbers  to  explain 
your  answer. 

Sentence  E in  d3  expresses  the  sum  you  ob- 
tain when  you  group  (a,  b ),  (c,  d),  and  ( e,f ) in 
the  way  just  explained. 

You  can  find  the  sum  of  (a,  b ),  (c,  d),  and 
{e,f)  by  grouping  the  numbers  in  another  way. 
In  the  symbol  below,  the  brackets  help  you 
think  about  how  to  group  the  three  numbers. 
(a,  b)  + [(c,d)  + (e,f )] 

d Is  (c  + e,  d+f)  the  sum  of  (c,  d)  and  (e,/)  ? 
E Is  (a  + (c  + e),b  + (d+f))  the  sum  of 
{a,  b)  and  (c  + e,  d +/)  ? Use  the  definition  of 


the  sum  of  two  rational  numbers  to  explain 
your  answer. 

Sentence  F in  d3  expresses  the  sum  you  ob- 
tain when  you  group  ( a , b),  ( c , d),  and  (c,/)  in 
the  way  just  explained. 

F You  have  used  two  ways  of  grouping  three 
rational  numbers  to  find  their  sum.  Now  you 
will  decide  if  the  sum  you  obtain  in  each  case 
is  the  same  rational  number.  Look  at  sen- 
tence G.  Think  about  the  first  components  of 
the  ordered  pairs.  For  each  a , c,  and  e,  is 
(a  + c)  + e = a + (c  + e)  ? Upon  what  prop- 
erty of  rational  numbers  of  arithmetic  does 
your  answer  depend? 

g Think  about  the  second  components  of  the 
two  ordered  pairs.  For  each  b , d,  and  /,  is 
(b  + d)  +/=  b + (</+/)?  How  do  you  know  ? 
H How  do  you  know  that,  for  each  a,  b,  c,  d, 
e,  and/,  condition  G is  true?  For  each  group- 
ing of  (i a , b ),  (c,  d),  and  (c,/),  do  you  obtain 
the  same  rational  number  for  the  sum? 
i Use  conditions  E,  F,  and  G and  the  transi- 
tive property  of  equality  to  show  that  sen- 
tence H in  d3  expresses  a true  statement  for 
each  a,  b,  c,  d,  e,  and  /. 

In  exercises  A through  I,  you  have  proved 
that  the  way  in  which  you  group  any  three  ra- 
tional numbers  does  not  affect  the  sum.  The 
property  that  you  have  derived  is  the  associa- 
tive property  of  addition  of  rational  numbers. 
The  property  is  expressed  as  follows. 


Universe  for  a,  b , c,  d,  e , and / = Ra. 

E [(a,  b)  + (c,  d)]  + (e,f)  = ((«  + c)  + e,  (b  + d)  +/). 

F (a,  b)  + [(c,  d)  + (e,f)}  = (a  + (c  + e),  b + (d  +/)). 

G (( a + c)  + e,(b  + d)+f)  = {a  + (c  + e),  b + (d+f)). 
H [0,  b)  + (c,  d)]  + (e ,/)  = (a,  b)  + [(c,  d)  + 
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~7  — 3 “1 

5 5 4 

j (1  • 1)1  = 1(1  • !)• 

d4 


u ri  . 1\~1  = "3/3  . — 7\ 

K f 5 8l  2 5v8  2/’ 

l (M)"5  = f(l--5). 

d5 

The  universe  for  x,  y,  and  z /s  R.  For  each 
x,  y,  and  z,  (x  + y)  + z = x + (y  + z). 

Tell  whether  each  of  the  following  sen- 
tences expresses  a true  statement  or  a false 
statement. 

J (i5+  4)+  I7o  = Io  + ( 5+  To)- 

k (l+D  + l = l+€+i)- 

l ^ + (!  + !)  = (t95  + 1)  + 1- 

Next  you  will  decide  if  multiplication  of 
rational  numbers  also  has  the  associative 
property. 

Look  at  symbol  I in  d4.  To  find  the  product 
named  by  symbol  I,  you  must  work  with  one 
pair  of  numbers  at  a time. 

A Study  sentence  J in  d4.  In  the  numeral 
( \ • |)  the  product  of  which  pair  of  num- 
bers is  expressed  within  parentheses?  Is  §|  the 
product  of  |and  f? 

b What  is  the  product  of  and  |?  What  is 
a standard  name  of  ( | • |)  \ ? 
c Look  again  at  sentence  J.  In  the  numeral 
|(  | • |),  the  product  of  which  pair  of  num- 
bers is  expressed  within  parentheses  ? What  is 
the  product  of  the  two  numbers  ? 

D What  is  the  product  of  | and  the  number 
you  found  for  exercise  C ? Is  |(  f • |)  = ^5? 
E Is  statement  J true  ? Does  the  way  in  which 
you  group  |,  and  \ affect  the  product  ? 


f Now  read  sentence  K in  d5.  What  is  the 
product  of  | and  |?  What  is  the  product  of 
the  number  that  you  just  found  and  |? 

G What  is  the  product  of  | and  |?  What  is 
the  product  of  | and  the  number  that  you 
just  found? 

H Is  statement  K true  ? Does  the  way  in  which 
you  group  f,  f,  and  \ affect  the  product? 

1 Read  sentence  L in  d5.  How  do  you  know 
that  statement  L is  true?  Does  the  way  in 
which  you  group  f,  §,  and  “5  affect  the  prod- 
uct? 

As  you  continue  to  study  statements  like 
those  expressed  in  d5,  you  will  see  that  the  way 
in  which  you  group  any  three  rational  num- 
bers does  not  affect  the  product.  We  will 
accept  without  proof  the  associative  property  of 
multiplication  of  rational  numbers.  The  prop- 
erty is  expressed  below. 

The  universe  for  x,  y,  and  z is  R.  For  each 
x,  y,  and  z,  (xy)z  = x(yz). 

Tell  whether  each  of  the  following  sentences 
expresses  a true  statement  or  a false  statement. 

J 15(3  * a)  — ( To  * 3)8-  M (4  * 3)6 — • g)- 

k (H)M(H).  n (|. i)|  = |(i. |). 

«■  1(1-1)  = o l(|.2)  = (1-1)2. 

In  this  lesson  you  learned  that  both  addition 
and  multiplication  of  rational  numbers  have 
the  associative  property. 

On  your  own  ■ \, 

First  decide  whether  each  statement  ex- 
pressed in  exercises  1 through  8 on  page  138  is 
true  or  false.  Then,  for  each  true  statement, 
tell  which  of  the  following  properties  you  used 
to  make  your  decision. 

Commutative  property  of  addition 
Commutative  property  of  multiplication 
Associative  property  of  addition 
Associative  property  of  multiplication 
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Exploring  ideas 


4 3 9 93. 

5^n-i)=a+M- 

6|  + (I+  I)  “5  + <!+_!>• 

*<&  + t)  + 1=  l(n+  5): 

« lHp-“4J  = r4-^)+  i 
For  each  of  exercises  9 through  14,  first 
show  two  ways  in  which  the  rational  numbers 
expressed  in  the  exercise  can  be  grouped  with- 
out affecting  the  sum.  Then  give  a standard 
name  of  the  sum. 

9 1 + 1 + 1 12^  + 0 + Is 

10  5+  ^+2  13  J + J + 3 

11  “4  + 6 + 11  141  + H + -7 

For  each  of  exercises  15  through  23,  first 
show  two  ways  in  which  the  rational  numbers 
expressed  in  the  exercise  can  be  grouped  with- 
out affecting  the  product.  Then  give  a stand- 
ard name  of  the  product. 

1 5 “4  • “9  • “ 1 18  ! • 0 • H 21  6 • 19  • 5 

16^-“H  22  7 -1  -f 

irf-i-l  20  &•“!  -5  23  5 - “8  - 7 


KEEPING  SKILFUL 

IP  or  each  of  exercises  1 through  12,  find  the 
sum  of  the  numbers  named  in  the  exercise. 


+7  +1 


O +16 

J 17» 


13 
6’  12 
+4 
5 

"5  +3 
43  2 

1 


'll  +1 

4 3 8 


10, 


4 "20,  i 


A +^ 

6 33  21 

7 ~±  SL 

' 213  10 

8 “11,1 


9 

10 


11  +12 
153  30 

-39  +2L 

15 


" if.  ¥ 

19  +Z4  +2 


For  each  of  exercises  13  through  21,  find  the 
product  of  the  numbers  named  in  the  exercise. 


+32  +49 

7.  10 

14  — - 2 
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16 

17 

18 


18,  f 


65 
9 

“12  ““13 
13.  3 

-4  “J. 

^3  10 


! o ”2  +40  +2 

3.  21.  7 

20  +3,  +10 

■5 
6 


21  +15, 


10 
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The  distributive  property  and 
the  system  of  rational  numbers 

In  Book  1 you  learned  that  multiplication  dis- 
tributes over  addition  in  both  the  set  of  natural 
numbers  and  the  set  of  rational  numbers  of 
arithmetic.  If  x,  y,  and  z are  any  three  mem- 
bers of  N or  any  three  members  of  Ra,  then 
x(y  + z)  = xy  + xz. 

In  lesson  132  we  used  the  idea  of  a distribu- 
tive property  to  suggest  how  we  should  define 
the  product  of  two  rational  numbers.  In  this 
lesson  you  will  decide  whether  or  not  we  did, 
in  fact,  define  the  product  in  such  a way  that 
multiplication  distributes  over  addition  in  the 
set  of  rational  numbers. 

A Look  at  sentence  A in  d 1 . What  product  is 
expressed  at  the  left  of  the  symbol  for  equality  ? 
What  sum  is  expressed  at  the  right  of  the  sym- 
bol for  equality? 

To  decide  if  statement  A is  true,  you  will 
first  work  with  the  product  §(§  + ~2). 
b Study  sentence  B in  d2.  Is  \ the  sum  of  \ 
and  ~2  ? Is  statement  B true  ? 
c What  is  the  product  of  § and  |?  Is  state- 
ment C true  ? 

d Look  at  sentence  D in  d2.  Use  the  transi- 
tive property  of  equality  to  explain  why  state- 
ment D is  true. 

So  far,  you  know  that  the  product  §(§  + ~2) 
is  equal  to  Next  you  will  work  with  the 
sum  |(D  + |(- 2). 

E Study  sentence  E in  d2.  Is  ^ the  product  of 
| and  I?  Is  | the  product  of  | and  ~2?  Is 
statement  E true  ? 


Distributive  property  of  multiplication 


er  addition  of  rational  numbers; 
the  system  of  rational  numbers 


A |(l  + “2)  = KD  + l(-2). 


B M + ~2)  = l(  i). 
c K |)= 

■>  id + -2)  = 4 

e KD + ir  2) = ft  + |. 

F -2.  + _5  = _i 
h 16  “ 8 16* 

g KD+lr2)=_4 


d2 


h J(  J+  !)=  _!(  -D+  I(  !)• 

i |(+i  + +D  = f(+i)  + i(+|). 

J 6(  | + -3)  = 6(  J)  + 6(-3). 

„ +6/+1  I +2\  _ +6/+K  I +6/+2\ 

K 5v  6 ' 3/  5V  6/  T 5V  5T 


d3 


Universe  for  x,  y,  and  z 

= R. 

x(y  + z) 

= xy  + xz. 

L 

+^(1  + 

i)  = +¥(l)+- 

fT(+l)- 

M 

— 4/+3  i +1\  _ ~4/+3\  i ~4 
9\  2 ~ 3J  9\  2)  ' 9 

;C1)- 

N 

+ 

4\  12  ' 

To)  = !(  M)  + 

i(  A)- 

d4 

Universe  for  x,  and  z = R. 
x + (yz)  = (x  + y)(x  + z). 

o i+a*D=d+D(i+i). 


d5 


f What  is  the  sum  of  ^ and  §?  Is  state- 
ment F true  ? 

G Use  the  transitive  property  of  equality  to 
explain  why  statement  G is  true. 


H Look  again  at  sentence  A in  d1.  You  know 
that  both  the  product  §(§  + ~2)  and  the  sum 
|(|)  + |(~2)  are  equal  to  Is  statement  A 
true? 

i Now,  for  each  sentence  in  d3,  first  find  the 
product  expressed  at  the  left  of  the  symbol  for 
equality.  Next,  find  the  sum  expressed  at  the 
right  of  the  symbol  for  equality.  Then  decide 
if  the  sentence  expresses  a true  statement. 

Notice  that,  for  each  sentence  in  d3,  the 
product  expressed  at  the  left  of  the  symbol  for 
equality  is  the  same  number  as  the  sum  ex- 
pressed at  the  right  of  the  symbol.  Each  state- 
ment expressed  in  d3  is  an  example  of  the  dis- 
tributive property  of  multiplication  over  addition 
of  rational  numbers.  We  will  accept  this  prop- 
erty without  proof.  The  property  is  expressed 
below. 

The  universe  for  x,  y,  and  z is  R.  For  each 
x,  y,  and  z,  x(y  + z)  = xy  + xz. 

J Look  at  d4.  What  replacements  were  made 
for  the  variables  in  x(y  + z)  = xy  + xz  to  ob- 
tain statements  L,  M,  and  N?  How  do  you 
know,  without  computing,  that  each  statement 
is  true  ? 

You  have  learned  that  multiplication  distrib- 
utes over  addition  in  the  set  of  rational  num- 
bers. Next  you  will  decide  if  addition  distrib- 
utes over  multiplication. 

A Look  at  d5.  What  condition  is  expressed? 
What  is  the  universe  for  the  variables  ? 

B What  replacements  were  made  for  the  vari- 
ables in  x + (yz)  = (x  + j)(x  + z)  to  obtain 
statement  O ? 

If  statement  O is  true,  then  the  number  you 
obtain  when  you  add  the  product  § • +§  to  +f 
should  be  equal  to  the  number  you  obtain 
when  you  add  each  of  the  numbers  \ and 
+|  to  +f  and  then  multiply  the  sums. 

C Is  statement  O true  ? 
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Remember  that,  if  a condition  is  a property, 
you  must  obtain  a true  statement  from  the  con- 
dition for  each  replacement  of  the  variables. 

D How  many  false  statements  do  you  need  to 
obtain  from  the  condition  expressed  in  d5 
to  decide  that  the  condition  is  not  a property  ? 
E Does  addition  distribute  over  multiplica- 
tion of  rational  numbers  ? 

As  you  know,  a number  system  consists  of  a 
set  of  numbers  and  two  operations  that  are 
closed,  commutative,  and  associative.  One  of 
the  operations  distributes  over  the  other.  In 
Book  1 you  studied  the  system  of  natural  num- 
bers and  the  system  of  rational  numbers  of 
arithmetic.  Now  you  can  decide  if  the  set  of 
rational  numbers,  together  with  addition  and 
multiplication,  also  forms  a number  system. 

F Study  d6.  Is  set  R closed  under  each  of  the 
operations  named  in  d6  ? 

G Which  condition  expressed  in  d6  is  the  com- 
mutative property  of  addition?  Which  is  the 
commutative  property  of  multiplication  ? 

H Which  condition  expressed  in  d6  is  the  asso- 
ciative property  of  addition  ? Which  is  the  as- 

Universe  for  x , y,  and  z = R. 
x + (yz)  = (x  + y)(x  + z). 

o +f+(  i-+D  = e1+  §)d++i). 

d5 


sociative  property  of  multiplication?  Which 
property  relates  multiplication  and  addition  ? 
i Does  R,  together  with  addition  and  multi- 
plication, form  a number  system  ? 

J Is  Rp  a subset  of  R ? Does  Rp,  together  with 
addition  and  multiplication,  form  a number 
system  ? Explain  your  answer. 

K Is  Rn  a subset  of  R ? Does  Rn,  together  with 
addition  and  multiplication,  form  a number 
system  ? Explain  your  answer. 

In  this  lesson  you  learned  that  multiplication 
distributes  over  addition  of  rational  numbers. 
You  also  learned  that  the  set  of  rational  num- 
bers, together  with  the  operations  of  addition 
and  multiplication  and  some  of  their  proper- 
ties, forms  a number  system. 

On  your  own 

For  each  exercise  below,  tell  whether  the 
sentence  expresses  a true  statement  or  a false 
statement.  For  each  true  statement,  name  the 
property  that  you  used  to  make  your  decision. 

1 ^(6  + l)  = ^(6)_+^(l). 

2 § + ( ¥.:%=(!_+  tWI  + D- 

3 c_3  • |)t  = -3(J-§)._ 

4|(  'i+  2)=  K ^)_+  \(2). 

5(1+  3)  + 3 = f + ( 3 + 3)- 

6 “5  + i = i + ~l_ 

7 4+  fl0  + f)  = # + “10)  + f. 


Universe  for  x,  y , and  z = R. 

Operations > 

Addition 

Multiplication 

Closure  properties  — > 

x + ye  R. 

xy  e R. 

Commutative  properties  - — » 

x + y = y + x. 

II 

Associative  properties  — > 

(x  + y)  + z = x + {y  + z). 

(xy)z  = x(yz). 

Distributive  property  — > 

x(y  + z)  = xy  + xz. 

d6 


8 (ii  + iXio  + s)-w  + ( 1+  i)- 

9 0 = 1®. 

1(6)  + |(1)  = f(6  + l). 

For  each  condition  expressed  below,  tell 
what  replacement  you  could  make  for  the  vari- 
able to  obtain  a true  statement.  Instead  of 
computing  to  find  the  replacement,  use  your 
knowledge  of  the  distributive  property.  U = R. 

H tG  + z)  = t(3)  + t(T)- 

i*(1+!)*  = K-3)+K-3). 

1 3 5(3$  s(  2)  = 5(10  2)* 

1 4 x(~  5 + _y)  = |(_5)  + ~f(y). 

'sM)+roCfo)=m+y- 

16  Ky+_D=  3(4)+  i(  i). 

i7f(6  + --D  = x(6)  + xG). 

1 8 nGo  + 5)  = uM  + h(s)- 

19  Set  I = {.  . . , “3,  ~2,  “1,  0,  +1,  +2,  +3, 

. . .}.  Does  set  I,  together  with  addition  and 
multiplication,  form  a number  system? 


^ <y 

± V * 


_ ^ \>  \> 
O'  (y 

± * 


& 


& 


D 1 


Universe  for  (x,  y)  = F X F. 

A * © j = 0.  F x®2  = 0. 

B x © 1 = 0.  G >>  © 2 = 0. 

c j®1=0.  hjc©^©2  = 0. 

D X = 0.  1 *©.y  © 1 = 0. 

E y = 0.  J (2  ® x)  © y = 0. 

K (2  <g>  x)  © y © 1 = 0. 

L (2  <g)  x)  © y © 2 = 0. 


SPECIAL  CHALLENGE 

n the  Special  Challenge  on  page  129  you 
studied  a finite  geometry  (the  geometry  of  nine 
points).  In  the  Special  Challenge  on  pages  169 
and  170,  you  found  solution  sets  of  conditions 
involving  addivision  and  muldivision.  Now 
you  will  discover  how  a finite  geometry  is  re- 
lated to  a finite  number  system. 
a F = {0,  1,  2}.  Tabulate  F X F. 

Each  member  of  F X F can  be  associated 
with  a point  in  the  geometry  of  nine  points, 
and  each  point  in  the  geometry  of  nine  points 
can  be  associated  with  a member  of  F X F. 
b Look  at  d 1 . Which  member  of  F X F is  as- 
sociated with  point  S?  Which  point  is  asso- 
ciated with  (0,  2)?  Is  (0,  2)  e F X F? 
c Look  at  d2.  The  solution  set  of  condition  A 
is  {(0,  0),  (1,  2),  (2,  1)}.  The  members  of  this 


d2 

set  are  associated  with  the  points  in  fXLS. 
Tabulate  the  solution  set  of  each  of  the  other 
conditions  expressed  in  d2. 
d For  each  condition  expressed  in  d2,  name 
the  “line”  whose  points  are  associated  with  the 
members  of  the  solution  set  of  that  condition. 
E Are  the  12  “lines”  that  you  named  in  exer- 
cise D the  same  “lines”  that  were  represented 
in  the  Special  Challenge  on  page  71  ? 

F Think  of  each  condition  expressed  in  d2  as 
describing  a “line”  in  the  geometry  of  nine 
points.  Which  condition  describes  fVRL? 
Which  condition  describes  fKvs? 

G Tabulate  the  solution  set  of  this  condition: 
r©2  = 0A(2®i)©)'©  1=0.  What  does 
this  solution  set  tell  you  about  fVRL  and  fKVs? 
Explain  your  answer. 
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APPLYING  MATHEMATICS 

r or  each  problem,  write  a sentence  that  ex- 
presses a condition.  If  possible,  tabulate  the  so- 
lution set  of  the  condition.  Otherwise,  give  a 
standard  description  of  the  solution  set.  Then 
give  the  answer  to  the  problem. 

For  problems  1 through  9,  the  universe  for 
each  variable  is  Z. 

1 The  average  depth  of  the  Atlantic  Ocean  is 
1168  ft.  less  than  the  average  depth  of  the 
Pacific  Ocean.  The  average  depth  of  the  Pacific 
Ocean  is  14,048  ft.  What  is  the  average  depth 
of  the  Atlantic  Ocean  ? 

2 The  length  of  a side  of  an  equilateral  tri- 
angle is  12 1 ft.  What  is  the  perimeter  of  the  tri- 
angle in  feet  ? 

3 One  of  the  world’s  fastest  trains  travelled 
41  mi.  in  29  min.  At  this  rate,  how  many  miles 
did  the  train  travel  in  1 min.?  (Tenths) 

4 On  a test  containing  24  questions,  Cath- 
erine answered  87^%  of  the  questions  cor- 
rectly. How  many  questions  did  she  answer 
correctly  ? 

5 Last  year  Miss  Larson  saved  $1125.  Her 
savings  amounted  to  22.5%  of  her  salary. 
What  was  her  salary  last  year  ? 

6 The  regular  price  of  a refrigerator  was  $340. 
During  a sale,  the  price  jvas  reduced  to  $272. 
The  discount  was  what  per  cent  of  the  regular 
price  ? 

7 Mr.  White  has  both  cherry  and  apple  trees 
in  his  orchard.  He  has  \ as  many  cherry  as 
apple  trees.  If  he  had  10  more  apple  trees,  he 
would  have  55.  How  many  trees  of  each  kind, 
and  how  many  trees  in  all,  does  Mr.  White 
have  in  his  orchard  ? 

8 One  of  the  runways  at  a certain  airport 
is  in  the  shape  of  a rectangle  that  is  6855  ft. 
long  and  200  ft.  wide.  What  is  the  area  of  the 
runway  in  square  feet? 


9  How  many  coins  have  a total  value  of 
$1.50,  if  all  the  coins  are  quarters  or  if  all  the 
coins  are  dimes  ? 

For  problems  10  and  11,  the  universe  for 
each  variable  is  N. 

10  Mrs.  James  has  40  teacups.  She  bought 
more  than  23  but  fewer  than  30  of  these  tea- 
cups in  foreign  countries.  She  received  the 
others  as  gifts.  How  many  teacups  did  Mrs. 
James  receive  as  gifts? 

11  Forty-seven  more  girls  than  boys  are  en- 
rolled in  Lake  High  School.  If  there  were  16 
more  boys,  there  would  be  500  boys.  How 
many  girls  and  how  many  boys  are  enrolled  ? 

For  problems  12  through  15,  the  universe 
for  each  variable  is  C. 

12  Four  times  as  many  children  as  adults  at- 
tended a pet  show.  476  children  attended  the 
show.  How  many  adults  and  how  many  per- 
sons in  all  attended  the  pet  show  ? 

13  The  Haynes  Realty  Company  bought  200 
light  bulbs.  After  some,  but  not  all,  of  these 
light  bulbs  had  been  given  to  tenants,  there 
were  at  most  12  light  bulbs  left.  How  many 
light  bulbs  were  given  to  tenants  ? 

1 4 Ralph  has  3 kinds  of  coins.  He  has  3 times 
as  many  dimes  as  nickels.  He  has  the  same 
number  of  dimes  as  quarters.  He  has  more 
than  5,  but  fewer  than  10,  quarters.  How  many 
coins  of  each  kind  does  Ralph  have  ? 

15  Certain  rate  pairs  are  equivalent  to  2/5. 
The  first  component  of  each  of  these  rate  pairs 
is  equal  to  or  less  than  10.  What  are  the  rate 
pairs  ? 

16  What  numbers  greater  than  43.14  can  be 
added  to  120.56  so  that  each  sum  is  less  than 
180?  The  universe  for  each  variable  is  Ra. 

17  ZA°  is  } of  ZB°.  ZB°  is  \ of  ZC°.  ZC°  = 
90.  What  is  ZA°?  What  is  ZB°?  The  uni- 
verse for  each  variable  is  the  set  of  members 
of  Ra  that  are  between  0 and  180. 
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f you  have  trouble  with  these  tests,  you 
should  refer  to  lessons  135,  136,  and  137. 

Test  126 

Each  statement  expressed  in  exercises  1 
through  6 is  an  example  of  a property  of  R. 
Name  the  property. 

1 CH)!  = KH)-_ 

2 1(5+  1)  = I(5)  + K 5)- 

, “13  + 2 = 2 4- 

J 15  ' 8 8 ' 15- 

■*  1(1)  < R- 

5 ¥(§)  = !(¥)• 

*(“£  + I)  + fo=  fo  + ( 5+  re). 

A set  is  named  in  each  of  exercises  7 through 
12.  Tell  whether  or  not  the  set,  together  with 
the  operations  of  addition  and  multiplication, 
forms  a number  system. 

7 The  set  of  positive  integers 

8 The  set  of  negative  integers 

9 The  set  of  negative  rational  numbers 

10  The  union  of  the  set  of  negative  integers 
and  {0} 

1 1 The  set  of  non-negative  rational  numbers 

1 2 The  set  of  integers 

Test  127 

Tabulate  the  solution  set  of  each  condition 
expressed  in  exercises  13  through  20.  Instead 
of  computing  to  find  the  solutions,  use  your 
knowledge  of  the  properties  of  R.  U = R. 

13  — +r  = ~-  + — 

I J n T X 8 ' 11* 

14  _7(“3  • 18)  = (_7  • JC)18. 
is +&*)  = KH). 

1 6 7(x)  + 3)  = 7(5  + 5). 

17 ! + (A  + 20) = (! + A)  + x. 

1 9 ~5(x  • -j)  = (“5  • 

2o(^+(f>  = (HA)79- 


10  138 


The  identity  elements 
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ou  know  that,  in  Ra,  the  sum  of  0 and  any 
given  number  is  the  given  number.  You  also 
know  that  the  product  of  1 and  any  given  num- 
ber is  the  given  number.  Remember  that  zero 
is  the  identity  element  for  addition  of  rational 
numbers  of  arithmetic,  and  that  1 is  the  iden- 
tity element  for  multiplication  of  rational  num- 
bers of  arithmetic.  In  this  lesson  you  will  study 
the  identity  element  for  addition  and  the  iden- 
tity element  for  multiplication  of  rational  num- 
bers. 

A Look  at  d1.  Does  sentence  A express  a true 
statement?  To  what  rational  number  has  5 
been  added?  What  rational  number  is  the 
sum  of  0 and  5? 

B Is  each  of  the  other  statements  expressed  in 
Dl  a true  statement?  What  is  the  sum  of  0 and 
I?  What  is  the  sum  of  0 and  f ? What  is  the 
sum  of  0 and  ~1  ? 

You  can  see  that,  if  you  add  any  one  of  the 
rational  numbers  5,  f,  f,  or  “7  to  the  rational 
number  0,  the  sum  that  you  obtain  is  the  same 
as  the  rational  number  that  you  added.  Now 
you  will  use  variables  to  help  you  decide  if  the 
sum  of  0 and  any  given  rational  number  is  the 
given  number. 


A 0 + | — 
B 0 + § = §. 


C 0 + 1 = 1. 
D 0 + “7  = 


Dl 


End-of-block  tests  on  the  system  of  rational  numbers 


Identity  elements  for  addition  and  multiplication  of  rational  numbers 
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C Look  at  d2.  What  basic  pair  indicates  the 
rational  number  0 ? Think  of  (c,  d)  as  any  ra- 
tional number.  What  is  the  universe  for  c 
and  cH 

D For  each  c and  d , do  you  obtain  a true  state- 
ment from  condition  E?  How  do  you 
know? 

E What  is  the  sum  of  0 and  any  rational  num- 
ber of  arithmetic?  For  each  c and  d , do  you 
obtain  a true  statement  from  condition  F ? Ex- 
plain your  answers. 

F For  each  c and  d,  do  you  obtain  a true  state- 
ment from  condition  G?  Upon  what  prop- 
erty does  your  answer  depend  ? 

You  have  learned  that  the  sum  of  0 and  any 
rational  number  is  the  given  rational  number. 
We  say  that  the  rational  number  0 is  the  iden- 
tity element  for  addition  of  rational  numbers. 
The  identity-element  property  of  addition  of  ra- 
tional numbers  is  expressed  below. 

The  universe  for  x is  R.  For  each  x,  0 + x = x. 
G What  condition  is  expressed  in  d3?  For 
each  x,  is  x + 0 = x?  Upon  what  property  of 
addition  of  rational  numbers  does  your  an- 
swer depend  ? 

H Do  you  think  there  is  a number,  other  than 
zero,  that  can  be  added  to  a given  rational 
number  to  obtain  the  given  rational  number  ? 

Decide  whether  each  of  the  following  sen- 
tences expresses  a true  statement  or  a false 
statement. 

I 0 + -f  = -f.  K “8  + 0 = 0.  M 0 + “l  = “l. 
J f + 0 = 0.  L 5 + 0 = 3.  N 1 + 0 = 0. 

you  will  decide  if  there  is  an  identity 
element  for  multiplication  of  rational  numbers. 
A Look  at  d4.  Is  statement  H true?  Is  the 
product  of  1 and  \ the  same  as  \ ? 

B Study  sentences  I,  J,  and  K in  d4.  Is  each 
statement  true?  In  each  statement,  is  the 
product  of  the  rational  number  1 and  the  given 


Universe  for  c and  d = Ra. 
E (0,0)  + (c,</)  = (0  + c,0  + d). 
F (0  + c,0  + <0  = (c,  d). 

G (0,  0)  + (c,  d)  = ( c , d). 

d2 


U = R. 
x + 0 = x. 

d3 


H IX  f=  j.  j 1 X | = |. 

I 1 xf  = f.  K 1 X"6  = ~6. 

d4 


Universe  for  c and  d = Ra. 

L (l,0)X(c,</)  = (c  + 0,^  + 0). 

M (c  + 0,  d + 0)  = (c,  d). 

N (1,  0)  X (c,  d)  = (c,  d). 

d5 

rational  number  the  same  as  the  given  num- 
ber? 

Next  you  will  decide  if  the  product  of  1 and 
any  given  rational  number  is  the  same  as  the 
given  rational  number.  Think  of  (c,  d)  as  any 
rational  number.  The  universe  for  c and  d 
is  Ra* 

C Look  at  d5.  Is  (1,0)  the  basic  pair  for  the 
rational  number  1 ? How  do  you  know  that, 
for  each  c and  d , you  obtain  a true  statement 
from  condition  L? 

D How  do  you  know  that,  for  each  c and  d , 
you  obtain  a true  statement  from  condi- 
tion M ? 

E For  each  c and  d , do  you  obtain  a true  state- 
ment from  condition  N ? Upon  what  prop- 
erty does  your  answer  depend  ? 
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You  have  learned  that  the  product  of  1 and 
any  given  rational  number  is  the  given  rational 
number.  We  say  that  the  number  1 is  the  iden- 
tity element  for  multiplication  of  rational  num- 
bers. The  identity-element  property  of  multipli- 
cation of  rational  numbers  is  expressed  below. 

The  universe  for  x is  R.  For  each  x,  1 • x = x. 
F What  condition  is  expressed  in  d6?  For 
each  x,  is  x • l = xl  Upon  what  property  of 
multiplication  of  rational  numbers  does  your 
answer  depend? 

G Do  you  think  there  is  a number,  other  than 
1 , by  which  a given  number  can  be  multiplied 
to  obtain  the  given  number  as  the  product? 

Decide  whether  each  of  the  following  sen- 
tences expresses  a true  statement  or  a false 
statement. 

H io  X 1 = 1.  J lxi  = | L "2X1  = 1. 

I 1X1  = 1.  K -1X|  = |.  M 1X}  = J. 

You  know  that  the  product  of  0 and  any  ra- 
tional number  of  arithmetic  is  0.  In  lesson  132 
we  used  a zero  property,  along  with  other 
properties,  to  suggest  what  the  product  of  two 
rational  numbers  should  be.  Now  that  you 
have  a definition  for  the  product  of  two  ra- 
tional numbers,  you  will  decide  whether  or 
not  the  rational  numbers  actually  do  have  a 
zero  property. 

N Look  at  d7.  Is  each  statement  expressed  in 
d7  true  ? For  each  statement,  what  is  the  prod- 
uct of  0 and  the  given  number  ? 

Now  you  will  use  variables  to  decide  if  the 
product  of  0 and  any  given  rational  number 
is  0.  Think  of  (c,  d)  as  any  rational  number. 
The  universe  for  c and  d is  Ra. 
o Look  at  d8.  For  each  c and  d,  do  you  ob- 
tain a true  statement  from  condition  R? 
How  do  you  know? 

p How  do  you  know  that,  for  each  c and  d , 
you  obtain  a true  statement  from  condi- 
tion S ? 


U = R. 
x • l = x. 

d6 


o 0 X 1 = 0. 

P OX  1 = 0. 

Q 0 X “15  = 0. 

D 7 


Universe  for  c and  d = Ra. 

R (0,  0)  X (c,  d)  = (0  + 0,  0 + 0). 
s (0  + 0,  0 + 0)  = (0,0). 

T (0,  0)  X (c,  d)  = (0,  0). 

d8 

q For  each  c and  d , do  you  obtain  a true  state- 
ment from  condition  T?  Upon  what  prop- 
erty does  your  answer  depend  ? 

You  have  learned  that  the  product  of  0 and 
any  rational  number  is  0.  This  property  is  the 
zero  property  of  multiplication  of  rational  num- 
bers. The  property  is  expressed  below. 

The  universe  for  x is  R.  For  each  x,  0 • x = 0. 
R For  each  x,  is  jc  • 0 = 0?  Upon  what  prop- 
erty of  multiplication  of  rational  numbers 
does  your  answer  depend  ? 

In  this  lesson  you  studied  properties  of  addi- 
tion and  multiplication  of  rational  numbers 
that  involve  zero  and  one. 

On  your  own 

For  each  condition  expressed  in  exercises  1 
through  9,  decide  if  you  obtain  a true  state- 
ment for  each  replacement  of  the  variable. 
U = R. 

1 JC  = 1 • X.  4 X • 0 = 0.  7 x — 0 + X. 

2X  + 0 = 0.  5I  + X = 0.  8 1=^*1. 

3 1+X  = X.  6 1 •X  = X.  9 0 • X = X. 
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For  each  of  exercises  10  through  25,  tell 
whether  the  sentence  expresses  a true  state- 
ment or  a false  statement. 


to  0-  i 

iiRo=|. 

12 1=  1 -|. 

13  9*1=  1. 

14  uj  = 0 + 4 

15  0=  I • 0. 

16  1 -0=  1. 

17  1 + 0 = 0. 


18  1 • “8  = “8. 

19  0 + “l  =0. 

20  0 + \ = 

21  “4  = ~4  • 1. 
22f+_l=f. 

23  0 • 1 = 0. 

24  14  + 0 = "14. 

25  1 -|=1. 


KEEPING  SKILFUL 

For  each  condition  expressed  in  exercises  1 
through  6,  tabulate  the  solution  set.  For  exer- 
cises 1 through  3,  U = N.  For  exercises  4 
through  6,  U = N X N. 

1 /i  >25  A /i  < 685  - 651. 

2 17  + v = 85  V 204-3  = v. 


3  - (375  > c + 80). 

4x  + y=  125  Ax+  52  = 70. 

5 a + K5  AH2  = a. 

6r  + s = 6Ar  + 3>s. 

For  each  condition  expressed  below,  tabu- 
late the  solution  set  if  possible.  Otherwise,  give 
a standard  description  of  the  solution  set. 


U = Ra. 

7 c < 26.12  + 18.14. 

8 a - 16.2  ^ 105.7. 


9^  + 5>|A4-j>2. 

10  d = kb  VaKfd). 

11  JC-  .75  = 2.25  A jc  + 3.2  = 4. 
12~(z  + ^ + 4). 


Each  exercise  below  involves  rational  num- 
bers of  arithmetic.  For  each  exercise,  find  the 
sum  or  product. 


1 3 6\  + 3^  + 2 

. , 25  v 13 
1 4 26  A 100 

15  65f  + 1 1\ 

16  7 X 625 


17  100.2  + 30.45 

18  .704  X 1.89 

19  .4  + . 3+  1.14 

20  30.4  X 1.75 


10 
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Exploring  ideas 


The  additive  inverse 
and  subtraction 


You  know  that  the  sum  of  0 and  any  given 
rational  number  is  the  given  number.  The  ra- 
tional number  0 is  the  identity  element  for 
addition  of  rational  numbers.  In  this  lesson 
you  will  study  pairs  of  rational  numbers  that 
have  0 as  their  sum. 

A Look  at  d1.  Which  of  the  sentences  express 
true  statements  ? 

The  sum  of  +\  and  \ is  0.  When  the  sum 
of  two  numbers  is  0,  each  of  the  numbers  is 
the  additive  inverse  of  the  other. 

B What  number  is  the  additive  inverse  of 
Ofl? 

c Look  at  sentences  B and  C in  d1.  How  do 
you  know  that  ~23  is  the  additive  inverse  of 
+23  ? What  number  is  the  additive  inverse  of 
+23?  Of +5?  Of “5? 

d Look  at  sentence  D.  How  do  you  know  that 
0 is  the  additive  inverse  of  0? 

E What  number  is  the  additive  inverse  of  ~1  ? 
How  do  you  know? 

F Is  (0,  7)  the  basic  pair  for  ~7  ? Name  the 
basic  pair  for  +7.  Which  component  of  the 
basic  pair  for  +7  is  the  same  as  the  first  com- 
ponent of  the  basic  pair  for  “7  ? Which  com- 
ponent of  the  basic  pair  for  +7  is  the  same  as 
the  second  component  of  the  basic  pair  for  “7  ? 
G What  number  is  the  additive  inverse  of +|? 

H Name  the  basic  pair  for  +f.  For  |.  How  are 
the  components  of  these  basic  pairs  related  ? 

You  can  see  that,  to  obtain  the  basic  pair 
for  the  additive  inverse  of  a given  rational 
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The  additive  inverse  and  subtraction  of  rational  numbers 


a +2+  2 = 0.  c +5  + _5  = 0. 

B +23  + "23  = 0.  D 0 + 0 = 0. 


Universe  for  a = Ra. 
(a,  0)  + (0,  a)  = (a,  a). 
E (2,0) + (0,2)  = (2,2). 

F (£0)  + (0,f)=#,f). 

G (i  0)  + (0,f)  = (f,f). 


d2 


“The  additive 
inverse  of 

- (+3) 

positive  three” 

d3 

additive  inverse  (ad'a  tiv  in  vers'  or 
in' vers).  If  the  sum  of  two  numbers  is  0, 
each  number  is  the  additive  inverse  of  the  other. 
For  each  x and  y,  if  x + y = 0,  then  each  of 
the  numbers,  x and  y,  is  the  additive  inverse 
of  the  other.  The  universe  for  x and  y is  R. 


number,  you  can  interchange  the  components 
of  the  basic  pair  for  the  given  number. 

Name  the  basic  pair  for  the  additive  inverse 
of  each  rational  number  expressed  below, 
i (|,0)  J (5,0)  K (0,|)  L (0,16) 
m What  is  the  basic  pair  for  0?  What  is  the 
basic  pair  for  the  additive  inverse  of  0 ? 

N What  condition  is  expressed  in  d2  ? What  is 
the  universe  for  a?  To  obtain  statement  E 
from  the  condition,  a was  replaced  by  2.  Is 
statement  E true  ? Explain  why  (2,  0)  and 
(0,  2)  are  additive  inverses  of  each  other  . 


o What  replacement  was  made  for  a in 
(a,  0)  + (0,  a ) = (a,  a)  to  obtain  each  of  the 
other  statements  expressed  in  d2?  Is  each  of 
these  statements  true  ? 
p What  is  the  additive  inverse  of  (0,  y)? 

Q For  each  a,  is  (a,  0)  + (0,  a)  = ( a , a)  1 Is 
(a,  0)  + (0,  a)  = 0 ? Remember  that  the  uni- 
verse is  Ra.  Explain  your  answers. 

R For  each  a , what  is  the  additive  inverse  of 
(a,  0)1  Of(0 ,a)l 

Now  you  know  how  to  find  the  additive  in- 
verse of  any  rational  number.  The  property 
that  enables  you  to  do  this  is  the  additive- 
inverse  property  of  rational  numbers.  The  prop- 
erty is  expressed  below. 

The  universe  for  a is  Ra.  For  each  a,  the  addi- 
tive inverse  of  (a,  0)  is  ( 0 , a).  The  additive  in- 
verse of  ( 0 , a)  is  (a,  0 ). 

s Does  each  rational  number  have  an  addi- 
tive inverse  ? Explain  your  answer. 

T d3  shows  how  to  write  and  read  a symbol 
for  the  additive  inverse  of  +3.  How  do  you 
know  that  _(+3)  and  _3  are  the  same  number  ? 
That  ( \ ) and  +§  are  the  same  number  ? 

The  symbol  below  at  the  right  is  read  “the 
additive  inverse  of  x.”  Since  we 
use  this  symbol  to  express  the 
additive  inverse  of  a variable,  it 
is  not  necessary  to  use  parentheses.  The  sym- 
bol expresses  the  same  idea  as  the  sym- 
bol ~(x). 

u How  do  you  know  that,  for  each  x, 
x + ~x  = 01  U = R. 


Now  you  will  see  how  you  can  use  the  idea 
of  the  additive  inverse  to  help  you  find  the  dif- 
ference of  two  rational  numbers. 
a You  have  learned  that  subtraction  is  re- 
lated to  addition.  For  example,  7 — 3 = 4 also 
means  7 = 3 + 4.  Does  7-4  = 3 also  mean 
7 = 4 + 3? 
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b Look  at  d4.  How  do  you  know  that  condi- 
tion H has  the  same  solution  as  condition  I ? 

You  know  that  the  difference  of  f and  +\ 
is  the  solution  of  § = +|  + x.  You  can  use 
what  you  know  about  the  additive  inverse  of  a 
rational  number  to  help  you  find  this  solution, 
c Look  at  d5.  Condition  I,  expressed  in  d4,  is 
expressed  again  in  d5.  In  condition  J,  (+|  + x) 
has  been  added  to  what  number? 

From  condition  I you  know  that  you  want 
to  find  a replacement  for  x so  that  \ is  the 
same  rational  number  as  (+^  + x).  Therefore, 
using  the  well-defined  property  of  addition  of 
rational  numbers,  you  know  that  (+^)  + § is 
the  same  sum  as  (+|)  + (+|  + x).  The  replace- 
ment for  x that  satisfies  condition  J will  also 
satisfy  condition  I. 


REMINDER 

The  sum  of  two  rational  numbers 
remains  the  same  when  one  or  both  of 
the  numbers  used  in  forming  the  sum 
are  replaced  by  equal  rational  numbers. 

See  lesson  131,  page  178. 


D You  know  that  (+|).  How  do  you 

know  that  condition  K has  the  same  solu- 
tion as  condition  J ? 

E How  do  you  know  that  condition  L has  the 
same  solution  as  condition  K? 

F How  do  you  know  that  condition  M has  the 
same  solution  as  condition  L? 

G How  do  you  know  that  condition  N has  the 
same  solution  as  condition  M? 

H How  do  you  know  that  condition  O has  the 
same  solution  as  condition  N ? 

Now  look  at  d6.  Condition  H was  expressed 
in  d4  and  condition  O was  expressed  in  d5. 
Condition  O was  obtained  from  condition  H 
by  relating  subtraction  to  addition  and  then 


U = R. 


d4 


U = R. 

1 _ 

J _(+i)  + f = (+D  + (+i+4 

K 5+  f=  5+(+5  + *). 

l f = ( | + +i)  x. 

M \~\~  § = 0 + X. 

N \ + | = X. 

O ~\  + ~{  = X. 

d5 


U = R. 


d6 

using  the  procedure  followed  in  d5.  Thus, 
f — = x and  f + \ = x have  the  same  so- 

lution, and  statement  P is  true, 
l You  know  that  \ is  the  additive  inverse  of 
+\.  Also,  from  statement  P,  you  know  that  the 
difference  of  § and  +\  is  the  same  number  as 
the  sum  of  § and  \.  Is  the  difference  of  f 
and  +\  the  same  number  as  the  sum  of  f and 
the  additive  inverse  of +|?  What  is  a standard 
name  of  \ — 

In  any  statement  like  \ — +\  = the  num- 
ber | is  the  minuend , +\  is  the  subtrahend, 
and  l is  the  difference.  In  a — b = c,  the  min- 
uend is  a , the  subtrahend  is  b,  and  the  differ- 
ence is  c.  The  universe  for  a , b,  and  c is  R. 
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J Follow  the  steps  given  in  d4,  d5,  and  d6  to 
show  that  +3  — l = +3  + +|. 

From  the  preceding  exercises,  you  see  that 
the  difference  of  two  rational  numbers  is  equal 
to  the  sum  of  the  minuend  and  the  additive  in- 
verse of  the  subtrahend.  This  is  the  difference 
property  of  rational  numbers.  The  property  is 
expressed  below. 

The  universe  for  x and  y is  R.  For  each  x and 
y,  x - y = x + “y. 

k Follow  the  steps  given  in  d4,  d5,  and  d6  to 
prove  that,  for  each  x and  y,x  — y = x + ~y. 
The  three  sentences  below  will  help  you.  The 
universe  for  x , y,  and  z,  is  R. 
x-y  = z.  x = y~hz.  ~y  + x = ~y  + (y  + z). 
L Suppose  you  want  to  find  the  difference  of 
“2  and  “3.  Which  number  is  the  minuend? 
Which  number  is  the  subtrahend  ? What  num- 
ber is  the  additive  inverse  of  the  subtrahend  ? 
m What  two  numbers  do  you  add  to  find  the 
difference  of  ”2  and  “3?  What  is  the  differ- 
ence of  ~2  and  “3? 

N What  two  numbers  do  you  add  to  find  the 
difference  of  +|  and  +§?  Is  one  number  the 
minuend?  Is  the  other  number  the  additive 
inverse  of  the  subtrahend  ? What  is  the  differ- 
ence of +|  and  +§? 

o Describe  in  words  how  you  can  find  the  dif- 
ference of  +6  and  f.  Describe  how  you  can 
find  the  difference  of  \ and  “5.  Describe  how 
you  can  find  the  difference  of  any  two  rational 
numbers  jc  and  y.  The  universe  for  x and  y is  R. 

Now  that  you  know  how  to  find  the  differ- 
ence of  two  rational  numbers,  you  will  study 
some  of  the  properties  of  subtraction  of  ra- 
tional numbers. 

P Is  N closed  under  subtraction?  Is  Ra  closed 
under  subtraction  ? Give  three  examples  to 
explain  each  of  your  answers. 

Q How  do  you  know  that  the  set  of  rational 
numbers  is  closed  under  subtraction?  Re- 


member that  x — y = x + ~y.  The  universe  for 
x and  y is  R. 

R Does  subtraction  of  rational  numbers  have 
the  commutative  property?  Give  three  ex- 
amples to  explain  your  answer, 
s Use  the  following  sentence  to  prove  that 
subtraction  of  rational  numbers  does  not 
have  the  associative  property : 

(+3-1)  — “5  = +3  — (1- -5). 

From  exercises  Q,  R,  and  S,  you  see  that, 
while  subtraction  of  rational  numbers  is 
closed,  it  does  not  have  either  the  commuta- 
tive or  the  associative  property. 


In  this  lesson  you  learned  what  is  meant  by  the 
additive  inverse  of  a rational  number,  and  you 
learned  how  to  find  the  difference  of  two  ra- 
tional numbers.  You  also  learned  that  the  set 
of  rational  numbers  is  closed  under  subtrac- 
tion. 


On  your  own 

For  each  of  exercises  1 through  8,  decide 
if  the  two  numbers  named  are  additive  in- 
verses of  each  other.  Explain  your  answers, 
l 1 3 0,  0 5 +64,  “64  7 +§,  +| 

2 +4,  "4  4+f,l  6+1,0  8+3,1 

For  each  number  named  below,  tell  what 
number  you  can  add  to  it  to  obtain  the  sum  0. 

9 +l  11  0 13  "27  15 

10  T^o  12  1 14  +429  16  +39 

Find  the  difference  of  the  components  of 
each  ordered  pair  of  rational  numbers  named 
in  exercises  17  through  34.  The  first  compo- 
nent of  each  pair  is  the  minuend. 

17  (i,  +D  23  (+T>  “7)  29  (1,  +|) 

1 8 r 1 5,  “29)  24  (“6,  +23)  30  (0,  “396) 


19  (+i  ~3) 

20  (+6,  “11) 

21  c*i+i> 

22  (“12,  +l) 


25  (ft  j) 
26(4  !) 

27  (“6,  +49) 

2»(i,+ii>) 


31  (0,  +f) 

32('4+l) 

33  Cl,  +|) 

34  (“12,  “86) 
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A +|x+|  = +l.  C +6  X +|  = +1. 
B lx“|  = +l.  D +1  X+l  =+l. 


10  140  J Exploring  ideas 

The  multiplicative  inverse 
and  division 

You  know  that  the  product  of  +1  and  any 
given  rational  number  is  the  given  number. 
Because  this  is  true,  +1  is  the  identity  element 
for  multiplication  of  rational  numbers.  In  this 
lesson  you  will  first  study  pairs  of  rational 
numbers  that  have  +1  as  their  product.  Then 
you  will  learn  how  to  find  the  quotient  of  two 
rational  numbers. 

A The  products  of  four  pairs  of  numbers  are 
expressed  in  Dl.  Name  each  of  these  products. 

You  know  that  the  product  of  +f  and  +| 
is  +1.  When  the  product  of  two  numbers  is  +1, 
each  of  the  numbers  is  the  multiplicative  inverse 
of  the  other. 

b What  number  is  the  multiplicative  inverse 
of+|?  Of+|? 

C Look  at  sentences  B and  C.  Why  is  f the 
multiplicative  inverse  of  f ? What  is  the  mul- 
tiplicative inverse  of  |?  Of +6?  Of  "4? 

D Look  at  sentence  D.  How  do  you  know  that 
+1  is  the  multiplicative  inverse  of +1  ? 

The  multiplicative  inverse  of  a number  is 
often  called  the  reciprocal  of  the  number.  From 
now  on,  we  will  usually  refer  to  the  multiplica- 
tive inverse  as  the  reciprocal. 

E What  number  is  the  reciprocal  of  +|?  Of 
1?  Of+±? 

F How  do  you  know  that  and  ^ are  not 
reciprocals  of  each  other  ? How  do  you  know 
that  y and  are  not  reciprocals  ? 

G How  do  you  know  that  the  reciprocal  of  a 
positive  rational  number  is  a positive  ra- 


D  1 


mul  ti  pli  ca  tive  inverse  (mul'ta  pta  ka^- 
tiv).  If  the  product  of  two  numbers  is  +1,  each 
number  is  the  multiplicative  inverse  of  the  other. 
For  each  x and  y,  if  x • y = +1,  then  each  of 
the  numbers,  x and  y,  is  the  multiplicative  in- 
verse of  the  other.  The  universe  for  x and  y is  R. 


tional  number?  How  do  you  know  that  the 
reciprocal  of  a negative  rational  number  is  a 
negative  rational  number  ? 

H What  is  the  reciprocal  of  +1?  Why  are  +1 
and  “1  not  reciprocals  of  each  other? 
i How  do  you  know  that  the  rational  num- 
ber 0 does  not  have  a reciprocal?  Is  0 the 
reciprocal  of  any  rational  number  ? 

J You  know  that  +f  and  +|  are  reciprocals. 
What  is  the  basic  pair  for  +f  ? For  +|? 

In  Book  1 you  learned  that,  if  the  product 
of  two  members  of  Ra  is  1,  then  each  of  the 
numbers  is  the  reciprocal  of  the  other.  You 
also  learned  that,  if  a e Z,  then  the  reciprocal 
of  a is  1 -s-  a. 

Look  at  the  two  expres- 
sions at  the  right.  Each  ex- 
pression names  the  recipro- 
cal of  a.  Read  each  expression  “1  divided  by 
a Both  expressions  mean  the  same  as  the  ex- 
pression 1 -j-  a. 

K How  do  you  know  that  l/f  is  the  reciprocal 
off?  Remember  that  \ is  a rational  number  of 
arithmetic.  Is  1 /§  — |? 

L What  is  the  first  component  of  the  basic 
pair  for  +f?  What  is  the  first  component  of 
the  basic  pair  for  +|?  Are  these  first  compo- 
nents reciprocals  of  each  other  ? Explain  your 
answer. 
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m What  is  the  reciprocal  of  g?  What  is  the 
second  component  of  the  basic  pair  for  g? 
What  is  the  second  component  of  the  basic 
pair  for  the  reciprocal  of  |? 

N Are  the  two  second  components  that  you 
named  for  exercise  M reciprocals  of  each 
other  ? 

o Name  the  basic  pairs  for  +3  and  +j. 
p Are  +3  and  +|  reciprocals?  Compare  the 
first  components  of  the  basic  pairs  that  you 
named  for  exercise  O.  What  can  you  say  about 
the  two  first  components  ? 

Now  you  know  that,  if  two  positive  rational 
numbers  are  reciprocals  of  each  other,  the  first 
components  of  the  basic  pairs  for  these  num- 
bers are  reciprocals.  If  two  negative  rational 
numbers  are  reciprocals,  the  second  compo- 
nents of  the  basic  pairs  for  these  numbers  are 
reciprocals. 

Name  the  basic  pair  for  the  reciprocal  of 
each  of  the  rational  numbers  expressed  below. 
Q(f,0)  R (0,5)  s (0,&  T (1,0) 

^Next  you  will  study  an  important  property 
of  rational  numbers. 

A Look  at  sentence  E in  d2.  What  is  the  uni- 
verse for  the  variable?  For  each  a , is 
(a,  0)  X (i  0 ) = (a-  i 0)?  Is  (a  •*,<>)  = (1,  0)? 
Is  ( a , 0)  X (£,  0)  = (1,  0)?  Explain  each  answer. 
B What  is  a standard  name  of  (1,0)?  For 
each  a , what  is  the  reciprocal  of  (a,  0)  ? What 
is  the  reciprocal  of  (£,  0)  ? U = Z. 
c What  is  the  basic  pair  for  +y?  What  is  the 
basic  pair  for  the  reciprocal  of +y?  What  is  a 
standard  name  of  the  reciprocal  of +y? 

D What  rational  number  is  the  reciprocal  of 
+f?  Of+j|?  Of+^?  Of +9? 

E Now  look  at  sentence  F in  d2.  What  is  the 
universe  for  b ? For  each  b,  what  is  the  recip- 
rocal of  (0,  b)  ? What  is  the  reciprocal  of 
(0,  |)  ? How  do  you  know  ? 


U = Z. 

E (fl,0)X(J,0)  = (l,0). 
F (0,  b)  X (0,  £)  = (1,  0). 


d2 


U = R. 


» OlX  i)  = (y  i)(  D- 

j (ix_i)=x  §•  I). 

k (+f)(l)=Xi). 

l (ixl)=^. 

d3 

f What  is  the  basic  pair  for  f?  What  is  the 
basic  pair  for  the  reciprocal  of  f ? What  is  a 
standard  name  of  the  reciprocal  of  f ? 

The  property  that  you  have  been  studying 
is  the  reciprocal  property  oj  rational  numbers. 
The  property  is  stated  below. 

The  universe  for  a and  b is  Z.  For  each  a, 
(a,  0 ) and  (£,  0 ) are  reciprocals  of  each  other. 
For  each  b,  ( 0 , b)  and  ( 0 , l)  are  reciprocals  of 
each  other. 

G Does  each  rational  number  that  is  not  zero 
have  a reciprocal ? How  do  you  know? 

In  the  work  that  follows,  you  will  learn  to 
find  the  quotient  of  two  rational  numbers. 

H You  know  that  division  is  related  to  multi- 
plication. For  example,  35  -^-7  = 5 also  means 
35  = 5 • 7.  Does  35  -s-  5 = 7 also  mean  35  = 
7-5? 

I Look  at  sentence  G in  d3.  The  number  +|  is 
the  dividend.  What  number  is  the  divisor  ? 

J Look  at  sentence  H.  How  do  you  know  that 
condition  G has  the  same  solution  as  condi- 
tion H ? 
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U = R. 


You  know  that  the  solution  of  +|  = y • f is 
the  quotient  of  +|  and  You  can  use  what 
you  know  about  the  reciprocal  of  a rational 
number  to  help  you  find  this  solution. 

K Look  again  at  d3.  In  condition  I,  (y  • f) 
and  what  number  have  been  multiplied  ? What 
is  the  reciprocal  of  \ ? 

From  condition  H,  you  know  that  you  want 
to  find  a replacement  for  y so  that  +§  is  the 
same  rational  number  as  y • Because  of  the 
well-defined  property  of  multiplication  of  ra- 
tional numbers,  (+|)(  f)  is  the  same  product  as 
(y  • §)(  |).  The  replacement  for  y that  satisfies 
condition  I also  satisfies  condition  H. 


REMINDER 

The  product  of  two  rational  numbers 
remains  the  same  when  either  or  both  of 
the  numbers  used  in  forming  the  product 
are  replaced  by  equal  rational  numbers. 

See  lesson  133,  page  185. 


L Look  again  at  d3.  How  do  you  know  that 
condition  J has  the  same  solution  as  condi- 
tion I ? 

M How  do  you  know  that  condition  K has  the 
same  solution  as  condition  J ? 

N How  do  you  know  that  condition  L has  the 
same  solution  as  condition  K? 

Now  study  d4.  Sentences  G and  L are  re- 
peated in  d4.  Condition  L was  obtained  from 
condition  G by  relating  division  to  multiplica- 
tion and  then  using  the  procedure  followed  in 
d3.  Thus,  +f  -r  \ = y and  (+|)(  f ) = y have  the 
same  solution,  and  statement  M is  true, 
o From  statement  M,  you  know  that  the  quo- 
tient of  +f  and  \ is  the  same  as  the  product  of 
+f  and  the  reciprocal  of  What  is  a standard 
name  of  +|  -+-  f ? 


H 1 = 7*  i 

' (i)(l)  = (y  • 1)(D- 
j (+!XT)=X~M). 
k Cl)Ci)  = XI)- 
I (+!)(  D = y- 

d3 


+ 1 -y. 
i (+!)( i)=y- 
m+  *+  § = (+!)( !)• 

d4 


7 


o (i)-+i/+i=+i. 

d5 

From  the  preceding  work,  you  can  see  that 
the  quotient  of  two  rational  numbers  is  equal 
to  the  product  of  the  dividend  and  the  recip- 
rocal of  the  divisor. 

p Follow  the  steps  given  in  d3  and  d4  to  show 

that  ”r  = t x 15-  What  is  a stand- 
ard name  of  y -j-  j|? 

Find  the  quotient  of  the  two  numbers  named 
in  each  exercise  below.  In  each  exercise,  the 
first  number  named  is  the  dividend,  and  the 
second  number  named  is  the  divisor. 


Q 

+4 

5’ 

+ 16 

15 

T 

-4  +4 

19’  19 

w 

“55,  l5 

R 

6> 

+ 11 

12 

U 

~7  “21 

8’  9 

X 

+ 13  +39 
16’  32 

S 

— 5 
2> 

“23 

22 

V 

+33,  +A 

Y 

+45  -9 

7 ’ 28 

So  far  in  this  lesson,  you  have  used  the  re- 
ciprocal property  of  rational  numbers  to  help 
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you  find  the  quotient  of  two  rational  numbers. 
Next  you  will  learn  another  way  of  stating  the 
reciprocal  property.  Then  we  will  state  the 
quotient  property  of  rational  numbers. 
a Look  at  sentence  N in  d5.  What  symbol  is 
used  to  express  +1-5-  f ? How  do  you  know 
that  sentence  N expresses  a true  statement? 
Is  +1/  § the  reciprocal  of  f ? 
b In  sentence  O,  what  symbol  is  used  to  ex- 
press + 1 +-  +|?  Does  sentence  O express  a true 
statement?  What  is  the  reciprocal  of  +|? 
c Is  +1/ +150  the  reciprocal  of +150?  What  is 
the  reciprocal  of  +1/  + 150?  Of  +l/+|? 

Now  we  can  express  the  reciprocal  property 
of  rational  numbers  in  a new  way.  To  do  this, 
we  use  as  the  universe  the  set  of  rational  num- 
bers that  are  not  zero.  That  is,  we  use  the  set 
of  non-zero  rational  numbers.  This  set  con- 
tains every  rational  number  ex- 
cept 0.  We  will  use  the  symbol  at 
the  right  as  a name  of  this  set. 

D Is  +2  e Zr?  Is  f e Zr ? Is0eZr? 

The  new  way  of  expressing  the  reciprocal 
property  of  rational  numbers  is  stated  below. 

The  universe  for  x is  Zr.  For  each  x,  the  re- 
ciprocal of  x is  1 /x. 

We  will  use  this  idea,  that  the  reciprocal 
of  the  non-zero  rational  number  x is  1/x,  in 
expressing  the  quotient  property  of  rati 
numbers.  The  property  is  expressed  below. 

The  universe  for  x is  R.  The  universe  for 
Zr.  For  each  x and  y,  x -+  y = x (7/ y). 
e Does  each  member  of  Zr  have  a reciprocal  ? 
F Use  the  quotient  property  of  rational  num- 
bers to  prove  that  the  set  of  non-zero  ra- 
tional numbers  is  closed  under  division.  Use 
Zr  as  the  universe  for  both  x and  y. 

G You  know  there  is  no  rational  number  that 
is  the  reciprocal  of  0.  Use  this  fact  and  what 
you  know  about  division  of  rational  numbers 
to  explain  why  division  by  0 is  impossible. 
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h What  is  the  quotient  of  0 and  any  rational 
number  except  0 ? 

i Does  division  of  rational  numbers  have  the 
commutative  property?  Give  three  exam- 
ples to  explain  your  answer, 
j Does  division  of  rational  numbers  have  the 
associative  property?  Use  the  statement  ex- 
pressed below  to  explain  your  answer. 


r~s  — +11\  ~ ^2-  = — /+i!  _s_  ~j_\ 

V 8 4 7 12  8 ’ \ 4 ‘ 127- 


In  this  lesson  you  studied  the  reciprocal  prop- 
erty of  rational  numbers.  You  learned  to  find 
the  quotient  of  two  rational  numbers,  and  you 
learned  that  Zr  is  closed  under  division. 

On  your  own 

For  each  of  exercises  1 through  8,  decide 
whether  or  not  the  numbers  named  are  recip- 
rocals of  each  other.  Explain  each  answer. 


. +3  +7 

1 7’  3 

3 “-I  +± 

J 10’  10 

5-14,  Jj 

7+1,  "1 

2 “1,  “1 

4 +15  “A 

* 8 ’ 15 

. — 16  +21 
® 21’  16 

8 +1,  +1 

For  each  of  exercises  9 through  20,  give  the 

reciprocal  of  the  number  named. 


9 “10 

12  1 

15 

70 

18  +200 

io  +17 

13  TT 

1A 

16  24 

19  "159 

n +i 

14  +— 

13 

17 

17  12 

20  H 

Find  the  quotient  of  the  rational  numbers 
named  in  each  of  exercises  21  through  29 .N  The 
first  number  named  is  the  dividend. 


21  +8, 

“8 

7 

24  +25,  +f 

27 

— +52 

27  > 

is 

22  1, 

“9 

14 

25"18,  +| 

28 

1,  "65 

23  +— 
10’ 

+4 

5 

26-14,'J 

29 

+37  -07 
40’  J 1 

Tell  whether  each  of  the  sentences  below  ex- 
presses a true  statement  or  a false  statement. 


30 


+5  .—=+1 

3 +5  L‘ 

3 


-A  +1 

31  ?•  — =+l. 

6 

+ 1 

32—*  “8  = +l. 
+8 


+1 


33 


10  — Jjj 

20 


=7-o=  +1. 


34^.+2  = +l. 


35  +J.  ^ = +1 

16  +16 
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Using  mixed  numerals  and 
decimals  for  rational  numbers 


Xou  have  already  learned  how  to  find  the 
sum,  the  product,  the  difference,  and  the  quo- 
tient of  two  rational  numbers.  In  this  lesson 
you  will  compute  with  mixed  numerals  and 
decimals  for  rational  numbers. 

In  Book  1 you  learned  how  to  compute  with 
mixed  numerals  and  decimal  numerals  for  ra- 
tional numbers  of  arithmetic.  Now  you  will 
see  that  the  computation  you  use  for  rational 
numbers  is  the  same  as  the  computation  you 
use  for  rational  numbers  of  arithmetic.  The 
only  difference  is  that  you  must  decide  whether 
you  should  obtain  a numeral  that  expresses  a 
positive  rational  number  or  a numeral  that 
expresses  a negative  rational  number. 

First  you  will  learn  how  to  find  mixed  nu- 
merals for  rational  numbers. 

A Look  at  sentence  A in  Dl.  Is  \ T-  g = g? 
Name  the  basic  pair  for  f. 

B The  mixed  numeral  lg  can  be  used  to  name 

f.Is(0,D  = (0,  ID?  Isl  = “l|? 


c How  do  you  know  that  statement  A is  true  ? 
D Read  sentence  B in  Dl.  Is  +|—  | = +{g? 
Name  the  basic  pair  for  +{g. 

E What  mixed  numeral  can  you  use  to  name 
15?  Is  (i5,  0)  = (lj5,  0)?  How  do  you  know 


F How  do  you  know  that  statement  B is  true  ? 
G Look  at  sentence  C in  Dl . Is  +f  X = +§? 
What  is  the  basic  pair  for  ? Is  (fg  , 0)  = 
(2^0)?  Is(2|,0)  = (2i0)? 

H How  do  you  know  that  statement  C is  true  ? 


Dl 


i + ~Z  = 

4 ' 8 

1 


u 


1 = +1-L 

2 M0* 


+5 


_ x +± 
2 A 10 


= +2|. 


E +5|  + -2j  = +3j. 

F +3f  — +6j|  = +3;  + ~6||. 
G +3|  + -6^  = +3|  + -5{|. 

H +3f  + -5M  = ~2i. 


d2 


+lf  X ~5\  = +5  X ~j-. 

+7  v — -7 _L 

5 A 4 /20. 

-^2  -^1  _ 17.  ~7 

J3  • J2  3*2- 
'17  . ~7  _ 17 


M 


"il  V “2  = +1  13 

3 A 7 121. 


d3 


I Now  read  sentence  D in  Dl.  Is  f 4-  +|  = 

lx+|?  Is-|x+|-u?_ 

J How  do  you  know  that  fg  = lg?  Is  state- 
ment D true  ? 

Next  you  will  learn  how  to  compute  with 
mixed  numerals  for  rational  numbers. 

K Study  sentence  E in  d2.  Is  +55  = +5  + +|? 
Is  ~2\  = ~2  + |?  What  is  the  sum  of  +5  and 
“2  ? What  is  the  sum  of  +\  and  \ ? 

L Is  statement  E true?  How  do  you  know 
that  the  sum  of  +5|  and  ~2\  is  a positive  num- 
ber? 

M Study  sentence  F in  d2.  Is  statement  F true? 
Upon  what  property  does  your  answer  de- 
pend? 

N Now  look  at  sentence  G.  How  do  you  know 
that  _6j|  = -5{g?  Is  statement  G true  ? 
o Read  sentence  H in  d2.  What  is  the  sum  of 
+3  and  ~5  ? What  is  the  sum  of  +f  and  ? 
Is  statement  H true  ? 
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p What  is  the  difference  of  +3f  and  +6^  ? How 
do  you  know  that  the  difference  is  a negative 
number  ? 

q Now  study  sentence  I in  d3.  How  do  you 
know  that  statement  I is  true  ? 

R Read  sentence  J.  What  is  the  product  of  +] 
and  x?  Is  = Is  statement  J true  ? 

S What  is  the  product  of  +lf  and  _5|?  How 
do  you  know  that  the  product  of  +lf  and  _5| 
is  a negative  number? 

T Read  sentence  K in  d3.  How  do  you  know 
that  statement  K is  true  ? 
u Is  statement  L true?  Upon  what  property 
does  your  answer  depend  ? 
v Now  look  at  sentence  M.  What  is  the  prod- 
uct of  y and  7?  Is  +§f  = +l|f?  Is  state- 
ment M true  ? 

w What  is  the  quotient  of  ~5§  and  _3|?  How 
do  you  know  that  the  quotient  is  positive  ? 

In  Book  1 you  learned  how  to  use  decimal 
numerals  to  name  rational  numbers  of  arith- 
metic. Then  you  computed  with  decimals.  Now 
you  will  learn  how  to  use  decimal  numerals  to 
name  rational  numbers. 

A Look  at  sentence  A in  d4.  Is  (4  0)  the  basic 
pair  for  +-j|?  What  decimal  can  you  use  to 
name  the  first  component  of  (4  0)  ? 
b Is  (4  0)  = (.5,  0)  ? Are  (4  0)  and  (.5,  0)  the 
same  rational  number?  How  do  you  know 
that  statement  A is  true  ? 

C Now  look  at  sentence  B.  Name  the  basic 
pair  for  +1^.  What  decimal  can  you  use  to 
name  the  first  component  of  this  basic  pair  ? 

D Is  (11,0)  = (1.75,0)?  Are  (1&  0)  and 
(1.75,  0)  the  same  rational  number?  How  do 
you  know  that  statement  B is  true  ? 

E Read  sentence  C in  d4.  Name  the  basic  pair 
for  What  decimal  can  you  use  to  name 
the  second  component  of  this  basic  pair  ? 

F How  do  you  know  that  statement  C is  true  ? 


+_L 


= +.5. 


+1t&  = +1-75- 

iooo  = -003. 


d4 


d "2|  = ~2.2. 


It,  = "7.16. 


f +to5oo  = + 0006. 


+42.6  + +15.8 

H +8.025  + 

4 2.6 

8.0  2 5 

1 5.8 

3.4  2 0 

5 8.4 

4.6  0 5 

+5  8.4 

+4.6  0 5 

d5 

G Explain  why  each  of  the  other  sentences 
in  d4  expresses  a true  statement. 

Next  you  will  learn  how  to  find  the  sum  and 
the  difference  of  rational  numbers  that  are  ex- 
pressed by  decimals. 

H Example  G in  d5  shows  how  to  find  the  sum 
of  +42.6  and  +15.8.  Does  the  numeral  42.6  ex- 
press a number  in  tenths?  Does  the  numeral 
15.8  express  a number  in  tenths? 

I In  which  way  is  the  sum  of  42.6  and  15.8 
expressed,  in  tenths,  in  hundredths,  or  in  thou- 
sandths? What  is  the  sum  of  42.6  and  15.8? 

J Is  the  sum  of  two  positive  rational  numbers 
positive,  or  is  it  negative  ? What  is  the  sum  of 
+42.6  and +15.8? 

K Example  H shows  how  to  find  the  sum  of  a 
positive  rational  number  and  a negative  ra- 
tional number.  You  first  find  the  difference  of 
which  two  numbers  ? 

L Does  each  of  the  numerals  8.025  and  3.420 
express  a number  in  thousandths  ? What  is  the 
difference  of  8.025  and  3.420? 

M Why  is  the  sum  of  +8.025  and  -3.420  a posi- 
tive number  ? What  is  the  sum  ? 
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N Now  look  at  sentence  I in  d6.  The  differ- 
ence of  “7.35  and  +16.6  is  the  same  as  the  sum 
of  what  two  numbers  ? 

o Example  J shows  how  to  find  the  sum  of 
“7.35  and  “16.6.  Why  is  the  numeral  16.60 
used  instead  of  the  numeral  16.6? 
p What  is  the  sum  of  7.35  and  16.6?  Why  is 
the  sum  of  “7.35  and  — 1 6.6  a negative  num- 
ber ? What  is  this  sum  ? What  is  the  difference 
of  “7.35  and +16.6? 

Q Read  sentence  K in  d6.  The  sum  of  what 
two  numbers  is  the  same  as  the  difference  of 
“23.043  and  “6.323? 

R Example  L shows  how  to  find  the  sum  of 
“23.043  and  +6.323.  To  find  this  sum,  do  you 
add  6.323  to  23.043,  or  do  you  subtract  6.323 
from  23.043? 

s What  is  the  difference  of  23.043  and  6.323? 
Why  is  “23.043  + +6.323  a negative  number? 
What  is  the  difference  of  “23.043  and  “6.323? 

For  the  two  numbers  named  in  each  exer- 
cise, first  find  a decimal  to  express  the  sum. 
Then  find  a decimal  to  express  the  difference. 
Use  the  first  number  as  the  minuend. 

T +2.001, +.972  v +7.79,  “22.38 

u “25.3, +16.85  w “6.3326,  “4,724 

In  the  following  exercises,  you  will  learn  how 
to  find  the  product  and  the  quotient  of  ra- 
tional numbers  that  are  expressed  by  decimals. 
A Look  at  d7.  The  product  of  what  two  num- 
bers is  expressed  in  sentence  M ? How  do  you 
know  that  statement  M is  true  ? 
b Now  look  at  sentence  N.  Is  statement  N 
true?  Why  is  the  product  and  not 

+71820  o 
10000  • 

c Example  O in  d7  shows  how  to  use  deci- 
mals to  find  the  product  of  +6.84  and  “1.05. 
Does  the  decimal  6.84  express  a number  in 
hundredths  ? Does  the  decimal  1 .05  express  a 
number  in  hundredths  ? 


i “7.35 -+16.6  = “7.35 + “16.6. 

J 7.3  5 
1 6.6  0 
2 3.9  5 
“2  3.9  5 

K “23.043  -“6.323  = “23.043  + +6.323. 

L 2 3.0  4 3 
6.3  2 3 
1 6.7  2 0 
“1  6.7  2 0 

d6 


m +6.84  X -1.05  = +^X  J22. 

M +684  w ~~105  __  ~71820 
N 100  ^ 100  10000- 

o 6.8  4 
1.0  5 
3 420 
68400 
7.1  820 
“7.1  8 20 

p “.16  X “.5  = X ~yq. 

q .16 
.5 

.0  8 0 
+.0  8 0 

D 7 

D Why  is  the  product  of  6.84  and  1.05  ex- 
pressed in  ten-thousandths?  Name  the  prod- 
uct of  6.84  and  1.05. 

E Is  the  product  of  a positive  rational  number 
and  a negative  rational  number  positive,  or  is  it 
negative?  Name  the  product  of  +6.84  and 
“1.05. 
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F Look  at  sentence  P in  d7.  How  do  you  know 
that  statement  P is  true?  Is  ^ X i|  = +r55o? 
G Why  should  the  product  of  .16  and  .5  be 
expressed  in  thousandths?  What  is  the  prod- 
uct of  .16  and  .5? 

h Is  the  product  of  two  negative  rational  num- 
bers positive,  or  is  it  negative?  What  is  the 
product  of  “.16  and  “.5? 

Next  you  will  learn  how  to  find  the  quotient 
of  two  rational  numbers  that  are  expressed  by 
decimals.  In  Book  1 you  learned  that,  no  mat- 
ter what  numbers  are  being  divided,  you  can 
multiply  both  the  dividend  and  the  divisor  by 
the  same  non-zero  number  without  affecting 
the  quotient.  You  will  use  this  idea  to  help  you 
compute  with  decimals  for  rational  numbers, 
i Read  sentence  R in  d8.  The  quotient  of 
what  two  numbers  is  expressed  at  the  left  of 
the  symbol  for  equality  ? 

As  you  know,  it  is  easier  to  find  the  quo- 
tient of  .165  and  1.1  if  you  express  the  divisor 
in  ones  rather  than  in  tenths. 

J Look  again  at  sentence  R.  How  can  you 

obtain  +11  from  +1.1  ? How  can  you  obtain 
“1.65  from  “165?  Is  statement  R true? 

K Now  look  at  sentence  S.  Is  “1.65=  755? 
What  is  the  reciprocal  of  +11?  How  do  you 
know  that  statement  S is  true  ? 

L Look  at  sentence  T.  What  number  is  the 
quotient  of  755  and  +11?  What  number  is 
the  quotient  of  “1.65  and  +11  ? Of  “.165  and 
+1.1  ? How  do  these  quotients  compare? 

Example  U shows  another  way  to  find  the 
quotient  of  “.165  and  +1.1.  Study  example  U. 
M Is  the  quotient  of  .165  and  1.1  the  same  as 
the  quotient  of  1.65  and  11?  In  example  U, 
the  dividend  is  expressed  in  hundredths.  How 
is  the  quotient  expressed?  What  is  the  quo- 
tient of  1.65  and  11  ? Of  .165  and  1.1? 

N Which  is  the  quotient  of  a negative  num- 
ber and  a positive  number,  a negative  number 


R “165  + +1.1  =“1.65+-  +11. 
s “1.65+-+ll="lX+Jr. 

15 

+1  “15 

T X — = ’ 

100  w 100 
1 


u 1 1)1.6  5 
1 10 


1 0 


.1  5 


“.1  5 

d8 

v +.23658  +-  +6.22  = +23.658  - +622. 

w 6 2 2)2  3.6  5 8 

30 

1 8660 

4998 

8 

49  76 

22 

.0  3 8 

+.0  3 8 

d9 

or  a positive  number?  What  is  the  quotient 
of  “165  and +1.1? 

o Read  sentence  V in  d9.  How  can  you  ob- 
tain the  quotient  +23.658  -s-  +622  from  the  quo- 
tient +.23658  +■  +6.22?  Is  statement  V true? 

P Example  W shows  how  to  find  the  quotient 
of  +23.658  and  +622.  Is  the  last  remainder 
less  than  \ times  the  divisor?  To  the  nearer 
thousandth,  is  the  quotient  .038,  or  is  it  .039  ? 
Q Is  the  quotient  of  two  positive  numbers  pos- 
itive, or  is  it  negative  ? What  is  the  quotient  of 
+.23658  and  +6.22  to  the  nearer  thousandth? 
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+54.3  +-  “.32 

= +5430 

3 2)5  4 3 0.0 

3 2000 

1000 

22300 

1 9200 

600 

3 100 

2 8 8 0 

90 

220 

192 

6 

28 

1 6 9.6 

1 6 9.7 

DlO 


R Now  look  at  sentence  X in  DlO.  How  can 
you  obtain  the  quotient  expressed  at  the  right 
of  the  symbol  for  equality  from  +54.3  +-  — .32  ? 
Is  statement  X true  ? 

s Look  at  example  Y.  Suppose  that  you  want 
to  find  the  quotient  of  5430  and  32  to  the 
nearer  tenth.  How  many  digits  should  there  be 
to  the  right  of  the  decimal  point  in  the  nu- 
meral that  expresses  the  dividend  ? 

T How  do  you  know  that  the  quotient  of 
5430.0  and  32  is  the  same  as  the  quotient  of 
54.3  and  .32? 

u Look  again  at  example  Y.  Is  the  last  re- 
mainder greater  than  \ times  the  divisor  ? Why 
is  the  quotient,  to  the  nearer  tenth,  169.7,  and 
not  169.6?  What  is  the  quotient  of  +54.3  and 
“.32  to  the  nearer  tenth? 
v Use  decimals  to  find  the  quotient  of  “.372 
and  “2.4  to  the  nearer  hundredth.  By  what 
number  do  you  first  multiply  both  the  divi- 
dend and  the  divisor?  What  decimal  do  you 
use  to  express  the  dividend  ? 
w When  you  divide  3.72  by  24,  the  last  remain- 
der is  12.  Is  this  remainder  equal  to  \ times  the 
divisor? 


If  the  last  remainder  is  equal  to  \ times  the 
divisor,  you  should  round  the  quotient  to  the 
nearer  even  hundredth  (or  tenth,  or  whatever 
the  case  may  be). 

x What  is  the  quotient  of  “.372  and  “2.4  to 
the  nearer  hundredth  ? 


In  this  lesson  you  learned  how  to  use  mixed 
numerals  and  decimal  numerals  to  name  ra- 
tional numbers.  You  also  learned  how  to  com- 
pute with  mixed  numerals  and  decimals. 


On  your  own 

Use  a mixed  numeral  to  name  each  rational 
number  expressed  in  exercises  1 through  8. 


+j6 

5 

+27 


4"¥ 


2 

+10 


, +18 
t i -> 


6 T ® 1 

Use  a decimal  to  name  each  rational  num- 
ber expressed  in  exercises  9 through  16. 


9 

“3 

5 

11 

“3 

4 

13 

+ 1 

25 

15 

2 

1000 

10 

+ 11 

20 

12 

“16 

10 

14 

“175 

100 

16 

+ 3 

50 

For  each  pair  of  rational  numbers  named  in 
exercises  17  through  24,  first  find  the  sum  of 
the  two  numbers.  Then  find  the  difference  of 
the  two  numbers.  Use  the  first  number  of  each 
pair  as  the  minuend. 

21  “6.002,  “7.3354 
41 

23  +3.65,  +.4 


17  +8|,+16f 
is  +1.06,  “3.2 

-id  — *74 


22  +12i 


25j, 


19 

20  “3,  +2.78  24  “8.427,  +8.028 

For  each  pair  of  rational  numbers  named  in 

exercises  25  through  32,  first  find  the  product 
of  the  two  numbers.  Then  find  the  quotient. 
Use  the  first  number  of  each  pair  as  the  divi- 
dend. For  exercises  25,  27,  29,  30,  and  32,  find 
the  quotient  to  the  nearer  hundredth. 

25  “4.36,  “.007  29  +5.25,  +3.2 

26+15j, +85  30-11.2, +6.85 

27  “015,  “.13 


28 


12|, 


2 ~7f 


31 

32  +13.9,  “1.09 
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Exploring  ideas 

Repeating  decimals  as  names 
of  rational  numbers 

Now  that  you  know  how  to  compute  with 
decimals,  you  will  learn  how  to  find  a decimal 
numeral  for  any  rational  number. 
a Suppose  that  you  want  to  find  a decimal  for 
j|.  Name  the  basic  pair  for  j|.  To  what  set  do 
the  components  of  this  basic  pair  belong? 
Which  component  is  the  non-zero  component  ? 

In  Book  1 you  learned  that  you  can  think 
of  as  the  quotient  of  5 and  16.  You  will  use 
this  idea  to  help  you  find  a decimal  for  ]|. 

B Look  at  d1.  Example  A shows  the  first  step 
in  dividing  5 by  16.  What  decimal  expresses 
the  dividend  in  the  first  step?  Name  the  first 
digit  in  the  decimal  for  the  quotient.  Name  the 
remainder  that  is  obtained  in  the  first  step. 

Since  you  did  not  obtain  a remainder  of  0 in 
the  first  step  of  the  division  process,  you  know 


that  the  process  can  be  continued.  Example  B 
shows  the  second  step.  Notice  the  digits  (in 
white)  that  were  inserted  after  the  first  step  so 
that  the  process  could  be  continued. 

C How  is  the  dividend  expressed  in  the  second 
step  ? Name  the  second  digit  in  the  decimal  for 
the  quotient.  Name  the  remainder  obtained  in 
the  second  step. 

Example  C in  d1  shows  the  third  step  in  di- 
viding 5 by  16.  Notice  that  more  digits  for  0 
have  been  inserted  for  this  step. 

D How  is  the  dividend  expressed  in  the  third 
step  ? What  is  the  third  digit  in  the  decimal  for 
the  quotient?  What  remainder  is  obtained  in 
the  third  step  ? 

E Example  D shows  the  fourth  step  in  the 
division  process.  What  is  the  fourth  digit  in 
the  decimal  for  the  quotient  ? What  remainder 
is  obtained  in  the  fourth  step  ? 

Since  the  remainder  obtained  in  the  fourth 
step  is  0,  you  know  that  you  do  not  need  to 
continue  the  steps.  You  have  found  a decimal 
for  4 

F What  decimal  expresses  the  quotient  of  5 
and  16?  Is  ^ = .3125?  Is  (0,  ^)  = (0,  .3125)? 
G How  do  you  know  that  ^ = “.3125  ? 


A 


1 6)5.0 
48 


3 


d! 


B 

c 

D 

1 6)5.0 

3 16)5.0  0 

3 0 1 6)5.0  0 0 

300 

48 

480 

4800 

2 

1 20 

1 200 

1 0 

1 6 

1 6 

160 

4 

2 40 

2 

32 

32 

8 

5 

80 

.3  125 
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H In  lesson  88  of  Book  1,  you  learned  that,  if 
the  remainder  0 is  obtained  in  the  division 
process,  the  quotient  can  be  expressed  by  a 
terminating  decimal.  Is  the  numeral  T3125  a 
terminating  decimal? 

i The  work  in  d2  shows  how  to  find  a decimal 
for  +§.  What  decimal  expresses  the  dividend  in 
example  E?  What  is  the  first  digit  in  the  deci- 
mal for  the  quotient?  What  remainder  is  ob- 
tained in  the  first  step? 

j In  the  first  step  in  example  E,  you  divide  20 
by  3.  In  the  second  step,  what  number  do  you 
divide  by  3? 

K What  do  you  observe  about  the  first  and 
second  digits  in  the  decimal  for  the  quotient? 
How  do  you  know  that  you  could  continue  the 
division  process  beyond  the  second  step? 

L Imagine  that  you  have  completed  five  steps. 
In  each  step,  what  digit  do  you  obtain  in  the 
decimal  for  the  quotient?  In  each  step,  what 
remainder  do  you  obtain? 

M In  finding  the  quotient  of  2 and  3,  will  you 
ever  obtain  a remainder  of  0?  Will  there  be  a 
last  digit  in  the  decimal  for  §?  What  is  the 
quotient  to  the  nearer  thousandth? 

The  decimal  for  \ is  the  repeating  decimal 
shown  at  the  right.  The  bar  above 
the  digit  6 tells  you  that  6 repeats 
on  and  on.  6 is  the  repetend.  Read 
the  symbol  “point  six,  repetend  six.” 


.6 


d2 


3)2.0 
1 8 


6 

6 


1 8 


.6  6 


REMINDER 

A repeating  decimal  is  a decimal 
in  which  digits  repeat  in  a pattern. 
The  pattern  repeats  without  end. 
The  digits  that  repeat  in  a pattern 
form  the  repetend. 

See  lesson  88,  page  384,  Book  1. 


N How  do  you  know  that  +f  = +.6?  What  is 
the  repetend  in  the  decimal  for  +|? 

Suppose  that,  at  some  step  of  the  division 
process,  you  obtain  0 as  a remainder.  You 
know  then  that  the  decimal  for  the  quotient  is  a 
terminating  decimal  and  that  your  work  is 
completed.  But  if  you  do  not  obtain  a re- 
mainder of  0,  you  should  continue  the  division 
process  until  the  remainder  you  obtain  is  the 
same  as  the  dividend  you  had  before  any  zeros 
were  inserted  or  the  same  as  a remainder  you 
obtained  at  an  earlier  step.  When  the  dividend 
or  a remainder  repeats,  then  you  know  that  the 
digits  in  the  decimal  for  the  quotient  will  also 
begin  to  repeat.  In  such  a case,  you  know  that 
the  decimal  for  the  quotient  is  a repeating 
decimal. 

Use  the  method  shown  in  d1  and  d2  to  find 
a decimal  for  each  rational  number  named 
below. 

n +3  p J.  n _5  +1  c +11 

° 8 ' 6 U 2 K 3 **  40 

^Jow  you  know  what  it  means  to  obtain  a 
terminating  decimal  or  a repeating  decimal  for 
a rational  number.  Next  you  will  learn  how 
to  decide  which  rational  numbers  can  be  ex- 
pressed by  terminating  decimals. 

First,  you  will  review  some  ideas  that  you 
studied  in  Book  1 concerning  factors  and 
powers  of  numbers.  Remember  that  a factor  is 
one  of  the  numbers  used  to  form  a product. 
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F 100  = 102. 

G 125  = 53. 

H 10  = 2'  • 51. 


I 100  = 22  • 52. 
J 6 = 21  • 3*. 

K 9 = 32. 


d3 


I ^-  = 

L in  i n 1 • 


2 

101’ 

M " — — 

™ 1000 


103' 


N 2 = 375 
N 8 103' 


d4 


O 

P 

Q 


27  _ 3 
90  101' 

7 _ 14 
50  102' 

9 _ 45 
20  102' 


A Look  at  sentence  F in  d3.  100  is  the  second 
power  of  what  number?  Is  statement  F true? 


REMINDER 

Numbers  like  102  are  powers.  The  base 
of  102  is  10,  and  the  exponent  is  2. 
The  exponent  tells  how  many  times 
the  base  is  used  as  a factor. 

102  = 10  X 10  is  a true  statement. 

See  lesson  53,  page  227,  Book  1. 


B Now  read  sentence  G in  d3.  125  is  the  third 
power  of  what  number  ? 
c Look  at  sentence  H.  How  do  you  know  that 
2 and  5 are  prime  numbers?  How  do  you 
know  that  21  • 51  = 2 • 5?  Is2J  • 51  a complete 
factorization  of  10? 


REMINDER 

A prime  number  has  exactly  two 
factors.  A complete  factorization 
of  a number  is  that  number 
expressed  as  the  product  of 
prime  numbers. 

See  lesson  69,  page  296,  and  lesson  70, 
page  300,  Book  1. 


d Read  sentence  I in  d3.  What  is  the  complete 
factorization  of  100? 

E Now  read  sentences  J and  K.  What  is  the 
complete  factorization  of  6 ? Of  9 ? 

You  will  use  the  ideas  you  have  just  re- 
viewed to  help  you  decide  which  rational  num- 
bers can  be  expressed  by  terminating  decimals. 
F Look  at  d4.  All  the  numbers  expressed  in 
d4  are  rational  numbers  of  arithmetic.  How 
do  you  know  that  statement  L is  true?  What 
decimal  expresses  ^? 

G How  do  you  know  that  statement  M is 
true  ? What  decimal  expresses  ^ ? 

H Look  at  sentence  N.  How  can  you  obtain 
fp  from  | ? What  decimal  expresses  | ? 

I L,ook  at  sentence  O.  How  can  you  obtain  ^ 
from  §5  ? What  decimal  expresses  ? 

J Study  sentences  P and  Q.  What  decimal  ex- 
presses 5^  ? What  decimal  expresses  ^ ? 

K Think  about  the  rational  numbers  of  arith- 
metic that  can  be  indicated  by  fractions  whose 
denominators  are  powers  of  10.  Can  each  of 
these  numbers  be  expressed  by  a terminating 
decimal  ? 

L What  are  the  prime  factors  of  102?  OflO3? 
Of  105?  Is  each  prime  factor  that  you  named 
a factor  of  10?  Name  the  prime  factors  of  10. 
M Give  a complete  factorization  of  the  de- 
nominator of  each  of  the  following  fractions: 

7 31  5 7 1 _3_ 

10’  100’  8’  25’  dnU  40- 

N Are  the  prime  factors  that  you  named  for 
exercise  M the  only  prime  factors  of  10? 
Can  each  of  the  rational  numbers  named  in 
exercise  M be  expressed  by  a terminating 
decimal  ? 

o What  is  the  prime  factor  of  the  denominator 
of  | ? What  is  the  prime  factor  of  the  denomi- 
nator of  ? What  is  the  prime  factor  of  the 
denominator  of  5?  Which  of  the  rational  num- 
bers and  \ can  be  expressed  by  a termi- 
nating decimal  ? 
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p Is  f = 2.0?  Is  y = 65.0?  What  terminating 
decimal  can  you  use  to  express  {?  To  express 
Y?  To  express^? 

q Think  about  the  rational  numbers  of  arith- 
metic that  are  indicated  by  basic  fractions 
whose  denominators  are  1.  Can  each  of  these 
numbers  be  expressed  by  a terminating  deci- 
mal ? Explain  your  answer. 

From  the  examples  in  exercises  F through 
Q,  you  should  see  that,  if  the  denominator  of  a 
basic  fraction  is  1,  or  if  each  prime  factor  of  the 
denominator  is  a factor  of  10,  then  the  number 
indicated  by  the  fraction  can  be  expressed  by  a 
terminating  decimal. 

r Think  about  the  fraction  The  prime  fac- 
tors of  24  are  2 and  3.  The  decimal  for  ^ is 
.125.  Explain  why  ^ can  be  expressed  by  a 
terminating  decimal  even  though  24  has  a 
prime  factor  other  than  2 or  5. 

Without  using  the  division  process,  decide 
whether  or  not  each  rational  number  named 
below  can  be  expressed  by  a terminating  deci- 
mal. Explain  your  answers, 
c +_L  t — u - v w — 

b 12  1 15  U 9 _ V 16  W 30 

x Use  a decimal  to  express  Use  a common 
fraction  numeral  to  express  “.5000.  Sup- 
pose that  you  wrote  50  zero  digits  after  the 
digit  5 in  the  decimal  “.5.  Would  the  decimal 
you  obtain  still  name  |?  How  do  you  know 
that  1 = “50? 

Y Express  +f  by  using  a decimal  with  ten  dig- 
its for  zero.  Is  +f  = +.80? 
z Each  terminating  decimal  is  also  a repeating 
decimal.  What  is  the  repetend  of  each  re- 
peating decimal  that  is  also  a terminating 
decimal  ? 

In  the  preceding  exercises,  you  learned  how 
to  determine  which  rational  numbers  can  be 
expressed  by  terminating  decimals.  You  also 
learned  why  all  terminating  decimals  are  re- 
peating decimals. 


Now  you  will  see  that  every  rational  num- 
ber can  be  expressed  by  a repeating  decimal. 
The  work  in  d5  shows  the  steps  in  finding  a 
decimal  for  Digits  for  0 have  been  inserted 
wherever  necessary  at  each  step. 

Study  d5.  In  the  first  step,  10  is  divided 
by  7.  Therefore,  the  first  digit  in  the  numeral 
for  the  quotient  is  1.  The  first  remainder  is  3. 

A What  is  the  sixth  remainder  that  was  ob- 
tained ? How  does  the  sixth  remainder  com- 
pare with  the  dividend  in  the  first  step  ? 

B Look  at  the  numeral  for  the  quotient.  In 
this  numeral,  how  does  the  seventh  digit  com- 
pare with  the  first  digit  ? 
c How  do  the  first  remainder  and  the  seventh 
remainder  compare  ? 

D In  the  numeral  for  the  quotient,  how  do  the 
second  digit  and  the  eighth  digit  compare  ? 

E How  do  the  second  and  eighth  remainders 
compare  ? 

F If  the  division  process  were  continued  for 
one  more  step,  what  would  be  the  ninth 
digit  in  the  numeral  for  the  quotient?  What 
would  the  ninth  remainder  be  ? 

From  the  work  in  d5,  you  can  see  that  the 
remainders  begin  to  repeat  after  the  sixth  step. 
For  this  reason,  each  step  of  the  division  proc- 
ess will  repeat,  and  the  digits  in  the  numeral 
for  the  quotient  will  also  repeat.  If  you  con- 
tinued the  division  process,  you  would  see  that 
these  digits,  142857,  form  the  repetend  of  the 
decimal  for  f The  repeating  decimal  .142857 
names  the  rational  number  7. 

G When  you  divide  a number  by  7,  how  do 
you  know  that  the  remainder  will  never  be 
greater  than  6?  How  do  you  know  that  you 
cannot  obtain  more  than  7 different  remain- 
ders when  you  divide  a number  by  7?  How 
do  you  know  that,  if  you  divide  1 by  7,  the 
remainder  will  never  be  0 ? 


220 


I first  digit 

7)1.00000000 

70000000 

1st  rem.  > 3 0000000 

28000000 

2nd  rem > 000000 

1400000 

3rd  rem.  >600000 

560000 

4th  rem.  > 0000 

35000 

5th  rem.  > 5 000 

4900 

6th  rem.  — » 00 

70 

7th  rem. > 0 

28 

8th  rem.  » 2 

d5 

h Name  the  different  remainders  that  you  ob- 
tain when  you  divide  1 by  7. 

I How  many  digits  are  in  the  repetend  of  the 
decimal  for  How  does  the  number  of  digits 
in  the  repetend  142857  compare  with  the  num- 
ber of  different  remainders  that  you  obtain 
when  you  divide  1 by  7 ? 

J When  you  divide  a number  by  11,  you  can- 
not obtain  more  than  1 1 different  remainders. 
Name  the  possible  remainders. 

K Since  ^ cannot  be  expressed  by  a terminat- 
ing decimal,  you  cannot  obtain  a remainder 
of  0 when  you  divide  5 by  11.  Thus,  without 
computing,  you  know  that  you  cannot  obtain 
more  than  10  different  remainders  when  you 
divide  5 by  1 1 . This  means  that  the  repetend  of 
the  decimal  for  ^ cannot  have  more  than  10 
digits.  Find  the  decimal  for  ji.  What  is  the 


repetend?  What  is  the  number  of  digits  in 
the  repetend  ? 

L How  do  you  know  that  you  cannot  obtain 
more  than  17  different  remainders  when  you 
divide  a number  by  17? 

M How  do  you  know  that,  when  you  divide  5 
by  17,  you  will  not  obtain  a remainder  of  0? 
How  do  you  know  that  the  repetend  of  the 
decimal  for  ^ does  not  contain  more  than  16 
digits  ? 

N Without  computing,  tell  what  could  be  the 
greatest  number  of  digits  in  the  repetend  of  the 
decimal  for  In  the  repetend  of  the  decimal 
for  In  the  repetend  of  the  decimal  for 

~ 87 
6238- 

o Explain  why  every  rational  number  can  be 
expressed  by  a repeating  decimal. 

In  this  lesson  you  learned  how  to  find  a deci- 
mal to  name  a rational  number  and  how  to  de- 
cide which  rational  numbers  can  be  expressed 
by  terminating  decimals.  You  also  learned 
that,  if  you  include  decimals  with  repetend  0, 
every  rational  number  can  be  expressed  by  a 
repeating  decimal. 

On  your  own 

Give  the  repetend  of  the  decimal  for  each 
number  named  in  exercises  1 through  5. 

7.  - 3 — 4 — 5 — 

1 4 z 3 3 16  ^33  3 24 

First,  tell  whether  the  decimal  for  each  ra- 
tional number  named  below  is  a terminating 
decimal  or  a repeating  decimal  that  does  not 
terminate.  If  the  decimal  is  a repeating  decimal 
that  does  not  terminate,  tell  the  greatest  num- 
ber of  digits  that  could  be  in  the  repetend. 
Then  express  the  number  by  a decimal. 

6 8 ^ 25  1^20  '5  9 ^ ® 500 


7 "ft 

10 

33 

3 

16 

“5 

3 

19 

7 

24 

* 5 

1 1 

- 3 

13 

<4  -ji 

17 

32 

80 

20 

~ 76 
125 

10000000 


4000000 


200000 


-second  digit 


-third  digit 


80000 


-fourth  digit 


5000 


r 

700 

r 

10 

r 

4 


-fifth  digit 


-sixth  digit 


:eventh  digit 
eighth  digit 


14285714 
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CHECKING  UP 


KEEPING  SKILFUL 

or  each  of  exercises  1 through  6,  tell  what 
basic  pair  indicates  the  rational  number 
named. 


+2 

3 

“5 

6 


3 +1- 
J 12 


4 12 


_ +25 
D 30 

6 0 


Give  a standard  name  of  each  rational  num- 
ber named  in  exercises  7 through  15. 


7 (!’  \) 

io(10,|) 

8 (0,  \) 

n (f.O) 

14  (M) 

9 (1,  2) 

«<&¥) 

15(1,3) 

For  each  of  exercises  16  through  21,  tell 

what  rational 

number  you 

can  add  to  the 

given  number  to  obtain  the  sum  0. 

16  36 

18  +| 

20  72 

17  +39 

” 15 

21  +M 

11  80 

For  each  of  exercises  22  through  30,  find 
the  sum  of  the  pair  of  numbers  named. 

22  +314,  +49 

25  -^,+20 

38  5»  +2i 

23  T*  ~l 

85’  5 

26  +9,  “2 

29  0,  +% 

24  +75, 

27  2 32. 

2J  9 

30  Ts,+% 

For  each  of  exercises  31  through  39,  find 
the  product  of  the  pair  of  numbers  named. 

31  +1 

J 1 4 ’ 5 

34  0,  & 

37  “1,  +? 

+2  “11 

32  4,  4 

35  “8,  | 

38  “12,  13 

+ 91  -20 

100’  31 

if.  “32  +31 

36  11’  16 

39  “ft  4 

Find  the  difference  of  the  numbers  named 
in  each  of  exercises  40  through  48.  The  first 
number  named  is  the  minuend. 

40  +6,  +f  43  +80,  0 46  "362,  +25 


41  2.  % 44  "2  47  £,+65 


J4 
9’  5 

-JT7  “25 
2 » 3 


12’ 

'25 


42  y,  y 45  +79,  “76  48 

Find  the  quotient  of  the  numbers  named  in 
each  of  exercises  49  through  57.  The  first  num- 
ber named  is  the  dividend. 

+fi  +;  52_i+l 

+7  “13 


49 


55 


+5  “5 
2 ’ 9 


50  — +- 

1,0  10’  8 


*i  1 


53 

54 


8’  4 

+ i 


56  +i  “7 

57  “4,  +13 


If  you  have  trouble  with  these  two  tests,  you 
should  refer  to  lessons  138  through  142. 

Test  128 

In  each  of  exercises  1 through  4,  a property 
of  rational  numbers  is  expressed.  For  each 
exercise,  give  the  name  of  the  property.  The 
universe  for  x is  R.  The  universe  for  y is  Zr. 

1 0 + x = x.  3 1 • x = x. 

2 0 • x = 0.  4 x +-  y = x (1/y). 

For  each  of  exercises  5 through  9,  first  give 

the  additive  inverse  of  each  rational  number 
named.  Then  give  the  multiplicative  inverse  of 
each  number. 

5+9  6 “I  7 +2$  8 "{?  9 y 


Test  129 

For  each  of  exercises  10  through  14,  use  a 
mixed  numeral  to  express  the  rational  number 
named. 

10  11  “f  12  _ y 13  +f  14  +f 

For  each  of  exercises  15  through  19,  use  a 
decimal  to  express  the  rational  number  named. 

,c+l  1 A 17  +22  i o “29  . 0 -48 

15  10  16  25  17  ^ 18  u 19  7 

For  each  pair  of  rational  numbers  named  in 
exercises  20  through  23,  first  find  the  sum  of 
the  two  numbers.  Then  find  the  difference  of 
the  two  numbers.  Use  the  first  number  of  each 
pair  as  the  minuend. 


20  +4|,  +2\  22  +.0068,  “2.39 

21  "7|,  +10f  23  “12.7,  “305.004 

For  each  pair  of  rational  numbers  named  in 

exercises  24  through  31,  first  find  the  product 
of  the  two  numbers.  Then  find  the  quotient  of 
the  two  numbers.  Use  the  first  number  of  each 
pair  as  the  dividend.  For  exercises  28  through 
31,  find  the  quotient  to  the  nearer  hundredth. 
24  “14|,  +3|  28  “304.72,  “52.8 

25+9|,  +15f  29  +.4792,  “37 

26  “7|,  “12|  30  “3.007, +.52 

27  +20f,“5|  31  +8.75, +.29 
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End-of-block  tests  on  properties  of  rational  numbers  and  on  computation 


10 


143 


Exploring  ideas 


Positive  integral  powers 
and  scientific  notation 


It  is  convenient  to  have  a short  form  for  ex- 
pressing such  numbers  as  70,000,000,000  and 
.000002.  In  Book  1 you  learned  how  scientific 
notation  can  be  used  to  express  certain  natural 
numbers.  You  learned,  for  example,  that  the 
numeral  7(1010)  is  scientific  notation  for 
70,000,000,000. 

In  this  lesson  you  will  first  learn  to  express 
rational  numbers  by  using  exponential  nota- 
tion. Then  you  will  learn  to  express  rational 
numbers  in  scientific  notation.  Finally,  you 
will  use  your  knowledge  of  exponents  to  find 
the  product  and  the  quotient  of  two  rational 
numbers. 

a Look  at  d1.  The  decimal  numeral  in  the 

chart  expresses  a rational  number.  How  do 
you  know  that  the  decimal  numeral  expresses 
a positive  rational  number  ? 

B The  names  of  the  periods  in  the  decimal  nu- 
meral are  shown  above  the  numeral.  Which 
digits  in  the  numeral  form  the  billions’  period  ? 
C Each  of  the  positions,  or  places,  within  a 
period  also  has  a special  name.  The  names  of 
the  positions  are  shown  below  the  digits  in  the 
numeral.  The  digit  3 expresses  the  number 
three  hundred  billion.  What  number  does  the 
digit  6 express  ? What  number  does  the  digit  5 
express  ? 

D In  the  numeral  in  d1,  which  digits  form  the 
millions’  period  ? In  this  period,  what  number 
does  the  digit  9 express  ? What  number  is  ex- 
pressed by  the  digit  7 ? By  the  digit  1 ? 


billions 

millions 

thousands 

3 6 5 

9 7 1 

4 0 8 

2 4 7 

c/3  05  03 

c c c 

C/3  C/3  C/3 

c c c 

•8  -8  -8 

hundreds 

tens 

ones 

.2  .2  .2 

3 '3  IS 

"S  | 

TJ 

c 

3 

JS 

.2  .2  .2 

111 

"O  C 
<D  U 

TJ 

G 

3 

J3 

! 

hundred  thousan 

ten  thousan 

thousan 

o 1 


A 103=  10  X 10  X 10. 

B (|)3  = fx|xj. 

C ( f)4  = f X I X | X i 


E Which  digits  form  the  thousands’  period? 
In  this  period,  what  number  is  expressed  by 
each  of  the  digits?  Read  the  numeral  in  d1. 
f In  the  numeral  in  d1,  the  digit  8 expresses 
8(1000).  How  many  times  is  10  used  as  a fac- 
tor to  obtain  the  product  1000? 

G Now  read  sentence  A in  d2.  You  know  that 
the  numeral  103  expresses  a number  in  ex- 
ponential notation.  What  is  the  exponent  of 
103?  What  is  the  base  of  103?  103  is  what 
power  of  10?  Is  103  = 1000? 

H In  103,  the  exponent  3 is  a positive  rational 
number.  Is  3 a positive  integer?  Is  3 an  ele- 
ment of  Ip  ? 


REMINDER 

The  set  of  positive  integers  is 
{+1,  +2,  +3,  . . .}.  The  symbol  Ip  is 
a name  of  this  set. 

See  lesson  129,  page  168. 


Definition  of  positive  integral  power;  product  and  quotient  properties  003 
of  positive  integral  powers;  scientific  notation 


An  exponent  that  is  a positive  integer  is  a 
positive  integral  exponent.  A power  that  has  a 
positive  integer  for  an  exponent  is  a positive 
integral  power. 

i Read  sentence  B in  d2.  Name  the  positive 
integral  exponent  of  (f  )3.  Name  the  base  of  (f  )3. 
How  do  you  know  that  (f)3  is  a positive  inte- 
gral power  ? 

J In  (|)3,  how  many  times  is  | used  as  a fac- 
tor ? Is  statement  B true  ? 

K Explain  why  | X | X | = (|  X |)  X What  is 
a standard  name  of  § X §? 

L Is§Xfxf  = £x§? 

M What  is  a standard  name  of  J X | ? What  is 
a standard  name  of  f X | X f ? 
n Is  (i)3=S?  What  power  of  | is 
o Now  look  at  sentence  C in  d2.  Does  it  ex- 
press a true  statement?  Name  the  exponent  of 
( |)4.  Name  the  base  of  ( f)4.  How  do  you 
know  that  ( f)4  is  a positive  integral  power  ? 
p is  lffxlxl  = nxl)xlxl? 
Explain  your  answer.  What  is  a standard  name 
of  1 X 1? 

Q Is  ( f)4  = (5  X |)  X f?  What  is  a standard 
name  of  | X f? 

R Is  ( |)4  = ^ X |?  What  is  a standard 
name  of  ^X  f?  What  is  a standard  name 
of  (l)4? 

Give  a standard  name  of  the  power  ex- 
pressed in  each  of  exercises  S through  Z. 

S Cj)2  u (l)3  w (I)2  Y (”7)3 

T (+4)2  V (l)7  x (l)4  z (+i)5 

N ext  you  will  use  your  knowledge  of  posi- 
tive  integral  powers  to  find  products  of  powers 
that  have  the  same  base. 

A Look  at  numeral  D in  d3.  What  is  the  ex- 
ponent of  103?  Of  104?  Do  103  and  104  have 
the  same  base?  Name  the  base. 

B How  do  you  know  that  numeral  E names 
the  same  number  as  numeral  D ? 


A 103  = 10  X 10  X 10. 

B (I)3  = I X | X 
c ( |)4=  | X fxlXl. 

d2 


d 103  X 104 

E (10  X 10  X 10)  X (10  X 10  X 10  X 10) 
F 10X10X10X10X10X10X10 
G 107 

d3 


H (i)2  • (I)3  = (i)5. 

, (-4)3. (-4)3  = (-4)6. 

d4 

positive  integral  power  (iiXtogral).  A 
power  that  has  a positive  integral  exponent. 
Suppose  that,  in  xn,  x is  replaced  by  any  mem- 
ber of  R,  and  n is  replaced  by  any  member  of  Ip. 
Then  xn  is  a positive  integral  power  of  x.  The 
replacement  for  n is  the  positive  integral  ex- 
ponent of  xn.  The  replacement  for  x is  the  base 
of  xn.  The  number  obtained  from  xn  is  the  nth 
power  of  x. 


c What  property  of  multiplication  of  rational 
numbers  tells  you  that  numeral  F names  the 
same  number  as  numeral  E? 

D How  many  times  is  10  used  as  a factor  in  the 
number  expressed  by  numeral  F?  In  107? 
Does  numeral  G express  the  same  number  as 
numeral  F?  Is  107  the  product  of  103  and  104? 
E Is  the  sum  of  the  exponents  of  103  and  104 
the  same  number  as  the  exponent  of  107? 

F What  is  a standard  name  of  107  ? What  is  a 
standard  name  of  103  X 104? 

G Now  read  the  sentences  in  d4.  Use  steps  like 
those  in  d3  to  show  why  each  sentence  in  d4 
expresses  a true  statement. 


224 


You  have  been  studying  a special  method  of 
finding  the  product  of  two  positive  integral 
powers  that  have  the  same  base.  You  can  use 
this  method  because  of  the  product  property  of 
positive  integral  powers . The  property  is  ex- 
pressed below. 

The  universe  for  x is  R.  The  universe  for  m 

and  n is  Ip.  For  each  x,  m,  and  n,  xm  • xn  = 
xm  + n 

Tell  whether  each  of  the  following  sentences 
expresses  a true  statement  or  a false  statement. 

h io6  • io3  = io3.  j 0)4  x (i)4  = (i)16. 

I C2)3-C2)5  = C2)8.  k (~5)6  X (~5)3  = (~5)9. 

^N^ow  you  will  use  your  knowledge  of  posi- 
tive  integral  powers  to  find  quotients  of  powers 
that  have  the  same  base. 
a Look  at  d5.  Numeral  J expresses  the  quo- 
tient of  what  two  rational  numbers  ? 

B What  is  the  exponent  of  105?  OflO3?  Does 
the  dividend,  105,  have  the  same  base  as  the 
divisor,  103?  Name  this  base, 
c Now  look  at  numeral  K.  Does  numeral  K 
name  the  same  number  as  numeral  J ? How  do 
you  know  ? 

D The  greatest  common  factor  of  two  given 
numbers  is  the  greatest  number  that  is  a 
factor  of  both  numbers.  Look  again  at  nu- 
meral K.  Name  the  greatest  common  factor  of 
10  X 10  X 10  X 10  X 10  and  10  X 10  X 10.  Is 
1000=  103? 

E How  does  numeral  L show  that  both  the 
dividend  and  the  divisor  have  been  divided  by 
1000? 

f Does  numeral  M name  the  same  number  as 
numeral  L?  Is  102  the  quotient  of  105  and  103  ? 
G Is  the  difference  of  the  exponent  of  105  and 
the  exponent  of  103  the  same  number  as  the 
exponent  of  102? 

H What  is  a standard  name  of  102?  What  is  a 
standard  name  of  the  quotient  of  105  and  103? 


10^ 

To3 

10  X 10  X 10  X 10  X 10 
10  X 10  X 10 

1 1 1 

l^XMXWX  10X  10 
10  X 10  X W 
1 1 1 


M 102 


d5 


f-I6 

N = l-)4 

(I)2  (s)' 

14s 


nr 

nr 


= r~7\3 


C3)3. 


d6 


I Now  study  sentence  N in  d6.  Which  nu- 
meral expresses  the  dividend  ? Which  numeral 
expresses  the  divisor?  Do  (f)6  and  (f)2  have 
the  same  base  ? Which  is  greater,  the  exponent 
of  the  dividend  or  the  exponent  of  the  divisor? 
J Study  sentences  O and  P.  In  each  case,  do 
the  dividend  and  the  divisor  have  a common 
base?  Is  the  exponent  of  the  dividend  greater 
than  the  exponent  of  the  divisor? 

K Use  steps  like  those  in  d5  to  show  why  each 
statement  expressed  in  d6  is  true. 

You  have  been  studying  a special  method  of 
finding  the  quotient  of  two  powers  that  have 
positive  integral  exponents  and  the  same  base. 
You  can  use  this  method  because  of  the  quo- 
tient property  of  positive  integral  powers . The 
property  is  expressed  on  the  next  page. 


The  universe  for  x is  Zr.  The  universe  for  m 
and  n is  lp.  For  each  x,  m,  and  n,  if  m is  greater 
than  n,  then  xm  - xn  = xm  “ n. 

Tell  whether  each  of  the  following  sentences 
expresses  a true  statement  or  a false  statement. 

i (+D7  (+l)4  = (+!)3- 
m(D^(1)3  = (1)3. 

n (-20)5  -j-  (~20)4  = (”20)' . 

In  Book  1 you  learned  that  scientific  notation 
is  a kind  of  exponential  notation  that  makes 
use  of  powers  of  10.  You  will  recall  that,  in 
scientific  notation,  a number  is  expressed  as 
the  product  of  a number  from  1 to  10  and  a 
power  of  10.  Remember  that  the  set  of  num- 
bers from  1 to  10  contains  1,  but  not  10. 

A Look  at  sentence  A in  d7.  By  what  power 
of  10  can  you  divide  600  to  obtain  6?  How  do 
you  know  that  the  numeral  6 X 102  expresses 
600  in  scientific  notation  ? 

B Look  at  sentence  B.  By  what  power  of  10 
can  you  divide  1256  to  obtain  a number  from  1 
to  10?  What  is  the  quotient  of  1256  and  103? 
Is  1256  = 1.256  X 103  ? 

C Does  the  numeral  1.256  X 103  express  1256 
in  scientific  notation  ? Explain  your  answer. 

D Read  sentence  C in  d7.  By  what  power  of  10 
can  you  divide  43,285  to  obtain  a number  from 
1 to  10?  Is  43,285  — 104  = 4.3285?  By  what 
power  of  10  can  you  multiply  4.3285  to  obtain 
43,285? 

E Does  the  numeral  4.3285  X 104  express 
43,285  in  scientific  notation? 

Use  scientific  notation  to  express  each  of 
the  numbers  named  below. 

F 80,000,000  H 18,700  J 17 

G 14,000  l 24,369,000  K 322 

Now  you  will  learn  how  to  use  scientific 
notation  to  find  the  product  of  two  numbers. 


A 600  = 6 X 102. 

B 1256=  1.256  X 103. 

C 43,285  = 4.3285  X 104. 

D 7 


D 45,000X5100 
E (4.5  X 104)  X (5.1  X 103) 
F (4.5  X 5.1)  X (104  X 103) 
G 22.95  X 107 

d8 


h 780,000-  3900 
I (7.8  X 105)  - (3.9  X 103) 

7.8  X 105 
J 3.9  X 103 
K 2 X 102 

d9 

l Look  at  d8.  Numeral  D expresses  the  prod- 
uct of  what  two  numbers  ? 

M How  do  you  know  that  numeral  E names 
the  same  number  as  numeral  D ? 

N Does  numeral  F name  the  same  number  as 
numeral  E?  Upon  what  properties  does 
your  answer  depend  ? 

o How  do  you  know  that  numeral  G ex- 
presses the  same  number  as  numeral  F ? 

R What  is  a standard  name  of  22.95  X 107? 
Of  45,000X5100? 

Use  steps  like  those  in  d8  to  show  why  the 
sentences  in  exercises  Q,  R,  and  S express  true 
statements. 

Q 30  X 6725  = 20.175  X 104. 

R 492  X 65,000,000  = 31.980  X 109. 
s 6200  X 328,000  = 20.336  X 108. 

T What  is  a standard  name  of  20.175  X 104  ? 
Of  31.980X  109?  Of  20.336  X 108? 


ilO 

o — — = 32 
35 

184  f\7 

p — = 92. 
182 
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Next  you  will  learn  how  to  use  scientific  no- 
tation to  find  the  quotient  of  two  numbers, 
u Look  at  d9.  Numeral  H expresses  the  quo- 
tient of  what  two  numbers  ? 
v How  do  you  know  that  numeral  I names  the 
same  number  as  numeral  H ? 
w How  do  you  know  that  numeral  J names  the 
same  number  as  numeral  I ? 
x Look  at  numeral  K.  Is  2 the  quotient  of  7.8 
and  3.9?  Is  102  the  quotient  of  105  and  103? 
Is  780,000  — 3900  = 2 X 102? 

Y Is  the  quotient  of  780,000  and  3900  equal  to 
the  product  of  the  following  two  numbers : the 
number  that  is  the  quotient  of  7.8  and  3.9  and 
the  number  that  is  the  quotient  of  105  and  103  ? 
z What  is  a standard  name  of  2 X 102?  What 
is  a standard  name  of  780,000  — 3900? 


For  each  of  exercises  18  through  21,  use  sci- 
entific notation  to  express  the  numbers  named. 
Then  find  the  product  of  the  two  numbers  and 
give  a standard  name  of  the  product. 

18  8000  19  51,000  20  256  21  45 

60.000  700,000  23  1230 

For  each  of  exercises  22  through  28,  use  sci- 
entific notation  to  express  the  numbers  named. 
Then  find  the  quotient  of  the  two  numbers  and 
give  a standard  name  of  the  quotient.  Use  the 
first  number  as  the  dividend. 

22  2,900,000,000,000  24  582,000,000 

1.450.000  1,940,000 

23  78,000,000  25  67,500,000 

13.000  1,350,000 

26  34,000  27  800,000  28  12,000 

170  1600  3600 


In  this  lesson  you  learned  what  is  meant  by  a 
positive  integral  power.  You  studied  the  prod- 
uct property  and  the  quotient  property  of  posi- 
tive integral  powers,  and  you  used  these  prop- 
erties to  help  you  find  the  products  and 
quotients  of  rational  numbers. 

On  your  own 

Name  the  exponent  and  the  base  of  each 
power  expressed  in  exercises  1 through  5.  Then 
give  a standard  name  of  the  power. 

1 106  2 (|)3  3 C4)5  4 Cti)4  5 Gij)7 

For  each  of  exercises  6 through  1 1 , first  use 
exponential  notation  to  express  the  product  or 
the  quotient  named.  Then  give  a standard 
name  of  the  product  or  the  quotient. 

6 (I)4- (l)5  9 51  X 53  X 53 

7 (i)5  - (|)2  i o (-2)3  • (“2)2  • (“2)4 

8 129  — 123  li  (74  — 72)  X 73 

Use  scientific  notation  to  express  each  num- 
ber named  in  exercises  12  through  17. 

12  22,000  14  6,924,000  16  83 

13  500  15  345,900  17  2964 


KEEPING  SKILFUL 


x or  each  of  exercises  1 through  12,  use  a 
decimal  to  express  the  rational  number  named. 


4 T 

7f 

ion 

«"g 

5 80 

3 T 

6 500 

1 2 — 

,j£  1000 

For  each  of  exercises  13  through  24,  give  a 

standard 

name  of  the  number  named  in  the 

exercise. 

13  103 

16  ( I)4 

19  ( I^)3 

32  (to)5 

14  (|)3 

17  no)5 

20  52 

23  C65)2 

15  (-6)4 

18  84 

21  l9 

24  (j)4 

Each  exercise  below  involves  rational  num- 
bers. For  each  exercise,  find  the  sum,  differ- 
ence, product,  or  quotient. 

25  10.7  + 8.401 

26  13.4-3.2 

27  3.06  + +21.32 

28  16.3  X. 41 

29  1.3-2 

30  43.4  — “16.34 


31  "2.11  X “2.11 

32  “6.451  + “3.02 

33  “24.631  -“18.12 

34  “1.956-  .03 

35  .011  X “3.4 

36  “7.488  - “2.4 
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a 10°  • 103  = 100+3. 
b 10°  • 103  = 103. 


10 


144 


Exploring  ideas 


Negative  integral  powers 
and  the  zero  power 


In  lesson  143,  you  worked  with  positive  in- 
tegral powers.  In  this  lesson  you  will  learn  that 
the  integer  0 and  the  negative  integers  are  also 
used  as  exponents. 

a How  do  you  know  that  32  X 33  = 32+3?  Is 
32+3  = 35?  Use  standard  names  to  show  that 
32  X 33  = 35. 

b How  do  you  know  that  94  -s-  91  = 94_1?  Is 
94-1  = 93?  yse  standard  names  to  show  that 

94  91  = 93 


c Look  at  d1.  What  must  you  know  before 
you  can  decide  whether  sentences  A and  B 
express  true  statements  or  false  statements? 

Before  you  can  understand  the  statements 
expressed  in  d1,  you  must  know  the  meaning 
of  the  symbol  at  the  right.  You 
can  read  this  symbol  “the  zero  10 
power  of  ten.  You  can  also 
read  the  symbol  “ten  to  the  zero  power,”  or 
“ten  to  the  zero.” 

d The  exponent  of  10°  is  zero.  Is  0 e Ip?  Is 
0 e I ? What  is  the  exponent  of  103  ? Is  3 e Ip  ? 
e Name  the  base  of  10°.  Name  the  base  of  103. 
Do  10°  and  103  have  the  same  base? 
f 103  means  that  10  is  used  as  a factor  three 
times.  It  does  not  make  sense  to  think  of 
using  a number  as  a factor  zero  times.  Why? 

We  would  like  the  product  property  of  pow- 
ers to  apply  to  powers  that  have  zero  as  an  ex- 
ponent as  well  as  to  positive  integral  powers. 
We  would  like  to  define  10°  in  such  a way  that 
the  product  of  10°  and  103  is  equal  to  100+3. 

OOfi  Definition  of  the  zero  power  and  negative  integral  powers; 
properties  of  integral  powers 


c ( i)°-(  i)4  = ( |)0+4. 

d (D°-(D4  = (D4. 


d2 


zero  power.  The  zero  power  of  any  non-zero 
rational  number  is  1.  The  universe  for  x is  Zr. 
For  each  x,  x°  = 1. 


G Study  sentences  A and  B in  d1.  Suppose 
that  we  define  10°  so  that  statement  A is 
true.  Explain  why  statement  B is  also  true. 

H What  is  the  identity  element  for  multiplica- 
tion of  rational  numbers?  Is  1 • 103  = 103? 

The  number  1 is  the  only  identity  element 
for  multiplication  of  rational  numbers.  If  we 
want  10°  • 103  = 103  to  be  a true  statement,  10° 
must  equal  1. 

1 Study  sentences  C and  D in  d2.  Explain  why 
( |)°  must  be  equal  to  1 if  statement  D is 
to  be  true.  If  statement  D is  true,  how  do  you 
know  that  statement  C is  also  true  ? 

We  will  use  variables  to  develop  a definition 
of  a power  with  0 as  an  exponent. 

J Suppose  that,  for  each  x and  n,  we  define 
x°  so  that  x°  • x"  = x".  Will  x°  • x”  then  be 
equal  to  x0+”?  How  do  you  know?  The  uni- 
verse for  x is  Zr,  the  set  of  non-zero  rational 
numbers.  The  universe  for  n is  Ip. 

K How  must  we  define  x°  so  that,  for  each  x 
and  n,  x°  • xn  = x0+"? 

In  the  preceding  exercises,  you  have  learned 
what  is  meant  by  a power  whose  exponent  is 
zero.  We  call  a power  whose  exponent  is  zero 
a zero  power.  The  zero  power  of  any  non-zero 
rational  number  is  equal  to  1 . 


Notice  that  we  have  not  defined  0°.  You 
will  learn  the  reason  for  this  as  you  continue 
your  study  of  mathematics. 
l For  each  x,  is  x°  • x°  = x°l  The  universe 
for  jc  is  Zr.  Use  the  definition  of  the  zero 
power  to  explain  your  answer. 


10 


k3o  far,  you  have  worked  with  exponents  that 
are  either  positive  integers  or  the  integer  zero. 
However,  negative  integers  are  also  used  as 
exponents. 

Look  at  d3.  Before  you  can  understand  the 
statements  expressed  in  the  display,  you  must 
understand  the  idea  expressed 
by  the  symbol  at  the  right. 

You  can  read  this  symbol 
“the  negative  two  power  of  ten.”  You  can  also 
read  the  symbol  in  several  other  ways:  “ten  to 
the  negative  two  power”  and  “ten  to  the  nega- 
tive two.” 

A Look  again  at  d3.  The  exponent  of  10  2 is 
“2.  Is  “2  e Ip?  Is  ~2  e In?  What  is  the  expo- 
nent of  102?  Is  2 e Ip? 

b Name  the  base  of  10  2.  Name  the  base  of 
102.  Do  10  2 and  102  have  the  same  base? 

An  exponent  that  is  a negative  integer,  such 
as  the  exponent  of  1CT2,  is  a negative  integral 
exponent.  We  would  like  the  product  property 
of  powers  to  apply  to  powers  that  have  nega- 
tive integral  exponents  also.  This  means  that 
we  would  like  to  define  10  2 in  such  a way  that 
the  product  of  10  2 and  102  is  10  2+2 
c Look  at  sentence  E in  d3.  How  do  you  know 
that  the  exponents  ~2  and  2 are  additive  in- 
verses of  each  other  ? What  is  the  sum  of  ~2 
and  2? 

D Compare  sentences  E,  F,  and  G.  Is 
10  2+2  = 10°  ? Explain  why  10°  = 1. 
e If  we  define  10  2 so  that  statement  E is 
true,  is  statement  G also  true?  Explain  your 
answer. 


E 10  2 • 102  = 10“2+2. 
f 10~2  • 102  = 10°. 

G 10  2 • 102  = 1. 

d3 


« ar5-(D5=nf5+5 

d4 


negative  integral  power.  A power  that  is 
the  reciprocal  of  a positive  integral  power.  The 
universe  for  x is  Zr.  The  universe  for  n is  I p.  For 
each  x and  n,  x "n  = l/xn. 


F What  is  the  product  of  two  numbers  that 
are  reciprocals  of  each  other  ? 

G If  10  2 is  defined  so  that  statement  G is  true, 
why  must  10  2 be  the  reciprocal  of  102? 

The  reciprocal  of  102  is  1/102.  Therefore,  we 
define  10  2 so  that  10  2 = 1/102. 

H Look  at  d4.  If  statement  H is  true,  why  must 
( |)  5 be  equal  to  l/(  f)5?  Use  the  sen- 
tences in  d3  to  help  you  explain  your  answer. 

For  exercises  I and  J,  the  universe  for  x 
is  Zr.  The  universe  for  n is  Ip. 
i For  each  x and  n,  what  is  the  reciprocal  of 
xn  ? How  do  you  know  that  ~n  e In  ? 

J Suppose  that  we  define  x n in  such  a way 
that,  for  each  x and  n,  x n • xn  = x "+".  To 
do  this,  why  must  we  define  x n to  be  equal 
to  1/x"? 

In  the  preceding  exercises,  you  have  learned 
what  is  meant  by  a power  that  has  a negative 
integral  exponent.  We  call  a power  that  has  a 
negative  integral  exponent  a negative  integral 
power.  A negative  integral  power  is  the  re- 
ciprocal of  a positive  integral  power.  The  ex- 
ponents of  the  two  powers  are  the  additive  in- 
verses of  each  other.  The  bases  of  the  two 
powers  are  the  same. 
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K For  each  x and  n,  how  are  1 /x"  and  x n re- 
lated? How  are  x n and  xn  related?  The 
universe  for  x is  Zr.  The  universe  for  n is  Ip. 
l You  now  know  the  definition  of  a negative 
integral  power.  You  have  learned  that  0 
does  not  have  a reciprocal.  Use  this  knowl- 
edge to  explain  why  a negative  power  of  the 
number  0 is  not  defined. 

Express  each  power  named  below  as  a re- 
ciprocal of  a positive  integral  power.  For  exer- 
cise M,  you  can  write  the  numeral  l/(“6)7. 
m C6)"7  o 52~5  Q ClOOr2  s 43~3 

n dr4  p nr3  r dr*  t car* 

The  product  property  of  positive  integral 
powers  was  used  to  develop  definitions  of  both 
the  zero  power  and  negative  integral  powers. 
Now  you  will  decide  if  there  is  a product  prop- 
erty of  powers  that  applies  to  all  powers  with 
integral  exponents. 

a Look  at  d5.  How  do  you  know  that  state- 
ment I is  true  ? Is  statement  J true  ? 

B Read  sentence  K.  What  is  the  greatest  com- 
mon factor  of  104  and  107?  How  can  you  ob- 
tain 1/103  from  104/107?  Is  statement  K true? 
c How  do  you  know  that  sentence  L expresses 
the  same  statement  as  sentence  K?  Is  state- 
ment L true  ? 

d Is  the  base  of  10  3 the  same  as  the  base  of 
104  and  10  7?  What  is  the  sum  of  the  expo- 
nents of  104  and  10  7?  Is  this  sum  the  same 
number  as  the  exponent  of  10  3? 
e Is  the  product  of  104  and  10  7 a power  of  10 
whose  exponent  is  the  sum  of  the  exponents 
of  104  and  10  7 ? 

Look  at  d6.  Each  sentence  in  d6  expresses  a 
true  statement  about  the  product  of  two  pow- 
ers of  10. 

f Read  sentences  M and  N in  d6.  Use  the 
steps  given  in  d5  to  explain  why  statements 
M and  N are  true. 


I 104  • 10  7 = 104  • —• 
107 


K 104  • 10  7 = — 
103 

L 104  • l(f7  = Kf 3. 

d5 


m 10“3  • 10“5  = 10~8. 
n 109  • 10“2  = 107. 
o 10°  • 10~6  = 10~6. 

d6 

g Read  sentence  O in  d6.  How  do  you  know 
that  10°  • 10  6 = 1 • 10  6?  Is  statement  O 
true?  How  can  you  obtain  the  exponent  of 
10  6 from  the  exponents  of  10°  and  10  6 ? 

For  each  of  the  following  exercises,  use  the 
steps  given  in  d5  to  help  you  find  the  product 
named  in  the  exercise.  Use  exponential  nota- 
tion to  express  the  product. 

H 13~4  X 13°  J ri7)2X("17)_6 

• (ipxar4  k (i)_i  x (!)i 

Now  you  know  how  to  find  the  product  of 
any  two  powers  of  a non-zero  rational  number 
when  the  powers  have  integral  exponents.  The 
property  expressed  below  is  the  product  prop- 
erty of  integral  powers. 

The  universe  for  x is  Zr.  The  universe  for  m 
and  n is  /.  For  each  x,  m,  and  n,  xm  • xn  = xm+n. 

For  each  of  exercises  L through  Q,  use  the 
product  property  stated  above  to  find  the  prod- 
uct named  in  the  exercise.  Use  exponential  no- 
tation to  name  the  product. 

L ri2)3.(-12p  o (-4)°  • ("4)2 

M 19“7  X 193  P Cjyf  6 ‘ Cn)4 

n dp-ar4  a i4i 11  x i4 1 8 
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^Jext  you  will  decide  if  there  is  a quotient 
property  that  applies  to  all  powers  with  inte- 
gral exponents.  Remember  that  we  are  speak- 
ing of  powers  of  non-zero  rational  numbers. 
a Look  at  sentence  P in  d7.  What  is  the  expo- 
nent of  10  6?  Of  10  2?  What  number  is  the 
base  of  both  10  6 and  10  2? 
b How  do  you  know  that  sentence  P expresses 
a true  statement? 

c Does  sentence  Q express  a true  statement? 
How  do  you  know? 

d How  do  you  know  that  sentence  R ex- 
presses a true  statement  ? 
e Study  sentence  S.  What  is  the  greatest  com- 
mon factor  of  102  and  106?  How  can  you  ob- 
tain statement  S from  statement  R?  Is  state- 
ment S true  ? 

f How  can  you  obtain  statement  T from  state- 
ment S ? Is  statement  T true  ? 

G What  power  of  10  is  the  quotient  of  10  6 
and  10  2 ? 

H Is  the  base  of  10  4 the  same  as  the  base  of 
10  6 and  10  2?  What  is  the  difference  of  the 
exponents  of  10  6 and  10  2?  Is  the  difference 
of  these  exponents  the  exponent  of  10  4? 

Now  you  see  that  the  quotient  of  10  6 and 
10  2 is  a power  of  10  whose  exponent  is  the 
difference  of  the  exponents  of  10  6 and  10  2. 

Look  at  d8.  Each  sentence  in  d8  expresses 
a true  statement  about  the  quotient  of  two 
powers  of  10. 

i Read  sentences  U and  V in  d8.  Use  the 
steps  given  in  d7  to  explain  why  statements  U 
and  V are  true. 

J Study  sentence  W.  Is  10°  = 1 ? How  do  you 
1 know  that  statement  W is  true  ? 

For  each  of  exercises  K through  N,  use  the 
steps  given  in  d7  to  find  the  quotient  expressed 
in  the  exercise.  Use  exponential  notation  to 
name  the  quotient. 


p 


Q 


R 


S 


10  6 _ 1 1 
kT2-!^  ' To2 
10“6  1 

• io2. 

10  2 io6 
io~6  _ io2 
W~2~  To* 
io~6_  i 
W~2~ To4 


T 


10  6 

hT 1 


= io  4. 


d7 


10 

Io3" 

io9 


= io  8. 


V — =7=  io15. 

io  6 

10° 

w = 104. 
10  4 


d8 


k 123-s-  12  4 M (f)  5 

L (?)°  - (7)  ' N ( 1)  7 * ( |)4 

Now  you  know  how  to  find  the  quotient  of 
any  two  powers  of  a non-zero  rational  number 
when  the  exponents  are  integers.  The  quotient 
property  of  integral  powers  is  expressed  below. 

The  universe  for  x is  Zr.  The  universe  for  m 
and  n is  I.  For  each  x,  m,  and  n,  xm  xn  = 

xm-n 

For  each  exercise  below,  use  the  quotient 
property  to  find  the  quotient  named.  Use  ex- 
ponential notation  to  name  the  quotient, 
o 62°  - 62”1  R C5)°/C5)2 

P (D-6  + (D4  s C21)“9  - (-21)-11 

Q 3913/39— 7 T (fjf5  4-  (£)-* 
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724,569.39,081 


d9 
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8 
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103 

10^ 
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1 
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i 
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1 

103 

1 
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1 
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104 
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101 

10° 

10"1 

10  2 

10  3 

■St 

1 

0 

10_5 

100,000 

10,000 

1000 

100 

10 

1 

.1 

.01 

.001 

.0001 

.00001 

13  *3 

ten 
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C/5 

TD 

C/D 

"8 

C/3 
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C/5 

<D 
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43 

VI 
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3 

3 

O 
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1 
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o 

c 
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T3 
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"O 
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43 
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c 
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O 
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c 

cd 
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O 
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43 

On 

your  ov 
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s you  know,  our  decimal  numeration  sys- 
tem is  a base-ten  system.  Now  that  you  know 
the  meaning  of  the  zero  power  and  of  nega- 
tive integral  powers,  you  can  see  how  each 
digit  in  a decimal  numeral  is  associated  with  a 
power  of  10. 

A Read  the  decimal  numeral  at  the  top  of  d9. 
b Row  B expresses  the  numbers  associated 
with  each  digit  in  the  numeral  724,569.39,081. 
Row  C expresses  each  of  these  numbers  as  a 
power  of  10.  Express  1 as  a power  of  10.  Ex- 
press 1000  as  a power  of  10.  Express  ^ as  a 
power  of  10. 

For  each  of  exercises  C through  H,  first 
write  the  words  that  you  say  in  reading  the  nu- 
meral. Then  write  each  numeral  in  expanded 
form. 

c 32.038  E .00762  G 37,926.345 

d 476.25  F 1.9  H .86259 

In  this  lesson  you  studied  the  zero  power  and 
negative  integral  powers.  You  learned  to  find 
the  product  and  the  quotient  of  any  two 
powers  of  a non-zero  rational  number  when 
the  powers  have  integral  exponents. 


For  each  of  exercises  1 through  9,  tell 
whether  the  sentence  expresses  a true  state- 
ment or  a false  statement. 


l ("13)°  = 1. 
2(!)3=t- 

1 


4 ( 7)°  = “1. 

5(73)°  = 0. 

1 


7(1)  1 = (!)'. 

8 6 2 = 1 -t-  62. 

1 


3 (I)  ^ • 6 3 2 = -•  9(f)  > = 

8 (|)4  9 ^ . 

For  each  exercise  below,  use  exponential 
notation  to  express  the  product  named. 

14  12°  • 12“8 


to  21  2 X 21° 

11  C9)“9X(-9)10 

12  (D4  X (D“6 

13  (f)7  X (f)7 


15  (~62)“8  • (-62)  12 

16  Ctt)0  X fn)° 

(t)  5 X (y) 


"11 


For  each  exercise  below,  use  exponential 
notation  to  express  the  quotient  named. 


6114 

18 

61  14 

4r9 

22  — — 

41  7 

19  (“6)8  h-  (“6)° 

23  (“57)“6  -t-  (-57)-10 

20  (Hr4-(}|)5 

24  Chf  + Chf 

2'  ( W * ( §)'  3 

m (A)°-(ftr7 

For  each  of  exercises  26,  27,  and  28,  write 
the  numeral  in  expanded  form. 

26  6894.75  27  701.398  28  .0010408 
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a 6 = 6 X 10°. 
b 3.2  = 3.2  X 10°. 
c 1.5842=  1.5842X  10°. 


10  145 

Integral  powers  and 
scientific  notation 

You  have  used  scientific  notation  to  express 
such  numbers  as  3600  and  2,000,000.  In  this 
lesson  you  will  first  use  your  knowledge  of 
negative  integral  powers  of  10  and  the  zero 
power  of  10  to  express  numbers  like  9.75  and 
.00048  in  scientific  notation.  Then  you  will  learn 
to  use  scientific  notation  in  computation. 
a How  do  you  know  that  the  numeral 
7.5  X 102  expresses  a number  in  scientific  nota- 
tion? What  is  a standard  name  of  7.5  X 102? 

B What  is  a standard  name  of  5.362  X 101  ? 
c Express  8634.5  in  scientific  notation.  Ex- 
press 10  in  scientific  notation. 

D Use  scientific  notation  to  express  1 million, 
2 million,  and  5.3  million. 

Now  you  will  see  how  numbers  from  1 to  10 
can  be  expressed  in  scientific  notation. 

E Look  at  sentence  A in  d1.  How  do  you 
know  that  the  numeral  6 X 10°  expresses  a 
number  in  scientific  notation?  How  do  you 
know  that  6 = 6 X 10°  ? 
f Look  at  sentences  B and  C.  What  numeral 
expresses  3.2  in  scientific  notation?  What  is  a 
standard  name  of  1.5842  X 10°? 

G Use  scientific  notation  to  express  9,  9.7, 
9.75,  and  9.752. 

h Describe  a method  of  expressing  any  ra- 
tional number  from  1 to  10  in  scientific  no- 
tation. 

In  the  following  exercises,  you  will  learn 
how  to  use  scientific  notation  to  express  ra- 
tional numbers  that  are  between  0 and  1 . 


D 1 


d .625  = 6.25  X 10_1. 

E .03  = 3 X 10“2. 

F .0048  = 4.8  X 10“3. 

G .0007  = 7 X 10~4. 

d2 

I Read  sentence  D in  d2.  How  do  you  know 
that  .625  is  between  0 and  1 ? 
j To  express  .625  in  scientific  notation,  you 
must  express  it  as  the  product  of  a number 
from  1 to  10  and  a power  of  10.  Is  .625  X 101  = 
6.25?  Is  6.25  a number  from  1 to  10?  How  do 
you  know  that  .625  = 6.25  -5-  101  ? 

K Explain  why  6.25  101  = 6.25  X 1/101.  Is 

6.25  X 1/101  = 6.25  X 10_1  ? How  do  you 
know  that  .625  = 6.25  X 10  1 ? 

L Does  the  numeral  6.25  X 10  1 express  .625 
in  scientific  notation  ? Explain  your  answer. 

M Now  look  at  sentence  E in  d2.  By  what 
power  of  10  should  you  multiply  .03  to  obtain 
a number  from  1 to  10?  Is  .03  X 102  = 3? 
How  do  you  know  that  .03  = 3 102? 

N Is  3 -s-  102  = 3 X 10  2?  How  do  you  know 
that  .03  = 3 X 10  2?  What  numeral  expresses 
.03  in  scientific  notation? 
o Read  sentence  F in  d2.  By  what  power  of  10 
should  you  multiply  .0048  to  obtain  a num- 
ber from  1 to  10?  By  what  power  of  10  should 
you  divide  4.8  to  obtain  .0048? 
p How  do  you  know  that  .0048  = 4.8  X 10  3 ? 
What  numeral  expresses  .0048  in  scientific  no- 
tation ? 

Q Study  sentence  G.  Explain  how  7 X 10  4 is 
obtained. 

Scientific  notation  for  positive  rational  numbers  less  than  10;  033 
scientific  notation  in  computation 


Use  scientific  notation  to  express  each  of 
the  numbers  named  below. 
r 9.93  T .053  v 325.68 

s .000036  u 16.8  w .14285 

In  the  work  that  follows,  you  will  learn  how 
to  use  scientific  notation  to  find  the  product  of 
two  numbers. 

a Look  at  d3.  The  product  of  what  two  num- 
bers is  expressed  by  numeral  H ? 
b Now  look  at  numeral  I.  How  is  3,000,000 
expressed  in  numeral  I?  How  is  26,000  ex- 
pressed? Does  numeral  I express  the  same 
number  as  numeral  H ? 

c What  properties  can  you  use  to  prove  that 
numeral  J expresses  the  same  number  as 
numeral  I?  Give  the  steps  in  your  proof. 
Name  the  property  that  you  use  for  each  step. 
d How  do  you  know  that  numeral  K expresses 
the  same  number  as  humeral  J ? 
e What  numeral  expresses  the  product  of 
3,000,000  and  26,000  in  scientific  notation? 
What  is  a standard  name  of  the  product? 

F Look  at  numerals  L and  M in  d4.  How  is  75 
expressed  in  numeral  M?  How  is  .016  ex- 
pressed? Does  numeral  M express  the  same 
number  as  numeral  L? 

G What  properties  can  you  use  to  prove  that 
numeral  N expresses  the  same  number  as  nu- 
meral M ? 

h Explain  why  numeral  O expresses  the  same 
number  as  numeral  N.  How  do  you  know  that 
numeral  O is  not  in  scientific  notation  ? 
i Is  12  X 10  f = (1.2  X 101)  X 10  1 ? How  do 
you  know  that  numeral  P expresses  the  same 
number  as  numeral  O ? 

j What  numeral  expresses  the  product  of  75 
and  .016  in  scientific  notation?  What  is  a 
standard  name  of  the  product  ? 

Use  scientific  notation  to  find  each  product 
expressed  in  exercises  K through  R.  Express 


H 

3,000,000  X 26,000 

1 

(3  X 106)  X (2.6  X 104) 

J 

(3  X 2.6)  X (106  X 104) 

K 

7.8  X 1010 

d3 

L 

75  X. 016 

M 

(7.5  X 101)  X (1.6  X 10“ 

‘2) 

N 

(7.5  X 1.6)  X (101  X 10" 

'2) 

O 

12  X 10_1 

P 

1.2  X 10° 

d4 

Q 

330,000-  .011 

R 

(3.3  X 105)-(1.1  X 10" 

~2) 

3.3  X 105 

S 

1.1  X 10~2 

3.3  105 

T 

— - X 

1.1  10  2 

U 

3X  107 

d5 

the  product  in  scientific  notation.  Then  give  a 


standard  name  of  the  product. 


K .67X  3000 
L 15,000X4200 
M .091  X 34,000 
N .004  X. 38 


o 1. 6 X. 00005 
p .03  X. 0072 
Q .45X3100 
R .001 7 X. 00039 


ISJext  you  will  learn  how  to  use  scientific  no- 
tation to  find  the  quotient  of  two  numbers. 

A Look  at  d5.  The  quotient  of  what  two  num- 
bers is  expressed  by  numeral  Q ? 
b How  do  you  know  that  numeral  R expresses 
the  same  number  as  numeral  Q ? 


234 


c How  do  you  know  that  the  quotient  ex- 
pressed by  numeral  S is  the  same  as  the  quo- 
tient expressed  by  numeral  R? 
d Look  at  numeral  T.  This  numeral  expresses 
the  quotient  of  (3.3  X 105)  and  (1.1  X 10  2)  as 
the  product  of  two  quotients.  What  is  the  quo- 
tient of  3.3  and  1.1  ? What  is  the  quotient  of 
105  and  10_2? 

E What  numeral  expresses  the  quotient  of 
330,000  and  .01 1 in  scientific  notation? 

Use  scientific  notation  to  find  each  quotient 
expressed  in  exercises  F through  K.  Express 
the  quotient  in  scientific  notation.  Then  give  a 
standard  name  of  the  quotient. 

F .086  -4.3  i 16, 000 -.2 

G .0095  - 1.9  J 15.4-  .07 


72,000  .086 

4,000,000  K 4300 


In  this  lesson  you  learned  how  to  express  ra- 
tional numbers  between  0 and  10  in  scientific 
notation.  You  also  learned  how  a knowledge 
of  scientific  notation  can  help  you  find  prod- 
ucts and  quotients. 

On  your  own 

Use  scientific  notation  to  express  each  of  the 
numbers  named  below. 

1 .02  4 .3256  7 .003 

2 785,326  5 .0000069  8 25,000 

3 4.13  6 16.84  9.0099 

For  each  of  exercises  10  through  16,  tell 
which  of  the  numbers  named  is  greater. 

10  5,163,000  or  5.163  X 107 

1 1 2.5  X 10~3  or  .025 

12  15  or  1.52  X 101 

13  3.8  X 10°  or  38 

14  25.6  or  2.56  X 102 

15  .0009  or  9.2  X 10~3 

16  .0007  or  7 X 10~2 

Use  scientific  notation  to  find  each  product 
expressed  in  exercises  17  through  20.  Express 


the  product  in  scientific  notation.  Then  give  a 
standard  name  of  the  product. 

1 7 1 86,000  X 3600  1 9 1 20,000  X .00003 

18  .0024  X 960  20  .728  X .00065 

Use  scientific  notation  to  find  each  quotient 
expressed  below.  Express  the  quotient  in  scien- 
tific notation.  Then  give  a standard  name  of 
the  quotient. 

21  42,000-  140  23  26.8  - 6.7 

22  .35  - 7000  24  .0124-  3.1 


APPLYING  MATHEMATICS 

r or  each  problem,  write  a sentence  that  ex- 
presses a condition.  If  possible,  tabulate  the 
solution  set  of  the  condition.  Otherwise,  give 
a standard  description  of  the  solution  set.  Then 
give  the  answer  to  the  problem. 

For  problems  1,  2,  and  3,  the  universe  is  Z. 
For  problems  4 through  7,  the  universe  for 
each  variable  is  Ra. 

1 Mr.  Hanson  sold  16\  bu.  of  tomatoes  on 
Friday.  He  sold  a total  of  35  bu.  of  tomatoes 
on  Friday  and  Saturday.  How  many  bushels  of 
tomatoes  did  he  sell  on  Saturday  ? 

2 Jim  was  less  than  55  in.  tall  on  Jan.  1.  He 
has  grown  2\  in.  since  then.  Now  he  is  more 
than  57  in.  tall.  How  tall  was  he  on  Jan.  1 ? 

3 In  a recent  year,  a total  of  35,067,380  tons  of 
coal  and  iron  ore  was  mined  in  Canada.  The 
coal  mined  that  year  amounted  to  10,627,000 
tons.  How  many  tons  of  iron  ore  were  mined 
in  Canada  that  year? 

4 Miss  Grant’s  telephone  bill  for  August  was 
$2.20  more  than  her  bill  for  July.  Her  tele- 
phone bill  for  July  was  $4.35.  What  was  her 
telephone  bill  for  August  ? 

5 Last  week  Alice  earned  more  than  $10.50. 
After  she  had  spent  $2.60  of  this  money,  she 
had  less  than  $9.50  left.  How  much  money  did 
she  earn  last  week  ? 
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6 What  numbers  less  than  40  can  be  added  to 
102.16  so  that  each  sum  is  greater  than  141.26? 

7 The  sum  of  three  numbers  is  32.  The  first 
number  is  1 more  than  the  second  number. 
The  product  of  the  second  number  and  2 is  25. 
What  are  the  three  numbers  ? 

For  problems  8 through  16,  the  universe  for 
each  variable  is  Z. 

8 The  York  Federal  Savings  Bank  charges 
6%  interest  on  the  money  it  lends.  Mr.  Sayre 
borrowed  $1950  from  this  bank.  At  the  end  of 
one  year,  how  much  interest  did  Mr.  Sayre 
owe  the  bank  ? 

9 Mr.  Lopez  sold  $2560  worth  of  electrical 
appliances  and  received  a commission  of  $192. 
What  rate  of  commission  did  Mr.  Lopez  re- 
ceive ? 

10  For  a party,  the  Camera  Club  needs  72  ice- 
cream bars.  At  the  Snack  Shop,  12  ice-cream 
bars  cost  $.95.  At  Jackson’s  Grocery,  18  ice- 
cream bars  cost  $1.25.  What  will  it  cost  the 
Camera  Club  to  buy  72  ice-cream  bars  at  one 
of  these  stores  ? 

1 1 The  playing  portion  of  a football  field  is  in 
the  shape  of  a rectangle  and  is  110  yd.  long 
and  631  yd.  wide.  What  is  the  perimeter  of  this 
portion  of  the  field  in  feet? 

12  A certain  field  is  triangular  in  shape.  The 
length  of  an  altitude  of  the  field  is  20  yd.  The 
length  of  the  base  is  32  yd.  What  is  the  area  of 
the  field  in  square  yards  ? 

13  A sign  in  the  window  of  Robinson’s  Gro- 
cery is  in  the  shape  of  a parallelogram.  The 
area  of  the  sign  is  360  sq.  in.  The  length  of  an 
altitude  is  \\  ft.  What  is  the  length  of  the  base 
in  feet  ? 

think  Is  144  square  inches  the  same  area  as 
1 square  foot? 

14  9.61  is  what  fraction  of  48.05? 

15  What  number  is  f of  60^? 

16  .3  is  .012  of  what  number? 


CHECKING  UP 

Af  you  have  trouble  with  these  two  tests,  you 
can  find  help  in  lessons  143,  144,  and  145. 

Test  130 

Give  a standard  name  of  each  power  ex- 
pressed in  exercises  1 through  8. 

1 53  3 Cl)6  5 481°  7 CD5 

2 (^)4  4 ("3)5  6 2_3  8 (10)“3 

Give  a standard  name  of  each  number  ex- 
pressed in  exercises  9 through  14. 

9  3.72  X 103  12  2.175  X 10~4 

10  4.8  X 10°  13  1.003  X 106 

11  7.06  X 105  14  9.89  X 10~5 

Use  scientific  notation  to  express  each  num- 
ber named  in  exercises  1 5 through  20. 

15  6,000,000  17  4.5  19.00464 

16  3100  18.57  20  .000104 

For  exercises  21,  22,  and  23,  write  each  nu- 
meral in  base-ten  expanded  form. 

21  6145.03  22  .190728  23  60,891.207 

Test  131 

Find  the  product  or  the  quotient  named  in 
each  of  exercises  24  through  29.  Use  exponen- 
tial notation  to  express  the  product  or  the  quo- 
tient. 

24  (|)5  X (|)4  27  28~12  -r  2819 

25  C12)8  • C12p  28  C6)5  - C6)1 

26  (l)"4  X Clf  29  10"3  - 104 

Find  each  product  expressed  in  exercises  30 
through  33.  Use  scientific  notation  in  your 
computation.  Then  express  the  product  in 
scientific  notation. 

30  800  X 31,000  32  .006  X 45,000 

31  24,000,000  X 4000  33  .08  X 120,000 

Find  each  quotient  expressed  in  exercises  34 

through  37.  Use  scientific  notation  in  your 
computation.  Then  express  the  quotient  in 
scientific  notation. 

34  40  - 8,000,000  36  54,000  -.18 

35  1443  - .003  37  2.7  - 9000 
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End-of-block  tests  on  integral  powers 
and  scientific  notation 


SPECIAL  CHALLENGE 


§ = .4972. 


In  these  exercises  you  will  work  with  numera- 
tion systems  that  have  bases  other  than  ten. 
a In  a base-five  numeration  system,  the  first 
ten  natural  numbers  can  be  expressed  by  the 
numerals  0,  1,  2,  3,  4,  10,  11,  12,  13,  and  14. 
Why  is  the  numeral  10  used  to  express  five? 
What  base-five  numeral  expresses  ten?  Write 
base-five  numerals  to  express  the  natural  num- 
bers ten  through  twenty. 

B Suppose  that  the  numerals  for  the  first  five 
natural  numbers  are  0,  1,2,  10,  11.  What  is  the 
base  of  this  numeration  system  ? 

C Convert  the  base-three  numeral  10212  to  a 
base-ten  numeral. 

D What  base-three  numeral  expresses  twenty- 
five  ? Expresses  thirty-two  ? 

E The  base-three  numeral  expresses  the 
same  rational  number  as  the  base-ten  numeral 
f . Convert  the  base-three  numeral  ^ to  a base- 
ten  numeral. 

F What  base-three  numeral  names  the  same 
number  as  the  base-ten  numeral  |?  As  the 
base-ten  numeral  {f  ? 

When  you  worked  with  a base-twelve  nu- 
meration system  in  Book  1,  you  used  special 
digits  for  ten  and  eleven.  Remember  that  the 
digit  X (dek)  expresses  “ten.”  The  digit  £ (el) 
expresses  “eleven.” 

G Convert  the  base-twelve  numerals  2 X 3 and 
§ to  base-ten  numerals. 
h Convert  the  base-ten  numerals  13,  35,  172, 
and  |f  to  base-twelve  numerals. 

From  the  reduction  property  of  rational 
numbers  of  arithmetic,  you  know  that  § = *§. 
The  universe  for  a is  N.  The  universe  for  b 
and  k is  C. 

i The  numerals  in  this  exercise  are  base- 
twelve  numerals.  Is f = ^?  Is|  = f|?  Explain 
your  answers. 


5)2.0000 

4000 

1 8000 

4000 

3 900 

900 

300 

70 

2£0 

1 0 

2 

X 

2 

.49  7 2 

We  will  call  base-twelve  numerals  like  23, 
4.£,  .2,  and  .X3  duodecimals.  The  duodecimal 
4.2  names  the  same  rational  number  as  the 
base-twelve  numeral  % or  the  base-ten  nu- 
meral f|.  We  will  refer  to  base-twelve  numerals 
like  yI  as  base-twelve  common  fraction  nu- 
merals. 

J What  base-twelve  common  fraction  nu- 
meral names  the  same  number  as  the  duo- 
decimal 3.X?  As  the  duodecimal  .02£5? 

K How  can  you  tell  whether  or  not  a rational 
number  that  is  indicated  by  a fraction  can  be 
expressed  by  a terminating  decimal  ? 

L What  decimal  expresses  the  number  f?  Is 
this  decimal  a terminating  decimal  ? 

M What  duodecimal  expresses  the  number  |? 
Is  it  a terminating  duodecimal  ? 

The  display  above  shows  how  to  convert  the 
base-twelve  numeral  § to  a duodecimal. 

N Study  the  computation  shown  in  the  dis- 
play. How  do  you  know  that  \ cannot  be  ex- 
pressed by  a terminating  duodecimal? 

Convert  each  of  the  base-twelve  numerals 
in  exercises  O through  T to  a duodecimal. 
o { P I q|  r f s | T \ 
U Explain  how  to  tell  when  a rational  number 
that  is  indicated  by  a fraction  can  be  expressed 
by  a terminating  duodecimal. 
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U = Rp. 


10 
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Exploring  ideas 


Equivalent  conditions 

You  have  used  various  methods  of  finding 
solution  sets  of  conditions  when  the  universe 
is  the  set  of  natural  numbers  or  the  set  of  ra- 
tional numbers  of  arithmetic.  First,  you  used 
the  method  of  replacement  to  help  you  find  so- 
lution sets  of  conditions.  Then  you  used  graphs. 
Finally,  you  learned  to  find  solution  sets  by  re- 
lating addition  and  subtraction  or  by  relating 
multiplication  and  division. 

In  this  lesson  you  will  learn  how  to  find 
solution  sets  by  using  both  a multiplicative  in- 
verse and  an  additive  inverse,  along  with  cer- 
tain properties  of  multiplication  and  addition 
of  rational  numbers.  You  will  apply  these  ideas 
throughout  your  future  study  of  mathematics. 
A Sentence  A in  d1  expresses  what  condition 
for  equivalence?  What  is  the  universe  for  x? 

To  find  the  solution  set  of  .6/1  ~ 4.2/x,  you 
will  first  obtain  a condition  whose  solution  set 
is  easier  to  determine  than  the  solution  set  of 
.6/1  ~ 4.2/x.  You  will  use  certain  definitions 
and  properties  of  multiplication  of  rational 
numbers  to  find  a condition  that  enables  you 
to  think  of  lx,  or  x,  rather  than  of  4.2/x. 

B You  can  use  the  definition  of  equivalent  or- 
dered pairs,  which  you  used  when  the  universe 
was  N or  Ra,  to  help  you  find  a rational  num- 
ber that  satisfies  a condition  for  equivalence. 
How  does  this  definition  help  you  to  obtain 
condition  B from  condition  A? 
c Does  the  x that  satisfies  .6x  = 4.2  also  sat- 
isfy .6/1  ~ 4.2/x?  Notice  that  we  have  said 
“the  x that  satisfies”  instead  of  “the  replace- 


a .6/1  ~ 4.2/x. 


B .6x  = 4.2. 


c l(.6x)=  1(4.2). 


Dl 


D (7  X -6)x  = -(4.2). 
.0  .0 

E lx  =±(4.2). 

.0 


F X = l. 


U = R. 

G m — 3 = ”1. 

H m + ~ 3 = -1. 

1 (m  + ~3)  + (+3)  = ~1  + (+3). 
J m + C3  + +3)  = _l++3. 

K m + 0 = ~l++3. 

L m = +2. 


d2 


ment  for  x that  satisfies.”  From  now  on  in  this 
book,  we  will  usually  use  the  shorter  expression. 

The  solution  set  of  condition  A is  the  same 
as  the  solution  set  of  condition  B.  Therefore, 
.6/1  ~ 4.2/x  and  .6x  = 4.2  are  equivalent  con- 
ditions. Any  two  or  more  conditions  that 
have  the  same  solution  set  are  equivalent. 

You  obtained  condition  B from  condition  A 
by  using  a definition.  Since  it  may  not  be  easy 
to  find  the  solution  set  of  .6x  = 4.2  immedi- 
ately, you  may  wish  to  obtain  other  equivalent 
conditions  by  using  definitions  and  properties 
that  you  have  already  studied.  Each  condition 
that  you  obtain  in  this  way  will  be  equivalent 
to  both  condition  A and  condition  B. 


equivalent  conditions.  Conditions  that  have 
the  same  solution  set. 


Use  of  inverse  properties  and  other  properties 
and  definitions  to  derive  equivalent  conditions 


d Look  at  sentence  C.  What  is  the  reciprocal 
of  .6?  Is  the  reciprocal  of  .6  the  same  as  the 
multiplicative  inverse  of  .6?  By  what  number 
is  .6.x  multiplied? 

e Look  again  at  sentence  C.  How  does  the 
well-defined  property  of  multiplication,  to- 
gether with  condition  B,  tell  you  that  the  prod- 
uct expressed  at  the  left  of  the  symbol  for 
equality  in  sentence  C is  the  same  as  the  prod- 
uct expressed  at  the  right  of  the  symbol  ? 
f Are  condition  B and  condition  C equivalent  ? 
Are  condition  A and  condition  C equivalent? 

G What  property  of  multiplication  of  rational 
numbers  can  you  use  to  obtain  condition  D 
from  condition  C?  Are  condition  C and  con- 
dition D equivalent? 

H What  definition  can  you  use  to  obtain  con- 
dition E from  condition  D ? Are  condition  D 
and  condition  E equivalent  ? 
i Look  again  at  sentence  E.  What  is  a stand- 
ard name  of  the  number  expressed  at  the  right 
of  the  symbol  for  equality  ? 
j How  do  you  know  that  condition  F is 
equivalent  to  condition  E ? 

K What  number  satisfies  x = 7 ? How  do  you 
know  that  condition  A and  condition  F are 
equivalent?  Tabulate  {x|.6/l  ~4.2/x}. 

From  the  preceding  exercises,  you  learned 
how  to  use  the  reciprocal  of  a number  and  cer- 
tain properties  of  multiplication  of  rational 
numbers  to  help  you  find  the  solution  set  of  a 
condition  for  equivalence.  Now  you  will  learn 
how  to  use  the  additive  inverse  of  a number 
and  certain  properties  of  addition  of  rational 
numbers  to  help  you  obtain  the  solution  set  of 
another  kind  of  condition. 
a Look  at  sentence  G in  d2.  What  difference 
is  expressed  at  the  left  of  the  symbol  for  equal- 
ity? In  the  work  that  follows,  you  are  going 
to  use  several  properties  of  rational  numbers 


to  obtain  a condition  that  enables  you  to  think 
of  m,  rather  than  of  m - 3. 

You  know  that  some  of  the  properties  that 
you  are  going  to  use  to  help  you  find  the  solu- 
tion set  of  condition  G are  properties  of  addi- 
tion. You  will  first  use  the  difference  property 
of  rational  numbers  to  obtain  a condition  that 
is  equivalent  to  condition  G and  that  involves 
addition  instead  of  subtraction. 
b Ism  - 3 = m + “(+3) ? Isw  — 3 = w + “3? 
Explain  your  answers. 

c How  do  you  know  that  condition  G and 

condition  H are  equivalent  ? 

D Think  again  about  condition  H.  Because  the 
sum  of  any  rational  number  and  0 is  the  same 
as  the  given  rational  number,  it  seems  sensible 
to  try  to  obtain  m + 0 from  m + ~ 3.  What 
number  can  you  add  to  “ 3 to  obtain  0?  Is  this 
number  the  additive  inverse  of  “3? 

Now  look  at  sentence  I in  d2.  From  condi- 
tion H,  you  know  that  you  want  to  find  an  m so 
that  m + ~ 3 is  equal  to  _ 1 . According  to  the 
well-defined  property  of  addition,  you  can  re- 
place (m  + _3)  in  (m  + _3)  + (+3)  by  ~1  with- 
out affecting  the  sum.  The  sum  _1  + (+3)  is  the 
same  as  the  sum  ( m + “3)  + (+3).  The  m that 
satisfies  condition  I also  satisfies  condition  H. 

E You  know  that  the  sum  of  _3  and  +3  is  0. 
To  obtain  a condition  that  is  equivalent  to 
condition  I and  that  involves  m + 0,  you  must 
regroup  the  numbers  in  (m  + ”3)  + (+3).  What 
property  of  addition  of  rational  numbers  can 
you  use  to  obtain  condition  J from  condition  I ? 
f Does  the  m that  satisfies  condition  J also 
satisfy  condition  K?  How  do  you  know?  Are 
condition  J and  condition  K equivalent  ? 

G Compare  sentences  K and  L in  d2.  For  each 
m,  is  m + 0 = m ? Upon  what  property  of  ad- 
dition of  rational  numbers  does  your  answer 
depend?  What  is  the  sum  of  “1  and  +3?  Are 
condition  K and  condition  L equivalent? 
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U = R. 

G m — 3 = “1. 

H m + “3  = _l. 
i (m  + “3)  + (+3)  = ~l+(+3). 
J m + C3  + +3)  = _l++3. 

K m + 0 = -l++3. 

L m = +2. 

d2 


U = R. 

M § — X = 5. 

n I H-  _JC  = 5. 

o (!)  + (!+-*)  = (D  + 5. 
p ( I + 1)  + x = 1 + 5. 

Q 0 + _x  = _§+5. 

R ~X  = \ 

S x = l. 

d3 

h What  number  satisfies  condition  L ? 
i Tabulate  {m\m  - 3 = “1}. 

Notice  what  you  have  done.  From  the  condi- 
tion m — 3 = “1,  you  obtained  a chain  of  con- 
ditions. The  last  condition,  condition  L,  makes 
it  easy  to  think  about  m.  You  used  only  defini- 
tions and  properties  that  you  have  learned  to 
obtain  the  chain  of  conditions ; therefore,  each 
condition  in  the  chain  is  equivalent  to  each  of 
the  other  conditions. 

Now  you  will  use  the  additive  inverse  of  a 
number  and  certain  properties  of  rational  num- 
bers to  obtain  the  solution  set  of  condition  M 
in  d3.  In  other  words,  you  will  first  find  a con- 
dition that  is  equivalent  to  § — x = 5,  but  that 
enables  you  to  think  of  x,  rather  than  of  § — x. 
J Condition  M involves  the  difference  of  \ 
and  x.  Is  § — x = § + ~x?  How  do  you  know? 
K How  do  you  know  that  condition  M and 
condition  N are  equivalent  ? 


L Think  again  about  condition  N.  Remember 
that  you  want  to  find  a condition  that  makes 
it  easy  to  think  of  jc,  rather  than  of  § + “x. 
Why  will  it  be  helpful  to  obtain  a condition 
that  involves  0 + “x,  rather  than  § + “x? 
m What  number  can  you  add  to  § to  obtain  0 ? 
Is  this  number  the  additive  inverse  off?  Now 
you  can  write  sentence  O. 

N Compare  conditions  N and  O.  From  condi- 
tion N,  you  know  that  you  want  to  find  an  x 
so  that  (f  + _x)  is  the  same  rational  number 
as  5.  Use  this  fact  and  the  well-defined  prop- 
erty of  addition  of  rational  numbers  to  explain 
why  conditions  N and  O are  equivalent, 
o Look  again  at  sentence  O.  Why  should  you 
regroup  the  numbers  in  ( §)  + (§  + ~x)  ? What 
property  of  addition  of  rational  numbers  can 
you  use  to  obtain  condition  P from  condi- 
tion O ? 

p Does  the  jc  that  satisfies  condition  P also 
satisfy  condition  Q ? How  do  you  know?  Are 
condition  P and  condition  Q equivalent  ? 

Q Compare  conditions  Q and  R.  For  each  x, 
is  0 + _x  = _x?  Upon  what  property  of  addi- 
tion of  rational  numbers  does  your  answer  de- 
pend ? What  is  the  sum  of  f and  5 ? 

R Compare  conditions  R and  S expressed  in 
d3.  From  condition  R,  you  know  that  the  addi- 
tive inverse  of  x is  equal  to  f.  This  also  means 
that  x is  equal  to  the  additive  inverse  of  f. 
What  is  the  additive  inverse  of  f ? What  num- 
ber satisfies  condition  S ? 
s Tabulate  {x||  — x = 5}. 

ext  you  will  use  an  additive  inverse  and  a 
reciprocal,  along  with  properties  of  addition 
and  multiplication  of  rational  numbers,  to  help 
you  find  the  solution  set  of  a condition. 
a Look  at  sentence  A in  d4.  What  is  the  uni- 
verse for  yl  You  are  going  to  obtain  the  solu- 
tion set  of  condition  A by  first  finding  an 
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U = R. 

a 5y  + 2 = ”13. 

B (5y  + 2)  + ”2  = _13  + ~2. 
c 5y  + (2  + -2)  = _13  + “2. 

D 5^  + 0 = “13  + "2. 

E 5y  = ~\5. 

f ^)=r  15). 

© (^5)7=ri5). 
h iy=ri5). 

1 = ~3. 

d4 

equivalent  condition  that  enables  you  to  think 
of  y,  rather  than  5 y + 2. 
b Look  at  sentence  B.  What  number  has  been 
added  to  (5y  + 2)  ? Is  this  number  the  additive 
inverse  of  2 ? 

C Explain  why  condition  A and  condition  B 
are  equivalent. 

D Are  condition  B and  condition  C equiva- 
lent? Upon  what  property  of  addition  of  ra- 
tional numbers  does  your  answer  depend  ? 

E Explain  how  to  obtain  condition  D from 
condition  C.  Explain  how  to  obtain  condi- 
tion E from  condition  D. 
f Study  sentence  F in  d4.  By  what  number 
has  5 y been  multiplied  ? Is  this  number  the  re- 
ciprocal of  5 ? 

G Use  the  well-defined  property  of  multiplica- 
tion of  rational  numbers  to  explain  how  you 
can  obtain  condition  F from  condition  E. 
h What  property  of  multiplication  of  rational 
numbers  do  you  use  to  obtain  condition  G 
from  condition  F?  Explain  how  you  can  ob- 
tain condition  H from  condition  G.  Explain 
how  you  can  obtain  condition  I from  condi- 
tion H. 

1 What  number  satisfies  y = ~3  ? Are  y = ~ 3 
and  5y  + 2 = “ 1 3 equivalent  conditions  ? 

J Tabulate  {y  \ 5y  + 2 = ~13}. 


Notice  what  you  have  done.  To  find  the  so- 
lution set  of  5y  + 2 = “13,  you  used  definitions 
and  properties  to  obtain  a chain  of  equivalent 
conditions.  You  continued  your  work  until  you 
obtained  the  condition  y = _3,  which  has  a so- 
lution set  that  is  easy  to  find.  Since  each  con- 
dition in  the  chain  of  conditions  is  equivalent 
to  each  of  the  other  conditions,  you  know  that 
{-3}  is  the  solution  set  of  5^  + 2 = _13,  and 
that  it  is  also  the  solution  set  of  each  of  the 
other  conditions  in  the  chain. 

So  far  in  this  lesson,  the  last  condition  in 
each  chain  of  equivalent  conditions  has  always 
been  a condition  like  y — _3.  In  other  words, 
you  have  been  able  to  find  the  solution  set  of 
the  last  condition  in  the  chain  with  very  little 
effort.  The  work  was  continued  this  far  to 
show  how  the  definitions  and  properties  that 
you  have  learned  are  used  to  obtain  equivalent 
conditions. 

When  you  are  finding  solution  sets,  how- 
ever, you  may  stop  the  process  of  deriving 
equivalent  conditions  as  soon  as  you  obtain  a 
condition  whose  solution  set  you  know.  For 
example,  look  again  at  sentence  E in  d4.  If  you 
know  immediately  that  ~3  is  the  solution  of 
5^  = ”15,  you  need  not  obtain  any  more 
equivalent  conditions.  Since  5.y  + 2 = “13  and 
5y  = ”15  are  equivalent  conditions,  3}  is  the 
solution  set  of  5j  + 2 = -13  as  well  as  of 
5y  = -15. 

K Tabulate  {a\\a  + l = “20} . The  universe  for 

a is  R.  Continue  the  process  of  obtaining 
equivalent  conditions  only  as  far  as  is  neces- 
sary to  obtain  a condition  with  a solution  set 
that  is  obvious  to  you. 


In  this  lesson  you  learned  that  equivalent  con- 
ditions are  conditions  that  have  the  same  solu- 
tion set.  You  also  learned  how  to  use  definitions 
and  properties  to  obtain  a chain  of  equivalent 
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conditions  and  how  to  use  the  last  condition 
in  the  chain  to  help  you  find  the  solution  set  of 
the  given  condition. 


On  your  own 


For  each  of  exercises  1 through  10,  tell 
whether  the  sentence  expresses  a true  state- 
ment or  a false  statement.  U = R. 

1 {x|x+14  = ~19}  = r33}. 

2 {w\.25w  = ”3.75}  = { 15}. 

3{a\a~i  = l)={]). 

4 {x|4.5x  = 3.6}  = {.8L 

* O’ n+>-=‘f  >=<_!>. 

6 {x|x+  | = f}  = { -£}. 

7 {x|6x  + 15  = ”21}  = {-6}. 

8 {c|.49-c  = 3.82}  = {”3.33}. 

9 {x  | .4x  + 5.2  |j  6.8}  = {”30} . 

10  {m|2m  — 4=  14}  = {11}. 

For  each  of  exercises  11  through  16,  first 
express  a chain  of  conditions  each  of  which  is 
equivalent  to  the  given  condition.  The  last  con- 
dition in  the  chain  should  require  that  x be 
equal  to  a certain  rational  number.  Then  tell 
what  definition  or  property  you  used  to  obtain 
each  condition  in  the  chain.  Finally,  tabulate 
the  solution  set  of  the  condition  expressed  in 
the  exercise.  U = R. 

11  x + 4.6  = ”3.9.  14  | + x = §. 

1 2 \x  = 1 5 6 - x = §. 

13  X-  17  = 32.  16  4x  + 3 = _17. 

Tabulate  the  solution  set  of  each  condition 

expressed  in  exercises  17  through  36.  U = R. 

17  m + 23  = “19.  27  ~5\-y  = 4l 

18  6 -3.25  = “1.68.  28  17  — x = _9. 

19~7x  = _56.  29  .35.x  = 6.65. 

20  ~14  + x = “9f.  30  .5w  + — 16.75  = 21.4. 

21  3x  = _19.  31  20 + 3*  = 32. 


22*  + -2f  = -lf. 

23  6.4  + c = 8.9. 

24  | - XJ = i _ 

25  X ~ To  = 4- 

26  2a  + 15  = 37. 


32  \x+\l  = ~l. 

33  3x  - .7  = 2. 

34  f + fy  = 15|. 

35  .54  x = .38. 

36  5 m — ~2  = 12. 
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Exploring  ideas 


Inequalities  and 
compound  conditions 

You  have  learned  how  to  use  definitions  and 
properties  to  help  you  find  the  solution  sets  of 
simple  conditions  for  equality  when  the  uni- 
verse is  a set  of  rational  numbers.  In  this  lesson 
you  will  find  the  solution  sets  of  conditions  for 
inequality  and  of  compound  conditions. 
a Look  at  sentence  A in  Dl.  You  can  use  the 
condition  for  equality  2 + x = _1  to  help  you 
find  the  solution  set  of  condition  A.  What  is 
the  universe  for  x ? T abulate  { x 1 2 + x = “ 1 } . 
b Since  ~3  is  the  solution  of  2 + x = “1,  you 
can  use  _3  to  help  you  find  the  solution  set 
of  condition  A.  If  you  replace  x by  -3  in 
2 + x > “1,  do  you  obtain  a true  statement? 
c Is~4<_3?  Is  ~4  a solution  of  2 + x > _1  ? 
Is  | < — 3 ? Is  | a solution  of  2 + x > ”1  ? 

D Is  any  rational  number  that  is  less  than  _3 
a solution  of  2 + x > “1  ? 

E Is  | a solution  of  2 + x >_1  ? Is  0 a solu- 
tion? Is +7  a solution? 

F Is  every  rational  number  that  is  greater  than 
_3  a solution  of  2 + x > _1  ? 

G Is  {x|x  >~3}  the  solution  set  of  2 + x >_1  ? 
Is  {x|x  >~3}  an  infinite  set? 

In  Book  1 you  learned  that  there  is  at  least 
one  member  of  Ra  between  any  two  members 
of  Ra.  Now  you  will  decide  if  the  set  of  ra- 
tional numbers  also  has  this  density  property. 
H You  know  | is  a member  of  {x|x>_3}. 
Is  _2  a member  ? Is  § < ”2  ? 
i Is  — 3 < |?  You  know  that  “3  < f and 
| < ~2.  We  say  that  \ is  between  ~3  and  ~2. 
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Solution  sets  of  conditions  for  inequality  and  compound  conditions  in 
one  variable  when  the  universe  is  a set  of  rational  numbers 


U = R. 

a 2 + x>“l. 
b 3jc  — 4 < 2. 

C 4-x>5. 

D 1 


U = R. 

D ( 

~4  “3  “2  "1  0 +1  +2 

{x|x  >”3} 

”4  "3  “2  “1  0 +1  +2 

{x|x  < 2} 

“4  “3  "2  "1  0 +1  +2 

{x|x  < “1} 

d2 

j How  do  you  know  that  -j-  is  a member  of 
{x|x>“3}?  Is  x between  “3  and  |? 
Explain  your  answer. 

If  you  continue  to  study  examples  like  those 
in  exercises  I and  J,  you  will  see  that  there  is  at 
least  one  rational  number  that  is  between  any 
two  given  rational  numbers.  We  will  accept 
without  proof  the  density  property  of  the  set 
of  rational  numbers.  The  property  is  expressed 
below. 

The  universe  for  x,  y,  and  r is  R.  For  each  x 
and  y,  if  x < y,  then  there  is  a rational  number 
r such  that  x < r A r < y. 
k Use  the  density  property  of  the  set  of  ra- 
tional numbers  to  explain  why  there  is  no 
least  member  of {x | x > “3} . 


L Look  again  at  Dl . What  condition  for  equal- 
ity can  you  use  to  help  you  find  the  solution 
set  of  condition  B ? 

M Tabulate  {x  1 3x  — 4 = 2} . 

N Is  2 a solution  of  3x  — 4 < 2?  Is  any  ra- 
tional number  that  is  greater  than  2 a solution  ? 
o Is  every  rational  number  that  is  less  than  2 
a solution  of  3x  — 4 < 2? 
p Give  a standard  description  of  the  solution 
set  of  3x  — 4 < 2. 

Q Is  (x|x  < 2}  an  infinite  set?  Why  can  you 
not  tabulate  {x  | x < 2}  ? 

R Look  at  sentence  C in  d1.  What  condition 
for  equality  can  you  use  to  help  you  find  the 
solution  set  of  4 — x > 5 ? 
s Tabulate  {x|4  — x = 5}. 

T Is  “1  a solution  of  4 — x > 5?  Is  ^ a solu- 
tion ? Is  7|a  solution  ? 

u Is  any  rational  number  that  is  greater  than 
“la  solution  of  4 — x > 5 ? 
v Is  | a solution  of  4 — x > 5?  Is  “4  a solu- 
tion ? Is  a solution  ? 
w Is  every  rational  number  that  is  less  than  ~~  1 
a solution  of  4 — x > 5 ? 
x Give  a standard  description  of  the  solution 
set  of  4 — x > 5. 

Y Is  {x|x  < “1}  an  infinite  set? 

N ow  you  will  study  graphs  of  solution  sets 
of  conditions  that  involve  rational  numbers. 

A d2  shows  the  graphs  of  the  solution  sets  of 
the  conditions  expressed  in  Dl.  What  is  the 
universe  for  x? 

b Look  at  graph  D.  How  are  the  dots  in  the 
graph  of  {x|x  >~3}  indicated? 
c Does  the  graph  of  {x|x  >“3}  contain  the 
dot  for  point  “3  ? The  dot  for  point  +25  ? 

D Look  at  graph  E.  Is  the  dot  for  point  +2 
contained  in  the  graph  of  {x  | x < 2}  ? 
e Look  at  graph  F.  Is  the  dot  for  point  “1 
contained  in  the  graph  of  {x|x  < “1}  ? 
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In  the  work  that  follows,  you  will  learn  how 
to  make  graphs  of  the  solution  sets  of  com- 
pound conditions. 

F What  two  simple  conditions  form  the  com- 
pound condition  expressed  in  d3  ? What  con- 
nective is  used?  What  is  the  universe  for  y ? 

G What  condition  for  equality  can  you  use  to 
help  you  find  the  solution  set  of  f — y < 4? 
Tabulate  {y  | J — y = 4). 

H Is  {jp |_y  > the  solution  set  of  | — jp  < 4 ? 
i Now  give  a standard  description  of  the  so- 
lution set  of  y + \ < ~2. 

j How  do  you  know  that  {y  | < y < |>  is 

the  solution  set  of  the  compound  condition? 
You  remember  that,  in  lesson  113,  when 
you  were  using  the  rational  numbers  of  arith- 
metic, a set  like  {y  \ % < y < was  called  an 
open  interval  in  Ra.  When  the  universe  is  R,  a 
set  like  this  is  called  an  open  interval  in  R. 

K Look  at  the  graph  in  d3.  How  are  the  dots 
in  the  graph  of  {jp  | < y < |}  indicated  ? 

L Look  at  d4.  What  two  simple  conditions 
form  the  compound  condition  expressed  in 
d4  ? What  connective  is  used  in  the  condition  ? 
M How  do  you  know  that  the  solution  set  of 
4.5  + x > 3.6  V 7.2  — x = 8. 1 must  contain 
every  member  of  the  solution  set  of  each  of 
the  simple  conditions? 

N Give  a standard  description  of  the  solution 
set  of  4.5  + x > 3.6.  Give  a standard  descrip- 
tion of  the  solution  set  of  7.2  — x = 8.1. 
o Explain  why  {x|x  ^ -.9}  contains  the  same 
members  of  R as  {x  | x > “.9  V x = ~ .9 } . 

P Is  ~.9  a member  of  {x|x  ^ ~.9}  ? How  is 
this  indicated  in  the  graph  in  d4  ? 

Q Do  the  dots  for  point  -.9  and  all  points  to 
the  right  of  point  ~.9  form  the  graph  of 
(x  | x ^ ~.9)  ? How  are  these  dots  indicated  ? 

R Now  look  at  d5.  What  condition  is  ex- 
pressed?  What  is  the  universe  for  the  vari- 
able? 


U = R. 

l-y<4/\y  + i<~2. 

^ lT'  T “i  o +i 

W~i<y<  1> 

d3 


U = R. 

4.5  + x > 3.6  V 7.2  — x = 8.1. 

p«a8»g»BM«Sa8M9a»8Sg>8««l«OaiBa»B»aa88aBB8g«gB8Bg^^ 

“1  -.9  0 +1 

{x|x^“9} 

d4 


U = Rn. 

~ (4m  - 7 > 5). 

(T  +1  +2  +3 

{ra|~  (ra  > 3)} 

d5 

s The  connective  “not”  in  ~ (4 m — 7 > 5) 
means  that  the  solution  set  of  the  condition  is 
the  set  of  all  members  of  Rn  that  do  not  satisfy 
4m  — 7 > 5.  Give  a standard  description  of  the 
solution  set  of  4m  — 7 > 5. 

T Think  about  the  set  of  non-negative  rational 
numbers  each  of  which  is  less  than  or  equal 
to  3.  Is  each  member  of  this  subset  of  Rn  a 
number  that  does  not  satisfy  4m  — 7 > 5 ? How 
do  you  know  that  {m|~  (m  > 3)}  is  the  solu- 
tion set  of  ~ (4m  — 7 > 5)  ? 
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u Look  at  the  graph  in  d5.  How  is  the  graph 
of  {m  | ~ (m  >3)}  indicated  ? Why  are  no  dots 
shown  for  points  to  the  left  of  point  0? 
v Which  dot  forms  the  graph  of  {m  \m  = 3}  ? 
Is  {m  | m = 3}  a subset  of  {m  | ~ (m  > 3)}  ? 
w Which  dots  form  the  graph  of  {m\m  < 3}  ? 
Is  {m  | m < 3}  a subset  of  {m  | ~ (m  > 3)}  ? 
x Is  the  graph  of  {m\m^3}  the  same  as 
the  graph  of  {m|~  (m  > 3)}  ? Is  (m  | m ^ 3}  = 
lm\-(m  > 3)}  ? Is  {m|m  ^ 3}  = {m\m  > 3}  ? 


Now  you  know  how  to  find  solution  sets  of 
simple  conditions  for  inequality  and  of  com- 
pound conditions  in  one  variable  when  the 
universe  is  R or  Rn.  You  also  know  how  to 
make  a graph  of  a set  of  rational  numbers. 

On  your  own 

For  each  of  exercises  1 through  7,  tell 
whether  the  sentence  expresses  a true  state- 
ment or  a false  statement.  U = R. 

1 {z\z  + 5 < “2}  = {z\z  < ~1). 

2 {x|“3  + x > 7}  = {x|x  >4}. 

3 {x\x  — 7.8  < "9.3}  ={x\x<  “1.5}. 
4{x\\-x>  1}={x\x<-1&. 

5 {c|6c  — 2 < 10}  = {c|c  < 2}. 

6 {x\l  + x>lAx-l<~3}={  }. 

7 { w | ' ' (6 w + 1 1 > 35)}  = {w|~  (w  < 4)}. 
Give  a standard  description  of  the  solution 

set  of  each  condition  expressed  below.  U = R. 

8 “12  + tf  < 17.  u 3x  + “5  >19. 

9 6 — 2.6  < 4.1.  12 -(!  + !*<  If). 

10  4 — ra  > ~3.  13  ~ (4x  - 11  < 5). 

1 4 | + w > | A ^ — w > 

is  y~4\  = ~3{V  y+li>2l 

Make  a graph  of  each  solution  set  described 
below.  For  exercises  16  and  17,  U = Rn.  For 
exercises  18  through  22,  U = R. 

16  {jc|jc<2.5>  19  <jc|7jc  + 8<  15} 

17  {w|  w — \ < l|}  20  {x|~  (x-b  3.5  >4)} 

18  {b\i~b>2l)  21  {y\-l<y<-\) 

22  {m  1 2\  - m < l|  V 2m  - \{  > 
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Conditions  for  problems 
involving  rational  numbers 

The  problems  in  this  lesson  are  much  like 
problems  that  you  solved  earlier  in  this  book, 
but  they  involve  rational  numbers. 

Read  the  problem  in  d1.  It  is  the  same  as  a 
problem  that  you  studied  in  lesson  126.  There 
you  found  that  neither  a natural  number  nor 
a rational  number  of  arithmetic  can  be  used  to 
get  an  answer  to  this  problem.  In  the  exercises 
that  follow,  you  will  develop  the  condition  for 
the  problem.  Then  you  will  decide  if  there  is  a 
rational  number  that  satisfies  the  condition. 
The  universe  for  each  variable  is  R. 

A You  know  that  at  noon  the  temperature  in 

Lake  City  was  10  degrees 

above  zero.  You  also  know 

that  by  7 p.m.  the  temperature 

had  dropped  15  degrees.  Why  is  10  — 15  used 

in  the  condition  ? 

B Use  a as  a variable  for  the  temperature  in 
degrees  at  7 p.m.  Does 

the  sentence  at  the  right 

...  = <&«• 

express  the  condition 

for  the  problem  ? 

At  noon  on  Tuesday,  the  temperature 
in  Lake  City  was  10  degrees  above 
zero.  By  7 p.m.,  the  temperature  had 
dropped  15  degrees.  What  was  the 
temperature  at  7 p.m.  ? 

D 1 
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C Now  you  can  find  the  solution  set  of 
10  — 15  = a.  How  do  you  obtain  10  + _15  = a 
from  10— 15  = a?  Are  10—  15  = a and 
10  + “15  = a equivalent  conditions? 
d What  number  satisfies  10  + “15  = al  Does 
the  number  that  satisfies  10  + ”15  = a also 
satisfy  10  — 15  = al 
E Tabulate  {a | 10  — 15  = a). 

You  can  use  “5  to  get  the  answer  to  the 
problem  in  d1.  The  temperature  in  Lake  City 
at  7 p.m.  was  ~5  degrees,  or  5 degrees  below 
zero. 

Read  the  problem  in  d2.  The  work  that  fol- 
lows will  help  you  develop  a condition  for 
equivalence  for  the  problem.  The  universe  for 
each  variable  is  Rp. 

F You  know  that  Mr.  Carson  traveled  at  an 
average  rate  of  57.6  mi.  per 
hour.  The  rate  pair  named  at 
the  right  represents  this  rate. 

To  what  does  the  first  component  of  57.6/1 
refer?  To  what  does  the  second  component 
refer? 

G What  are  you  asked  to  find  in  the  problem  ? 
How  do  you  know  that  153.6  is  the  first  com- 
ponent of  the  rate  pair 
whose  second  component 
you  are  to  find?  For  what 
is  y a variable  ? 

H Does  the  sen- 
tence at  the  right 

express  the  condition  for  the  problem  ? 

I Now  you  can  find  the  solution  set  of  the 
condition  for  the  problem.  How  can  you  ob- 
tain 51. 6y  = 153.6  from  57.6/1  - 153.6 /y? 

J What  computation  can  you  use  to  find  the 
number  that  satisfies  57.6y  = 153.6? 

K How  do  you  know  that  the  quotient  of  1 53.6 
and  57.6  is  2.6? 

L Tabulate  {.y|57.6j>  = 153.6}.  Then  tabulate 
{.y  1 57.6/1-  153.6/y}. 


At  noon  on  Tuesday,  the  temperature 
in  Lake  City  was  10  degrees  above 
zero.  By  7 p.m.,  the  temperature  had 
dropped  15  degrees.  What  was  the 
temperature  at  7 p.m.  ? 

D 1 


After  Mr.  Carson  had  driven  153.6  mi. 
on  an  expressway,  he  discovered  that 
he  had  been  traveling  at  an  average 
rate  of  57.6  mi.  per  hour.  How  many 
hours  did  it  take  him  to  travel  the 
153.6  mi.?  (Tenths) 

d2 

Look  again  at  d2.  The  word  “tenths,”  with- 
in parentheses,  tells  you  to  use  a decimal  to  ex- 
press the  answer  to  the  nearer  tenth. 

M Give  the  answer  to  the  problem. 

Now  read  the  problem  in  d3.  The  universe 
for  each  variable  is  Rp. 

N The  problem  in  d3  compares  the  distance 
from  the  earth  to  the  sun  with  the  distance 
from  the  earth  to  the  moon.  Does  the  rate  pair 
named  below  represent  this  comparison  ? 

(9.3  X 100/(2.4  X 105) 

o Notice  that  each  component  of  the  rate  pair 

is  expressed  in  scientific  notation.  To  what 

does  the  first  component  refer?  To  what  does 

the  second  component  refer  ? 

p In  this  problem,  to  find  how  many  times  as 

great  one  distance  is  as  the  other  means  to  find 

how  many  miles  the  earth  is  from  the  sun  for 

each  mile  that  the  earth  is  from 

the  moon.  Use  m as  a variable  for  m / 1 

the  number  of  miles  the  earth  is 

from  the  sun.  Why  do  you  use  m/1,  and  not 

1/m? 
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q The  sentence  in  blue  below  expresses  the 
condition  for  the  problem.  What  does  the  con- 
dition tell  you  about  m/1  ? 

(9.3  X 107)/(2.4  X 105)  ~ m/1. 

R How  do  you  know  that  the  two  conditions 
expressed  below  are  equivalent  ? 

(9.3  X 107)  / (2.4  X 105)  ~ m/1. 

(9.3  X 107)  = (2.4  X 105)m. 
s Can  you  find  the  number  that  satisfies 
(9.3  X 107)  = (2.4  X 105)m  by  finding  the  quo- 
tient of  (9.3  X 107)  and  (2.4  X 105)? 

T Find  the  number  that  satisfies  (9.3  X 107)  = 
(2.4  X 105)m.  Use  scientific  notation  to  help 
you. 

u Is  (3.875  X 102}  the  solution  set  of  the  con- 
dition (9.3  X 107)  = (2.4  X 105)m?  Tabulate 
(m  | (9.3  X 107)  / (2.4  X 105)  ~ m/1}, 
v What  is  a standard  name  of  3.875  X 102? 

Now  you  can  give  the  answer  to  the  prob- 
lem. The  distance  from  the  earth  to  the  sun  is 
about  387.5  times  as  great  as  the  distance  from 
the  earth  to  the  moon. 

So  far  in  this  lesson  you  have  used  simple 
conditions  to  solve  problems.  Now  you  will 
use  compound  conditions  for  problems. 

Read  the  problem  in  d4.  The  universe  for 
each  variable  is  R. 

a You  know  that  Swamp  City  is  5 ft.  below 
sea  level.  Why  can  you  use  the  number  ex- 
pressed at  the  right  to  represent  the 
elevation  of  Swamp  City  in  feet? 
“Elevation”  refers  to  vertical  dis- 
tance above  or  below  sea  level. 

B Do  you  know  the  elevation  of  Silver  City  ? 
Use  n as  a variable  for  the  elevation 
of  Silver  City  in  feet, 
c Does  the  sentence  at  the 
right  express  one  simple  con- 
dition for  the  problem? 


The  earth  is  about  9.3  X 107  mi.  from 
the  sun  and  about  2.4  X 105  mi.  from 
the  moon.  The  distance  from  the  earth 
to  the  sun  is  about  how  many  times  as 
great  as  the  distance  from  the  earth  to 
the  moon  ? 

d3 


Swamp  City  is  5 ft.  below  sea  level. 
West  City  is  3440  ft.  above  sea  level. 

The  elevation  of  Silver  City  is  greater 
than  the  elevation  of  Swamp  City.  The 
difference  of  the  elevation  of  West  City 
and  the  elevation  of  Silver  City  is 
greater  than  500  ft.  What  is  the  eleva- 
tion of  Silver  City  in  feet  ? 

d4 

d What  is  the  elevation  of  West  City  in  feet? 
Explain  why  the  sentence  below  at  the  right 
expresses  another 
simple  condition  for 
the  problem. 

E Does  the  sentence  in  blue  below  express  the 
compound  condition  for  the  problem  ? 

n>YA  3440  - n > 500. 

Now  you  will  find  the  solution  set  of  the 
compound  condition. 

F What  connective  is  used  in  the  condition? 
What  do  you  know  about  each  member  of  the 
solution  set  of  such  a condition? 

G How  do  you  know  that  {n  \n  < 2940}  is  the 
solution  set  of  3440  — «>  500?  Is  { n\n< 
2940}  a finite  set  ? 

H Does  each  member  of  {n\n  < 2940}  satisfy 
n > ~5  ? Explain  your  answer. 

I Is  («|~5  < n < 2940}  the  solution  set  of 
? n>~5  A 3440-rc  >500? 
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You  can  use  {w|“5  < n < 2940}  to  get  the 
answer  to  the  problem. 

The  elevation  of  Silver  City  is  between  5 ft. 
below  sea  level  and  2940  ft.  above  sea  level. 

Now  read  the  problem  in  d5.  The  universe 
for  each  variable  is  Rp. 

You  know  that  Miss  Davis  can  buy  oil  that 
costs  either  $.45  per  quart  or  $.60  per  quart. 
Therefore,  you  can  use  a compound  condition 
that  includes  “or.” 

J One  grade  of  oil  costs  $.45  per  quart.  Does 
the  rate  pair  expressed  at  the 
right  represent  this  rate  ? 

K You  want  to  find  a rate  pair  that  is  equiva- 
lent to  .45/1.  Use  n as  a variable  for  the  amount 
that  5 qt.  of  oil  can  cost.  Why  is  n the  first 
component  of  the  rate  pair  you 
are  to  find?  Name  the  second 
component. 

l Does  the  sentence  at 
the  right  express  a sim- 
ple condition  for  the 
problem  ? 

M You  also  know  that  the  other  grade  of  oil 
costs  $.60  per  quart.  Does  the 
rate  pair  expressed  at  the  right 
represent  this  rate  ? 

N Explain  why  the  sen- 
tence at  the  right  ex- 
presses another  simple  condition  for  the  prob- 
lem. Why  do  you  use  n as  a variable  ? 
o Does  the  sentence  in  blue  below  express  the 
compound  condition  for  the  problem  ? 

.45/  1 ~ n/5  V .60/1  ~ n/5. 

Now  you  will  find  the  solution  set  of  the 
compound  condition. 

p Is  the  solution  set  of  the  compound  condi- 
tion the  intersection,  or  is  it  the  union,  of 
the  solution  sets  of  the  simple  conditions  ? Ex- 
plain your  answer. 


Miss  Davis  needs  5 qt.  of  oil  for  her 
car.  She  has  her  choice  of  two  grades 
of  oil.  One  grade  costs  $.45  per  quart, 
and  the  other  grade  costs  $.60  per 
quart.  How  much  can  5 qt.  of  one  of 
these  grades  of  oil  cost? 

d5 


What  numbers  can  be  added  to  3.2  so 
that  each  sum  is  not  less  than  6.4? 

d6 

q What  number  satisfies  .45/1  ~«/ 5?  What 
number  satisfies  .60/1  ~«/5? 

R Tabulate  | .45/1  ~«/ 5 V .60/1  ~n/ 5}. 
s How  much  can  the  5 qt.  of  oil  cost  ? 

The  preceding  problems  in  this  lesson  were 
concerned  with  such  things  as  temperature, 
distance,  and  money.  Now  you  will  study  a 
problem  that  concerns  numbers  only. 

Read  the  problem  in  d6.  The  universe  for 
each  variable  is  R. 

A Use  x as  a variable  for  the  number  that  you 
are  to  find.  From  the  problem,  you  know  that 
it  is  not  the  case  that  the  sum  of  “3.2  and  each 
x is  less  than  6.4.  Why  is  ~ (“3.2  + jc  < 6.4)  the 
condition  for  the  problem  ? 

B You  can  use  “3.2  + x < 6.4  to  help  you  find 
the  solutions  of  ~ (“3.2  + x < 6.4).  Does  9.6 
satisfy  “3.2  + x < 6.4  ? Does  any  rational  num- 
ber greater  than  9.6  satisfy  “3.2  + * < 6.4? 

C Does  { jc  | jc  ^ 9.6}  contain  each  member  of 
R that  does  not  satisfy  “3.2  + x < 6.4? 

D Are  {jc|jc^9.6}  and  { jc | jc  < 9.6}  the  same 
set?  How  do  you  know  that  { jc | jc  ^ 9.6}  is 
the  solution  set  of  ~ (“3.2  + jc  < 6.4)? 

E Is  each  member  of  { jc  | jc  ^ 9.6}  an  answer 
to  the  problem  in  d6  ? 
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In  this  lesson  you  used  simple  and  compound 
conditions  in  one  variable  to  solve  problems 
involving  rational  numbers. 

For  each  problem,  first  write  a sentence  that 
expresses  a condition.  If  possible,  tabulate  the 
solution  set  of  the  condition.  Otherwise,  give  a 
standard  description  of  the  solution  set.  Then 
give  the  answer  to  the  problem. 

For  problems  1 through  8,  the  universe  for 
each  variable  is  R. 

1 At  6 a.m.  the  temperature  in  Truro  was 
3 degrees  below  zero.  At  noon  the  tempera- 
ture was  10  degrees  higher  than  this.  What  was 
the  temperature  at  noon? 

2 On  the  first  down,  a football  team  gained 
8 yd.  On  the  second  down,  the  team  lost  5 yd. 
How  many  yards  did  the  team  gain  on  the  two 
downs  ? 

think  When  the  team  lost  5 yd.,  did  it  gain 

_5  yd.? 

3 One  year  the  lowest  temperature  recorded 
in  Canada  was  81.4°  below  zero,  and 
the  lowest  temperature  recorded  in  Quebec 
was  22.5°  higher  than  this.  What  was  the 
lowest  temperature  recorded  in  Quebec  that 
year? 

4 What  numbers  can  be  added  to  “14§  so  that 
each  sum  is  greater  than  15^? 

5 What  number  can  be  added  to  the  product 
of  3 and  6.4  so  that  the  sum  is  19.7  ? 

6 What  numbers  can  be  multiplied  by  3|  so 
that  it  is  not  the  case  that  each  product  is  less 
than  “16|? 

7 What  numbers  less  than  20.5  can  be  sub- 
tracted from  2 so  that  each  difference  is  less 
than  “10.7? 

8 What  numbers  can  be  subtracted  from  9\ 
so  that  it  is  not  the  case  that  each  difference  is 
greater  than  4? 


For  exercises  9 through  12,  the  universe  for 
each  variable  is  Rp. 

9  The  crankshaft  of  a certain  engine  makes 
2.6  X 103  revolutions  per  minute.  At  this  rate, 
how  many  revolutions  does  the  crankshaft 
make  in  60  minutes  ? 

io  A rocket  reached  a height  of  2.52  X 105  ft. 
Its  expected  height  was  2.8  X 105  ft.  The  height 
that  the  rocket  reached  was  what  fraction  of 
its  expected  height  ? 

n During  a recent  year,  Canada  produced 
27%  of  North  America’s  output  of  specially 
processed  steel.  The  total  North  American  out- 
put was  5.50  X 106  tons.  How  many  tons  of 
steel  did  Canada  produce  that  year? 

1 2 Mr.  Frank  wants  to  borrow  $600.  Mr.  Stacy 
will  iend  him  the  money  at  6%  interest  per 
year.  Mr.  Rogers  will  lend  him  the  money  at 
5\%  interest.  At  the  end  of  one  year,  how 
much  interest  will  Mr.  Frank  have  to  pay  if  he 
borrows  the  $600  from  one  of  the  two  men  ? 

For  exercises  13  through  16,  the  universe  for 
each  variable  is  Rn. 

13  Mrs.  Connor  had  17§  sq.  yd.  of  carpeting. 
She  used  some,  but  not  all,  of  this  carpeting. 
She  then  had  less  than  4 sq.  yd.  left.  How 
many  square  yards  of  carpeting  did  she  use  ? 

14  Mrs.  Sands  had  less  than  $170  in  her  check- 
ing account.  After  she  deposited  $60.35,  there 
was  more  than  $210  in  the  account.  How 
much  did  Mrs.  Sands  have  in  her  checking  ac- 
count before  she  deposited  the  $60.35? 

15  Mr.  Ames  had  at  most  4\  gal.  of  paint.  He 
used  3f  gal.  of  this  paint  to  paint  the  kitchen. 
Then  he  had  more  than  | gal.  left.  How  many 
gallons  of  paint  did  he  have  before  he  painted 
the  kitchen  ? 

16  Mr.  Allen  plans  to  spend  22  days  in  Eng- 
land and  France.  He  has  his  choice  of  spend- 
ing either  14^  days  or  10  days  in  England.  How 
many  days  can  Mr.  Allen  spend  in  France  ? 
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CHECKING  UP 

Ihe  small  numerals  within  parentheses  tell 
what  pages  to  turn  to  for  help  if  you  need  it. 

Test  132 

1 Name  the  basic  pair  for +y.  1 56) 

2 Name  the  absolute  difference  of  the  com- 
ponents of  (2\,  5f).  157) 

3 Write  a standard  description  of  §.  The 
universe  for  (x,  y)  is  Ra  X Ra.  (1 6i ) 

4 +\  • l = +\  • | is  an  example  of  a property 
of  multiplication  of  rational  numbers.  Name 
the  property.  (185) 

5 Write  a decimal  that  expresses  |. 

6 Give  a standard  name  of  ( f)4. 

7 Use  scientific  notation  to  express  .0009. 

(226) 

8 What  is  the  sum  of  “8  and  +|? 

9 What  is  the  difference  of  +7.5  and  “1.32? 

(214) 

10  What  is  the  sum  of  “5.83  and  “1.75? 

11  What  is  the  product  of  +6.4  and  +3.9? 

(214) 

1 2 What  is  the  quotient  of  +{|  and  f ? (211 

1 3 What  is  the  difference  of  +4|  and  +4|  ? (212 

14  What  is  the  quotient  of  “1.98  and  “2.3? 
(Hundredths)  (215) 

15  What  is  the  product  of  “2§  and  1 7? 

16  Make  a graph  of  {x|  l\  — x ^ 2\).  U = R. 

(243) 

Test  133 

For  each  of  exercises  17  through  27,  de- 
cide what  words  or  symbols  best  complete  the 
exercise. 

17  Zero  is  the  component  of  each  basic 

pair  that  indicates  a negative  rational  number. 

(i6i) 

18  In  a rational-number  line,  point  +§  is  to 

the of  point  “3.  (166) 

19  The  rational  number  of  arithmetic  that  is 
the  mate  of  +jq  is  — — ( 1 87) 


20  The  solution  of  -^x  = is  . 

U = RP.  (192) 

21  The  solution  of  ( l)y  + (jf)^  = (|  + }f)n  *s 
. U = R.  197) 

22  The  additive  inverse  of  \ is  . 205 

23  The  universe  for  x and  y is  R.  For  each  x 
and  y,  x — y = x + ~y.  This  is  the  — - prop- 
erty of  rational  numbers.  (207) 

24  The  multiplicative  inverse  of  is  — — 
(208) 

25  The  repeating  decimal  for  is . (21s) 

26  A standard  name  of  7.318  X 10  3 is  the  nu- 
meral  . 233) 

27  (i  • §)z  = |(“8)  is  obtained  from  |(|z)  = |(“8) 

by  using  the property  of  multiplication 

of  rational  numbers.  U = R.  195) 

Test  134 

For  exercises  28  through  39,  write  “T”  for 
each  sentence  that  expresses  a true  statement. 
Write  “F”  for  each  sentence  that  expresses  a 
false  statement. 

28  The  number  1 is  the  identity  element  for 
addition  of  rational  numbers.  (202) 

29K(3x|)  = (i+3)(i  + !)-  (”7) 

30  A negative  rational  number  contains  one, 
and  only  one,  basic  pair.  ( 161 ) 

31  0 e Rp.  163) 

32  Any  positive  rational  number  is  greater 
than  any  negative  rational  number.  1 68 ) 

33  The  product  of  any  two  negative  rational 
numbers  is  a positive  rational  number,  (is 5) 

34  1.0076X  10°  is  scientific  notation  for 
1.0076.  (233) 

35  Rn,  together  with  the  operations  of  addition 
and  multiplication,  forms  a number  system. 

(l  98) 

36  R is  closed  under  subtraction.  (207) 

37  Zr  is  closed  under  division.  (211) 

38  4312  is  equal  to  43  3 • 43  4.  (230) 

39  The  symbol  5 — \ expresses  the  same  num- 
ber as  the  symbol  +5  + ( 207) 
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Test  135 

From  the  list  given  below  each  exercise, 
choose  the  expression  that  correctly  completes 
the  exercise. 

40  R = . 

a Rp  U Rn  C Rp  U Rn  W {0} 

b Rn  n Rp  d RPU  {0}  U Rn 

41  An  element  of  In  is . 

a 9 b c +13  d 1 

42  Rn  is  the  union  of  . 

a Rn  and  Rp  c Rn  and  {0} 

b Rp  and  {0}  d Ir  and  Rn 

43  \k  — \ is  obtained  from  0 + \k  = \ by  using 

the property  of  addition  of  rational  num- 

bers. U = R. 

a sum  c additive-inverse 

b well-defined  d identity-element 

44  The  solution  set  of  x • 0 = 0 is  - — — . U = R. 

(203) 

a R b {0}  c Rp  d { } 

45  l and  — are  reciprocals  of  each  other. 

+1  +1  J_  -g 

° 8 • b7  C_§  d7 

7 8 7 

46  A standard  name  of  (f)3  is  - — — . 

64  , 64  12  . 12 

a 125  b 5 c 5 d 15 

47  {*r6|>Jc  + 2 Vx-4<~5}  = - , 

U = R. 

a {x|x  < “9}  e {x|x<_8§} 
b {x\x<~\}  d {x|x  < _8§  A X < ~1} 

48  Expressed  in  scientific  notation,  9380  is 

— — . (233) 

a 938.0  X 101  c 9.380  X 103 

b 93.80  X 102  d .9380  X 104 

49  S 39  -*■  13  3 is  the  same  number  as  . 

(231) 

a 136  b 1327  C 133  d 1312 

50  3 T 7/?i  ==  | and  — are  equivalent  con- 
ditions. U - R. 

a |(7m)  = j(f)  c 1m  -|(|  + -3) 

b \{lm)  = |+3  d \m  = l + l 


CHECKING  UP 

JLhe  small  numerals  within  parentheses  tell 
what  pages  to  turn  to  for  help  if  you  need  it. 

Test  136 

The  names  of  nine  properties  of  R are  listed 
below. 

Associative  property  of  addition 
Associative  property  of  multiplication 
Closure  property  of  addition 
Commutative  property  of  multiplication 
Difference  property 

Identity-element  property  of  multiplication 
Quotient  property 
Reciprocal  property 
Zero  property  of  multiplication 
In  each  of  exercises  1 through  7,  a property 
is  expressed.  Choose  the  name  of  the  property 
from  the  list  above.  The  universe  for  each  vari- 
able is  R. 

1 a + b e R. 

2 p(qr)  = (pq)r . 

3 W -i-  Z = w(\/z). 

4 m • 1 = m. 

5 yz  = zy. 

6 (c  + d)  + e = c + (d+e). 

7 t - u=  t + ~u. 

Test  137 

Write  “T”  for  each  sentence  below  that  ex- 
presses a true  statement.  Write  “F”  for  each 
sentence  that  expresses  a false  statement. 

8 For  any  two  sets  A and  B,  B is  a subset  of 
A n b. 

9 A closed  interval  in  Ra  is  an  infinite  set. 

10  The  intersection  of  OW  and  a secant  of 
OW  contains  exactly  two  members. 

11  {x\~(x<5)}  = {6,  7,  8,  . . .}.  U = N. 

(so) 

12  If  U = {0,  5,  9}  and  A=  (0,  5},  then 
A = {9}. 

13  If  U = Ra,  then  j « (p|/) 


Cumulative  tests  on  units  8 through  10.  251 


14  The  intersection  of  adjacent  arcs  is  the 
empty  set.  (120) 

15  If  U = Ra,  then  7.5  e {r|r  « 5 8). 

16  The  angles  in  a linear  pair  are  adjacent 
angles.  (29) 

17  Rp  is  closed  under  subtraction.  20 

18  {x  | x = 8}  = {x|x  = 8}.  U = Ra.  7s) 

Test  138 

A list  of  expressions  is  given  below  each 
exercise  in  this  test.  From  the  list  choose 
the  expression  that  correctly  completes  the 
exercise. 

1 9 The  absolute  difference  of  4\  and  7 is  — 

(88) 

a ~2\  b +2\  c ~n\  d +n\ 

20  If  ix  is  tangent  to  OB,  then  C\  OB  con- 
tains exactly . 1 1 5 ) 

a 0 points  c 2 points 

b 3 points  d 1 point 

21  Points  F and  G are  endpoints  of  an  arc  of 
OM.  If  the  measure  in  degrees  of  ZFMG 
is  90,  the  measure  in  degrees  of  major  FG  is 

(120) 

a 360  b 270  C 180  d 90 

22  The  symbol  that  expresses  the  idea  of  “par- 
allel to”  is . 122) 

a_L  b = c € d || 

23  Every  rhombus  is  not  a — — .(124) 

a quadrilateral  c square 

b parallelogram  d polygon 

24  ^4  < is  a true  statement.  1 67) 

a 15  b 2 c T d — 

25  The  sum  of  any  two  negative  rational  num- 
bers is  a member  of . .78) 

a Rn  b Rn  c Z d Rp 

26  If  Z GHI  and  Z JHK  are  opposite  angles, 

and  Z GHI°  = 120,  then  ZJHK°  = - . 

a 120  b 60  c 180  d 30 

27  The  product  of  any  negative  rational  num- 
ber and  0 is  a member  of . 203) 

a Rn  b {0}  c Zr  d Rp 


28  {<7 1 <7  + 2 > 7 A 12  — <7  > 3}  is  the  same  set 

as . U = Ra.  (67) 

a (<7|*7>5}  c {<7 1#  > 5 A <7  > 9} 

b (*7 1*7  < 9}  d {q\5  <q  <9} 

Test  139 

For  each  problem  in  this  test,  first  write  a 
sentence  that  expresses  a condition.  Tabulate 
the  solution  set  of  the  condition,  if  possible. 
Otherwise,  give  a standard  description  of  the 
solution  set.  Then  give  the  answer  to  the 
problem. 

For  problems  29  through  32,  the  universe 
for  each  variable  is  Rp. 

29  When  Mr.  Challand  was  painting  the  gut- 
ters on  his  house,  he  found  that  he  could  paint 
about  35  ft.  in  one  hour.  At  this  rate,  about 
how  long  would  it  take  him  to  paint  168  ft.? 
(Tenths)  (245) 

30  During  a game,  Marion  High  School’s  bas- 
ketball team  made  28  baskets  in  76  attempts. 
The  number  of  baskets  the  team  made  was 
what  fraction  of  the  number  of  attempts? 
(Thousandths)  245) 

31  The  wheel  on  a certain  car  makes  8.6  X 102 
revolutions  per  mile.  How  many  revolutions 
does  this  wheel  make  in  9.9  X 103  mi.?  245) 

32  Mr.  Kahn  wants  to  have  a driveway  built. 
A concrete  driveway  will  cost  $520.  An  as- 
phalt driveway  will  cost  $290.  If  the  driveway 
is  to  be  80  ft,  long,  how  much  can  he  pay  per 
running  foot  to  have  it  built  ?( 245) 

For  problems  33,  34,  and  35,  the  universe 
for  each  variable  is  R. 

33  What  numbers  can  be  multiplied  by  2.4  so 
that  each  product  is  greater  than  the  quotient 
of  "7.5  and  “5?  (245) 

34  What  numbers  can  be  added  to  4\  so  that 
each  sum  is  not  less  than  “2^?  (245) 

35  What  numbers  less  than  8|  can  be  sub- 
tracted from  | so  that  each  difference  is  at 
least  _4|?  (245) 
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Squares  and  square  roots 

You  have  been  studying  powers  of  rational 
numbers.  Now  you  will  study  some  properties 
of  the  second  powers  of  rational  numbers. 
a Look  at  sentence  A in  d1.  How  many  times 
is  6 used  as  a factor  in  62?  What  is  a standard 
name  of  62?  Is  statement  A true? 
b Look  at  sentence  B.  What  product  is  ob- 
tained when  \ is  used  twice  as  a factor  ? Why 
is  the  product  a positive  rational  number?  Is  \ 
the  second  power  of  §? 
c Look  at  sentences  C and  D.  What  is  a stand- 
ard name  of  the  second  power  of  f ? Of  the 
second  power  of  _7  ? Are  statements  C and  D 
true? 

The  second  power  of  a number  is  the  square 
of  the  number.  36  is  the  square  of  6.  f is  the 
square  of  f. 

D What  number  is  the  square  of  |?  Of~7? 

E Explain  why  81  is  the  square  of  ~9. 

Find  the  square  of  each  number  named 
below. 

F 12  G “10  H 1 i jj  J 1 


square  of  a number.  The  second  power  of 
the  number.  The  universe  for  x and  a is  R. 
If  x = a 2,  then  x is  the  square  of  a. 


a62  = 36.  c if  = (|)2. 

b|  = (j)2.  d f7)2  = 49. 

d! 
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Universe  for  a and  b = R. 

a = b. 

a2  = b2. 

E - = ~ 

3 6* 

g (i)2=(D2. 

c l = il 
r 8 24- 

H & = <W. 

d2 

Universe  for  a and  b — R. 

a = ~(b). 

a 2 = b 2. 

« I = TI). 

K (§)2  = (1)2 

j 20  = ~(~20).  l (20)2  = (~20)2. 

d3 

k Think  about  your  answers  for  exercises  F 
through  J.  Is  each  square  greater  than  zero? 
Is  each  square  a positive  rational  number? 

L Explain  why  the  square  of  any  positive  ra- 
tional  number  or  of  any  negative  rational 
number  must  be  greater  than  zero. 
m What  number  is  the  square  of  0? 

N Is  (0)2  f Rn?  Is  (-4)2  eRn?  Is(|)2«Rn? 
How  many  rational  numbers  are  there  whose 
squares  are  not  members  of  Rn?  Remember 
that  the  symbol  Rn  is  a name  of  the  set  of  non- 
negative rational  numbers. 

The  fact  that  the  square  of  each  rational 
number  is  a member  of  Rn  is  a property  of  the 
squares  of  rational  numbers.  The  property  is 
expressed  below. 

The  universe  for  a is  R.  For  each  a,  a2  ^ 0. 

^Jext  you  will  study  some  other  properties 
of  squares. 

A Look  at  d2.  What  is  the  universe  for  a 
and  b ? 

b How  was  statement  E obtained  from  a = bl 
How  was  statement  G obtained  from  a2  = b2l 
Were  the  same  replacements  made  in  a = b 
and  in  a 2 = b2  to  obtain  statements  E and  G ? 


c Is  statement  E true  ? How  do  you  know  that 
statement  G is  true  ? 

d What  replacements  were  made  for  a and  b 
in  a = b and  a 2 = b2  to  obtain  statements  F 
and  H ? Are  both  these  statements  true  ? 

E What  property  tells  you  that  the  rational 
numbers  that  form  a product  may  be  replaced 
by  equal  rational  numbers  without  affecting 
the  product? 

f How  do  you  know  that,  for  each  a and  b,  if 
a = b,  then  a2  = b2l 

G Look  at  d3.  How  was  statement  I obtained 
from  a = ~{b)  ? How  was  statement  K ob- 
tained from  a2  = b2l  Were  the  same  replace- 
ments made  for  a and  b in  both  a = ~{b)  and 
a 2 = b 2 to  obtain  statements  I and  K ? 
h Is  statement  I true?  Is  statement  K true? 
i Notice  that,  to  obtain  statement  I from 
a = ~{b),  a was  replaced  by  § and  b was  re- 
placed by  |.  How  are  § and  § related  ? 
j What  is  the  additive  inverse  of  20?  What 
replacements  were  made  for  a and  b in  a = ~(b) 
and  a 2 = b2  to  obtain  statements  J and  L ? Are 
both  these  statements  true  ? 

K For  each  a and  b , if  b is  the  additive  inverse 
of  a,  how  do  a and  ~(b)  compare?  How 
does  a 2 compare  with  b2I 

In  exercises  A through  K,  you  developed 
another  property  of  squares  of  rational  num- 
bers. The  property  is  expressed  below. 

The  universe  for  a and  b is  R.  For  each  a 
and  b,  if  a = b or  if  a = _b,  then  a2  = b2.  If 
a 2 = b2,  then  a = b or  a = _b. 


REMINDER 

Either  the  symbol  ~(b)  or 
the  symbol  ~b  may  be  used  to  express 
the  additive  inverse  of  b.  U = R. 
See  lesson  139,  page  205. 
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Universe  for  a and  b = Rn. 
a < b.  a2  < b 2. 

m 9<  11.  o 92 < ll2. 

N i<i  p (!)2<(f)2 

d4 


0(f)2  = £.  S (-12)2=144. 

d /“2i2  = 52  t 2 = I2S 

K l 4i  16*  1 V13/  169- 

d5 


square  root  of  a number  (rut  or  rut).  If  a 
number  is  the  product  of  two  equal  factors, 
each  factor  is  a square  root  of  that  number. 
The  universe  for  x and  a is  R.  For  each  x and  a, 
if  x 2 = a,  then  x is  a square  root  of  a. 


L If  one  rational  number  is  equal  to  a second 
rational  number,  what  do  you  know  about  the 
squares  of  the  two  numbers  ? 

M If  one  rational  number  is  the  additive  in- 
verse of  a second  rational  number,  what  do 
you  know  about  the  squares  of  the  two  num- 
bers? 

N If  the  square  of  one  rational  number  is  equal 
to  the  square  of  a second  rational  number, 
are  the  two  numbers  necessarily  equal?  Ex- 
plain your  answer. 

o Look  at  d4.  Describe  the  universe  for  a 
and  b. 

p How  was  statement  M obtained  from  a < b ? 
How  was  statement  O obtained  from  a2  Kb2  ? 
Were  the  same  replacements  made  for  a and  b 
in  both  a < b and  a 2 < b 2 to  obtain  state- 
ment M and  statement  O ? 

Q Is  statement  M true?  How  do  you  know 
that  statement  O is  true  ? 

R What  replacements  were  made  for  a and  b 
in  a Kb  and  a 2 < b2  to  obtain  statements  N 
and  P ? Are  both  these  statements  true  ? 


s If  one  non-negative  rational  number  is  less 
than  a second  non-negative  rational  number, 
how  does  the  square  of  the  first  number  com- 
pare with  the  square  of  the  second  number  ? 

T If  the  square  of  one  non-negative  rational 
number  is  less  than  the  square  of  a second  non- 
negative rational  number,  how  does  the  first 
number  compare  with  the  second  number  ? 

In  exercises  O through  T,  you  have  been 
working  with  a property  of  squares  of  non- 
negative rational  numbers.  The  property  is  ex- 
pressed below. 

The  universe  for  a and  b is  Rn.  For  each  a 
and  b,  if  a < b,  then  a2  < b2.  If  a2  < b2,  then 
a < b. 

u Give  an  example  that  shows  why  the  uni- 
verse for  a and  b is  not  R in  the  property 
expressed  above. 

You  know  that  the  square  of  a given  number 
is  the  product  obtained  when  the  given  number 
is  used  twice  as  a factor.  Now  you  will  learn 
more  about  these  factors. 

A Look  at  sentences  Q and  R in  d5.  What  is 
the  square  off?  What  two  equal  factors  make 
up  H?  How  do  you  know  that  statements  Q 
and  R are  true? 

If  a number  is  the  product  of  two  equal  fac- 
tors, each  factor  is  a square  root  of  the  given 
number.  For  example,  § is  a square  root  of 
\ is  a square  root  of  f| . 

B Look  at  sentences  S and  T in  d5.  What  is  a 
square  root  of  144?  Of  {§? 
c You  know  that  f is  a square  root  of  How 
do  you  know  that  § is  also  a square  root  of  ^ ? 
D What  number  other  than  \ is  a square  root 
of  yf  ? What  number  other  than  ” 1 2 is  a square 
root  of  144?  Name  two  square  roots  of  jff. 
e Explain  why  there  is  no  rational  number 
that  is  a square  root  of  a negative  rational 
number. 
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For  each  of  exercises  F through  K,  find  the 
additive  inverse  of  the  number  named.  Then 
find  the  square  of  the  given  number  and  the 
square  of  the  additive  inverse  of  that  number. 

F | G 14  H y " 1 _23  j K 48 

l Is  each  square  that  you  just  named  a posi- 
tive rational  number?  Does  each  one  have 
both  a negative  and  a positive  square  root  ? 

M Name  the  square  root  of  0.  Is  the  square 
root  of  0 a non-negative  rational  number? 

Each  positive  number  has  a negative  square 
^ root  and  a positive  square  root.  The  positive 
square  root  of  a number  is  its  principal  square 
root.  0 is  the  principal  square  root  of  0. 

Mathematicians  use  the  symbol  at  the  right 
below  to  express  the  principal  square  root  of 
a number.  Notice  that  we  read 
the  symbol  at  the  right  as  “the 
principal  square  root  of.”  We  use 
this  symbol  to  express  only  the  principal  square 
root  of  a number.  d6  shows  how  to  write  and 
read  a symbol  for  the  principal  square  root  of 
a when  the  universe  for  a is  Rn. 

N IsV25  = 5?  Is  f the  principal  square  root 
of  H?  What  is  the  principal  square  root  of  0? 
o How  do  you  know  that  x/64  is  not  “8  ? 

Tell  whether  each  of  the  sentences  below 
expresses  a true  statement  or  a false  statement. 

/Too* 


10 

r v 81  9- 

_ -./I?—  225 

Q VTT-  12l- 
R V/625  = “25. 


'900  _ 30 
676  26- 


U v 2025  = 45. 


v What  is  a standard  name  of  y/Sll  Of 
Vl6?  OfVlOO? 

w Use  the  definition  of  square  root  to  explain 
why,  for  each  a , {'s/a)2  = a.  U = Rn. 

WJ  ^ v ' 't 

When  you  are  working  with  squares  and 
square  roots,  it  is  helpful  to  have  the  use  of  a 
table  of  squares  and  square  roots.  In  this  book, 
the  page  before  the  index  contains  a table  that 
names  the  integers  from  1 through  220,  along 
with  the  square  and  the  principal  square  root 
of  each  integer.  Study  this  table  now. 

A Suppose  that  you  want  to  know  the  square 
of  3.  Under  the  letter  n in  the  table,  find  the 
blue  numeral  3.  What  numeral  is  directly  to 
the  right  of  the  blue  numeral  3?  Is  the  nu- 
meral 9 under  the  symbol  «2?  Is  9 the  square 
of  3? 

B Suppose  that  you  want  to  find  V3.  What 
numeral  is  directly  to  the  right  of  the  numeral 
that  names  the  square  of  3?  Is  the  numeral 
1.732  under  the  symbol  y/nl  The  number 
1.732  is  a/3  to  the  nearer  thousandth. 

In  most  cases,  the  numbers  named  under 
the  symbol  y/n  are  only  approximately  equal 
to  the  principal  square  root  of  the  number 
named  in  the  same  row  under  the  letter  n.  Each 
square  root  is  given  to  the  nearer  thousandth, 
c What  is  the  square  of  15?  Of  49?  Of  99? 
Of  132?  What  is  the  principal  square  root  of 
each  of  these  numbers?  Use  the  table. 

D Use  the  table  to  find  the  square  of  25.  Ex- 
plain how  you  can  use  the  table  to  find  the 
principal  square  root  of  625. 

E What  is  the  principal  square  root  of  961? 
Of  2916?  Of  19,881?  Of  28,900? 

In  this  lesson  you  learned  what  is  meant  by 
the  square  of  a number  and  a square  root  of  a 
number.  You  also  studied  some  of  the  prop- 
erties of  squares  and  square  roots. 
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On  your  own 

Use  the  table  of  squares  and  square  roots 
to  find  the  square  of  the  number  named  in 
each  exercise  below.  Then  find  the  principal 


square 

root  of  each  number  named. 

l 13 

5 74 

9 55 

13  129 

17  106 

2 19 

6 38 

10  140 

14  70 

18  67 

3 176 

7 5 

li  118 

15  191 

19  95 

4 62 

8 200 

12  31 

16  92 

20  212 

For  each  of  exercises  21  through  28,  use  the 
table  to  find  the  principal  square  root  of  the 
number  named. 

21  289  23  1089  25  4356  27  46,225 

22  576  24  33,124  26  24,336  28  14,400 

Tell  whether  each  sentence  below  expresses 

a true  statement  or  a false  statement. 

29  (“  1 5)2  = 225.  32  C17)2  = "289. 

30  V25  = “5.  33  (Vli)2  = 4. 

31  y/ 14641  = 121.  34  (V72)2  = 72. 

Use  the  properties  and  ideas  that  you  stud- 
ied in  this  lesson  to  explain  why  each  state- 
ment expressed  below  is  true.  You  should  be 
able  to  do  this  without  computing. 

35  (810)2  = C810)2.  38  (f)2  = (fi)2. 

36  (H)2  < ($2.  39  V289  < V441. 

37  (a/7)2  = 7.  40  (1)2=(£)2. 


KEEPING  SKILFUL 


r or  each  condition  expressed  below,  tabu- 
late the  solution  set  if  possible.  Otherwise,  give 
a standard  description  of  the  solution  set. 
U = R. 


1 x - 4.25  = 1.72.  4 .65 y = 2.665. 

2 a + “16  = 25|.  5 4z  + ~\  = 5\. 

3 3r+  17.8  >24.7.  6 ~ (2h  - \ > 10). 

7 / — < 25  A t + ±>22. 

8 c - 6.5  > 4.9  V “12.4  + c > “3.6. 

9 5.2  - s > 8.6  A 4s  + 3.5  > 8.3. 

10  7 + 5m  = 2 V ~2m  > 2. 


1 1 1 50 I Learning  computation 

Determining  square  roots 

In  lesson  149  you  used  a table  to  find  squares 
and  square  roots.  In  this  lesson  you  will  learn 
to  find  square  roots  by  computation. 

Study  sentence  A in  Dl.  From  sentence  A, 
you  know  that  1 is  the  square  of  1.  You  also 
know  that  VT  = 1 . 

A Look  at  sentence  B.  36  is  the  square  of  what 
positive  number?  What  is  a/36? 
b Read  sentence  C.  169  is  the  square  of  what 
positive  number?  What  is  V 169? 

C Now  look  at  sentence  D.  484  is  the  square 
of  what  positive  number?  What  is  V 484? 

D Think  about  the  numbers  expressed  at  the 
left  of  the  symbols  for  equality  in  d1.  Is  each 
of  these  numbers  a positive  integer?  Think 
about  the  bases  of  the  powers  expressed  at  the 
right  of  the  symbols  for  equality.  Is  each  of 
these  bases  a positive  integer? 

E 625  is  the  square  of  what  positive  integer? 
What  is  V 625?  Use  the  table  of  squares  and 
square  roots  to  help  you. 

F 6084  is  the  square  of  what  positive  integer? 
What  is  V6084? 

G Is  Ip  closed  under  multiplication?  How  do 
you  know  that  the  square  of  every  element 
of  Ip  is  also  an  element  of  Ip  ? Remember  that 
Ip  is  a name  of  the  set  of  positive  integers. 

A 1 = l2.  c 169=  132 

B 36  = 62.  D 484  = 222. 

Dl 
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The  square  of  a positive  integer  is  called  a 
perfect  square.  Every  perfect  square  is  a posi- 
tive integer. 

H How  do  you  know  that  49  is  a perfect 
square  ? That  400  is  a perfect  square  ? 

You  can  use  what  you  know  about  the 
squares  of  certain  integers  to  help  you  decide 
whether  or  not  a given  number  is  a perfect 
square.  Suppose,  for  example,  that  you  want 
to  know  whether  or  not  1 10  is  a perfect  square. 
I You  know  that  100  is  a perfect  square  be- 
cause 100=  102  and  10  e Ip.  You  also  know 
that  121  is  a perfect  square  because  121  = ll2 
and  11  e Ip.  Is  110  between  102  and  ll2? 
j If  1 10  were  a perfect  square,  then  1 10  would 
be  the  square  of  an  integer  between  10  and  11. 
Is  there  an  integer  between  10  and  11  ? Is  110 
a perfect  square  ? 

Tell  which  of  the  numbers  named  below  are 
perfect  squares. 

K 64  L 121  M 136  n 225  o 54 

If  you  know  that  a first  number  is  the  square 
of  a second  number,  then  you  also  know  that 
the  second  number  is  a square  root  of  the  first 
number.  You  know  that  each  positive  integer 
has  two  square  roots : a principal,  or  positive, 
square  root  and  a negative  square  root.  Unless 
you  are  told  otherwise,  “the  square  root”  of  a 
number  will  refer  to  the  principal  square  root. 

Of  course,  not  all  numbers  are  perfect 
squares,  and  there  are  times  when  you  need  to 
know  the  square  root  of  a number  that  is  not 
a perfect  square.  In  such  cases,  you  need  a 
method  for  finding  square  roots.  In  the  exer- 
cises that  follow,  you  will  learn  one  way  of 
computing  to  find  the  square  root  of  a positive 
integer  that  is  not  a perfect  square. 

Look  at  numeral  E in  d2.  You  are  going 
to  find  a number  that  is  approximately  equal 

to  Vz 


e V2 

F l<v/2<2. 

G 1.4 < V2<  1.5. 

H 1.41  < V2<  1.42. 

I 1.414  < V2<  1.415. 

d2 


J Vl  = 1.41421  . . .. 

d3 

perfect  square  (per'fikt).  The  square  of  a 
positive  integer.  The  universe  for  a and  x is  Ip. 

For  each  a and  x if  x = a2,  then  x is  a perfect 
square. 

A What  is  l2?  What  is  22?  How  do  you  know 
that  2 is  not  a perfect  square  ? 

B Read  sentence  F.  You  know  that  2 is  be- 
tween l2  and  22.  Is  statement  F true? 

Because  V2  is  between  1 and  2,  you  can 
choose  1.5  as  a reasonable  estimate  of  V2. 
c Is  (1.5)2  = 2.25?  Is  2 < (1.5)2? 
d Since  2<(1.5)2,  why  must  it  also  be  true 
that  V2  < 1.5?  Because  V2  < 1.5,  you  can 
choose  1.4  as  the  next  estimate  of  What 
is  (1.4)2?  Is  (1.4)2  <2? 

E Is  1.4  < a/2?  How  do  you  know  that  sen- 
tence G in  d2  expresses  a true  statement  ? 

F Why  should  you  choose  a number  that  is 
greater  than  1.4  and  less  than  1.5  as  the  next 
estimate  of  V2? 

G Is  1.41  between  1.4  and  1.5?  Is  (1.41)2  = 
1.9881?  How  do  you  know  that  1.41  < V^? 

H Why  is  1.42  a reasonable  estimate  of  V2? 
What  is  (1.42)2? 

I Is  V2  < 1.42?  Does  sentence  H in  d2  ex- 
press a true  statement?  Explain  your  answers. 

You  know  that  V2  is  between  1.41  and 
1.42.  Use  1.415  as  your  next  estimate  of  V2. 
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j Is  (1.41 5)2  = 2.002225?  How  do  you  know 
that  V2<  1.415? 

k Why  does  it  make  sense  to  choose  1.414  as 
the  next  estimate  of  y/ll  What  is  (1.414)2? 
How  do  you  know  that  sentence  I in  d2  ex- 
presses a true  statement? 

L Explain  how  you  know  that  your  next  esti- 
mate of  y/l  should  be  between  1.414  and 
1.415. 

Notice  that  each  new  estimate  of  y/l  has 
given  you  a more  accurate  approximation  of 
y/l.  If  you  were  to  continue  to  estimate  y/l 
in  the  way  shown  in  d2,  you  would  find,  using 
two  more  steps,  that  y/l  is  between  1.41421 
and  1.41422. 

M What  is  Vl  to  the  nearer  thousandth?  To 
the  nearer  ten-thousandth? 

Now  look  at  d3.  Sentence  J expresses  a true 
statement  about  y/l.  The  three  dots  at  the 
right  of  the  last  digit  in  1.41421  . . . show  that 
the  digits  in  the  decimal  for  y/l  go  on  and  on 
and  that  the  decimal  is  not  a repeating  deci- 
mal. You  should  read  sentence  J in  this  way: 
“The  principal  square  root  of  two  is  equal  to 
one  point  four  one  four  two  one,  and  so  on.” 

N Could  you  continue  to  estimate  y/l  so  that 
your  approximation  would  be  correct  to  the 
nearer  ten-millionth?  To  the  nearer  bil- 
lionth? To  the  nearer  hundred-billionth? 
o If  the  decimal  for  y/l  is  not  a repeating 

decimal,  then  how  do  you  know  that  y/l  is 
not  a rational  number  ? 

From  the  work  in  the  preceding  exercises, 
you  can  see  that  the  method  of  computing  to 
find  the  square  root  of  a number  by  successive 
approximations  requires  a great  deal  of  time 
and  effort.  There  is  a more  efficient  way  of 
computing  to  find  the  positive  square  root  of 
an  integer  that  is  not  a perfect  square.  You  will 
study  this  method  now. 


K VT52 

l 152  -j-  12.5  = 12.160. 

M (12.160+  12.5) - 2 = 12.330. 

N (12.328  + 12.330)  -5-  2 = 12.329. 
o (12.329)2  = 152.004241. 

d4 

a Look  at  numeral  K in  d4.  152  is  not  a per- 
fect square,  but  it  is  between  two  perfect 
squares,  144  and  169.  Is  144=  122?  Is  169  = 
132? 

B Is  152  between  122  and  132?  How  do  you 
know  that  V 152  is  between  12  and  13  ? 

Because  you  know  that  Vl52  is  between  12 
and  13,  you  could  choose  12.5  or  any  other 
number  between  12  and  13  as  a reasonable 
estimate  of  y/ 152.  If  12.5  were  the  square  root 
of  152,  then  (12.5)2  would  be  equal  to  152. 
This  means  that  the  quotient  of  152  and  12.5 
would  be  12.5.  So,  the  next  step  in  computing 
vT52is  to  find  the  quotient  of  152  and  12.5. 

C How  do  you  know  that  the  quotient  of  1 52 
and  12.5  is  the  same  as  the  quotient  of  1520 
and  125? 

D Find  the  quotient  of  1520  and  125  to  the 
nearer  thousandth.  What  numeral  should  you 
use  to  express  the  dividend  ? 

E Does  sentence  L in  d4  express  a true  state- 
ment? What  is  the  quotient  of  152  and  12.5  to 
the  nearer  thousandth  ? 

F How  do  you  know  that  12.5  is  not  the  posi- 
tive square  root  of  152? 

G Is  152=  12.160X  12.5?  Is  12.160  <12.5? 
How  do  you  know  that  V 152  is  between 
12.160  and  12.5? 

Notice  that,  at  first,  you  discovered  that 
V 152  is  between  12  and  13,  so  you  chose  12.5 
as  a first  estimate  of  vT52.  Now  you  know 
that  Vl52  is  between  12.160  and  12.5,  so  you 
can  make  a more  accurate  estimate  of  V 152. 
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K VT52 

l 152  -s-  12.5  = 12.160. 

M (12.160+  12.5)  -s-2=  12.330. 

N (12.328  + 12.330)  -s-  2 = 12.329. 

O (12.329)2=  152.004241. 

d4 

h You  know  that  one  way  to  find  a number 
that  is  between  two  given  numbers  is  to  divide 
the  sum  of  the  given  numbers  by  2.  Does  sen- 
tence M in  d4  express  a true  statement?  Is 
12.330  between  12.160  and  12.5? 

You  now  have  12.330  as  a new  estimate  of 
V 152.  As  before,  you  should  find  the  quotient 
of  152  and  12.330  to  determine  how  accurate 
this  estimate  is. 

i Is  the  quotient  of  152  and  12.330  the  same 
as  the  quotient  of  15,200  and  1233?  Find  the 
quotient  of  15,200  and  1233  to  the  nearer  thou- 
sandth. 

J Is  12.328  the  quotient  of  152  and  12.330  to 
the  nearer  thousandth?  How  do  you  know 
that  V 152  is  between  12.328  and  12.330? 

K How  do  you  know  that  sentence  N in  d4  ex- 
presses a true  statement?  Is  12.329  between 
12.328  and  12.330? 

12.329  is  approximately  equal  to  V 152.  We 
say  that  12.329  is  equal  to  V 152  to  the  nearer 
thousandth.  If  you  wanted  to  obtain  a more 
accurate  estimate  of  V 152,  you  could  do  so  by 
finding  the  quotient  of  152  and  12.329.  This 
time,  however,  you  would  need  to  determine 
the  quotient  to  ten-thousandths  or  to  hundred- 
thousandths.  For  most  purposes,  accuracy  to 
the  nearer  thousandth  is  sufficient.  Numbers 
like  y/2  and  V 152  cannot  be  represented  by 
repeating  decimals.  Thus,  they  are  not  rational 
numbers.  As  you  continue  to  study  mathe- 
matics, you  will  be  able  to  prove  that  y/2  is 
not  a rational  number. 


L Look  again  at  d4.  Is  statement  O true  ? This 
statement  should  convince  you  that  12.329  is  a 
reasonably  good  approximation  of  V 152. 

M Now  suppose  that  you  want  to  compute 
y/44.  How  do  you  know  that  44  is  not  a per- 
fect square?  y/44  is  between  what  two  con- 
secutive positive  integers  ? 
n Is  6.5  a reasonable  estimate  of  y/44?  Why 
should  you  next  find  the  quotient  of  44  and 
6.5? 

o How  do  you  know  that  V 44  is  between  6.5 
and  6.769?  What  is  the  sum  of  6.5  and  6.769? 
Find  the  quotient  of  this  sum  and  2 to  the 
nearer  even  thousandth, 
p Is  6.634  your  next  estimate  of  V44?  What 
is  the  quotient  of  44  and  6.634  to  the  nearer 
thousandth  ? 

Q How  do  you  know  that  y/44  is  between 
6.632  and  6.634?  Is  6.633  the  positive  square 
root  of  44  to  the  nearer  thousandth  ? 

R What  is  (6.633)2?  Do  you  think  that  6.633 
is  a reasonably  good  approximation  of  V44  ? 

Use  the  method  of  computation  you  have 
just  learned  to  find  each  of  the  square  roots 
named  below  to  the  nearer  thousandth, 
s y/l4  t V85  u VI76  v y/6 


In  this  lesson  you  learned  what  a perfect  square 
is.  You  also  learned  how  to  compute  to  find 
the  positive  square  root  of  a number  that  is 
not  a perfect  square. 

On  your  own 

Tell  which  of  the  numbers  named  in  exer- 
cises 1 through  16  are  perfect  squares.  If  a 
number  is  not  a perfect  square,  compute  to 
find  its  positive  square  root  to  the  nearer 
thousandth. 


l 179 

5 900 

9 1225 

13  610 

2 196 

6 275 

10  365 

14  211 

3 200 

7 289 

li  6400 

15  2500 

4 484 

8 70 

12  256 

16  10,000 
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Exploring  ideas 

real  numbers 

Iou  studied  the  set  of  rational  numbers  in 
unit  10.  Now  you  are  going  to  study  a set  of 
numbers  that  includes  the  rational  numbers  as 
a subset. 

a Is  each  statement  expressed  in  d1  true?  Is 
each  decimal  in  d1  a repeating  decimal? 
What  is  the  repetend  of  each  decimal? 

B Which  of  the  rational  numbers  named  in  d1 
can  be  named  by  terminating  decimals?  Re- 
member that,  if  the  digit  0 is  the  repetend  of  a 
repeating  decimal  for  a rational  number,  then 
the  rational  number  can  be  named  by  a ter- 
minating decimal. 

Find  a repeating  decimal  for  each  rational 
number  named  below. 

C 1|  E ”6  G “15g  I 5?  K 

D I F IT  H 1 J 1000  L 15 

You  know  that  a repeating  decimal  is  a 
decimal  in  which  digits  repeat  in  a pattern,  and 
the  pattern  repeats  without  end.  Because  there 
is  no  last  digit  in  a repeating  decimal,  such  a 
decimal  is  called  a repeating  infinite  decimal. 
All  the  decimals  that  you  have  worked  with  so 
far  are  examples  of  repeating  infinite  decimals. 
m In  lesson  142  of  unit  10,  you  learned  that 
every  rational  number  can  be  named  by  a re- 
peating decimal.  Is  every  repeating  decimal 
also  an  infinite  decimal?  Can  every  rational 
number  be  named  by  an  infinite  decimal  ? 

Ewery  rational  number  can  be  named  by  a 
repeating  infinite  decimal,  and  every  repeat- 
ing infinite  decimal  names  a rational  number. 


11  151 

The 


a \\  = 1.50.  d £ = .0 9. 

b 1 = “ 1250.  e “14  = “14.0. 

C j = 2.3.  f “3f  = “3.857142. 

D 1 


G 1.41421  . . . 

H 1.7325  . . . 

I .101001000100001  . . . 
J “6.323322333222  . . . 

o2 


There  are,  however,  certain  numbers  that  can 
be  named  by  infinite  decimals  that  are  not  re- 
peating decimals.  In  the  work  that  follows,  you 
will  study  such  numbers. 

A Study  the  numerals  in  d2.  Numeral  G is  the 
decimal  for  VZ  The  square  root  of  2 is  not 
a rational  number.  How  do  you  know  that  nu- 
meral G is  not  a repeating  decimal?  Is  there  a 
last  digit  in  the  decimal  for  V2  ? 

B Numeral  H names  y/3.  The  square  root  of 
3 is  not  a rational  number.  How  do  you  know 
that  numeral  H is  not  a repeating  decimal  ? Is 
there  a last  digit  in  the  decimal  for  V3  ? 

C Now  look  at  numeral  I.  How  do  you  know 
that  numeral  I is  not  a repeating  decimal? 
How  many  digits  for  0 appear  between  the  first 
and  second  digits  for  1 ? How  many  digits  for 

0 appear  between  the  second  and  third  digits 
for  1 ? Between  the  third  and  fourth  digits  for 

1 ? Between  the  fourth  and  fifth  digits  for  1 ? 

d Notice  that,  even  though  numeral  I is  not  a 
repeating  decimal,  the  occurrence  of  the 
digits  in  the  decimal  seems  to  follow  a certain 
rule.  According  to  this  rule,  how  many  digits 
for  0 will  there  be  between  the  fifth  and  sixth 
digits  for  1 in  numeral  I ? Now  write  numeral  I 
with  30  digits  to  the  right  of  the  decimal  point. 

Real  numbers  defined  as  those  numbers  that  can  be  expressed  by  261 
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E Is  there  a last  digit  in  numeral  I ? 

F Look  at  numeral  J in  d2.  Describe  the  first 
two  digits  to  the  right  of  the  decimal  point. 
Describe  the  next  four  digits  to  the  right  of  the 
decimal  point.  Describe  the  next  six  digits  to 
the  right  of  the  decimal  point. 

G Look  again  at  numeral  J.  Use  the  rule  that 
is  indicated  by  the  first  twelve  digits  to  the 
right  of  the  decimal  point  to  write  the  next 
eight  digits.  How  do  you  know  that  numeral  J 
is  not  a repeating  decimal?  Is  there  a last 
digit  in  numeral  J ? 

The  numerals  in  d2  are  infinite  decimals  be- 
cause, in  each  case,  the  digits  in  the  decimal  go 
on  and  on  without  end.  However,  these  infinite 
decimals  have  no  repetend.  For  this  reason 
such  decimals  are  called  nonrepeating  infinite 
decimals. 

Tell  which  of  the  decimals  below  are  repeat- 
ing infinite  decimals  and  which  are  nonrepeat- 
ing infinite  decimals. 

H “2.16  J 15.650  L 2.2361  . . . 

I .142857  k 3.09  M .2468101214 . . . 

All  the  numbers  that  you  have  considered  so 
far  in  this  lesson  are  real  numbers.  All  numbers 
that  can  be  named  by  repeating  infinite  deci- 
mals are  real  numbers.  All  numbers  that  can 
be  named  by  nonrepeating  infinite  decimals 
are  also  real  numbers. 

Numbers  that  can  be  expressed  by  non- 
repeating infinite  decimals  are  irrational 
(i  rash-'an  si)  numbers.  Notice  that  the  word 
“irrational”  is  formed  by  attaching  the  prefix 
ir -,  which  means  “not,”  to  the  word  “ra- 
tional.” Thus,  an  irrational  number  is  not  a 
rational  number. 

n How  do  you  know  that  an  irrational  num- 
ber is  a real  number?  Is  the  set  of  real  num- 
bers the  union  of  the  set  of  rational  numbers 
and  the  set  of  irrational  numbers  ? If  the  uni- 
verse is  the  set  of  real  numbers,  is  the  set  of 


G 1.41421  . . . 

H 1.7325  . . . 

I .101001000100001  . . . 
J “6.323322333222  . . . 


real  number  (re^al).  A number  that  can  be 
expressed  by  an  infinite  decimal.  Certain  real 
numbers  can  be  expressed  by  repeating  in- 
finite decimals.  Other  real  numbers,  such  as 
\/2.  can  be  expressed  by  nonrepeating  infinite 
decimals. 


irrational  numbers  the  complement  of  the  set 
of  rational  numbers  ? 

Since  the  set  of  irrational  numbers  is  the 
complement  of  the  set  of  rational  numbers,  we 
will  use  the  symbol  at  the  right  to 
name  the  set  of  irrational  numbers. 

This  symbol  is  read  “the  set  of  ir- 
rational numbers.” 
o Look  again  at  exercises  H through  M. 
Which  of  the  numbers  named  are  elements 
of  R ? Are  elements  of  R ? 

Numbers  like  y/2,  a/3,  and  V6  are  irra- 
tional numbers.  Later  on,  you  will  study  a 
method  of  proving  that  the  square  root  of  any 
positive  integer  that  is  not  a perfect  square  is 
an  irrational  number. 
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p Do  you  think  that  R is  an  infinite  set  ? Ex- 
plain your  answer. 

We  will  use  the  symbol  at  the  right  below  as 
a name  of  the  set  of  real  numbers. 

This  symbol  is  read  “the  set  of  real 
numbers.” 

q IsD  = RU  R?  How  do  you  know  that  D 
is  an  infinite  set  ? 

R Look  at  the  Venn  diagram  in  d3.  Which 
portion  of  the  diagram  represents  the  set  of 
real  numbers  ? 

s Which  portion  of  the  Venn  diagram  repre- 
sents R? 

T How  does  the  diagram  indicate  that  Rp  and 
Rn  are  disjoint  sets?  How  does  the  diagram 
indicate  that  Rp  and  Rn  are  subsets  of  R?  Are 
Rp  and  Rn  subsets  of  R ? Are  Rp  and  Rn  sub- 
sets of  D ? 

U Name  three  sets  represented  in  d3  that  have 
the  set  of  positive  integers  as  a subset, 
v Name  three  sets  represented  in  d3  that 
have  the  set  of  negative  integers  as  a sub- 
set. 


^N^ext  you  will  learn  that  the  real  numbers 
can  be  put  in  one-to-one  correspondence  with 
the  points  in  a line. 

a Look  at  the  picture  of  in  d4.  Is  t x an  infi- 
nite set  of  points?  Is  R an  infinite  set  of  num- 
bers? Is  it  possible  to  associate  every  element 
of  R with  a point  in  l x ? 

Look  at  d5.  You  will  now  see  how  you  can 
determine  the  approximate  location  of  the 
point  in  that  is  associated  with  V2.  Pictures 
A and  B in  d5  represent  only  the  subset  of 
that  contains  point  1,  point  2,  and  all  points 
between  1 and  2. 

B How  do  you  know  that  1 < \/2  < 2 ? How 
does  picture  A show  that  point  V2  is  between 
point  1 and  point  2 ? 

C Is  1.4<V/2<1.5?  How  does  picture  B 
show  that  point  Vl  is  between  point  1 .4  and 
point  1.5? 

D Is  1.41  <V2<  1.42?  How  do  you  know 
that  the  point  in  that  is  associated  with  V2 
is  between  point  1.41  and  point  1.42? 


e — 
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“1.5  ”1  “.5  0 

.5  1 

v 1 

1.5  2 2.5 

d4 

V 2 = 

1.4142.  . .. 

A 

1 

Vi 

— a — 

2 

B 

1 

1.1  1.2  1.3  1.4} 

1.5  1.6 

1.7  1.8  1.9  2 

d5 

Vi 

263 


Now  look  at  d6.  Picture  C represents  only 
the  subset  of  that  contains  point  1.4  and 
point  1.5  and  all  points  between  1.4  and  1.5. 

E You  know  that  1.41  < V2  < 1.42  is  a true 
statement.  How  does  picture  C show  that  point 
\/2  is  between  point  1.41  and  point  1.42? 

F What  subset  of  does  picture  D in  d6 
represent?  Is  1.414  < V2  < 1.415?  How  does 
picture  D show  that  point  V2  is  between  point 
1.414  and  point  1.415? 

G Look  at  picture  E.  Is  1.4142  < a/2  < 1.4143? 
Describe  the  position  of  the  dot  for  point  \//2 
in  picture  E. 

You  could  continue  the  method  just  ex- 
plained indefinitely.  At  each  step,  you  would 
come  closer  to  locating  point  a/2.  You  can 
find  only  an  approximate  location  for  point 
x/2  by  this  method.  Later  in  your  study  of 


mathematics,  you  will  learn  how  to  use  other 
methods  to  locate  point  a/2  exactly. 

H Remember  that  V3  = 1.7325  . . ..  How  do 
you  know  that  the  point  in  ix  that  is  associated 
with  a/3  is  located  between  point  1 .7  and  point 
1.8?  Between  point  1.73  and  point  1.74?  Be- 
tween point  1.732  and  point  1.733? 

Each  point  in  can  be  associated  with  a 
real  number.  Every  point  that  is  not  associated 
with  a rational  number  is  associated  with  an 
irrational  number.  A number  line  whose  coor- 
dinates are  all  the  real  numbers  is  a real- 
number  line.  The  set  of  real  numbers  can  be 
put  in  one-to-one  correspondence  with  the  set 
of  all  points  in  a line.  This  means  that  a real- 
number  line  is  actually  a line  of  the  kind  that 
you  have  worked  with  in  geometry  in  Book  1 
and  in  this  book.  No  matter  where  you  happen 


V2=  1.4142.  . .. 
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to  locate  a point  in  a line,  there  is  a real  num- 
ber that  can  be  associated  with  that  point.  Be- 
cause there  are  no  “gaps”  in  a real-number 
line,  the  set  of  real  numbers  is  sometimes  called 
the  continuum  (ksn  tin^u  3m)  of  real  numbers, 
i A real-number  line  is  represented  in  d7.  The 
symbol  for  the  coordinate  of  point  D is  read 
“the  negative  square  root  of  two.”  How  should 
you  read  the  symbol  a/3  ? 
j Is  ~a/2  = “1.4142  . . .?  Is  a/2  an  irra- 
tional number? 

K Which  of  the  points  represented  by  dots  in 
d7  are  associated  with  rational  numbers? 
Which  are  associated  with  irrational  numbers  ? 

In  this  lesson  you  learned  that  the  set  of  real 
numbers  contains  all  the  numbers  that  can  be 
expressed  by  repeating  infinite  decimals  and 
all  the  numbers  that  can  be  expressed  by  non- 
repeating infinite  decimals.  You  also  learned 
that  the  set  of  real  numbers  and  the  set  of  all 
points  in  a line  can  be  put  in  one-to-one  corre- 
spondence. 

Make  a Venn  diagram  like  the  one  in  d3  on 
page  262.  Make  your  diagram  large  enough  to 
give  you  room  for  several  numerals  in  each 
part  of  the  diagram  that  represents  a subset. 
Then,  for  the  exercises  below,  write  each  nu- 
meral in  the  appropriate  part  of  the  diagram. 

1 | 4 "3f  7 IO5  10  1 

2 “3  5V4  8 vTo  11  100 

3 V5  6 0 9 a/25  12  a/3 

Each  irrational  number  named  in  exercises 

13  through  21  is  between  two  successive  inte- 
gers. Name  the  integers  for  each  exercise.  Use 
the  table  of  squares  and  square  roots  to  help 
you. 

13VTT  16  \/4l0  19V4100 

14  ~a/35  17  ~a/22  20  a/650 

15  Vm  18  "a/309  21  a/  12305 


Algebraic  properties 
of  the  real  numbers 

In  lesson  151,  you  learned  that  a real  number 
is  a number  that  can  be  expressed  by  an  in- 
finite decimal.  In  this  lesson  you  will  study  the 
properties  of  the  operations  of  addition  and 
multiplication  of  real  numbers.  You  will  also 
study  the  properties  of  equality. 

When  you  studied  the  set  of  natural  num- 
bers, the  set  of  rational  numbers  of  arithmetic, 
and  the  set  of  rational  numbers,  you  learned 
that  the  operations  of  addition  and  multiplica- 
tion had  certain  properties,  such  as  the  closure 
properties  and  the  commutative  properties.  In 
Book  1 and  in  this  book  we  used  a certain  pro- 
cedure in  presenting  properties.  First,  we  de- 
fined the  kind  of  number  that  was  being 
studied.  Next,  we  developed  definitions  of  the 
sum  and  the  product  of  two  such  numbers. 
Finally,  we  used  these  definitions  to  help 
prove  various  properties  of  the  operations  of 
addition  and  multiplication. 

In  the  case  of  the  real  numbers,  our  proce- 
dure must  be  somewhat  different.  You  know 
the  definition  of  a real  number  in  terms  of  its 
decimal  representation.  You  do  not,  however, 
know  the  definitions  of  the  sum  and  the  prod- 
uct of  numbers  expressed  by  infinite  decimals. 
Thus,  you  cannot  use  the  definitions  of  sum 
and  product  of  real  numbers  to  prove  the 
properties  of  the  operations  of  addition  and 
multiplication  of  real  numbers.  This  means 
that  you  will  need  to  accept  the  properties 
without  proof. 
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A Look  at  d1.  Name  the  property  expressed 
in  Dl  that  tells  you  that  3 + y/5  is  a real  num- 
ber. Is  6.05  + ".027  eD?  Is  .4  + 2.6457... 
a real  number? 

B Name  the  property  that  tells  you  that  the 
product  of  3 and  V5  is  a real  number.  You 
may  express  this  product  by  the  symbol  3a/5. 
Is  6.05  X .027  e D?  Is  .4  X 2.6457  ...  a real 
number  ? 

To  find  the  sum  or  the  product  of  two  real 
numbers  that  are  also  rational  numbers,  you 
use  the  same  processes  that  you  use  to  find  the 
sum  or  the  product  of  any  two  rational  num- 
bers. You  can  also  use  these  processes  to  find 
approximations  of  sums  or  products  that 
involve  irrational  numbers.  For  example, 
3 + y/~5  involves  an  irrational  number.  The  ra- 
tional number  2.236  is  an  approximation,  to 
the  nearer  thousandth,  of  y/5.  A rational  ap- 
proximation of  3 + y/5  is  3 + 2.236,  or  5.236, 
to  the  nearer  thousandth. 


C Suppose  that  you  want  to  find  a rational  ap- 
proximation of  3V5.  Why  should  you  multi- 
ply 2.236  by  3 ? Is  6.708  a rational  approxima- 
tion of  3V5? 

D What  is  a rational  approximation  of  the  sum 
of  .4  and  2.6457  . . . ? Of  the  product  of  these 
two  numbers?  Use  approximations,  to  the 
nearer  thousandth,  of  both  .4  and  2.6457  . . .. 

E Look  again  at  Dl.  What  property  expressed 
in  Dl  tells  you  that  3 + V59  = a/59  + 3 ? 

F What  property  expressed  in  Dl  tells  you  that 
.7  X a/26  = v"26  X .7? 

G To  which  operation  of  real  numbers  does 
the  property  (a  + b)  + c = a + (b  + c)  apply  ? 
To  which  operation  does  the  property  (ab)c  = 
a{bc)  apply  ? 

H Name  the  identity  element  for  addition  of 
real  numbers.  Name  the  identity  element  for 
multiplication  of  real  numbers. 

1 Two  real  numbers  whose  sum  is  0 are  addi- 
tive inverses  of  each  other.  Which  property  ex- 


Universe  for  a , b,  and  c = D. 


Operations  — » 

Addition 

Multiplication 

Closure  properties  — > 

For  each  a and  b , 
a + be  D. 

For  each  a and  b , 
ab  e D. 

Commutative  properties  — > 

For  each  a and  b , 
a + b = b + a. 

For  each  a and  b, 
ab  = ba. 

Associative  properties  — > 

For  each  a , b,  and  c , 

(a  + b)  + c = a + (b  + c). 

For  each  a , b , and  c, 
(ab)c  = a{bc). 

Identity-element 

For  each  a , 

For  each  a, 

properties  — > 

0 + a = a. 

1 Xa  = a. 

Inverse  properties  — >• 

For  each  a,  there  is  an 
element  ~a  so  that 

a + ~a  = 0. 

For  each  a s*  0, 
there  is  an  element 
1/a  so  that 
a(l/a)=\. 

Distributive  property  — » 

For  each  a , b,  and  c , a{b  + c)  — ab  + ac. 

Dl 
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pressed  in  d1  tells  you  that  each  real  number 
has  an  additive  inverse  ? 
j You  can  use  the  additive-inverse  property  of 
rational  numbers  to  help  you  find  the  additive 
inverse  of  a real  number  that  is  also  a rational 
number.  What  is  the  additive  inverse  of  the 
real  number  5?  Of  the  real  number  “.32? 

The  following  examples  of  irrational  num- 
bers that  are  additive  inverses  of  each  other 
should  help  you  find  the  additive  inverses  of 
other  irrational  numbers.  The  additive  inverse 
of  VTi  is  (VTT)  or  a/TT.  The  additive  in- 
verse of  a/59  is  a/59. 

k Name  the  additive  inverse  of  a/43.  Of 
~V6.  Of  ~a/T12. 

Just  as  for  rational  numbers,  the  difference 
of  any  two  real  numbers  is  the  number  that  is 
the  sum  of  the  minuend  and  the  additive 
inverse  of  the  subtrahend.  7 — f = 7 + f. 
VU  - a/6  = VT3  + "V6. 

L How  do  you  know  that  the  set  of  real  num- 
bers is  closed  under  subtraction  ? 

M Look  again  at  Dl.  Two  real  numbers  whose 
product  is  1 are  multiplicative  inverses,  or  re- 
ciprocals, of  each  other.  Which  property  tells 
you  that  each  non-zero  real  number  has  a re- 
ciprocal ? 

N a/T6  XI/ a/16  = 1 . What  is  the  reciprocal 
of  \/l6  ? Of  1 /a/  1 6 ? What  is  the  reciprocal 
of 4.5?  Of  1/4.5? 

o Name  the  reciprocal  of  a/  145.  Of  a/32. 

The  quotient  of  any  two  non-zero  real  num- 
bers is  the  same  as  the  product  of  the  dividend 
and  the  reciprocal  of  the  divisor. 

13.2-  .4=  13.2(l/.4). 
a/23  - a/2  = a/23(1  /a/2), 
p How  do  you  know  that  the  set  of  non-zero 
real  numbers  is  closed  under  division  ? 

Q Which  property  expressed  in  Dl  relates  mul- 
tiplication and  addition?  Is  a/47(95  + a/10)  = 
(A/47  X 95)  + (a/47  X a/10)? 


r Does  the  set  of  real  numbers,  together  with 

the  operations  of  addition  and  multiplica- 
tion, form  a number  system?  Explain  your 
answer. 

So  far  in  this  lesson,  you  have  studied  certain 
properties  of  addition  and  multiplication  of 
real  numbers.  Now  you  will  study  a property 
of  the  non-negative  real  numbers  that  is  not  a 
property  of  the  non-negative  rational  numbers. 

You  have  been  working  with  the  operations 
of  addition  and  multiplication.  Finding  the 
square  root  of  a number  is  also  an  operation. 

A Think  of  the  non-negative  rational  numbers 
0,  16,  49,  and  144.  Is  each  of  these  numbers  a 
perfect  square  ? Name  the  square  root  of  each 
number.  Is  the  square  root  of  each  number  a 
non-negative  rational  number? 

B Think  of  the  rational  numbers  2,  3,  and  5. 
Is  each  of  these  numbers  a non-negative  ra- 
tional number?  Is  a/2  a rational  number? 
Is  a/3  a rational  number?  Is  a/5  a rational 
number  ? 

c Explain  how  you  know  that  the  set  of  non- 
negative rational  numbers  is  not  closed 
under  the  operation  of  finding  the  square  root 
of  a number. 

D Think  of  the  non-negative  real  numbers  0, 
2,  3,  4,  5,  16,  and  21.  Is  a/0  a non-negative 
real  number  ? Is  a/2  a non-negative  real  num- 
ber? Is  the  square  root  of  each  of  the  other 
numbers  named  in  this  exercise  a non-negative 
real  number  ? 

The  square  root  of  each  non-negative  real 
number  is  a non-negative  real  number.  Thus, 
the  set  of  non-negative  real  numbers  is  closed 
under  the  operation  of  finding  the  square  root. 
This  closure  property  is  expressed  below. 

The  universe  for  a is  the  set  of  non-negative 
real  numbers.  For  each  a,  V^a  is  a non-negative 
real  number. 
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Next  you  will  study  the  properties  of  equal- 
ity for  real  numbers. 

E What  equations  are  expressed  in  d2?  Are 
9 any  inequalities  expressed?  Does  each 
equation  tell  you  that  a real  number  is  equal 
to  itself? 

The  fact  that  a real  number  is  always  equal 
to  itself  is  the  reflexive  (ri  flek/siv)  property  of 
equality  for  real  numbers.  The  property  is  ex- 
pressed below. 

The  universe  for  a is  D.  For  each  a,  a = a. 

F Why  is  there  no  reflexive  property  of  “less 
9 than,”  of  “greater  than,”  or  of  “not  equal 
to”  for  real  numbers? 

G Is  3 + 5 = 4 + 4?  Is  4 + 4 = 3 + 5?  Is 
y/\6  = 4?  Is  4 = VT6?  For  each  a and  b , if 
a = b,  can  you  conclude  that  b = al  The  uni- 
verse for  a and  b is  D. 

In  exercise  G,  you  used  examples  of  the 
symmetric  (si  met/rik)  property  of  equality  for 
real  numbers.  The  property  is  expressed  below. 

The  universe  for  a and  b is  D.  For  each  a 
and  b,  z/a  = b,  then  b = a. 

H Why  is  there  no  symmetric  property  of  “less 
than”  or  of  “greater  than”  for  real  numbers? 

You  have  already  studied  a transitive  prop- 
erty of  equality  that  tells  you  that,  if  a first 
number  is  the  same  as  a second  number  and 
the  second  number  is  the  same  as  a third  num- 
ber, then  the  first  number  is  the  same  as  the 
third  number.  The  transitive  property  of  equal- 
ity for  real  numbers  is  expressed  below. 

The  universe  for  a,  b,  and  c is  D.  For  each 
a,  b,  and  c,  z/a  = b and  b = c,  then  a = c. 
i Look  at  d3.  Are  statements  G and  H true  ? 

J What  is  the  sum  of  2.5  and  3.25?  What  is 
the  sum  of  § andy  ? Is  the  sum  of  2.5  and  3.25 
the  same  as  the  sum  of  f and  y?  Is  statement  I 
true? 

The  sum  of  2.5  and  3.25  is  the  same  real 
number  as  the  sum  of  f and  y because  of  the 


A 32  < 32.  d “354  > “354. 

B “65  = “65.  E 96  7*  96. 

C 107=  107.  F 789  = 789. 

d2 


g 2.5  = §. 

H 3.25  =-£ 
i 2.5 + 3.25  = § + -£. 

J 2.5  X 3.25  = | X-£. 

d3 

well-defined  property  of  addition  of  real  num- 
bers. The  property  is  expressed  below. 

The  universe  for  a,  b,  c,  and  d is  D.  For  each 
a,  b,  c,  and  d,  if  a = b and  c = d,  then  a + c = 
b + d. 

K What  is  the  product  of  2.5  and  3.25?  Of  f 
and  x?  Is  the  product  of  2.5  and  3.25  the  same 
as  the  product  of  f and  y?  Is  statement  J true  ? 

The  product  of  2.5  and  3.25  is  the  same  real 
number  as  the  product  of  f and  y because  of 
the  well-defined  property  of  multiplication  of 
real  numbers.  The  property  is  expressed  below. 

The  universe  for  a,  b,  c,  and  d is  D.  For  each 
a,  b,  c,  and  d,  z/a  = b and  c = d,  then  ac  = bd. 
L How  do  you  know  that  7.9  + 8.5  is  the  same 
real  number  as  75  + y ? How  do  you  know  that 
7.9  X 8.5  is  the  same  real  number  as  75  X y? 

For  some  time  now,  you  have  been  working 
with  sets,  operations,  and  properties  of  opera- 
tions. These  properties  are  algebraic  (aHja- 
bra/ik)  properties. 


In  this  lesson  you  studied  various  properties  of 
addition  and  multiplication  of  the  real  num- 
bers. You  also  learned  that  the  square  root  of 
any  non-negative  real  number  is  a non-negative 
real  number.  Then  you  studied  the  reflexive, 
symmetric,  and  transitive  properties  of  equal- 
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ity  for  the  real  numbers  and  the  well-defined 
properties  of  addition  and  multiplication. 


Tell  whether  each  of  the  sentences  below 
expresses  a true  statement  or  a false  statement. 
For  each  true  statement,  name  the  property  on 
which  your  decision  depends. 

l vYT  + = 1 . 

2(v1  + ^+|=(|+V|)  + |. 

3 Vl6  + vT6  = 1. 

4 Vn^xV|)  = v/n(Vfx^). 

5 1 X V89  = a/89. 

6 1 + V62  = V61. 

7 2(a/3  + 8)  = 2a/3  + 16. 

8 0 X a/99  = a/99. 

9 0+  a/15  = a/15. 

10  ~Vm  + Vm  = o. 

For  each  of  exercises  11,  12,  and  13,  name 
the  property,  or  properties,  that  tells  you  that 
the  number  expressed  is  a real  number. 

11  15  + a/86  12  V54XVI7  13  95  + a/3 

14  Which  property  of  equality  for  real  num- 
bers tells  you  that  V 149  = V I 49  ? 

1 5 VI52I  = 39.  Is  39  = VI52I  ? Which 
property  of  equality  for  real  numbers  did  you 
use  to  answer  this  question  ? 

16  50  = V2500.  2V625  = V2500.  Which  two 
properties  of  equality  for  real  numbers  can  you 
use  to  explain  why  50  = 2 V 625? 

I7ls\/8l  = 9?  IsV64  = 8?  Which  proper- 
ties tell  you  that  V81  + \/64  = 17?  Which 
properties  tell  you  that  the  product  of  a/81 
and  V64  is  72? 

For  each  of  exercises  18  through  21,  use  the 
table  of  squares  and  square  roots  to  find  the 
two  square  roots  named  in  the  exercise.  Then 
use  properties  to  find  the  sum  and  the  product 
of  the  numbers  named  in  the  exercise, 
is  a/ 10000,  Vm  20  a/6889,  a/900 

19  a/9801,  a/ 576  21  a/ 5625,  a/ 1764 
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Exploring  ideas 


Order  and  completeness 
properties 

You  have  studied  properties  of  equality  for 
real  numbers.  In  this  lesson  you  will  study 
properties  of  “less  than,”  together  with  sev- 
eral other  properties  of  real  numbers. 

A Look  at  the  picture  of  a real-number  line 
in  d1.  Is  point  .5  to  the  left  of  point  1,  oris  it 
to  the  right  of  point  1 ? Is  .5  less  than  1,  or  is 
it  greater  than  1 ? 

In  a real-number  line,  if  the  point  associated 
with  a first  number  is  to  the  left  of  the  point 
associated  with  a second  number,  then  the  first 
number  is  less  than  the  second  number. 

B Look  again  at  Dl.  Is  2<0?  IsV5<2? 
Is  a/2  < “1  ? Is  a/3  < 2?  Is  a/2  < 1 ? Ex- 
plain  your  answers. 

You  can  also  use  infinite  decimals  to  help 
you  decide  if  one  real  number  is  less  than 
another  real  number, 
c V3=  1.732.  . ..Is  if  = 1.750? 

To  decide  whether  the  decimal  for  V"3  or 
the  decimal  for  if  expresses  the  lesser  number, 
you  need  to  compare  only  the  first  three  digits 
from  the  left  in  the  two  numerals.  You  can  see 
that  the  first  digit  in  each  numeral  expresses 
1 one,  and  that  the  second  digit  expresses  7 


2 " 

“1  “.5  0 .5  1 

1.5 

' 2 ” 

*2.5  3 

V: 

V 

2 

a/5 

Dl  a/2  A/3  a/6 


Order  properties;  density  and  completeness  properties 
of  the  set  of  real  numbers 
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tenths;  but  the  third  digit  in  the  numeral 
1.732  . . . expresses  3 hundredths,  while  the 
third  digit  in  the  numeral  1.750  expresses  5 
hundredths. 

D Which  decimal,  1.732...  or  1.750,  ex- 
presses the  lesser  number?  Is  V3  < if? 

E Use  the  table  of  square  roots  to  find  a 
decimal  approximation  of  y/5.  Is  \/5  < 2|? 
Is  V7!  <2^?  Explain  your  answers. 

F Is  -.3  < “.32?  Explain  your  answer. 

G Use  the  table  of  square  roots  to  find  a deci- 
mal approximation  of  y/6.  Is  V6  < “2.5  ? 
Is  y/6  < ~2.448  ? Explain  your  answers. 

H How  do  you  know,  without  using  decimals, 
that  “ 1 < V2 ? Is  “V8  <5?  Is"V92<3? 

Now  you  will  see  how  the  idea  of  “greater 
than”  is  related  to  the  idea  of  “less  than.” 
i You  know  that  \ K The  inequality  J > \ 
gives  you  the  same  information  as  \ K Does 
6 > 0 give  you  the  same  information  as  0 < 6? 
j What  inequality  that  involves  the  idea  of 
“greater  than”  gives  you  the  same  information 
as  VT4  < VT5?  As  < 1?  As  "6  < “.6? 

Now  you  see  that,  for  each  a and  b,  b > a 
means  a < b.  The  universe  for  a and  b is  D. 

K Does  b > a mean  a Kb  if  the  universe  for 
a and  b is  R ? If  the  universe  for  a and  b is  I ? 
Explain  your  answers. 

Use  the  table  of  square  roots  to  decide 
whether  each  of  the  following  sentences  ex- 
presses a true  statement  or  a false  statement, 
l 1<1.  o V/50>7.07.  R 6.9  >6.99. 

mV4>2.  p “.IK. 10.  s V57<7.5. 

N 0 < “5.  Q ~\/5  > ~V3.  T 6.3  < “6.4. 

In  the  following  exercises,  you  will  study  three 
properties  of  “less  than”  for  real  numbers. 
a Read  sentences  A and  B in  d2.  Is  state- 
ment A true?  What  real  number  has  been 
added  to  both  2 and  3 to  obtain  statement  B ? 
Is  statement  B true  ? 


A 2 <3. 

B 2 + 5 < 3 + 5. 

C 5<i 

D i+  |<i+  f. 

d2 


E 4 <5. 

F _4(f)  < !(!)• 

G 1.65  <2.4. 

H 1.65(.3)<2.4(.3). 

03 


1 2 <4. 

J 2(1)  >4(1). 
k “3j  < “1. 
l “3j(“10)  > “1(“10). 

d4 

b Do  sentences  C and  D in  d2  express  true 
statements?  What  real  number  has  been  added 
to  both  } and  \ to  obtain  statement  D ? 

The  two  pairs  of  statements  expressed  in 
d2  are  examples  of  the  sum  property  of  “ less 
than^for  real  numbers.  For  any  three  real  num- 
bers, if  the  first  number  is  less  than  the  second 
number,  then  the  sum  of  the  first  and  third 
numbers  is  less  than  the  sum  of  the  second  and 
third  numbers.  The  property  is  expressed  be- 
low. 

The  universe  for  each  variable  is  D.  For  each 
a,  b,  and  c,  if  & < b,  then  a + c < b + c. 

C You  know  that  \/2=  1.414  . . . and  that 
y/3  = 1.732  ....  Is  V2  < V3?  How  do  you 
know  that  y/l  + 5.4  < y/3  + 5.4? 

D The  universe  for  a , b,  and  c is  D.  You  know 

that  b > a means  a Kb.  Does  b + c > a + c 


270 


mean  a + c < b + c?  Use  the  idea  of  “greater 
than”  to  express  in  a different  way  the  sum 
property  of  “less  than”  for  real  numbers. 

E Now  look  at  d3.  Does  sentence  E express  a 
true  statement  ? Read  sentence  F.  Both  ~4  and 
| have  been  multiplied  by  what  third  real  num- 
ber to  obtain  statement  F?  Is  the  third  num- 
ber positive?  Is  the  third  number  greater 
than  0?  Is  statement  F true? 
f Is  statement  G expressed  in  d3  true?  By 
what  third  real  number  have  both  1.65  and 
2.4  been  multiplied  to  obtain  statement  H? 
Is  the  third  number  positive?  Is  this  number 
greater  than  0 ? Is  statement  H true  ? 

The  two  pairs  of  statements  expressed  in 
d3  are  examples  of  the  positive-multiplier  prop- 
erty of  “ less  than ” for  real  numbers.  For  any 
three  real  numbers,  if  the  first  number  is  less 
than  the  second  number  and  if  the  third  num- 
ber is  greater  than  0,  then  the  product  of  the 
first  and  third  numbers  is  less  than  the  product 
of  the  second  and  third  numbers.  The  property 
is  expressed  below. 

The  universe  for  each  variable  is  D.  For  each 
a,  b,  and  c,  z/a  < b and  c > 0,  then  ac  < be. 

G Use  the  table  of  square  roots  to  find  a deci- 
mal approximation  of  VU9.  Is  VT9  < 4.4 ? Is 
.2  > 0?  Is  a/T9(.2)<4.4(.2)?  How  do  you 
know? 

H The  universe  for  a,  b,  and  c is  D.  You  know 

that  b > a means  afb.  Does  be  > ac  mean 
ac  f be  1 Use  these  ideas  to  express  in  a differ- 
ent way  the  positive-multiplier  property. 

Now  you  will  discover  what  happens  when 
you  multiply  both  a first  and  a second  number 
by  a third  number  that  is  negative, 
i Does  sentence  I in  d4  express  a true  state- 
ment ? By  what  third  number  have  both  2 and 
4 been  multiplied  to  obtain  statement  J?  Is 
the  third  number  negative  ? Is  \ < 0 ? Is  state- 
ment J true  ? 


Universe  for  a , b,  and  c = D. 

M For  each  a,  b,  and  c,  if  a < b, 
then  a + c < b + c. 

N For  each  a,  b,  and  c,  if  a < b 
and  c > 0,  then  ac  < be. 
o For  each  a , b , and  c,  if  a < b 
and  c < 0,  then  ac  > be. 

d5 

j Read  sentences  K and  L in  d4.  Is  state- 
ment K true  ? By  what  third  number  have  both 
~3\  and  “1  been  multiplied  to  obtain  state- 
ment L?  Is  ~10  < 0 ? Is  statement  L true  ? 

Each  of  the  two  pairs  of  statements  ex- 
pressed in  d4  is  an  example  of  the  negative- 
multiplier  property  of  “less  than”  for  real  num- 
bers. For  any  three  real  numbers,  if  the  first 
number  is  less  than  the  second  number  and  if 
the  third  number  is  less  than  0,  then  the  prod- 
uct of  the  first  and  third  numbers  is  greater 
than  the  product  of  the  second  and  third  num- 
bers. The  property  is  expressed  below. 

The  universe  for  each  variable  is  D.  For  each 
a,  b,  and  c,  if  a < b and  cfO,  then  ac  > be. 

K Explain  how  the  positive-multiplier  prop- 
erty is  different  from  the  negative-multiplier 
property. 

L Is  1.3  <4.2?  Is  V5<0?  How  do  you 
know  that  1.3(  V5)  > 4.2(  V5)? 

M The  universe  for  a,  b,  and  c is  D.  You  know 
that  b > a means  a < b.  Does  be  < ac  mean 
ac  > be  1 Use  these  ideas  to  express  in  a differ- 
ent way  the  negative-multiplier  property. 

N Look  at  d5.  Name  the  three  properties  ex- 
pressed in  the  display. 

Two  statements  are  expressed  in  each  of  ex- 
ercises O through  V.  The  first  statement  is 
true.  Without  computing,  decide  if  the  second 
statement  is  also  true.  If  so,  tell  what  property 
of  “less  than”  you  used  to  make  your  decision. 
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o 5 > 5-  _ s 

; + 3 > j + 3. 

P “2  <3.  T 

-2(i)  > 3(1). 

Q 2.5  > ~9.  u 

2.5(2)  > “9(2). 

R “8<"2.  v 

-8(4)  < “2(4). 


“5  > ~7. 

"5(  V3)>~7(  V3). 

4<V20. 

4(“3)  < V20(“3). 

3.5  <3.51. 

3.51(.9)  < 3.5(.9). 

V6<  V8. 

V8  + 3 < V6  + 3. 


ow  you  will  study  two  other  properties  of 
the  set  of  real  numbers. 

A Is  it  possible  to  find  at  least  one  rational 
number  between  any  two  given  rational  num- 
bers ? Does  R have  the  density  property  ? 


REMINDER 

The  set  of  rational  numbers  has 
the  density  property  because  there  is 
at  least  one  rational  number 
between  any  two  given  rational  numbers. 
See  lesson  147 , page  243. 


b You  know  that  R is  a subset  of  D.  Do  you 

think  that  it  is  possible  to  find  at  least  one 
real  number  between  any  two  given  real  num- 
bers? Do  you  think  that  the  set  of  real  num- 
bers has  the  density  property  ? 

The  set  of  real  numbers  is  dense  because  it 
is  possible  to  find  at  least  one  real  number  be- 
tween any  two  given  real  numbers.  This  prop- 
erty is  the  density  property  of  the  set  of  real 
numbers.  The  property  is  expressed  below. 

The  universe  for  each  variable  is  D.  For  each 
x and  y,  if  x < y,  then  there  is  a real  number  d 
such  that  x < d < y. 

C Name  a real  number  between  ~2  and  0. 
Name  a real  number  between  V8  and  5.  Name 
a real  number  between  ~.3  and  ~.3331.  Name 
a real  number  between  V5  and  VlO. 


ABC  D E F G HIJKL 


<-= — -I 

“2 

0 .5  1 T 2' 

I3 

1 

"V6 

1.75 

1 

V8 

~V3 

V5 

d6 


d A real-number  line  is  represented  in  d6. 
What  is  the  coordinate  of  point  A ? Is  the  co- 
ordinate of  point  A a member  of  D ? A mem- 
ber of  R ? A member  of  R ? 

E The  coordinate  of  each  point  that  is  repre- 
sented by  a dot  in  d6  is  a real  number.  For 
each  coordinate,  tell  whether  it  is  a rational 
number  or  an  irrational  number. 

In  lesson  151  you  studied  the  correspond- 
ence between  the  real  numbers  and  the  points 
in  a line.  This  property  is  the  completeness 
property  of  the  set  of  real  numbers.  The  prop- 
erty is  expressed  below. 

There  is  a one-to-one  correspondence  between 
the  set  of  real  numbers  and  the  set  of  points  in  a 
line. 

F Does  R have  the  completeness  property? 

Does  I have  the  completeness  property? 
Explain  your  answers. 

In  this  lesson  you  learned  that  the  real  num- 
bers can  be  ordered  according  to  the  idea  of 
“less  than.”  You  studied  the  following  proper- 
ties of  “less  than” : the  sum  property,  the  posi- 
tive-multiplier property,  and  the  negative- 
multiplier  property.  You  also  learned  that  the 
set  of  real  numbers  is  dense  and  complete. 

On  your  own 

For  each  of  exercises  1 through  6,  list  in 
order  the  real  numbers  named.  Begin  with  the 
name  of  the  least  number, 
l - 0 3 ~2-  1-  ~2-  “3- 

1 2’  Z2’  L4’  z4’  j5 

1 .02,  “.3,  2.2,  “.03, -1.8,  1.6 
3 Vl,  “3,  ~VTS.  2,  VTT,  "8 
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4 .09,  .1,  ”.6,  ”.5,  .01,  “.675 

i ~i  -i  _i  ~j_ 

3 6’  5>  8>  3>  2>  10 

6 V\2,  3.46,  3.47,  3.465,  3.463 

Two  statements  about  real  numbers  are  ex- 
pressed in  each  of  exercises  7 through  12.  In 
each  case,  the  first  statement  is  true.  Without 
computing,  decide  if  the  second  statement  is 
also  true.  If  it  is,  tell  what  property  of  “less 
than”  you  used  to  make  your  decision. 

7 3 >2.8.  io  .9  >.3. 

3 + ”8  > 2.8  + “8.  .9(“1)  < .30). 

s”5<0.  li. 7 <2. 

0 VTT  > “5\/n.  .7(2)  > 2(2). 

9l<l.  12V5<3. 

XtsKlCfo).  3 + 3<V5  + 3. 

13  Which  members  of  {“1^,  l|,  lj|,  ”2,  1^} 
are  between  and  if  ? 

14  Which  members  of  {”4.432,  ”4.51,  0, 
4.45,  ”4.499}  are  between  ”4.4  and  ”4.5? 

15  Which  elements  of  {3.4,  a/To,  ”3.2,  3.2, 
2.9,  3.3}  are  between  a/9  and  a/TT? 

16  Which  members  of  {0,  .1,  ”.012,  .02, 
.001}  are  between  .01  and  .02? 

17  Which  elements  of  {”2.2,  ”2.05,  ”2.235, 
”2.1,  ”2.2}  are  between  a/5  and  ”2  ? 

KEEPING  SKILFUL 

r or  each  condition  expressed  in  exercises  1 
through  6,  tabulate  the  solution  set  if  possible. 
Otherwise,  give  a standard  description  of  the 
solution  set.  U = R. 

1 10  \~y  = ”30i  3 x - 67.4  < 100.8. 

2 ~U\  + n = ~62\.  4 -(”12.3  + m >21). 

5 5w  - 6.5  > 4.25  A 2w  + ”8.3  < 2.9. 

6 2i  + z<fV2z  + l<9|. 

Find  the  positive  square  root  of  each  num- 
ber named  to  the  nearer  thousandth. 

7 150  9 20  11  525  13  1364 

8 883  10  722  12  931  14  1484 


F or  each  problem,  first  write  a sentence  that 
expresses  a condition.  If  possible,  tabulate  the 
solution  set  of  the  condition.  Otherwise,  give  a 
standard  description  of  the  solution  set.  Then 
give  the  answer  to  the  problem. 

For  problems  1 through  6,  the  universe  for 
each  variable  is  R. 

1 Roberta  buys  her  lunch  in  the  school  cafe- 
teria. She  spent  $.55  for  her  lunch  on  Monday, 
$.40  on  Tuesday,  $.60  on  Wednesday,  $.30  on 
Thursday,  and  $.50  on  Friday.  How  much  did 
Roberta  spend  for  lunch  on  these  five  days  ? 

2 Last  month,  George  earned  more  than 
$12.50.  He  earned  less  than  John  and  Tony 
earned  together.  John  earned  $5.60  last  month, 
and  Tony  earned  $9.30.  How  much  did  George 
earn  last  month  ? 

3 At  6:00  a.m.  the  temperature  in  Maple  City 
was  below  zero.  By  noon  the  temperature  had 
risen  10  degrees  and  was  more  than  5 degrees 
above  zero.  What  was  the  temperature  in 
Maple  City  at  6 :00  a.m.  ? 

4 What  numbers  can  be  added  to  10  so  that 
each  sum  is  either  ”2f  or  5 1 ? 

5 If  a certain  number  is  added  to  the  product 
of  3|  and  |,  the  sum  is  2\.  What  is  the  number  ? 

6 What  numbers  can  be  subtracted  from 
12.25  so  that  each  difference  is  not  greater 
than  2.5? 

For  problems  7 through  17,  the  universe 
for  each  variable  is  Rp. 

7 Oakville  is  40^  mi.  west  of  Prospect  City. 
Lakeview  is  20|  mi.  east  of  Prospect  City.  The 
distance  between  Oakville  and  Prospect  City  is 
how  many  miles  more  than  the  distance  be- 
tween Lakeview  and  Prospect  City  ? 

8 Mr.  Young  had  less  than  32  bu.  of  toma- 
toes. After  he  had  sold  20^  bu.  of  them,  he  still 
had  more  than  l\  bu.  left.  How  many  bushels 
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of  tomatoes  did  he  have  before  he  sold  the 
20+  bu.? 

9  Hilda  has  4\  yd.  of  linen.  To  make  a suit, 
she  needs  3|  yd.  of  the  linen.  To  make  a dress, 
she  needs  2 1 yd.  of  the  linen.  If  Hilda  makes 
either  a suit  or  a dress,  how  many  yards  of 
linen  will  she  have  left? 

10  Mr.  Holland  paid  $3.69  for  10  gal.  of  gaso- 
line. At  this  rate,  how  much  would  he  pay  for 
15  gal.  of  gasoline? 

1 1 During  practice  for  an  archery  contest, 
66f%  of  Bob’s  shots  hit  the  bull’s-eye.  52  of 
his  shots  hit  the  bull’s-eye.  How  many  shots 
did  Bob  make? 

12  Mr.  Myers  can  plant  2\  acres  of  corn  per 
hour  with  a two-row  corn  planter.  He  can 
plant  4|  acres  of  corn  per  hour  with  a four-row 
corn  planter.  If  Mr.  Myers  uses  either  a two- 
row  planter  or  a four-row  planter,  how  many 
acres  of  corn  can  he  plant  in  hours  ? 

13  The  area  of  the  earth’s  surface  is  about 
2 X 108  square  miles.  About  71  % of  the  earth’s 
surface  is  covered  with  water.  About  how 
many  square  miles  of  the  earth’s  surface  are 
covered  with  water  ? 

14  The  speed  of  sound  in  wood  is  about 
1.0  X 104  feet  per  second.  The  speed  of  sound 
in  air  is  about  1.1  X 103  feet  per  second.  The 
speed  of  sound  in  wood  is  about  how  many 
times  the  speed  of  sound  in  air?  (Tenths) 

15  The  length  of  a rectangular  parking  lot  is 
670  feet.  The  width  of  the  lot  is  195|  feet. 
What  is  the  area  of  the  parking  lot  in  square 
feet? 

16  The  length  of  an  altitude  of  rhombus 
ABCD  is  20.5  inches.  The  length  of  the  base  is 
35.4  inches.  What  is  the  area  of  rhombus 
ABCD  in  square  inches  ? 

17  The  length  of  an  altitude  of  triangle  JKL  is 
2.7  ft.  The  length  of  the  base  is  6.2  ft.  What  is 
the  area  of  the  triangle  in  square  feet  ? 


In  this  Special  Challenge  you  will  work  only 
with  integers  that  are  expressed  by  base-ten 
numerals. 

A What  do  we  mean  when  we  say  that  40  is 
not  divisible  by  7 ? That  27  is  divisible  by  3 ? 
That  0 is  divisible  by  each  positive  integer  ? 

B When  you  divide  a given  integer  by  7,  how 
can  you  tell  from  the  remainder  you  obtain 
whether  or  not  the  given  integer  is  divisible 
by  7? 

c What  is  the  greatest  remainder  you  can  ob- 
tain when  you  divide  positive  integers  by  3? 
By  5?  By  13? 

D Look  at  d1.  The  chart  expresses  the  re- 
mainders obtained  when  certain  powers  of  10 
are  divided  by  3,  7,  9,  and  11.  The  numerals 
for  these  divisors  are  shown  in  blue.  What  can 
you  say  about  the  remainders  that  are  obtained 
when  the  powers  of  10  expressed  in  Dl  are 
divided  by  3?  By  7?  By  9?  By  11? 

E Make  a chart  listing  the  names  of  the  pow- 
ers of  10  that  are  expressed  in  d1.  In  your 
chart,  name  the  remainders  you  obtain  when 
you  divide  these  powers  of  10  by  13  and  by  17. 
F Now  you  will  determine  whether  275,462  is 
divisible  by  3,  by  7,  by  9,  or  by  1 1 . What  is  the 
expanded  form  of  the  decimal  275,462? 
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275,462 


2(105)  2 

7(104)  1 

5(103)  2 

4(  1 02)  1 

6(10*)  o 

2(10°)  2 


3 2 9 
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1 4 4 

4 6 5 

2 2 2 
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g What  remainder  do  you  obtain  when  you 
divide  103  by  7?  What  is  the  product  of  this 
remainder  and  5 ? 

h What  remainder  do  you  obtain  when  you 
divide  30  by  7 ? 

I Now  look  at  d2.  The  chart  names  the  re- 
mainders obtained  when  the  number  expressed 
by  each  digit  in  the  decimal  275,462  is  divided 
by  3,  7,  9,  and  11.  In  d2,  what  remainder  is 
expressed  for  5(103)  7?  How  does  this  com- 

pare with  your  answer  for  exercise  H ? 

J How  can  you  use  the  chart  in  d 1 to  help  find 
the  remainder  for  2(105)  -5-3?  For  6(10*)  -5-7? 
For  7(104)  -5-9?  For  6(H)1) -5- 11? 

K In  d2  the  numeral  8 expresses  the  “sum  of 
the  remainders”  2,  1,  2,  1,0,  and  2.  What  do 
the  numerals  12,  26,  and  33  express?  Why 
were  these  numerals  crossed  out,  and  the  nu- 
merals 2,  5,  8,  and  0 written  below  them? 

L 8 is  not  divisible  by  3.  So  275,462  is  not 
divisible  by  3.  Is  275,462  divisible  by  9? 

M How  do  you  know  that  275,462  is  not  divisi- 
ble by  7?  That  275,462  is  divisible  by  1 1 ? 

N Use  the  chart  that  you  made  for  exercise  E 
to  make  another  chart  similar  to  the  one  in  d2. 
In  your  chart,  name  the  remainder  you  obtain 
when  the  number  expressed  by  each  digit  in 


the  numeral  275,462  is  divided  by  13.  By  17. 
What  remainder  do  you  obtain  when  you  di- 
vide 275,462  by  13?  By  17? 
o Is  275,462  divisible  by  either  13  or  17?  How 
do  you  know  ? 

p If  the  “sum  of  the  digits”  of  an  integer  is 
divisible  by  3,  then  the  integer  is  divisible  by  3. 
Is  47,652  divisible  by  3?  Use  the  “sum  of  the 
digits”  of  32,985  to  explain  how  you  can  de- 
termine if  an  integer  is  divisible  by  9. 

Q To  determine  if  34,914  is  divisible  by  4,  you 
can  divide  14  by  4 and  observe  the  remainder. 
Is  34,914  divisible  by  4?  What  is  a simple 
method  of  determining  if  an  integer  is  divisible 
by  4 ? Explain  your  answer. 

R How  do  you  know  without  actually  carrying 
out  the  division  process  that  4791  is  not  divisi- 
ble by  2?  That  4791  is  divisible  by  3 ? 
s How  do  you  know  without  actually  carrying 
out  the  division  process  that  29,486  is  divisible 
by  2 ? That  29,486  is  not  divisible  by  3 ? 

T What  is  a simple  method  of  determining  if 
an  integer  expressed  by  a decimal  is  divisible 
by  6? 

u To  determine  if  391,384  is  divisible  by  8,  you 
can  divide  384  by  8 and  observe  the  remainder. 
Is  391,384  divisible  by  8? 
v What  is  a simple  method  of  determining  if 
a given  integer  is  divisible  by  5?  By  10? 
w If  each  of  two  given  integers  is  divisible 
by  7,  what  do  you  know  about  the  sum  of  the 
given  integers  ? What  do  you  know  about  the 
product  of  the  given  integers  ? 
x What  remainders  do  you  obtain  when  you 
divide  312,664  by  each  of  the  integers  from  2 
through  1 1 ? 

Y What  remainders  do  you  obtain  when  you 
divide  118,818  by  each  of  the  integers  from  2 
through  1 1 ? 

z What  is  the  complete  factorization  of 
55,495,440? 
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CHECKING  UP 

If  you  have  trouble  with  these  tests,  you  can 
find  help  in  lessons  149  through  153. 

Test  140 

Use  the  table  of  squares  and  square  roots  to 
help  you  find  the  square  or  the  square  root  ex- 
pressed in  each  of  exercises  1 through  9. 

1 Vl7  4 Vym  7 1582 

2 232  5 V 1849  8 V43 

3 2092  6 (_71)2  9 V 30,625 

For  each  of  exercises  10  through  13,  com- 
pute to  find  the  square  root  of  the  number 
named  to  the  nearer  hundredth. 

10  240  li  310  12  475  13  768 

Test  141 

In  each  of  exercises  14,  15,  and  16,  an  ex- 
ample of  a property  of  equality  for  real  num- 
bers is  expressed.  Name  the  property. 

14  If  69  = V 4761,  then  V 4761  = 69. 

is  If  24  = (V24)2,  and  (V24)2  = x/576,  then 

24=  V576. 

16  “v/86T  = ~v/8oT. 

Each  number  named  in  exercises  17  through 

20  belongs  to  at  least  one  subset  of  D.  Name 

the  subsets  of  D of  which  the  number  is  an 
element.  Use  the  following  subsets:  R,  R,  Rp, 
Rn,  I,  Ip,  and  In.  _ _ 

17  f 18  35  19  V36  20 +.79 

In  each  of  exercises  21  through  28,  an  ex- 
ample of  a property  of  D is  expressed.  Name 
the  property. 

21  If  Vl6  = 4 and  5 = V25,  then  vT6  + 5 = 
4+  V25. 

22  V8873  + .076  e D. 

23  .004(1 /.004)  = 1. 

24  1 X V9l5  = V9l5. 

25  If  V67  < 9\,  then  V67+  f < 9{  + f. 

26  13(V67  + 31)  = (13V67)  + (13X31). 

27  If  < “3.8,  then  “7.5V6  < “3.8V6. 

28  V 690  + 4.5  = 4.5  + a/690. 

07c  End-of-block  tests  on  squares,  square  roots, 

A and  the  properties  of  real  numbers 
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Exploring  ideas 


Solution  sets  of 
conditions  for  equality 

In  lesson  146  you  learned  to  obtain,  or  de- 
rive, equivalent  conditions  by  using  certain 
definitions  and  properties.  In  this  lesson  you 
will  use  the  same  definitions  and  properties, 
together  with  the  distributive  property,  to  de- 
rive equivalent  conditions. 
a What  condition  is  expressed  by  sentence  A 
in  d1  ? What  is  the  universe  for  x? 

To  find  the  solution  set  of  condition  A,  re- 
member that  you  want  to  derive  a condition 
that  is  equivalent  to  condition  A,  but  that  en- 
ables you  to  think  of  x rather  than  of  x — 4\. 

B Compare  sentences  A and  B.  For  each  x,  is 
x — 4\  the  same  as  x + _4^?  How  do  you 
know? 

c Use  the  transitive  property  of  equality  to 
explain  why  condition  B is  equivalent  to  con- 
dition A. 

d To  obtain  a condition  that  enables  you  to 
think  of  x rather  than  of  x + ~4|,  you  can  first 
find  a condition  that  involves  x + 0.  Look  at 
sentence  C in  d1.  What  number  can  you  add 
to  x + ~4\  to  obtain  x + 0 ? 

From  condition  B,  you  know  that  you  want 
to  find  an  x so  that  x + ~4\  is  equal  to  g. 
Therefore,  in  (x  + ~4g)  + (+4|),  you  can  re- 
place (x  + ~4 5)  by  | without  affecting  the 
sum.  The  sum  g + (+4|)  is  the  same  as  the 
sum  (x  + -4^)  -f  (+ 4g).  The  x that  satisfies  con- 
dition B also  satisfies  condition  C. 
e Look  again  at  sentence  C.  To  obtain  a con- 
dition that  involves  x + 0,  you  must  regroup 

Review  of  use  of  properties  to  derive  equivalent  conditions; 

use  of  the  distributive  property 


U = D. 

A x-4\  = ~\. 

B * + ~4±  = 1 

C (xH--4|)  + (+4D=  | + (+4-i): 
D x + C4±  + +4l)  = | + +4i 
E x + 0 = | + +4^. 

F x = 4|. 

Dl 


U = D. 

G X ~ 4^  = 

H x + 0 = "|  + 4|. 
i x = 4|. 

d2 


U = D. 

J 2x  + 3x=10. 
k (2  + 3)x  = 10. 

L 5x  = 10. 

M X = 2. 

d3 

the  numbers  in  (x  + ~4^)  + ( +4 5).  Which  prop- 
erty of  addition  tells  you  that,  for  each  x, 
(*  + ~4D  + +4i  = x + C4^  + +4!)?  Is  condi- 
tion D equivalent  to  each  of  conditions  A,  B, 
and  C? 

F Compare  sentences  D and  E.  How  do  you 
know  that  x + (~4|  + +4^)  = x + 0,  for  each  x ? 
Use  the  transitive  property  of  equality  to  ex- 
plain why  conditions  E and  D are  equivalent. 

G Is  condition  E also  equivalent  to  each  of 
conditions  A,  B,  and  C? 

H For  each  x,  is  x + 0 = x?  Upon  which 
property  of  real  numbers  does  your  answer 
depend  ? 


1 What  is  a standard  name  of  | + +4 5?  Is 
condition  F equivalent  to  condition  E and  to 
each  of  the  other  conditions  expressed  in  Dl  ? 

J What  number  satisfies  condition  F?'  Tabu- 
late {x|x  — 4\  = l). 

As  you  develop  skill  in  finding  the  solution 
sets  of  conditions  like  x — 4\  = f,  you  may 
not  need  to  write  a sentence  for  each  of  the 
equivalent  conditions  in  a chain.  d2  shows  the 
sentences  you  might  write  to  find  the  solution 
set  of  condition  A.  You  should  always  be  able 
to  tell  what  properties  you  used  to  obtain  each 
condition  from  the  preceding  condition. 

Next  you  will  use  the  distributive  property 
to  help  derive  equivalent  conditions.  First  you 
will  see  that  the  distributive  property  may  be 
expressed  in  more  than  one  form. 

K As  you  know  a(b  + c)  = ab  + ac , for  each 
a , b,  and  c,  when  the  universe  for  each  vari- 
able is  D.  What  property  tells  you  that 
ab  + ac  = ba  + cal  What  property  tells  you 
that  a(b  + c)  = ba  + cal 
L What  property  tells  you  that  (b  + c)a  = 
a(b  + c),  for  each  a,  b,  and  c ? What  property 
tells  you  that  ( b + c)a  = ba  + cal 

From  now  on  in  this  book,  we  will  use  both 
forms  of  the  distributive  property  of  real  num- 
bers. That  is,  we  will  use  both  a(b  + c)  = 
ab  + ac  and  {b  + c)a  = baJr  ca. 

M Now  look  at  d3.  What  condition  is  ex- 
pressed by  sentence  J ? To  find  the  solution  set 
of  2x  + 3x  = 10,  it  is  convenient  first  to  find 
the  sum  of  2x  and  3x.  From  the  distributive 
property  of  real  numbers  you  know  that,  for 
each  x,  the  sum  of  2x  and  3x  is  equal  to 
(2  + 3)x. 

N From  condition  J you  know  that  you  want 
to  find  an  x such  that  2x  + 3x  is  equal  to  10. 
Use  the  transitive  property  of  equality  to  ex- 
plain why  condition  K is  equivalent  to  condi- 
tion J. 
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o Is  2 + 3 = 5?  Which  property  of  real  num- 
bers tells  you  that  (2  + 3)x  = 5x,  for  each  x ? 
Is  condition  L equivalent  to  condition  K?  Is 
condition  L also  equivalent  to  condition  J ? 
p Explain  how  to  derive  condition  M from 
condition  L.  What  number  satisfies  x = 2? 

Q Tabulate  {x|  2x  + 3x  = 10}. 

R One  way  to  make  sure  that  you  have  made 
no  mistakes  in  deriving  a chain  of  equivalent 
conditions  is  to  see  whether  or  not  each  mem- 
ber of  the  solution  set  of  the  last  condition  sat- 
isfies the  original  condition.  Look  again  at  d3. 
What  is  the  original  condition?  What  is 
{x|x  = 2}?  Does  2 satisfy  2x  + 3x  = 10?  Ex- 
plain your  answer. 

s Another  way  to  decide  if  you  have  derived 
a chain  of  equivalent  conditions  is  to  see  if 
you  can  derive  the  original  condition  from  the 
last  condition  in  the  chain.  Look  again  at  d3. 
How  can  you  obtain  condition  L from  condi- 
tion M?  How  can  you  obtain  condition  K 
from  condition  L?  How  can  you  obtain  con- 
dition J from  condition  K?  Can  you  derive 
2x  + 3x  = 10  from  x = 2 ? 

In  the  following  exercises,  you  will  use  the 
distributive  property  to  help  you  obtain  the  so- 
lution set  of  another  condition. 

A What  condition  is  expressed  by  sentence  A 
in  d4? 

b For  each  a,  is  7(a  + 2)  = 7a  + 14?  Upon 
which  property  of  real  numbers  does  your  an- 
swer depend  ? How  do  you  know  that  condi- 
tion B is  equivalent  to  condition  A? 

To  find  the  solution  set  of  condition  B,  you 
want  to  obtain  a condition  that  enables  you  to 
think  of  a rather  than  of  10 a and  la. 
c You  can  first  find  some  number  that  you 
can  add  to  la  + 14  to  obtain  0+  14.  “(7a)  is 
the  additive  inverse  of  la.  Is  (la)  + la  = 0, 
for  each  a? 


U = D. 

J 2x  + 3x  = 10. 

K (2  + 3)x  = 10. 

L 5x  = 10. 

M X = 2. 

d3 


U = D. 

a 10a  = 7(a  + 2). 

B 10a  = 7a  + 14. 

C ~(ld)  + 10a  = ~(la)  + (la  + 14). 
d ~(la)  + 10a  = [ (la)  + la]  + 14. 
E ~(la)  + 10a  = 0 + 14. 

F “(7a)  + 10a  = 14. 

G “(7a)  + (7a  + 3a)  = 14. 

H [“(7a)  + 7a]  + 3a=  14. 

I 0 + 3a  = 14. 

J 3a  = 14. 


d4 

d Compare  sentences  B and  C in  d4.  Which 
property  of  addition  can  you  use  to  obtain 
condition  C from  condition  B ? 

E Compare  sentences  C and  D.  Which  prop- 
erty of  addition  tells  you  that,  for  each  a, 
“(7a)  + (7a  + 14)  = [ “(7a)  + 7a]  + 14?  Ex- 
plain why  conditions  D and  C are  equivalent. 

F Compare  sentences  D and  E.  Which  prop- 
erty of  real  numbers  tells  you  that,  for  each  a, 
[ “(7a)  + 7a]  + 14  = 0 + 14?  Use  the  transitive 
property  of  equality  to  help  you  explain  why 
condition  E is  equivalent  to  condition  D. 

G How  do  you  know  that  0+  14=  14?  Is 
condition  F equivalent  to  condition  E? 

H Compare  sentences  F and  G.  To  find  the 
sum  of  (7a)  and  10a,  you  can  first  express 
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10 a as  the  sum  of  la  and  3a.  Use  the  distrib- 
utive property  to  help  you  explain  why  10 a = 
la  + 3a.  Are  conditions  G and  F equivalent? 
i Compare  sentences  G and  H.  How  do  you 
know  that  condition  H is  equivalent  to  condi- 
tion G? 

j How  can  you  derive  condition  I from  con- 
dition H?  How  can  you  derive  condition  J 
from  condition  I ? 

k Explain  how  to  derive  condition  K from 

condition  J.  What  number  satisfies  a = -y  ? 
l Tabulate  {a\  10a  = l(a  + 2)}. 

M What  statement  do  you  obtain  when  you  re- 
place a by  y in  \0a  — l{a  + 2)?  Is  the  state- 
ment you  obtained  a true  statement? 

So  far  in  this  lesson,  you  have  found  the  solu- 
tion sets  of  conditions  for  equality.  Next  you 
will  find  the  solution  set  of  a condition  for 
equivalence. 

Look  at  d5.  Notice  that  the  universe  for  m 
is  D.  In  Book  1,  and  so  far  in  this  book,  the 
universe  for  the  variable  in  a condition  for 
equivalence  has  not  contained  0 or  any  nega- 
tive numbers.  However,  from  now  on,  we  will 
accept  0 and  negative  numbers  as  components 
of  rate  pairs. 

a Is  condition  L,  expressed  in  d5,  a condition 
for  equivalence?  Name  the  components  of 
each  rate  pair. 

In  the  following  exercises,  you  are  going  to 
derive  a condition  for  equality  that  has  the 
same  solution  set  as  condition  L and  that  tells 
you  that  m is  equal  to  a certain  number. 
b You  can  use  the  definition  of  equivalent  or- 
dered pairs  to  help  you  find  the  real  number 
that  satisfies  a condition  for  equivalence.  How 
can  you  use  this  definition  to  obtain  condi- 
tion M from  condition  L? 
c Compare  sentences  M and  N.  You  know 

that  multiplication  distributes  over  addition 


U = D. 

L l/(m  — .5)  ~ .8/7.2. 

M 7.2  = .8 (m  — .5). 

N 7.2  = .8m  — .4. 
o 7.2  = .8m  + _.4. 

P 7.2  + (+.4)  = (.8m  + ~.4)  + (+.4). 

Q 7.2  + (+.4)  = ,8m  + (-.4  + +.4). 

R 7.2  + (+.4)  = .8m  + 0. 

S 7.6  = .8m. 

T 9.5  = m. 

d5 

of  real  numbers.  Explain  why  multiplication 
distributes  over  subtraction  of  real  numbers. 
For  each  m,  is  .8(m  — .5)  = .8m  — .8(.5)? 

D For  each  m,  is  .8m  — .8(.5)  = .8m  — .4?  Is 
.8(m  — .5)  = .8m  — .4?  Is  condition  N equiva- 
lent to  condition  M ? Upon  which  property  of 
equality  does  your  answer  depend  ? 

E Compare  sentences  N and  O.  For  each  m, 
is  .8m  — .4  = .8m  + “.4?  How  do  you  know? 
Is  condition  O equivalent  to  condition  N ? 

F Look  at  sentence  P.  What  number  has  been 
added  to  .8m  + ~ A and  also  to  7.2?  Which 
property  of  real  numbers  tells  you  that  con- 
dition P is  equivalent  to  condition  O ? 

G Compare  sentences  P and  Q.  Which  prop- 
erty of  real  numbers  tells  you  that  condition  Q 
is  equivalent  to  condition  P ? 

H How  can  you  derive  condition  R from  con- 
dition Q ? Are  conditions  R and  Q equivalent? 
l Why  are  conditions  S and  R equivalent  ? 
j Name  the  reciprocal  of  .8.  Explain  how  you 
can  obtain  condition  T from  condition  S. 

K What  number  satisfies  condition  T ? 

L Tabulate  {m  | l/(m  - .5)  ~ .8/7.2}. 

M Do  you  obtain  a true  statement  when  you 
replace  m by  9.5  in  l/(m  — .5)  ~ .8/7.2? 
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In  this  lesson  you  reviewed  how  to  derive  a 
chain  of  equivalent  conditions  and  how  to  use 
these  conditions  to  find  the  solution  set  of  a 
given  condition.  You  learned  how  to  use  the 
distributive  property  to  derive  equivalent  con- 
ditions, and  you  also  learned  how  to  check 
your  work  in  deriving  equivalent  conditions. 


On  your  own 

For  each  of  exercises  1 through  10,  tell 
whether  the  sentence  expresses  a true  state- 
ment or  a false  statement.  U = D. 

1 <e|£  = c + f>-<£>. 

2 { x\  5 + x = j)  = { n>. 

3 {n\  13.2  = 5.7 -n}  = {7.5}. 

4 H*  — ■£  = !>  = <?}. 

5 lx 1 8/Cx  - .3)  ~ 36/9)  = (2.3) . 

6 {x\4x  + 39jc  = ”172}  = { — 4} . 

7 {x\l5(x  + ~.2)  = 2lx}  = {.5}. 

8 {z|  150/175  ~ (z  + 2)/77)  = {66i. 

9 {jc  | .9/2  ~ .3/(4  + x)}  = {3.3} . 

10  {x|  1.9*  = 2.50c  + .2)}  = (.83). 

For  each  of  exercises  11  through  14,  first 
write  sentences  to  express  a chain  of  equivalent 
conditions.  The  last  condition  should  tell  you 
that  x is  equal  to  a certain  number.  Then  tell 
what  definition  or  property  you  used  to  obtain 
each  condition.  Finally,  tabulate  the  solution 
set  of  the  original  condition.  U = D. 

" 5(*-  D = f.  13  (5  - x)/2  ~ 6/1. 


12  13x  + 7x  = _180.  1 4 5(x  — 3)  = 2x. 

Tabulate  the  solution  set  of  each  condition 
expressed  in  exercises  15  through  26.  U = D. 

15  "29  = 6 + 25.  21  “2lf  = “32  + w. 

16  "2.45  = m - 6.09.  22  15;  = \2\x  + lOfx. 

u\x-\x  = "f.  23  4/0  + 2)  ~ 5/3. 

is  5 = 5(8 + c).  24  16x  + 5 = 2bc. 

I9|cc-|x  = -f.  25  1.3/2.6—  I/O—  .1). 


20  l - a = li 


26  lok  5k  15. 


11  1 55  I Exploring  ideas 

Solution  sets  of 
conditions  for  inequality 

You  have  learned  how  to  use  certain  proper- 
ties and  definitions  to  help  find  the  solution 
sets  of  conditions  for  equality.  In  this  lesson 
you  will  see  that  you  can  use  properties  of  “less 
than”  to  find  the  solution  sets  of  conditions 
for  inequality. 

Look  at  Dl.  In  the  work  that  follows,  you 
will  derive  a condition  that  is  equivalent  to 
condition  A,  but  that  enables  you  to  think  of  y 
rather  than  of  4 y. 

a Compare  sentences  A and  B in  d1.  To  ob- 
tain condition  B from  condition  A,  what  num- 
ber has  been  multiplied  by  both  4y  and  7 ? Ex- 
plain why  we  have  chosen  to  use  the  recipro- 
cal of  4. 

B Is  | greater  than  0?  For  each  y,  if  4 y < 7, 
is  |(4 y)  <|(7)?  Upon  what  property  of  “less 
than”  does  your  answer  depend? 

C Is  condition  B equivalent  to  condition  A? 

D What  property  of  multiplication  can  you  use 
to  obtain  condition  C from  condition  B?  Is 
condition  C equivalent  to  condition  B ? 


U = D. 

A 4y  < 7. 
b \{4y)  < J(7). 
c (p%<  |(7). 

D ly  < -1(7). 

b y<l 
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Use  of  properties  of  "less  than”  to  find  solution  sets  of 
conditions  for  inequality 


U = D. 

f y<l 

G 4 • y < 4 • l 
H 4y  < 7. 

d2 


U = D. 

I ~3x<4. 
j l(-3x)  >1(4). 
k (!•->>  |(4). 

L lx  > 1(4). 

M X > f. 

d3 


U = D. 

N 3 — m > “2. 

o 3 + ~m  > _2. 

p _3  + (3  + ~m)  > _3  + (~2). 

Q ("3  + 3)  + "w  >"3  + C2). 
r 0 + _ra  > _3  + (~2). 
s ~m  >~5. 

T 5 >ra. 

d4 

e How  can  you  obtain  condition  D from  con- 
dition C?  How  can  you  obtain  condition  E 
from  condition  D ? Is  condition  D equivalent 
to  condition  C?  Is  condition  E equivalent  to 
condition  D ? 

F Is  condition  E equivalent  to  condition  A ? 

G Use  condition  E to  help  you  give  a standard 
description  of  the  solution  set  of  condition  A. 

H Why  can  you  not  tabulate  {y  \y  < |}  ? 

In  lesson  154  you  studied  two  methods  of 
checking  to  see  if  you  made  any  mistakes  in 
deriving  a chain  of  equivalent  conditions  for 


equality.  One  method  is  to  see  whether  or  not 
each  member  of  the  solution  set  of  the  last 
condition  in  the  chain  satisfies  the  original  con- 
dition. The  other  method  is  to  try  to  derive  the 
original  condition  from  the  last  condition. 

I Why  is  it  impossible  to  try  each  member  of 
{y\y  < to  see  if  it  satisfies  4y  < 7? 

J Now  look  at  d2.  Use  sentences  F,  G,  and 
H to  help  you  explain  how  you  can  obtain 
4y  < 7 from  y < J. 

L/ook  at  d3.  Notice  that  the  condition  ex- 
pressed by  sentence  I involves  the  product  of 
“3  and  x.  To  find  the  solution  set  of  condi- 
tion I,  you  will  obtain  an  equivalent  condition 
that  enables  you  to  think  of  x rather  than  of 
~3x. 

A Compare  sentences  I and  J.  What  is  the  re- 
ciprocal of  -3  ? In  condition  J,  what  number 
has  been  multiplied  by  both  ~3x  and  -4  ? 

B Is  | less  than  0?  For  each  x,  if  _3x  < 4, 
is  |(_3x)  > |(4)?  Upon  what  property  of 
“less  than”  does  your  answer  depend? 

C Explain  why  condition  K is  equivalent  to 
condition  J. 

D How  do  you  know  that  condition  L is 
equivalent  to  condition  K ? That  condition  M 
is  equivalent  to  condition  L? 

E Use  condition  M to  help  you  give  a stand- 
ard description  of  the  solution  set  of  ~3x  < 4. 

Now  look  at  d4.  The  sentences  in  d4  will 
help  you  find  the  solution  set  of  condition  N. 

F Compare  sentences  N and  O.  What  property 
of  real  numbers  tells  you  that  3 — m = 3 + ~m  ? 
Is  condition  O equivalent  to  condition  N ? 

G Compare  sentences  O and  P.  You  are  going 
to  obtain  a condition  that  enables  you  to  think 
of  ~m  rather  than  of  3 + -m.  Notice  that,  in 
condition  P,  both  3 + ~m  and  ~2  have  been 
added  to  ~3.  Explain  why  the  additive  inverse 
of  3 is  used  in  condition  P. 
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U = D. 

N 3 — m > ~2. 
o 3 + ~m  > _2. 
p “3  + (3  + _m)  >_3  + (“2). 
Q (“3  + 3)  + ~m  >-3  + T2). 
R 0 + ~m  > ~3  + (_2). 
s > “5. 

T 5 >m. 

d4 


U = D. 

U 6a  + 2a  <C  8 A a — | <C 

d5 


U = D. 


“3  ~2  “1  0 1 2 

{a|~2  < a < 1} 

d6 

h What  property  tells  you  that,  for  each 
? m,  if  3 + ~m  > ~2,  then  _3  + (3  + ~m)  > 
“3  + (“2)7 

l Is  condition  P equivalent  to  condition  O? 

J Is  condition  Q equivalent  to  condition  P? 

Is  condition  R equivalent  to  condition  Q? 
Is  condition  S equivalent  to  condition  R? 

K Next  you  will  obtain  a condition  that  en- 
ables you  to  think  of  m rather  than  of  ~ra. 
Look  again  at  sentence  S.  How  can  you  obtain 
m + ~m  > m + _5  from  condition  S ? How 
can  you  obtain  0 > m + ~5  from  m + ~m  > 
m + “5? 

L What  steps  must  you  take  to  obtain  condi- 
tion T from  0 > m + “5  ? 
m Give  a standard  description  of  the  solution 
set  of  3 — m > ~2. 


So  far  in  this  lesson  you  have  worked  with 
simple  conditions  for  inequality.  Next  you  will 
find  solution  sets  of  compound  conditions  that 
involve  conditions  for  inequality. 
a Look  at  d5.  What  condition  does  sen- 
tence U express?  What  connective  is  used? 
What  is  the  universe  for  a? 
b How  do  you  know  that  the  solution  set  of 
condition  U is  the  intersection  of  the  solution 
sets  of  the  simple  conditions? 
c Think  about  ~6a  + 2a  < 8.  How  can  you 
obtain  ~4 a < 8 from  this  condition  ? 

D How  can  you  obtain  a > ~2  from  -4a  < 8 ? 
Is  a > ~2  equivalent  to  “6 a + 2a  < 8 ? 

E Give  a standard  description  of  the  solution 
set  of  _6a  + 2a  < 8. 

F Now  think  about  a — \ < How  can  you 
obtain  a < 1 from  a — \ < |? 

G Give  a standard  description  of  the  solution 
set  of  a — | < 

H Is  {a  | — 2 < a < 1 } the  solution  set  of  condi- 
tion U ? 

i Does  { a | — 2 < a < 1 } contain  all  the  real 
numbers  between  ~2  and  1 ? Does  this  set  con- 
tain ~2?  Does  it  contain  1 ? 
j {a  | — 2 < a < 1 } is  an  open  interval  in  D. 
What  are  the  limits  of  this  interval?  Are  the 
limits  contained  in  the  interval  ? 

K Look  at  the  graph  in  d6.  Are  the  dots  for 
point  ~2  and  point  1 in  the  graph  of  the  inter- 
val { a I -2  < a < 1 } ? Do  the  dots  for  the  points 
between  point  -2  and  point  1 form  the  graph 
of  (a|_2  < a < 1}  ? How  are  these  dots  indi- 
cated ? Is  {a  | “2  < a < 1 } an  infinite  set ? 

L Now  look  at  d7.  What  condition  does  sen- 
tence V express?  What  is  the  universe  for  r? 
m What  connective  is  used  in  condition  Y? 
Is  the  solution  set  of  the  compound  condition 
the  union,  or  is  it  the  intersection,  of  the  solu- 
tion sets  of  the  simple  conditions? 
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U = D. 

v l + K2Vr  + f = f. 

D 7 


U = D. 

— — * ^ 

“1  0 1 2 IL  3 

4 

{r|r  ^-y-} 

d8 


U = D. 

w ~ (.5* +.2  >1.2). 

d9 

n Explain  the  steps  that  you  can  use  to  obtain 
r < from  | + r < 2.  Is  r < -^  equivalent  to 
l + r<2? 

o  Give  a standard  description  of  the  solution 
set  of  | + r < 2. 
p Tabulate  {r  \ r + ^ = ^-}. 

Q How  do  you  know  that  the  solution  set  of 
condition  Vis{r|r<-£Vr|r  = ^>? 

R Use  the  symbol  ^ in  a standard  description 
of  the  solution  set  of  ] + r<2Vr  + | = f. 
s Is  7-  a member  of  {r  \ r ^ -£}  ? Is  0 a mem- 
ber? Is  \/2  a member?  Is  every  negative 
real  number  a member  of  {r  \ r < -j}  ? 

T Look  at  the  graph  in  d8.  How  can  you  tell 
that  the  graph  contains  the  dot  for  point  ^? 
Is  the  dot  for  point  0 contained  in  the  graph? 
What  dots  form  the  graph  of  {r  \ r ^ - j)  ? How 
are  these  dots  indicated  ? 
u Look  at  d9.  Is  {x\  .5x  + .2  > 1.2}  the  solu- 
tion set  of  condition  W ? 
v How  can  you  obtain  the  equivalent  condi- 
tion .5x  > 1 from  .5x+.2>1.2?  How  can 
you  obtain  jc  > 2 from  .5x  > 1 ? 


w Is  {x\x  S 2}  = {* |~  (.5*  + .2  > 1.2)}  ? 
x Make  a graph  of  {x|~  (.5*  + .2  > 1.2)}. 

In  this  lesson  you  learned  how  to  use  proper- 
ties of  “less  than”  and  properties  of  addition 
and  multiplication  of  real  numbers  to  find  so- 
lution sets  of  simple  and  compound  conditions 
for  inequality. 

On  your  own 

For  each  of  exercises  1 through  6,  first  ex- 
press a chain  of  equivalent  conditions.  The 
last  condition  should  tell  you  that  jc  is  greater 
than,  or  less  than,  a certain  real  number.  For 
each  condition,  tell  what  definition  or  property 
you  used  to  obtain  it.  Finally,  give  a standard 
description  of  the  solution  set  of  the  original 
condition.  U = D. 

1 x + ~4<l\.  4 *-.3  <2.8. 

2 ~\2x  > 3.  5fjc  + ±x>-14. 

3^X<7.  6 15  — x > 12. 

For  each  of  exercises  7 through  14,  tell 
whether  the  sentence  expresses  a true  state- 
ment or  a false  statement.  U = D. 

7{y\y  + 3<7)  = {y\y<4). 

8 {jc|.5jc<  .15}  = {x|jc  > .3}. 

9{k\-\k>l)={k\k<~\). 

10  { jc  | .8*  + .6x  > 2.8}  = {jc|  x < 2}. 

11  {/7|9-/><  16}  = 7}. 

}2{x\x>  \ A X -$<£}  = {x\  §<*<§}. 

13  {r\r  >"7  V|  — r = 8|}  ={r\r^~7). 

14  {f|~(3f  + 3<5)}  =it\t^]}. 

For  each  of  the  conditions  expressed  below, 
give  a standard  description  of  the  solution  set. 
Then  make  a graph  of  the  solution  set.  U = D. 
15fx>8.  17  lx  < Y2- 

16  2.1  - x > 2.6.  18  4r  + 2r  > ~2. 

19  \y  > 6 A y + 6 > 4. 

20  4(x  + 3)  = 12  V "f  — X < "f. 

21  - GO"  2|). 
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Exploring  ideas 


Coordinate  axes  and 
the  real  plane 

In  unit  3 of  Book  1 and  in  lesson  1 1 1 of  this 
book,  you  learned  how  points  in  a plane  can 
be  associated  with  ordered  pairs  of  natural 
numbers.  In  this  lesson,  you  will  learn  how 
points  in  a plane  can  be  associated  with  or- 
dered pairs  of  real  numbers. 

A What  is  a name  of  the  Cartesian  set  that 
contains  all  the  ordered  pairs  whose  first  and 
second  components  are  natural  numbers  ? 

B D X D is  the  Cartesian  set  that  contains  all 
the  ordered  pairs  whose  first  and  second  com- 
ponents are  real  numbers.  How  do  you  know 
that  (*\/5,  -8)  is  a member  of  D X D?  Is  (1,  f) 
a member  of  D X D ? Is  (“2,  ~2)  eDXD?  Is 
(0,  0)  € D X D? 

C How  do  you  know  that  D X D is  an  infinite 
set? 

Look  at  Dl.  All  the  points  represented  in 
the  display  are  coplanar.  Two  perpendicular 
lines,  called  coordinate  axes , can  be  used  to 
locate  points  in  a plane.  The  horizontal  axis 
pictured  in  d1  is  the  first  coordinate  axis,  or 
first  axis.  The  vertical  axis  is  the  second  coor- 
dinate axis,  or  second  axis. 

Each  point  represented  by  a dot  in  d1  is  as- 
sociated with  a member  of  D X D.  The  first 
and  second  components  of  the  ordered  pair 
that  is  associated  with  a point  are  the  first  and 
second  coordinates  of  the  point. 

The  set  of  dots  whose  points  are  associated 
with  members  of  D X D forms  a graph  of 
D X D.  The  point  of  intersection  of  the  two 
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axes  is  associated  with  (0,  0).  Point  (0,  0)  is 
the  origin  (or^a  jin).  Notice  that,  in  the  graph, 
the  dot  for  the  origin  is  labelled  with  the  let- 
ter O. 

D What  is  the  first  coordinate  of  point  (0,  0)? 
What  is  the  second  coordinate  of  the  origin  ? 

E In  Dl,  the  pictures  of  the  lines  form  a grid. 
The  pictures  of  lines  printed  in  blue  help  you 
to  locate  points  with  reference  to  the  coordi- 
nate axes.  Find  the  dot  for  point  C.  In  which 
axis  is  point  C located  ? Notice  that  point  C is 
located  \ units  to  the  right  of  the  second  axis. 
Name  the  coordinates  of  point  C. 
f In  which  axis  is  point  (0,  1)  located?  How 
many  units  above  the  first  axis  is  point  (0,  1) 
located  ? 

Each  point  in  the  coordinate  axes  is  associ- 
ated with  an  ordered  pair  of  real  numbers,  at 
least  one  of  whose  components  is  0.  If  the  sec- 
ond coordinate  of  a point  is  0,  the  point  is  in 
the  first  axis.  If  the  first  coordinate  is  0,  the 
point  is  in  the  second  axis. 

G In  which  axis  is  point  (0,  2)  ? In  which  axis 
is  point  (2,  0)?  Find  the  dots  in  Dl  that  repre- 
sent these  points. 
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h Look  again  at  Dl.  Is  point  A located  \ unit 
to  the  right  of  the  second  axis?  How  many 
units  above  the  first  axis  is  point  A located? 
Point  A is  associated  with  (5,  §).  The  first  com- 
ponent of  (j,  |)  tells  you  where  point  A is  lo- 
cated with  respect  to  the  second  axis.  The  sec- 
ond component  of  §)  tells  you  where  point  A 
is  located  with  respect  to  the  first  axis. 

1 Are  the  coordinates  of  point  B the  compo- 
nents of  (2,  1),  or  are  they  the  components  of 
(4,2)?  How  do  you  know? 
j Now  find  the  dot  for  point  (“1,  0).  In  which 
axis  is  point  (~T,  0)?  Is  point  (“1,  0)  located 
to  the  left  of  the  second  axis  ? 

K In  which  axis  is  point  (_2,  0)  ? Where  is 
point  (~2,  0)  located  with  respect  to  the  second 
axis? 

L Find  the  dot  for  point  (0,  ~2).  In  which  axis 
is  point  (0,  _2)?  Is  point  (0,  ~2)  located  above 
the  first  axis  or  below  the  first  axis  ? 

M Point  D,  represented  in  ol,  is  the  same 
as  point  (“1,  1).  Describe  the  location  of 
point  D. 

N Describe  the  location  of  point  E.  With  what 
ordered  pair  of  real  numbers  is  point  E associ- 
ated? 

o Find  the  dot  for  point  F.  With  what  ordered 
pair  is  point  F associated?  Are  both  coordi- 
nates of  point  F negative  ? 
p Describe  the  location  of  point  G.  With  what 
ordered  pair  is  point  G associated  ? 

Q Why  is  point  H associated  with  (0,  §)  ? 
r Why  is  point  I associated  with  (2,  §)  ? 
s Describe  the  location  of  point  J.  With  what 
ordered  pair  is  point  J associated  ? 

T In  which  direction  from  the  second  axis  is 
a point  located  if  the  first  coordinate  of  the 
point  is  positive?  If  the  first  coordinate  of 
the  point  is  negative  ? 

u In  which  direction  from  the  first  axis  is  a 
point  located  if  the  second  coordinate  of  the 


point  is  positive?  If  the  second  coordinate  of 
the  point  is  negative  ? 

Each  point  in  a plane  can  be  associated  with 
an  ordered  pair  of  real  numbers,  and  each  or- 
dered pair  of  real  numbers  can  be  associated 
with  a point  in  the  plane.  This  means  that  you 
can  set  up  a one-to-one  correspondence  be- 
tween D X D and  the  set  of  points  in  a plane. 
For  this  reason,  the  plane  that  is  determined 
by  the  coordinate  axes  is  called  the  real  plane. 
v Suppose  the  first  coordinate  of  a point  is 
15,  and  the  second  coordinate  is  ~6.  Where  in 
the  real  plane  is  point  (15,  _6)  located?  De- 
scribe the  location  of  point  (~5|,  18).  Describe 
the  location  of  point  ( a/17,  VT7). 

The  coordinate  axes  separate  the  plane  rep- 
resented in  Dl  into  four  regions  that  are  called 
quadrants  (kwod^rants).  Each  of  the  four  quad- 
rants is  the  intersection  of  two  half-planes 
bounded  by  the  coordinate  axes.  Because  the 
axes  are  the  boundaries  of  the  quadrants,  the 
points  in  the  axes  are  not  contained  in  any  of 
the  quadrants. 

w Look  again  at  Dl.  Notice  the  names  of  the 
quadrants.  For  each  of  points  A through  J,  in 
which  quadrant,  if  any,  is  the  point  contained  ? 
x In  which  quadrant  are  both  coordinates  of 

a point  positive?  In  which  quadrant  are 
both  coordinates  of  a point  negative  ? 

Y In  which  quadrant  is  a point  contained  if 

the  first  coordinate  of  the  point  is  positive 
and  the  second  coordinate  is  negative?  In 
which  quadrant  is  a point  contained  if  the  first 
coordinate  is  negative  and  the  second  coordi- 
nate is  positive  ? 

z In  which  quadrant  is  each  of  the  following 
points  contained:  (“8,  2),  (.3,  .6),  ( a/2,  _11), 
(4,  "4)? 

Now  you  know  how  to  associate  ordered  pairs 
of  real  numbers  with  points  in  a plane.  You 


285 


H 

a 

i 

\ 

c 

N 

({ 

J,  5) 

M 

V 

B 

li,  L) 

n 1 \ ; 

N 

A 

<-3, 

L 

3)C2 

V 

0 )C 

D 

1,0) 

0. 

O 

| //V  - 

0)  (2. 

,0)  (3 

F 

0 

1 y 

G< 

fWT 

+)— ^ 



w, 

E 

p-7 

m 

J 

K 

1 3) 

d2 

also  know  how  to  tell  in  which  quadrant  of  the 
real  plane  a point  is  contained. 


1 3 Think  of  the  line  included  in  the  real  plane 
that  is  parallel  to  the  second  axis  and  also  V2 
units  to  the  right  of  the  second  axis.  What  is 
the  first  coordinate  of  each  point  in  this  line? 

14  Describe  the  location  of  the  set  of  points 
each  of  whose  second  coordinates  is  V3. 

Now  make  a picture  of  the  coordinate  axes. 
On  your  picture  of  the  axes,  use  dots  to  repre- 
sent the  points  you  need  to  help  you  locate  the 
points  named  in  the  exercises  below.  Then 
make  a dot  for  each  point  named.  Beside  the 
dot  write  the  name  of  the  ordered  pair  associ- 
ated with  the  point. 

15  (-3,  2)  is  (-4, -2)  21  (-2,-1) 

16  (1,1)  19(2,4)  22  1“3) 

17  (ii)  20(0,  D 23(1,0) 


On  your  own 

Use  the  graph  in  d2  in  connection  with  ex- 
ercises 1 through  12. 

For  each  of  exercises  1 through  5,  describe 
the  location  of  the  point  named. 

1 Point  A is  associated  with  (V"2,  's/I). 

2 Point  B is  associated  with  ( \/3,  f). 

3 Point  C is  associated  with  (2^,  3). 

4 Point  D is  the  same  as  point  (_1^,  0). 

5 Point  E is  the  same  as  point  (0,  ~2.7). 

6 Name  the  ordered  pair  that  is  associated 
with  each  of  points  F through  N. 

7 Which  points  represented  by  dots  are  in  the 
second  quadrant? 

8 Which  points  represented  by  dots  are  in  the 
first  quadrant? 

9 Which  points  are  in  the  fourth  quadrant  ? 

10  Which  points  are  in  the  third  quadrant? 

1 1 Which  points  represented  by  dots  are  in  the 
line  that  is  parallel  to  the  first  axis  and  2 units 
below  the  first  axis  ? 

1 2 Which  points  represented  by  dots  are  in  the 
line  that  is  parallel  to  the  second  axis  and  3 
units  to  the  left  of  the  second  axis  ? 


KEEPING  SKILFUL 


r or  each  exercise  below,  use  a mixed  nu- 
meral or  a numeral  for  a basic  fraction  to  ex- 
press the  sum,  difference,  product,  or  quotient. 


1 1*  + 2|. 

2 16  X | X | 

3 I T H J 

«§-i 

5 65X-5X"1 

6 ~6|  + _8| 


If  + 


30^ 


9 -25 

10  2\  X _12| 


11  13|-22^ 


12 


I + -12R  ! 


14-24+  * 


7 - 8±  - 6 

For  each  exercise  below,  use  a decimal  to 
express  the  sum,  difference,  product,  or  quo- 
tient. 

15  .506  - -.452  23  -90  + 85.001 

16  10.3  + 85.1  24  1.1  X 1.01  X“10 

17  .6  X .304  25  -.754  - .6 

18  164  + ".5  26  -5.I4  + 6 

19  1.121  + -.154 + -.7  27  “62.15 + -3.86 

20  -75  X “6.8  X "2  28  64  - 89 

21  12  - -16.45  29  -.004  X 100.6 

22  .362+  .9  30  -65.34  + -1.1 
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Exploring  ideas 


Conditions  in  two 
and  three  variables 

In  this  lesson  you  will  study  conditions  in 
two  and  three  variables.  You  will  also  learn 
how  to  make  graphs  of  solution  sets  of  condi- 
tions in  two  variables. 

A Study  the  chart  in  d1.  If  you  replace  a by  \ 
in  b = 2a  + 1,  what  condition  do  you  obtain? 
What  replacement  for  b satisfies  this  condi- 
tion? What  numeral  is  placed  directly  below 
the  numeral  \ and  opposite  the  letter  b in  the 
chart?  Is  (5,5)  a member  of  {(a,b)\b  = 
2a  + 1 } ? 

B Copy  the  chart  in  d 1 . Then  find  the  replace- 
ments for  b that  you  need  to  complete  the 
chart. 

c Tabulate  the  set  of  ordered  pairs  that  you 
can  obtain  from  your  chart.  Is  each  of  these  or- 
dered pairs  a member  of  the  solution  set  of 
b = 2a  + 1 ? Is  each  pair  a member  of  D X D ? 
D Name  two  more  ordered  pairs  that  satisfy 
b = 2a  + 1.  Is  the  solution  set  of  the  condi- 
tion b = 2a  + 1 an  infinite  set?  How  do  you 
know? 

e Look  at  d2.  Notice  how  the  dots  that  repre- 
sent points  in  the  axes  are  labelled.  The  dot  for 
point  (3,  0)  is  labelled  with  the  numeral  3.  In 
which  axis  is  point  (3,  0)?  How  is  the  dot  for 
point  (0,  — 2)  labelled?  In  which  axis  is  point 
(0,  — 2)?  Which  two  dots  are  labelled  with  the 
numeral  ~3? 

f Each  of  points  A through  G represented  in 
d2  is  associated  with  an  ordered  pair  that  you 
named  for  exercise  C.  Name  the  coordinates  of 


Universe  for  (a,  b)  = D X D. 
b = 2a+  1. 
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{( a , b)  \b  = 2a  + 1} 
Incomplete  graph 


d2 


each  of  these  points.  Is  each  of  points  A 
through  G contained  in  ( l ? 

The  picture  of  G in  d2  is  a graph  of  the 
solution  set  of  b = 2a  + 1 . Each  member  of 
{(a,  b)\b==  2a  + 1}  is  associated  with  a point 
in  G,  and  each  point  in  G is  associated  with  a 
member  of  { (a,  b)  \ b = 2a  + 1 } . Later  in  your 
study  of  mathematics,  you  will  learn  why  the 
set  of  points  that  is  associated  with  the  solu- 
tion set  of  b = 2a  + 1 is  a line. 

G Is  (25,  51)  e {(a,  b)\b  = 2a+\)(!  Is  (100, 
201)  e { (a,  b)  \ b = 2a  + 1 } ? Why  are  the  words 
“incomplete  graph”  used  in  d2? 


Simple  and  compound  conditions  in  two  and  three  variables; 
graphs  of  solution  sets  of  conditions  in  two  variables 


Universe  for  (a,  b)  = D X D. 
b >2a+  1. 


a 

0 

1 

— i 

2 

~1  ~3 

b 

ll 

31 

I n 

2 

~4 

2 ^ 

2 

4 

1 

<N 

1 

O 

3 

4 

3 

2 0 

15 

7 

8 

5 1 

d3 


Universe  for  (a,  b)  = D X D. 
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d4 

h Now  study  the  chart  in  d3.  What  replace- 
ments for  a are  named  in  the  chart?  What  is 
the  set  of  all  possible  replacements  for  al  Is 
this  set  finite,  or  is  it  infinite  ? 
i What  number  do  you  obtain  from  2 a + 1 
when  you  replace  a by  0?  By  1?  By  |? 
By  _1?  By  “3?  For  each  of  these  replace- 
ments, tell  what  must  be  true  of  each  b that 
satisfies  b > 2a  + 1 . 


j Tabulate  the  set  of  ordered  pairs  that  you 
can  obtain  from  the  chart  in  d3.  Does  each  of 
these  ordered  pairs  satisfy  Z?  > 2«  -hi? 

K Explain  how  you  know  that,  for  each  re- 
placement of  a,  there  is  an  infinite  set  of 
replacements  for  b that  satisfy  b > 2a  + 1 . 
Is  { (a,  b)  | b > 2a  + 1}  an  infinite  set  ? 

L Now  look  at  d4.  Find  the  dots  for  points  A 
through  K.  The  coordinates  of  these  points 
were  obtained  from  the  chart  in  d3.  Name  the 
coordinates  of  each  point.  Is  each  ordered  pair 
that  you  named  a member  of  the  solution  set 
of  b >2a+  1? 

Notice  the  picture  of  i2  in  d4.  This  picture  is 
the  graph  of  { (a,  b)  \ b = 2a  + 1 } . This  graph  is 
shown  in  white  because  it  is  not  part  of  the 
graph  of  {(a,  b)\b  > 2a  + 1). 

The  graph  of  {(a,  b)  \b  > 2a  + 1}  is  indi- 
cated by  the  vertical  shading  in  d4.  Each  dot 
in  the  shaded  portion  represents  a point  asso- 
ciated with  a member  of  { (a,  b)  \ b > 2a  + 1 } . 

M Is  the  set  of  points  associated  with  { ( a , b)  \ 
b > 2a  + 1 } a half-plane  ? Explain  your  an- 
swer. 

n Now  think  about  b < 2a  + 1.  Where  would 

the  graph  of  { (a,  b)  \ b < 2a  + 1 } be  located 
with  respect  to  the  graph  of  { (a,  b)  \ b = 
2a  + 1}  ? The  universe  for  (a,  b)  is  D X D. 
o Explain  how  you  know  that  the  graph  of 
{ia,  b)  \b  ^ 2a  + 1}  includes  pictures  of  both  a 
line  and  a half-plane.  The  universe  for  ( a , b) 
is  D X D. 

INJext  you  will  study  compound  conditions 
in  two  variables  that  include  the  connective 
“and.”  You  will  also  learn  how  to  make  graphs 
of  the  solution  sets  of  such  conditions. 

A Look  at  d5.  How  do  you  know  that  each 
dot  in  the  graph  of  the  solution  set  of  the  com- 
pound condition  is  also  in  the  graphs  of  the 
solution  sets  of  both  simple  conditions? 
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Universe  for  (x,  y)  = D X D. 
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{Or,  y)\y  = 2x  A x + y = 3} 

d5 


Universe  for  (a:,  j)  = DXD. 
a y = 2xAx~hy  = 3. 

B y = 2x  A x + 2x  = 3. 

C y = 2x  A 3x  = 3. 

D y = 2x  A x = 1. 

E y = 2 A x = 1. 

d6 

b Study  d5.  Name  the  coordinates  of  points 
R,  O,  T,  and  U.  Which  line  that  is  represented 
in  d5  contains  each  of  these  points?  Is  each  of 
points  R,  O,  T,  and  U associated  with  a mem- 
ber of{Gc,  y)\y  = 2x}? 

c Next  you  will  make  a graph  of  the  solution 
set  of  x + y = 3.  The  graph  of  this  so- 
lution set  is  a picture  of  a line.  Suppose 
that  you  are  given  two  dots  in  the  graph  of 
{Gc,  + ^ = 3}.  How  can  you  use  these 
dots  to  help  you  draw  the  graph?  Explain 
your  answer. 


D If  you  replace  * by  0 in  x + y = 3,  what  y 
satisfies  0 + y = 32  Name  the  member  of 
{(*,  y)  | x -f  y = 3}  that  has  a first  component 
of  0. 

E Now  replace  y by  0 in  x + y = 3.  Name  the 
member  of  {Or, y)\x  + y = 3}  that  has  a sec- 
ond component  of  0. 

F Look  again  at  d5.  What  are  the  coordinates 
of  point  V ? Of  point  X ? What  line  do  these 
two  points  determine  ? Is  the  picture  of  i 4 the 
graph  of  {Gc,  y)  | x + y — 3}  ? 

G You  should  find  a third  solution  of  jc  -\-y  = 3 
to  be  sure  that  the  picture  of  f4  is  the  graph  of 
{ Gc,  y)  | x + y = 3} . Replace  xby2in;c  + j'  = 3. 
What  y satisfies  2 + y = 3 ? Does  the  picture 
of  f4  contain  the  dot  for  point  (2,  1)?  How  is 
the  dot  labelled? 

H Name  the  coordinates  of  the  intersection  of 
1 3 and  f4.  Which  dots  in  d5  are  in  the  graph 
of  the  solution  set  of  y = 2x  A x + y = 3 ? 
Tabulate  {Gc,  y)\y  = 2x  A x + y = 3} . 

In  the  following  exercises,  you  will  study 
another  method  of  finding  the  solution  set  of 
y = 2x  A x + y = 3. 

Look  at  sentences  A and  B in  d6.  From  the 
first  simple  condition  in  condition  A,  you 
know  that  y is  the  same  as  2x.  What  property 
tells  you  that  you  can  replace  y in  x + y by 
2jc  without  affecting  the  sum  ? Is  condition  B 
equivalent  to  condition  A ? 

Notice  that  each  simple  condition  in  condi- 
tion A contains  two  variables,  but  that  one  of 
the  simple  conditions  in  condition  B contains 
only  one  variable. 

J Now  compare  condition  B and  condi- 
tion C.  How  can  you  obtain  3x  = 3 from 
jc  + 2jc  = 3 ? Is  condition  C equivalent  to  con- 
dition B ? 

K Compare  conditions  C and  D.  How  can  you 
obtain  condition  D from  condition  C ? Is  con- 
dition D equivalent  to  condition  C ? 


Universe  for  (x,  y)  = D X D. 
A y = 2xAx~\-y  = 3. 

B y = 2x  A x + 2x  = 3. 

C y = 2x  A 3x  = 3. 

D y = 2x  A x = 1. 

E y = 2 A x = 1. 

d6 


Universe  for  the  variables 
in  (x,  z)  = D. 

(x  + y + 2z  = 12)  A (x  + y = 6)  A 

(*-4  = 2). 

D 7 

L How  can  you  obtain  condition  E from  con- 
dition D?  Tabulate  the  solution  set  of  con- 
dition E.  How  do  you  know  that  the  set  you 
tabulated  is  also  the  solution  set  of  condi- 
tion A? 

M The  chain  of  conditions  expressed  in  d6  en- 
ables you  to  find  the  solution  set  of  condi- 
tion A.  Use  the  method  just  explained  to  find 
the  solution  set  of  x = y + 2A2y  = x+l. 
The  universe  for  (x,  y)  is  D X D. 

N ow  you  will  find  the  solution  set  of  a com- 
pound condition  in  three  variables. 

A What  compound  condition  is  expressed  in 
d7  ? The  condition  is  made  up  of  how  many 
simple  conditions  ? What  connective  is  used  ? 
B Look  again  at  d7.  The  universe  for  the  or- 
dered triple  of  variables  is  the  set  of  all  or- 
dered triples  whose  first,  second,  and  third 
components  are  real  numbers.  Write  a stand- 
ard description  of  this  universe. 

C Is  the  solution  set  of  the  compound  condi- 
tion expressed  in  d7  the  intersection,  or  is  it 
the  union,  of  the  solution  sets  of  the  three  sim- 
ple conditions? 


D To  find  the  solution  set  of  the  compound 
condition,  you  will  first  work  with  the  simple 
condition  that  involves  only  one  variable. 
Which  condition  is  this  ? 

E What  is  the  first  component  of  each  ordered 
triple  that  satisfies  x - 4 = 22 
F Which  simple  condition  expressed  in  d7  in- 
volves only  two  variables  ? 

G If  you  replace  x in  x + y = 6 by  6,  what 
condition  do  you  obtain?  What  real  number 
satisfies  6 + y = 6 ? 

So  far,  you  know  that  any  ordered  triple 
that  satisfies  (x  + y + 2z  = 12)  A (x  + y = 6)  A 
(x  — 4 = 2)  must  have  6 as  its  first  component 
and  0 as  its  second  component. 

H If  you  replace  x by  6 and  y by  0 in  the  con- 
dition x + y + 2z  = 12,  what  condition  do  you 
obtain  ? What  z satisfies  this  condition  ? 
i Tabulate  the  solution  set  of  (x  + y + 2z  = 
12)  A (x  + y = 6)  A (x  — 4 = 2). 

In  this  lesson  you  studied  simple  and  com- 
pound conditions  in  two  and  three  variables. 
You  also  learned  how  to  make  graphs  of  the 
solution  sets  of  conditions  in  two  variables. 

On  your  own 

Give  a standard  description  of  the  solution 
set  of  each  condition  expressed  in  exercises  1 
through  8.  Then  make  a graph  of  each  solu- 
tion set.  The  universe  for  (x,  y)  = D X D. 

1 4y  = 3x.  4x  = ^Aj;^0. 

2 y = ~x.  5 ~x  = | A y ^ 0. 

3 -2x  = 4y  — 6.  6j  = 0Ax<”2. 

7 3y  = 3x  T 3 V 3y  > 3x  + 3. 

8j/  = xA”l<X<l. 

Tabulate  the  solution  set  of  each  condition 
expressed  in  exercises  9 through  12.  The  uni- 
verse for  the  variables  in  (r,  s , t)  = D. 

9 (2r  + s + 3t=  15)  A (r  = 4~  t)  A (7  + 2 = 

5-1). 

io  ("18  = 3s)  A (r  + 2s  = t)  A (r  - 5 = 7). 
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U = D X D. 
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Incomplete  graphs 


1 1 (3r  - s = It)  A (\r  = 3s)  A (14  = 5 + 1 1). 

12  (r  + s + t = 0)  A (s  — t)  A (6  — r = -10). 
Use  the  graphs  in  d8  for  the  exercises  be- 
low. The  universe  for  (x,  y)  is  D X D. 

1 3 Study  graph  A in  d8.  The  picture  of  f 5 is  an 
incomplete  graph  of  the  solution  set  of  a con- 
dition. Name  the  coordinates  of  the  points  in 
f5  that  are  represented  by  labeled  dots. 

14  In  each  of  the  ordered  pairs  you  named  for 
exercise  13,  the  second  coordinate  is  how  much 
greater  than  the  first  coordinate  ? Is  the  picture 
of  l5  an  incomplete  graph  of  the  solution  set 
of  y = x + 1 ? 

15  Look  at  graph  B.  The  picture  of  f6  and  all 
the  dots  to  the  right  of  form  an  incomplete 
graph  of  the  solution  set  of  a condition.  Write 
a sentence  that  expresses  a condition  whose 
solution  set  is  represented  by  graph  B. 

16  Look  at  graph  C.  The  picture  of  OB  is  an 
incomplete  graph  of  the  solution  set  of  a con- 
dition. Write  a sentence  that  expresses  a con- 
dition whose  solution  set  is  represented  by 
graph  C. 

17  The  picture  of  /7  in  graph  D is  an  incom- 
plete graph  of  the  solution  set  of  a condition. 
Write  a sentence  that  expresses  a condition 
whose  solution  set  is  represented  by  graph  D. 


KEEPING  SKILFUL 

r or  each  condition  expressed  below,  tabu- 
late the  solution  set  if  possible.  Otherwise,  give 
a standard  description  of  the  solution  set. 
U = D. 

1 2\<x  + ljj  A 2|  + x < 4j. 

2 “3 y = 21.9  V 2y  + 3y  > '36.5. 

3 ~\2r  = 3.6  A “10.2  + s = r. 

4 m = 4n  A m + 34  — n — 25. 

5 (a  + b + c = 50)  A (2 \b  -~2  = 30±)  A 
( b-a  = l\ ). 

6 (x  ~ 2\  = y)  A (y  — z = -15)  A (fz  = 20). 
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Exploring  problems 


Mt.  Robson  is  12,972  ft.  above  sea 
level.  The  difference  of  the  elevation  of 
Mt.  Robson  and  the  elevation  of 
Ripple  Rock,  B.C.,  is  13,019  ft.  What 
is  the  elevation  of  Ripple  Rock? 


Problems  involving 
conditions  in  one  variable 

You  have  learned  how  to  use  properties  of 
the  real  numbers  to  find  solution  sets  of  simple 
and  compound  conditions  in  one  variable.  In 
this  lesson  you  will  learn  to  solve  problems 
that  involve  such  conditions.  The  universe  for 
each  variable  is  D. 

Read  the  problem  in  d1.  First  you  will  de- 
velop the  condition  for  the  problem. 
a You  know  that  Mt.  Robson  is  12,972  ft. 
above  sea  level.  Does  the  positive  number  ex- 
pressed at  the  right  represent 
the  elevation  of  Mt.  Robson 
in  feet? 

B Do  you  know  the  elevation  of  Ripple  Rock? 
Use  y as  a variable  for  the  elevation 
of  Ripple  Rock  in  feet. 

C The  sentence  in  blue  below  expresses  the 
condition  for  the  problem.  To  what  does 
12972  — y refer? 

12972  -y  = 13019. 

D How  can  you  obtain  ~ y = 47  from  the  con- 
dition 12972  — y = 13019?  Are- j = 47  and 
12972  — y = 13019  equivalent  conditions? 

E From-j  = 47,  you  know  that  the  additive 
inverse  of  the  replacement  for  y is  equal  to  47. 
What  number  has  47  for  its  additive  inverse? 

F Tabulate  \y\\2V12-y  = 13019}. 

You  can  use- 47  to  get  the  answer  to  the 
problem  in  d1. 

The  elevation  of  Ripple  Rock  is  ~ 47  ft.,  or 
47  ft.  below  sea  level. 

OQp  Solving  problems  that  involve  simple  and  compound  conditions  in  one  variable; 
the  set  of  real  numbers  as  the  universe  for  the  variable 
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Mr.  Rogers  bought  12|  ft.  of  copper 
wire.  After  he  had  used  some  of  the 
wire,  he  still  had  more  than  l\  ft.  left. 
How  much  wire  did  Mr.  Rogers  use? 

d2 

Read  the  problem  in  d2.  You  will  develop  a 
compound  condition  for  this  problem. 

G Explain  why  the  sentence  below  at  the  right 
expresses  a simple 
condition  for  the 
problem.  For  what  is 
c a variable  ? 

H Is  12|  - c > l\  equivalent  to  c < 5j? 
i Is  2^a  solution  of  c < 5^?  Is  0 a solution? 
Is  ~3\  a solution  ? Is  every  real  number  that  is 
less  than  5\  a solution  of  c < 5^? 

Now  you  will  see  if  you  can  use  {c\c  < 5|} 
to  get  the  answer  to  the  problem  in  d2. 
j You  know  that  2\,  0,  and  are  members 
of  { c | c < 5|} . Can  you  use  2\  to  get  a sensible 
answer  to  the  problem?  Can  you  use  0?  Can 
you  use  “3^? 

K Can  you  use  any  real  number  that  is  less 
than  or  equal  to  0 to  get  a sensible  answer  to 
the  problem  ? 

You  have  discovered  that  you  can  use  only 
elements  of  { c \ c < 5|}  greater  than  0 to  get 
sensible  answers  to  the  problem  in  d2.  So  you 
can  use  the  condition  expressed 
at  the  right  as  another  simple 
condition  for  the  problem. 


The  sentence  below  in  blue  expresses  a com- 
pound condition  for  the  problem. 

12|  - c > 1\  A c > 0. 

l You  know  that  {c|c<5^}  is  the  solution 
set  of  1 2|  — c > l\.  Does  each  member  of 
{ c | c < 5j>  satisfy  c > 0 ? Explain  your  answer. 
M Is  {c|0  < c}  the  same  set  as  {c| c > 0}  ? How 

do  you  know?  Is  {c|0  < c < 5|}  the  solu- 
tion set  of  12|  — c > l\  A c > 0 ? Explain  your 
answer. 

You  can  use  {c 1 0 < c < 5j}  to  get  the  an- 
swer to  the  problem  in  d2.  You  can  give  the 
answer  in  either  of  the  following  ways : 

Mr.  Rogers  used  more  than  0 ft.  of  wire  and 
less  than  5^  ft.  of  wire. 

Mr.  Rogers  used  between  0 ft.  and  5^  ft.  of 
wire. 

N You  can  verify  the  answer  to  the  problem 
by  asking  yourself  the  following  questions:  If 
Mr.  Rogers  had  used  between  0 ft.  and  5^  ft.  of 
wire,  would  he  have  more  than  l\  ft.  of  wire 
left?  If  he  had  used  between  0 ft.  and  5\  ft.  of 
wire,  would  he  have  used  more  than  0 ft.  ? 

Think  again  about  what  we  did  in  exer- 
cises G through  M.  First  we  developed  a sim- 
ple condition  for  the  problem.  After  we  had 
obtained  the  solution  set  of  this  condition,  we 
discovered  that  some  members  of  the  solu- 
tion set  could  not  be  used  to  get  sensible  an- 
swers. For  this  reason,  we  developed  another 
simple  condition  for  the  problem.  Finally,  we 
used  the  solution  set  of  the  compound  condi- 
tion to  get  the  answer  to  the  problem. 

It  is  not  always  necessary  to  develop  a con- 
dition such  as  c > 0.  For  example,  read  the 
following  problem. 

Don  had  75  stamps  in  his  collection.  After 
Paul  had  given  him  some  more  stamps,  Don 
had  100  stamps  in  his  collection.  How  many 
stamps  did  Paul  give  to  Don  ? 


After  Mr.  Brennan  had  bought  114.5 
acres  of  land,  he  still  owned  less  than 
350  acres.  How  many  acres  of  land  did 
he  own  before  he  bought  the  114.5 
acres  ? 

d3 

You  know  that  75  + jc  = 100  is  the  condi- 
tion for  the  problem  about  the  stamps.  You 
also  know  that  {25}  is  the  solution  set  of  the 
condition.  Because  you  can  use  25  to  get  a 
sensible  answer  to  the  problem,  it  is  not  neces- 
sary to  use  * > 0 as  another  simple  condition 
for  the  problem. 

Now  read  the  problem  in  d3. 
o Explain  why  the  condition  expressed  at 
the  right  is  a sim- 
ple condition  for 
the  problem.  For 
what  is  n a variable  ? 

p Is  n + 1 14.5  < 350  equivalent  to  n < 235.5  ? 
Q Is  95  a solution  of  n + 1 14.5  < 350?  Is  0 a 
solution?  Is  “20  a solution?  Is  every  real 
number  that  is  less  than  235.5  a solution  of 
n+  1 14.5  < 350?  Explain  your  answers. 

Read  the  problem  in  d3  again.  Now  you 
will  see  if  you  can  use  {n\n  < 235.5}  to  get  the 
answer  to  the  problem. 

R You  know  that  95,  0,  and  “20  are  solutions 
of  n+  114.5  < 350.  Can  you  use  95  to  get  a 
sensible  answer  to  the  problem  ? Can  you  use 
0?  Can  you  use  “20?  Can  you  use  any  real 
number  less  than  0 to  get  a sensible  answer? 

Because  the  real  numbers  that  are  greater 
than  or  equal  to  0 are  the  only  members  of 
{n\n  < 235.5}  that  provide  sensible  answers  to 
the  problem  in  d3,  you  can  develop  another 
condition  for  the  problem.  This 
condition  is  expressed  at  the 
right. 
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The  sentence  in  blue  below  expresses  a com- 
pound condition  for  the  problem  in  d3. 

n + 114.5  <350  An^O. 

s You  know  that  {n\n<  235.5}  is  the  solu- 
tion set  of  n + 1 14.5  < 350.  Does  each  mem- 
ber of  {n\n<  235.5}  satisfy  0?  Explain 
your  answer. 

T Is  {«|0^«}  the  same  set  as  {n\n^0}l 
Is  {/7 1 0 ^ «<  235.5}  the  solution  set  of 
n + 1 14.5  < 350  A n ^ 0?  Explain  your  an- 
swers. 

Now  you  can  use  {/7 1 0 ^ n < 235.5}  to  get 
the  answer  to  the  problem  in  d3. 

Mr.  Brennan  owned  from  0 to  235.5  acres  of 
land  before  he  bought  the  1 14.5  acres. 

ext  you  will  solve  a problem  that  involves 
a compound  condition  made  up  of  three  sim- 
ple conditions.  Read  the  problem  in  d4. 
a Mrs.  Turner  bought  a package  of  24  drapery 
hooks  and  then  had  more  than  50.  Use  x as  a 
variable  for  the  number  of  hooks  that  she  had 
before  she  bought  24  more.  The  sentence  at 
the  right  expresses  a 

simple  condition  for 

. ui  t u + x + 24  > 50. 

the  problem.  To  what 

does  x + 24  refer? 

b How  do  you  know  that  Mrs.  Turner  had 
fewer  than  3 1 drapery  hooks  to  begin  with  ? 
c To  what  does  the  variable 
in  the  condition  expressed  at  x < 31. 
the  right  refer  ? 

The  sentence  below  in  blue  expresses  a com- 
pound condition  for  the  problem  in  d4. 

x + 24  > 50  A x < 31. 

d How  do  you  know  that  every  real  number 
greater  than  26  is  a solution  of  x + 24  > 50  ? 

E Each  solution  of  x < 3 1 is  less  than  what 
number? 


After  Mr.  Brennan  had  bought  114.5 
acres  of  land,  he  still  owned  less  than 
350  acres.  How  many  acres  of  land  did 
he  own  before  he  bought  the  114.5 
acres  ? 

d3 


Mrs.  Turner  needed  31  drapery  hooks. 
She  did  not  have  enough  drapery 
hooks  on  hand,  so  she  bought  a pack- 
age of  24.  She  then  had  more  than  50 
hooks.  How  many  drapery  hooks  did 
she  have  before  she  bought  the  24  ? 

d4 


The  sum  of  a number  and  -6f  is  the 
same  as  the  product  of  that  number 
and  5.  What  is  the  number? 

d5 

f Are  x + 24>50Ax<31  and  26  < x < 3 1 
equivalent  conditions?  Is  27  a solution  of 
26  < x < 31  ? Is  28^  a solution?  Is  30|  a so- 
lution? 

Read  the  problem  in  d4  again.  Now  you 
will  decide  if  you  can  use  {x|26  < x < 31}  to 
get  the  answer  to  the  problem. 

G You  know  that  27,  28^,  and  30^  are  all  solu- 
tions of  26  < x < 31.  Can  you  use  27  to  get  a 
sensible  answer  to  the  problem  in  d4?  Can 
you  use  28^?  Can  you  use  30^? 
h Can  you  use  any  real  number  that  is  not 
an  integer  to  get  a sensible  answer  to  the 
problem  ? 

You  have  discovered  that  you  can  use  only 
certain  members  of  {x|26<x<31}  to  get 
sensible  answers  to  the  problem.  So  you  can 
develop  another  simple  condition. 
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i  You  can  use  the  condition  expressed  below 
at  the  right  as  another  simple  condition  for  the 
problem.  The  condition  requires  that  x be  a 
member  of  the  set  of  integers.  Is 
the  set  of  integers  a subset  of  the 
set  of  real  numbers? 

The  sentence  in  blue  below  expresses  a com- 
pound condition  for  the  problem  in  d4. 

(x  + 24  > 50)  A (*  < 31)  A (x  e i). 

j You  know  that  {x\  26  < X < 31}  is  the  solu- 
tion set  of  x + 24>50Ax<31.  Does  each 
member  of  {x\  26  < x < 31}  satisfy  x e I?  Ex- 
plain your  answer. 

K Tabulate  {x| 26  < x < 31  A x e I}. 

You  can  use  each  member  of  the  set  that 
you  tabulated  for  exercise  K to  get  an  answer 
to  the  problem  in  d4. 

Mrs.  Turner  had  between  26  and  31  drapery 
hooks  before  she  bought  24  more. 

In  the  work  that  follows,  you  will  study 
a problem  that  concerns  numbers  only.  Read 
the  problem  in  d5. 

l Use  m as  a variable  for  the  number  you  are 
to  find.  Is  5 m = m + _6§  the  condition  for  the 
problem  ? 

M Are  5 m = m + ~6§  and  4m  = ~6f  equivalent 
conditions?  How  do  you  know? 
n What  number  satisfies  4m  = -6§  ? 

O Tabulate  {m  \ 5m  = m + _6§} 
p Is  the  product  of  5 and  “if  equal  to  the  sum 
of  “If  and  -6f? 

In  this  lesson  you  used  simple  and  compound 
conditions  in  one  variable  to  solve  problems 
involving  real  numbers. 

On  your  own 

For  each  problem,  write  a sentence  that  ex- 
presses a condition.  If  possible,  tabulate  the 
solution  set.  Otherwise,  give  a standard  de- 
scription of  the  solution  set.  Then  give  the 


answer  to  the  problem.  The  universe  for  each 
variable  is  D. 

1 Nancy  bought  35  post  cards.  She  used  more 
than  14  of  them,  but  still  had  more  than  17 
left.  How  many  post  cards  did  she  use? 

2 The  speed  of  sound  in  air  is  about  1088  ft. 
per  second.  At  this  speed,  how  many  feet  does 
sound  travel  in  60  seconds  ? 

3 The  batteries  that  Frank  buys  for  his  tran- 
sistor radio  cost  $.20  apiece.  He  has  $1.25  to 
spend.  How  many  batteries  can  he  buy? 

think  How  can  you  use  6\  to  obtain  a sensi- 
ble answer  for  the  problem  ? 

4 A support  for  a bridge  has  12^  ft.  of  its 
height  embedded  in  the  ground  and  9\  ft.  of  its 
height  in  the  water.  The  total  height  of  the  sup- 
port is  less  than  35  ft.  How  many  feet  of  the 
height  of  the  support  are  above  water  ? 

5 On  July  15,  Mrs.  Allen  deposited  $96.75  in 
her  savings  account.  After  she  had  deposited 
this  money,  she  still  had  less  than  $185  in 
her  account.  How  much  money  did  she  have 
in  her  account  before  she  deposited  $96.75? 

6 Barbara  spent  more  than  $4.75  for  art  sup- 
plies. She  gave  the  clerk  $10  and  received  more 
than  $2.50  in  change.  How  much  did  Barbara 
spend  for  art  supplies? 

7 Mr.  Henderson  bought  5^  gal.  of  paint. 
After  he  had  used  some  of  the  paint  to  paint 
his  garage,  he  still  had  more  than  if  gal.  left. 
How  much  paint  did  Mr.  Henderson  use? 

8 The  Emerson  Shipping  Company  plans  to 
buy  10,000  ft.  of  hemp  rope.  They  can  buy 
rope  that  costs  $.02  per  foot  or  rope  that  costs 
$1.95  per  100  ft.  How  much  will  it  cost  the 
company  to  buy  10,000  ft.  of  hemp  rope? 

9 What  numbers  greater  than  “6f  can  be 
added  to  4f  so  that  each  sum  is  less  than  2\  ? 

10  The  sum  of  3^  and  what  numbers  can  be 
multiplied  by  4 so  that  each  product  is  equal  to 
the  quotient  of  “8f  and  2^? 
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11  159 

Problems  involving  conditions 
in  two  and  three  variables 

In  this  lesson  you  will  use  the  methods  de- 
veloped in  lesson  158  to  solve  problems  that 
involve  compound  conditions  in  two  and 
three  variables.  The  universe  for  each  variable 
is  D. 

Read  the  problem  in  d1. 
a You  know  that  the  length  of  the  field  is  5 
times  the  width  of  the  field.  The  rate  pair  ex- 
pressed below  at  the  right  represents  this  com- 
parison. To  what  does  the  first 
component  refer?  To  what  does 
the  second  component  refer? 

B You  know  one  rate  pair  that  represents  the 
comparison.  You  want  to  find  another  rate 
pair  equivalent  to  5/1.  Use  a as  a variable  for 
the  length  of  the  field  in  feet.  Use  6 as  a vari- 
able for  the  width  of  the  field  in 
feet.  Why  do  you  use  a/6,  and  not 
6/a? 

c The  sentence  at  the  right  below  expresses 
one  of  the  simple  condi- 
tions for  the  problem. 

Why  is  the  condition  a 
condition  for  equivalence  ? 

D You  know  that  the  perimeter  of  the  field  is 
900  ft.  Does  the  sentence  below  in  blue  express 
another  simple  condition  for  the  problem  ? 

The  sentence  below  in  blue  expresses  a com- 
pound condition  for  the  problem. 


The  length  of  a rectangular  field  is  5 
times  the  width  of  the  field.  The  perim- 
eter of  the  field  is  900  ft.  What  are  the 
length  and  the  width  of  the  field  in 
feet? 

Dl 


A a+6+a+6=  900. 

B 56  + 6 + 56  + 6 = 900. 
c (5  + \)b  + (5  + \)b  = 900. 

D 6b  + 6b  = 900. 
e (6  + 6)b  = 900. 
f 126  = 900. 

d2 

Now  you  will  find  each  (a,  b)  that  satisfies 
the  compound  condition  for  the  problem. 

E How  was  the  condition  expressed  below 
at  the  right  obtained  from  5/1  ~a/6?  How 
do  you  know  that  each  ordered  pair  that  is  a 
solution  of  the  compound 
condition  must  have  a first 
component  that  is  5 times  the 
second  component  ? 

F Look  at  d2.  You  know  that  condition  A 
is  one  of  the  simple  conditions  for  the  prob- 
lem in  Dl.  If  you  replace  a by  5b  in  condition 
A,  do  you  obtain  condition  B ? 

G Each  of  the  other  conditions  expressed  in 
d2  is  equivalent  to  condition  B.  Explain  how 
each  condition  was  obtained. 

H How  was  the  condition  ex- 
pressed at  the  right  obtained 
from  126  = 900? 

You  know  that  75  is  the  replacement  for  6 
that  satisfies  the  compound  condition  for  the 
problem.  The  next  step  is  to  find  a replace- 
ment for  a that  satisfies  the  compound  con- 
dition. 
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I Replace  b by  75  in  a = 5b.  What  number 
satisfies  the  condition  that  you  obtain? 

J Tabulate  the  solution  set  of  the  compound 
condition  for  the  problem. 

K What  are  the  length  and  the  width  of  the 
field  in  feet? 

L Verify  your  answer  for  the  problem.  If  the 
field  is  375  ft.  long  and  75  ft.  wide,  is  the  length 
5 times  the  width  ? Is  the  perimeter  900  ft.  ? 

So  far  in  this  lesson,  you  have  solved  a prob- 
lem that  involves  a compound  condition  in  two 
variables.  Now  you  will  solve  a problem  that 
involves  a compound  condition  in  three  vari- 
ables. 

Read  the  problem  in  d3. 

A You  are  asked  to  find  the  number  of  hours 
it  took  the  two  trains  to  reach  points  that  were 
475  mi.  apart.  Did  the  two  trains  travel  the 
same  distance  to  reach  these  points  ? Explain 
your  answer. 

B Do  you  know  how  many  miles  the  passenger 
train  travelled?  Use  x as  a variable  for  the 
number  of  miles  the  passenger  train 
had  travelled  by  the  time  the  two 
trains  were  475  mi.  apart, 
c Do  you  know  how  many  miles  the  freight 
train  travelled?  Use  y as  a variable  for  the 
number  of  miles  the  freight  train  had 
travelled  by  the  time  the  two  trains 
were  475  mi.  apart. 
d The  sentence  at  the 
right  expresses  a simple 
condition  for  the  prob- 
lem. To  what  does  x +y  refer? 

E What  does  the  problem  ask  you  to  find? 
You  know  that  the  two  trains  travelled  the 
same  number  of  hours.  Use  z as  a variable  for 
the  number  of  hours  each  train  had 
travelled  by  the  time  they  were  475 
mi.  apart. 


A passenger  train  left  Carlton  station 
and  travelled  east  at  a rate  of  60  mi. 
per  hour.  At  the  same  time  a freight 
train  left  Carlton  station  and  travelled 
west  at  a rate  of  35  mi.  per  hour.  In 
how  many  hours  were  the  two  trains 
475  mi.  apart? 

d3 

To  find  the  number  you  can  use  to  get  the 
answer  to  the  problem,  you  need  to  develop 
conditions  that  involve  the  third  variable,  z. 
You  can  use  the  rates  at  which  the  two  trains 
traveled  to  develop  other  conditions. 

F You  know  that  the  passenger  train  travelled 
at  a rate  of  60  mi.  per  hour.  The  rate  pair  ex- 
pressed at  the  right  represents 
this  rate.  To  what  does  each 
component  refer? 

G Why  do  you  use  x/z,  instead  of 
z/x,  to  represent  a rate  pair  equiv- 
alent to  60/1 ? 

H The  sentence  at  the  right  below  expresses 
another  simple  condi- 
tion for  the  problem.  60/1  -x/z. 

Why  is  the  condition  a 

condition  for  equivalence? 

i The  rate  pair  expressed  below  at  the  right 

represents  the  rate  at  which  the 

freight  train  travelled.  To  what 

does  each  component  of  35/1 

refer  ? 

J You  want  to  find  a rate  pair 
equivalent  to  35/1.  Why  do  you 
use y/z  to  represent  this  rate? 

K The  sentence  at  the  right  below  expresses 
another  simple  condition  for  the  problem. 
Why  is  the  condition  a 
condition  for  equiva- 
lence ? 
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The  sentence  below  in  blue  expresses  a com- 
pound condition  for  the  problem  in  d3. 

(x  + y = 475)  A (60/ 1 ~ x / z)  A 
(35/1  ~ yjz). 

Now  you  can  find  the  solution  set  of  the 
compound  condition.  Remember  that  each 
(x,  y,  z)  that  is  a solution  of  the  compound 
condition  must  satisfy  each  of  the  simple  con- 
ditions. 

L How  was  the  condition 
expressed  at  the  right  ob- 
tained from  60/1  ~ x/z? 

M How  was  the  condition 
expressed  at  the  right  ob- 
tained from  35/1  ~y/z? 

N Replace  x in  x + j>  = 475  by  60z.  Replace 
y by  35z.  What  condition  do  you  obtain? 
o Look  at  d4.  Is  each  condition  expressed 

in  d4  equivalent  to  60z  + 35z  = 475?  Ex- 
plain how  each  condition  was  obtained, 
p How  was  the  condition  ex- 
pressed at  the  right  obtained 
from  95z  = 475?  What  num- 
ber satisfies  z = 5 ? 

You  know  that  5 is  the  third  component  of 
each  solution  of  the  compound  condition. 
Now  you  can  give  the  answer  to  the  problem. 

After  5 hours,  the  two  trains  were  475  mi. 
apart. 

Since  the  problem  asks  you  to  find  only  the 
number  of  hours  that  it  took  the  two  trains  to 
reach  points  475  mi.  apart,  you  can  give  the 
answer  without  finding  the  replacements  for  x 
and  y that  satisfy  the  compound  condition.  To 
verify  the  answer  to  the  problem,  however,  you 
need  to  find  the  replacements  for  x and  y. 

Q Replace  z by  5 in  x = 60z.  Replace  z by  5 
in  y = 35z.  What  number  satisfies  x = 60(5)  ? 
What  number  satisfies  y = 35(5)? 

R Verify  the  answer  to  the  problem  in  d3. 


A passenger  train  left  Carlton  station 
and  travelled  east  at  a rate  of  60  mi. 
per  hour.  At  the  same  time  a freight 
train  left  Carlton  station  and  travelled 
west  at  a rate  of  35  mi.  per  hour.  In 
how  many  hours  were  the  two  trains 
475  mi.  apart? 

d3 


g (60  + 35)z  = 475. 
H 95z  = 475. 

d4 


In  this  lesson  you  used  compound  conditions 
in  two  and  three  variables  to  solve  problems 
involving  real  numbers. 

On  your  own 

For  each  problem,  first  write  a sentence  that 
expresses  a condition.  If  possible,  tabulate  the 
solution  set  of  the  condition.  Otherwise,  give  a 
standard  description  of  the  solution  set.  Then 
give  the  answer  to  the  problem.  The  universe 
for  each  variable  is  D. 

1 The  distance  from  Winnipeg  to  Regina 
by  commercial  air  line  is  f of  the  distance 
from  Winnipeg  to  Edmonton.  The  distance 
from  Winnipeg  to  Edmonton  is  420  mi.  more 
than  the  distance  from  Winnipeg  to  Regina. 
What  is  the  distance  from  Winnipeg  to  Regina 
by  commercial  air  line,  and  what  is  the  distance 
from  Winnipeg  to  Edmonton? 

2 One  Thursday,  the  temperature  in  Sas- 
katoon was  12  degrees  below  zero.  The  tem- 
perature on  Friday  was  5 degrees  higher  than 
the  temperature  on  Thursday.  The  temperature 
on  Saturday  was  4 degrees  higher  than  the 
temperature  on  Friday.  What  was  the  tempera- 
ture in  Saskatoon  on  Friday  and  Saturday? 
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3 Hamilton  is  305  ft.  above  sea  level.  If  the 
elevation  of  Hamilton  were  90  ft.  less,  it  would 
be  the  same  as  the  elevation  of  Ottawa.  The 
elevation  of  Ottawa  is  about  ts  of  the 
elevation  of  Calgary.  What  is  the  elevation 
of  Ottawa  in  feet,  and  what  is  the  elevation  of 
Calgary  in  feet? 

4 Ken  had  a piece  of  pine  plywood.  He 
bought  a piece  of  oak  plywood  4 times  as  long 
as  the  piece  of  pine  and  a piece  of  birch  ply- 
wood 5 times  as  long  as  the  piece  of  pine.  The 
total  length  of  the  three  pieces  was  36  ft.  What 
was  the  length  of  each  piece  of  plywood  ? 

5 Mrs.  Watson  received  a 20%  discount  on  a 
refrigerator.  She  paid  $335  for  the  refrigerator. 
What  was  the  regular  price  of  the  refrigerator, 
and  what  was  the  amount  of  the  discount  ? 

6 Together,  Jane  and  Martha  spent  less  than 
$3.50  for  school  supplies.  Jane  spent  $1.05  for 
notebooks,  $.25  for  pencils,  and  $.95  for 
paints.  How  much  did  each  girl  spend? 

think  How  do  you  know  that  each  girl 
spent  more  than  0 cents  for  school  supplies  ? 

7 In  1900  the  population  of  Hartville  was 
35,105.  The  increase  in  population  from  1900 
to  1910  was  431.  The  decrease  in  population 
from  1910  to  1920  was  230.  What  was  the 
population  of  Hartville  in  1920? 

8 One  afternoon,  Jim  left  school  and  cycled 
at  a rate  of  5 mi.  per  hour.  At  the  same  time, 
Sam  left  school  and  cycled  in  the  opposite 
direction  at  a rate  of  l\  mi.  per  hour.  After  3 
hours,  the  boys  were  how  many  miles  apart? 

9 Together,  Clyde  and  Henry  weigh  265  lb. 
Clyde  weighs  l\  lb.  more  than  Henry.  How 
much  does  each  boy  weigh  ? 

think  Are  x — y = l\  and  x = l\  + y equiv- 
alent conditions? 

io  The  sum  of  two  numbers  is  more  than  “6. 
The  first  number  is  equal  to  the  product  of  2 
and  3^.  What  are  the  numbers  ? 


1 1 The  difference  of  two  numbers  is  less  than 
3.  When  3\  is  added  to  the  second  number,  the 
sum  is  6.  What  are  the  numbers  ? 

12  The  sum  of  three  numbers  is  “10^.  The  sec- 
ond number  is  4 times  the  first  number.  The 
third  number  is  2 times  the  first  number.  What 
are  the  three  numbers  ? 

KEEPING  SKILFUL 

se  compasses,  a straightedge,  and  pro- 
tractor to  help  you  with  the  exercises  below. 

1 Construct  circle  A whose  radii  are  congru- 
ent to  a given  segment. 

2 Use  a straightedge  to  draw  a picture  of 
diameter  BD  of  OA. 

3 Use  a straightedge  and  a protractor  to 
draw  a picture  of  central  angle  BAC  of  OA. 
ZBAC°  = 60. 

4 What  is  minor  BC°?  What  is  major  BC°? 

5 Name  a semicircle  of  OA. 

6 What  is  the  measure  in  degrees  of  the  semi- 
circle that  you  named  for  exercise  5 ? 

7 Name  an  arc  of  OA  that  is  adjacent  to 
minor  BC. 

8 What  is  the  measure  in  degrees  of  the  arc 
that  you  named  for  exercise  7 ? 

9 Draw  a picture  of  any  acute  triangle  MNO. 
Construct  the  perpendicular  bisector  of  MN 
to  determine  P,  the  midpoint  of  side  MN. 
Then  construct  median  OP  of  A MNO. 

10  Draw  a picture  of  any  obtuse  triangle  RST. 
Then  construct  the  bisector  of  the  obtuse  angle. 

1 1 Draw  a picture  of  any  scalene  triangle 
UVW.  Then  use  the  s-a-s  property  of  con- 
gruence for  triangles  to  construct  a triangle 
that  is  congruent  to  A UVW. 

12  Draw  a picture  of  any  acute  triangle  DEF. 
Then  use  the  a-s-a  property  of  congruence  for 
triangles  to  construct  a triangle  that  is  con- 
gruent to  A DEF. 
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APPLYING  MATHEMATICS 

X1  or  each  problem,  first  write  a sentence  that 
expresses  a condition.  If  possible,  tabulate  the 
solution  set  of  the  condition.  Otherwise,  give 
a standard  description  of  the  solution  set.  Then 
give  the  answer  to  the  problem.  The  universe 
for  each  variable  is  D. 

1 In  12  years,  Don  will  be  more  than  30  years 
old.  Eleven  years  ago,  he  was  less  than  15  years 
old.  How  old  is  Don  now? 

2 The  distance  from  Vancouver  to  Fort 
William  by  air  is  3 times  the  distance  from  Fort 
William  to  Sarnia  by  air.  The  distance  from 
Vancouver  to  Fort  William  is  1512  mi.  What  is 
the  distance  from  Fort  William  to  Sarnia? 

3 On  October  1,  Mr.  Berry  had  $500.  On 
October  31,  he  was  $200  in  debt.  What  is  the 
difference  of  the  amounts  of  money  he  had  on 
October  1 and  on  October  31  ? 

think  Can  you  use  “200  to  represent  the 
amount  of  money  Mr.  Berry  had  on  Octo- 
ber 31? 

4 The  area  of  Mr.  Johnson’s  farm  is  205 
acres.  Mr.  Novak  wants  to  buy  40  acres  of 
Mr.  Johnson’s  land.  Mr.  Evans  wants  to  buy 
25\  acres  of  it.  If  Mr.  Johnson  sells  to  one  of 
these  men,  how  many  acres  will  he  have  left  in 
his  farm? 

5 The  regular  price  of  a certain  camera  was 
$35.95.  During  a sale,  the  price  of  the  camera 
was  $28.76.  What  was  the  rate  of  discount? 

6 One  year  the  lowest  temperature  recorded 
in  Canada  was  81.4  degrees  below  zero.  The 
highest  temperature  recorded  that  year  was 
191.6  degrees  higher  than  the  lowest  tempera- 
ture. What  was  the  highest  temperature 
recorded  in  Canada  that  year? 

7 Together,  A1  and  Stewart  spent  less  than 
12  hr.  working  at  Palmer’s  Drugstore.  Stewart 
worked  6\  hr.  How  many  hours  did  A1  work? 


8 Mr.  Wills  bought  2 fluorescent  lights  priced 
at  $10.95  each;  8 wall  switches  priced  at  2 for 
$1.15;  and  an  overload  switch  priced  at  $6.95. 
How  much  did  he  spend  in  all  for  these  items? 

9 During  a 3-hour  period,  rock  temperatures 
in  the  mountains  have  been  known  to  rise  from 
15°  below  zero  centigrade  to  27.9°  above  zero 
centigrade.  What  is  the  average  rise  per  hour 
in  rock  temperatures  during  such  a period  ? 

I o The  population  of  Morton  City  is  9 times 
the  population  of  Huntsville.  The  population 
of  Warner  is  twice  the  population  of  Hunts- 
ville. The  total  population  of  Morton  City  and 
Warner  is  278,762.  What  is  the  population  of 
each  of  the  three  cities  ? 

I I Altogether,  Ray  bought  fewer  than  12  five- 
cent  and  four-cent  stamps.  If  he  had  bought 
6 more  five-cent  stamps,  he  would  have  bought 
10.  How  many  stamps  of  each  kind  did  he  buy  ? 

12  The  length  of  side  AC  of  A ABC  is  l\  in. 
The  length  of  side  CB  is  10  in.  The  length  of 
side  BA  is  less  than  the  sum  of  the  lengths  of 
sides  AC  and  CB.  The  perimeter  of  AABC  is 
at  least  25^  in.  What  is  the  length  of  side  BA 
in  inches  ? 

1 3 The  length  of  a base  of  a parallelogram  is 
11.25  ft.  This  base  is  2.5  times  as  long  as  the 
altitude.  What  is  the  area  in  square  feet? 

14  Certain  rate  pairs  are  equivalent  to  2>\/ 5^. 
The  first  component  of  each  of  these  rate  pairs 
is  either  12  or  15.  What  are  the  rate  pairs? 

1 5 The  sum  of  two  numbers  is  at  most  2.5.  The 
first  number  is  equal  to  the  quotient  of  _.68 
and  ~ A.  What  are  the  numbers? 

1 6 What  numbers  are  not  greater  than  the  dif- 
ference of  “25.5  and  “16.4? 

1 7 A first  number  is  equal  to  the  product  of  5 
and  a second  number.  The  sum  of  the  first  and 
second  numbers  is  13^.  The  difference  of  the 
second  number  and  a third  number  is  What 
are  the  three  numbers  ? 
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CHECKING  UP 

Ihe  small  numerals  within  parentheses  tell 
what  pages  to  turn  to  for  help  if  you  need  it. 

Test  142 

Write  “T”  for  each  sentence  below  that  ex- 
presses a true  statement.  Write  “F”  for  each 
sentence  that  expresses  a false  statement. 

1 The  square  of  16  is  4.  253) 

2 The  square  of  a negative  rational  number  is 
a positive  rational  number.  254) 

3 The  decimal  for  V2  is  a repeating  infinite 
decimal.  (259) 

4 The  set  of  points  in  a line  can  be  put  in  one- 
to-one  correspondence  with  D.(  272) 

5 For  each  x and  a,  if  x2  = a,  then  x is  a 
square  root  of  a.  U = R.  2 

6 The  square  of  a positive  integer  is  also  a 
positive  integer.  (254) 

7 ~ 8 < V75  < ~9  is  a true  statement. 

8 4x  + 5x  = “3.7  and  (4  + 5)x  = “3.7  are 
equivalent  conditions.  U = D. 

9 A graph  of  { c | ~ Cc  + \ = 5)}  contains  the 
dot  for  point  1.  U = D. 

10  A graph  of  the  solution  set  of  the  condi- 
tion « + 2 = “4Am  = 3isa  picture  of  a line. 
The  universe  for  ( m , n)  is  D X D. 

Test  143 

Tell  what  words  or  symbols  best  complete 
each  of  the  following  exercises. 

1 1 The  principal  square  root  of  100  is . 

(256) 

1 2 The  set  of  real  numbers  is  the  union  of  the 
set  of  rational  numbers  and  the  set  of 
numbers. 

13  A standard  name  of  \/6(l/V/6)  is  the  nu- 
meral - — — . 

14  The  second  and  third  quadrants  are  to  the 
of  the  second  axis. 

1 5 Each  of  the  numbers  8 and  ■ is  a square 
root  of  64. 


16  If  V625  = 25,  then  V625  + .452  = 25  + 

.452  is  an  example  of  the  property  of 

addition  of  real  numbers.  (268 

17  There  is  a real  number  between  any  two 
given  real  numbers  because  of  the  prop- 
erty of  D.  272) 

1 8 A rational  approximation  of  4 + V24  is 
. (Hundredths)  (266) 

19  In  the  real  plane,  point  (_7,  .83)  is  located 

in  the quadrant.  28 5) 

20  To  the  nearer  one,  the  positive  square  root 

of  405  is . 259) 

Test  144 

For  each  of  exercises  21  through  27,  tabu- 
late the  solution  set  of  the  condition  expressed, 
if  possible.  Otherwise,  write  a standard  de- 
scription of  the  solution  set.  The  universe  for 
each  variable  is  D. 

21  19  + X=  8.(276) 

22  .9(z  - .5)  = .63.  ( 278) 

23  js/j~ 

24  ~lm  > 32. 

25  k — 1.3  < ~6.  (281 ) 

26  ~ (~3.6  — x y _4.8).(  2s 

27  (3a  + 2b  - c = 15)  A (\b  = 3j)  A 

(b-C=  3^).  290 

Two  equivalent  conditions  are  expressed  in 
each  of  exercises  28  through  32.  Name  the 
property  or  definition  that  was  used  to  obtain 
the  second  condition  from  the  first  condition. 
U = D. 

28  1 •</={?•  d=  ft 

29  14  = 4 m + 3m.  14  = (4  + 3)m. 

30  0 + t = _9.  t = “9. 

31  ~4x  < 29.  ~\{~Ax)  > j(29). 

32  A/.'ib  ~ 8. 7/1. 5.  .4(1.5)  = 8.7(36). 

Make  a graph  of  the  solution  set  of  each 

condition  expressed  below.  The  universe  for 
(r,  s)  is  D X D. 

33  2 r = s.  35  r = 2 A s ^ 2\. 

34  r = s T |.  36  s ^ “if  A r ^ “3. 
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CHECKING  UP 

The  small  numerals  within  parentheses  tell 
what  pages  to  turn  to  for  help  if  you  need  it. 

Test  145 

Write  “T”  for  each  sentence  below  that  ex- 
presses a true  statement.  Write  “F”  for  each 
sentence  that  expresses  a false  statement. 

1 An  open  interval  in  Ra  contains  its  limits. 

(83) 

2 A hexagon  has  six  sides.  122) 

3 A circle  and  a tangent  to  that  circle  have 
two  points  of  tangency.  ' 1 5 ) 

4 Zero  is  the  only  rational  number  that  does 
not  have  a reciprocal. 

5 An  angle  has  two  bisectors.  12 7) 

6 Division  of  rational  numbers  is  commuta- 
tive. (21  1 ) 

7 The  set  of  positive  rational  numbers,  to- 
gether with  addition  and  multiplication,  forms 
a number  system.  ( 1 98 ) 

8 (~4)5  is  a positive  integral  power. 

9 {jc|x  < “.3261  contains  \//9.  U = D.  (27 

10  (|)2  X (|)3  = (|)5.  (225) 

Test  146 

Tell  what  words  or  symbols  best  complete 
the  exercises  below. 

1 1 A symbol  for  circle  H is  — — . 

12  MN  and  NP  are  adjacent  arcs  in  circle  S. 

If  MN°  = 40  and  NP°  = 38,  then  minor 
MP°  = - . (120) 

13  A standard  name  of  8.26  X 10  2 is  the  nu- 
meral — . ( 233  ) 

14  The  endpoints  of  a directed  segment  are  the 
starting  point  and  the  — — point.  1 53 ) 

15  The  three  properties  of  congruence  for  tri- 
angles that  you  have  studied  are  the  s-a-s,  the 
a-s-a,  and  the  - — — properties.  (137) 

16  The  reciprocal  of  \ is . (209) 

1 7 | + | = |+  f because  of  the prop- 

erty of  addition  of  rational  numbers.*  178) 


18  To(  5)  e R because  of  the  property  of 
multiplication  of  rational  numbers. 1 184 ) 

19  A common  fraction  numeral  for  “.032  is 

~ . (213) 

20  Equivalent  conditions  are  conditions  that 

have  the  same . 1 23s) 

Test  147 

For  each  problem,  first  write  a sentence  that 
expresses  a condition.  Tabulate  the  solution 
set  of  the  condition,  if  possible.  Otherwise, 
give  a standard  description  of  the  solution  set. 
Then  give  the  answer  to  the  problem.  The  uni- 
verse for  each  variable  is  D. 

21  A ticket  for  a bleacher  seat  in  a ball-park 
costs  75+  A ticket  for  a box  seat  costs  3j  times 
as  much  as  a ticket  for  a bleacher  seat.  How 
much  does  a ticket  for  a box  seat  cost?  (102) 

22  In  a certain  1-hr.  television  show,  14  min. 
are  used  for  commercials.  What  per  cent  of  the 
hour  is  used  for  commercials ? 103) 

23  Five  different  readings  of  the  depth  of  a 
submarine  were:  48  ft.,  65  ft.,  110  ft.,  216  ft., 
and  205  ft.  What  was  the  average  reading? 
(Tenths)  (104) 

24  Mr.  Parker  paid  50%  of  the  cost  of  a new 
front  walk.  The  walk  is  45  ft.  long  and  cost 
$1.60  per  foot.  How  much  did  he  pay?  (105) 

25  Together,  Don  and  Oscar  have  less  than 
120  yd.  of  fishing  line.  Don  has  25  yd.  of  9-lb. 
line  and  40  yd.  of  15-lb.  line.  How  many  yards 
of  fishing  line  does  each  boy  have?  (296) 

26  What  numbers  can  be  multiplied  by  5.7  so 
that  each  product  is  at  least  1.9?  (295) 

27  The  difference  of  a first  and  a second  num- 
ber is  2|.  The  product  of  6§  and  the  second 
number  is  y.  What  are  the  numbers?  (no) 

28  When  the  first  of  three  numbers  is  sub- 
tracted from  “8.2,  the  difference  is  ~4.  The  sum 
of  the  first  and  second  numbers  is  _5.  The  third 
number  is  the  product  of  the  first  and  second 
numbers.  Name  the  three  numbers. (297) 
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160 


Standard  units  of  length 

In  unit  8 you  learned  what  is  meant  by  the 
measure  of  a segment.  You  also  learned  how 
to  use  standard  units  in  measurement.  In  this 
lesson  you  will  review  some  important  ideas 
concerning  measure.  Then  you  will  learn  more 
about  the  metric  system  of  measures. 

You  know  that  the  measure  of  a segment  is 
a number  associated  with  the  segment,  and 
that  you  can  obtain  the  measure  of  a segment 
by  finding  the  absolute  difference  of  the  coor- 
dinates of  the  endpoints.  First  you  will  see  how 
you  can  use  a unit  segment  to  find  the  meas- 
ures of  other  segments. 

A Look  at  d1.  You  can  find  the  measure  of 
ST  by  comparing  it  with  the  unit  segment  MN. 
What  is  m(MN) ? Remember  that  you  read 
the  symbol  m(MN)  as  “the  measure  of  seg- 
ment MN.” 

B First,  the  number  0 was  assigned  to  point  S. 
Then  point  U was  located  so  that  SU  = MN. 
What  is  the  coordinate  of  point  U ? 
c How  were  points  V,  W,  X,  and  Y located  ? 
What  is  the  measure  of  each  of  the  segments 
UV,  VW,  WX,  and  XY? 


S U V W X T Y 

0 1 2 3 4 5 

M N 
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D What  is  the  measure  of  SX  ? Of  S Y ? How 

do  you  know  that  m(ST)  >m(SX)?  That 
m(ST)  < m(ST)  ? 

E Suppose  that  you  subdivide  XY  into  ten 
congruent  segments.  Is  .1  the  measure  of  each 
of  these  segments  ? Suppose  that  T is  the  right 
endpoint  of  the  fourth  of  these  segments.  What 
is  the  measure  of  XT  ? Of  ST  ? 

F You  know  how  to  find  the  measure  of  ST 
by  comparing  it  with  the  unit  segment  MN. 
Will  you  obtain  the  same  measure  for  ST  if 
you  compare  it  with  a unit  segment  that  is  not 
congruent  to  MN? 

You  know  that  certain  physical  objects  have 
a characteristic  called  length.  If  you  choose  a 
unit  segment  with  which  to  compare  the  seg- 
ment suggested  by  the  length  of  the  object,  you 
can  find  a number  that  is  the  measure  of  the 
length  of  the  object.  For  convenience  in  this 
book,  we  will  use  the  term  “length”  to  mean 
both  the  characteristic  of  length  and  the  num- 
ber that  is  the  measure  of  length. 

G Suppose  that  each  of  two  students  in  your 

class  measures  the  length  of  the  same  desk. 
Suppose  also  that  these  students  choose,  as 
unit  segments,  the  segments  represented  by  two 
pieces  of  chalk  that  are  not  alike.  Why  may 
these  students  obtain  different  numbers  for  the 
length  of  the  desk? 

H Does  the  measure  of  the  length  of  a physical 
object  depend  upon  the  unit  segment  with 
which  the  object  is  compared  ? 

can  see  that  the  measure  of  the  length  of 
a physical  object  depends  upon  the  unit  seg- 
ment that  is  used.  This  is  why  people  have 
agreed  upon  certain  standard  units. 

The  familiar  standard  units,  such  as  the 
inch,  the  foot,  the  yard,  and  the  mile,  belong 
to  the  English  system  of  measures.  This  system 
is  in  common  use  in  most  English-speaking 
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10-3  m. 

1 millimetre  (mm.) 
(mil's  me'tsr) 

10~2  m. 

1 centimetre  (cm.) 
(sen'ts  met'sr) 

10_1  m. 

1 decimetre  (dm.) 
(des's  met'sr) 

10°  m. 

1 metre  (m.) 
(me'tsr) 

101  m. 

1 decametre  (dkm.) 
(dek's  met'sr) 

102  m. 

1 hectometre  (hm.) 
(hek'ts  met'sr) 

103  m. 

1 kilometre  (km.) 
(kil's  met'sr  or 
ks  lorn's  tsr) 

d2 

countries.  Many  other  countries,  however,  use 
the  metric  system  of  measures.  The  metric  sys- 
tem is  also  used  by  scientists  in  every  country. 

The  English  system  developed  gradually 
over  a period  of  centuries.  The  metric  system, 
on  the  other  hand,  was  invented  in  the  eight- 
eenth century  by  a group  of  French  scientists 
who  believed  that  a convenient  system  of  meas- 
ures could  be  constructed  according  to  the 
principles  of  the  decimal  system  of  numeration. 

The  metre  is  the  standard  unit  of  length 
upon  which  the  metric  system  is  based.  Orig- 
inally, a metre  was  defined  as  one  ten-millionth 
of  the  distance  from  the  North  Pole  to  the 
equator.  In  1960,  the  metre  was  redefined  in 
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terms  of  the  wave  length  of  radiation  from  the 
chemical  element  Krypton  86.  A length  of  one 
metre  is  about  3|  inches  longer  than  a length 
of  one  yard.  Later  in  this  lesson,  you  will  learn 
more  about  comparisons  between  metric  units 
and  English  units.  First,  however,  you  will  see 
how  the  metric  system  is  organized. 

A Study  the  table  in  d2.  Each  length  named  in 
the  first  column  is  expressed  in  terms  of  the 
metre  (m.).  Each  of  these  lengths  is  the  same 
as  the  metric  unit  of  length  named  opposite  it 
in  the  second  column.  What  unit  of  length  is 
the  same  as  10°  m.  ? Is  10°  = 1 ? 


REMINDER 

The  zero  power  of  any  non-zero 
rational  number  is  1. 

A negative  integral  power  is  a 
power  that  is  the  reciprocal  of 
a given  positive  integral  power. 
See  lesson  144 , pages  228  and  229. 


b What  unit  of  length  is  the  same  as  10  1 m.  ? 
Is  10  1 = jjj?  What  unit  of  length  is  the  same 
as  jq  metre? 

c What  unit  of  length  is  the  same  as  10_2m.? 
What  unit  is  the  same  as  jJo  metre? 

D What  unit  of  length  is  the  same  as  ^ m.? 
E Which  is  longer,  a decimetre  or  a centi- 
metre? A centimetre  or  a millimetre?  Are  the 
decimetre,  the  centimetre,  and  the  millimetre 
longer  or  shorter  than  the  metre? 

F What  unit  of  length  is  the  same  as  10 
metres?  The  same  as  100  metres?  The  same 
as  1000  metres?  Explain  your  answers. 

G What  standard  metric  units  of  length  are 
longer  than  the  metre? 

H Which  is  longer,  a kilometre  or  a hectometre? 
A decametre  or  a hectometre?  A millimetre 
or  a kilometre? 


One  of  the  events  in  the  Olympic 
Games  is  the  50,000-metre  walk.  What 
is  the  length  of  the  walk  in  kilometres? 

d3 

I How  do  you  know  that  the  metric  system  of 
measures  is  a “decimal  system”? 

Because  10_1  m.,  or  .1  metre,  is  the  same 
as  1 decimetre,  we  sometimes  say  there  is  .1 
metre  in  1 decimetre.  You  can  use  the  rate  pair 
.1/1  to  represent  the  comparison  of  the  num- 
ber of  metres  in  1 decimetre  with  1 decimetre. 
Each  component  of  .1/1  refers  to  the  same 
length.  However,  since  the  units  of  measure 
are  different,  the  components  of  the  rate  pair 
are  different. 

J What  rate  pair  can  you  use  to  represent  the 
comparison  of  the  number  of  metres  in  1 centi- 
metre with  1 centimetre? 

K What  rate  pair  represents  the  comparison 
of  the  number  of  metres  in  1 decametre  with 
1 decametre?  The  comparison  of  the  number 
of  metres  in  1 kilometre  with  1 kilometre?  The 
comparison  of  the  number  of  metres  in  1 milli- 
metre with  1 millimetre? 

Now  read  the  problem  in  d3.  The  universe 
for  each  variable  is  D. 

L Why  can  you  use  1000/1  in  a condition  for 
the  problem? 

M You  know  that  the  length  of  the  walk  is 
50,000  metres.  You  are  to  find  the  length  in 
kilometres.  Why  will  you  use  50000/x,  and 
not  x/50000,  in  a condition  for  the  problem? 
To  what  does  x refer? 

The  sentence  below  in  blue  expresses  a con- 
dition for  the  problem. 

N Tabulate  { jc  1 1000/1  ~ 50000/x}.  Give  the 
answer  to  the  problem  in  d3. 
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For  some  problems  that  concern  standard 
metric  units,  you  may  find  it  convenient  to  use 
a compound  condition. 

The  work  that  follows  will  help  you  de- 
velop a compound  condition  for  the  problem 
in  d4.  The  universe  for  each  variable  is  D. 

The  table  you  have  been  using  does  not  tell 
you  directly  how  many  millimetres  are  in  1 cen- 
timetre. The  table  does,  however,  tell  you  how 
many  metres  are  in  1 centimetre  and  also  how 
many  metres  are  in  1 millimetre.  First  you  will 
develop  a condition  to  help  you  find  the  num- 
ber of  metres  in  2.1  cm. 
o Why  can  you  use  .01/1  in  one  of  the  simple 
conditions  for  the  problem?  Why  will  you  use 
x/2.1,  and  not  2.1/x,  in  this  condition?  For 
what  is  x a variable? 

p Is  .01/1  ~ x/2.1  one  of  the  simple  condi- 
tions for  the  problem?  You  can  use  this  con- 
dition to  find  the  number  of  metres  in  2.1  cm. 

Next  you  can  develop  a condition  to  find 
the  number  of  millimetres  in  x metres. 

Q Does  .001/1  represent  the  comparison  of 
the  number  of  metres  in  1 millimetre  with  1 
millimetre? 

You  want  to  find  a rate  pair  that  is  equiva- 
lent to  .001/1  and  whose  second  component  is 
the  number  of  millimetres  in  x metres.  Use 
x/y  to  represent  this  rate  pair. 
r To  what  does  x refer?  To  what  does  y 
refer? 

s What  is  the  second  simple  condition  for  the 
problem? 

The  sentence  below  in  blue  expresses  a com- 
pound condition  for  the  problem  in  d4. 

.01/1  ~ x/2.1  A .ooi/l  r */y. 

T Tabulate  the  solution  set  of  the  compound 
condition. 

u What  is  the  width  of  the  wrench  opening  in 
millimetres? 


The  spark  plug  wrench  that  Mr.  Lewis 
uses  on  his  car  has  an  opening  that  is 
2.1  cm.  wide.  What  is  the  width  of  the 
opening  in  millimetres? 

d4 


LENGTH 


.039  in. 
.394  in. 
1.094  yd. 
.621  mi. 


1 millimetre 
1 centimetre 
1 metre 
1 kilometre 


d5 


Standard  atmospheric  pressure  is  the 
pressure  at  sea  level  that  will  support  a 
column  of  mercury  76  cm.  high.  What 
is  the  approximate  height  of  the  col- 
umn of  mercury  in  inches?  (Thou- 
sandths) 

d6 


Notice  what  you  have  done.  You  know  that 
the  width  of  the  wrench  opening  in  centimetres 
is  2.1  You  used  a compound  condition  involv- 
ing rate  pairs  to  find  that  the  opening  in  milli- 
metres is  21.  Later  on,  after  you  have  studied 
formulas  in  unit  13,  you  will  learn  a shorter 
way  of  converting  from  one  standard  unit  to 
another. 

Sometimes  you  will  need  to  change  a measure 
given  in  metric  units  to  a measure  in  English 
units.  The  exercises  that  follow  will  show  you 
how  to  convert  from  one  system  of  measures 
to  another. 

The  international  inch,  adopted  in  1959,  is 
the  same  length  as  2.54  centimetres.  This  com- 


306 


parison  makes  it  possible  to  obtain  the  com- 
parisons expressed  in  the  table  in  d5.  Each 
length  named  in  the  first  column  is  approxi- 
mately equal  to  the  length  named  opposite  it 
in  the  second  column. 

a Which  is  longer,  the  centimetre  or  the  inch? 
The  metre  or  the  yard?  The  kilometre  or  the 
mile? 

Now  read  the  problem  in  d6.  The  universe 
for  each  variable  is  D. 

B Why  can  you  use  .394/1  in  a condition  for 
the  problem? 

c Why  will  you  use  jc/76,  and  not  76/*,  in  the 
condition?  To  what  does  * refer? 

.394/1  ~x/76  is  a condition  for  the  prob- 
lem in  d6. 

d Tabulate  {*|  .394/1  ~ x/16).  What  is  the 
approximate  height  of  the  column  of  mercury 
in  inches? 

Read  the  problem  in  d7.  The  universe  for 
each  variable  is  D. 

You  do  not  know  the  comparison  of  metres 
with  inches,  but  you  do  know  how  many  yards 
are  in  1 metre  and  also  how  many  inches  are 
in  1 yard. 

E First  you  will  develop  a condition  to  help 
you  find  the  length  in  yards  that  is  the  same 
as  1.3  metres.  Why  will  you  use  1.094/1  in  this 
condition?  Which  rate  pair,  k/ 1.3  or  1.3 /k,  is 
equivalent  to  1.094/1?  Write  a sentence  that 
expresses  this  condition. 

F Next  you  will  develop  a condition  to  help 
you  find  the  number  of  inches  in  k yards.  Why 
will  you  use  36/1  in  this  condition? 

G Let  h represent  the  number  of  inches  in 
k yards.  Will  you  use  h/k  or  k/h  in  the  second 
condition  for  the  problem?  Explain  your  an- 
swer. 

The  sentence  in  blue  below  expresses  a com- 
pound condition  for  the  problem. 

1.094/1  ~ fc/1.3  A 36/1  ~ h/k . 


While  Sarah  was  in  France,  she  bought 
some  silk  cloth.  The  cloth  is  1.3  m. 
wide.  What  is  the  approximate  width 
of  the  cloth  in  inches? 

D 7 


J K L M P N 


JK  = KL.  LM  = JL.  MN  = KL. 

d8 

h Tabulate  the  solution  set  of  the  compound 
condition.  Then  give  the  answer  to  the  prob- 
lem in  d7. 

In  this  lesson  you  reviewed  the  measure  of  a 
segment.  You  also  studied  metric  units  of 
length,  and  you  learned  how  to  convert  a meas- 
ure of  length  expressed  in  the  metric  system  to 
a measure  expressed  in  the  English  system. 

On  your  own 

Use  the  segments  represented  in  d8  and  the 
sentences  in  the  display  to  help  you  answer  the 
questions  in  exercises  1 through  4. 

1 Suppose  that  you  are  using  a unit  segment 
AB  to  find  the  measure  of  JP.  If  JK  = AB, 
what  coordinates  should  you  assign  to  points 
K,  L,  M,  and  N ? 

2 Using  the  coordinates  you  named  for  exer- 
cise 1,  find  m(JK).  What  is  m(JL)?  What  is 
m(LM)? 

3 Using  the  same  coordinates,  find  m(JM). 
What  is  m(JN)?  How  do  you  know  that 
m(JP)  >4?  That  m(JP)  <5? 

4 Suppose  that  MN  is  subdivided  into  two 
congruent  segments  and  that  P is  the  right  end- 
point of  the  first  of  these  segments.  What  is 
m(MP) ? What  is  m(JP) ? 
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APPLYING  MATHEMATICS 


In  each  of  exercises  5 through  10,  a length 
is  expressed  in  one  unit  of  measure,  and  a sec- 
ond unit  is  named  in  parentheses.  Express  the 
given  length  in  terms  of  the  unit  indicated  in 
parentheses.  Use  the  table  if  necessary. 

5 1 m.  (kilometres) 

6 1 m.  (millimetres) 

7 1 mm.  (centimetres) 

8 5 hm.  (metres) 

9 1242  mi.  (kilometres) 

10  42  hm.  (decametres) 

For  each  of  problems  11  through  17,  first 
write  a sentence  that  expresses  a condition. 
Then  give  the  answer  to  the  problem.  The  uni- 
verse for  each  variable  is  D. 

1 1 One  model  of  a European  car  has  an  over- 
all length  of  488  cm.  What  is  the  length  of  the 
car  in  metres? 

12  In  the  1960  Olympic  Games,  an  entry  from 
Poland  won  the  3000-metre  steeplechase.  What 
is  the  length  of  the  steeplechase  in  kilometres? 

1 3 Carol  bought  f m.  of  lace  in  Brussels.  How 
many  centimetres  of  lace  did  she  buy? 

14  The  bore  of  an  engine  is  the  measure  of  the 
diameter  of  a piston  of  the  engine.  The  engine 
of  one  European  car  has  a bore  of  78  mm. 
What  is  the  approximate  bore  of  the  engine  in 
inches? 

15  The  filament  of  a flash  bulb  is  made  by 
shredding  a sheet  of  metal  that  has  been  rolled 
to  a thickness  of  8 x 10~4  cm.  What  is  the 
approximate  thickness  of  the  sheet  in  inches? 

16  The  moon’s  apogee  is  its  distance  from  the 
earth  when  it  is  at  that  point  in  its  orbit  that  is 
farthest  from  the  earth.  This  distance  is  about 
252,710  mi.  What  is  the  approximate  apogee 
of  the  moon  in  kilometres?  (Tens) 

17  In  some  countries,  a person’s  height  is 
measured  in  centimetres.  How  many  centi- 
metres tall  is  a person  who  is  6 feet  tall? 
(Ones) 


Ahe  diagram  in  the  display  shows  the  classi- 
fications of  certain  types  of  electromagnetic 
waves  according  to  their  wave  lengths  in 
metres.  Use  the  diagram  in  connection  with  ex- 
ercises 1 through  8.  In  each  exercise,  the  length 
of  an  electromagnetic  wave  is  given.  Tell  how 


Electromagnetic  wave  lengths 
in  metres 


104 

103 

102 

101 

10° 

10-1 

10"2 

i(T3 

l(T4 

io"5 

1(T6 

l(f7 

io~8 

io"9 

io"10 

Kf11 

10"12 

io-13 


Radio  communications  waves 

Microwaves 

Infrared  waves 

; Visible  light  waves 
Ultraviolet  waves 

X rays 

Gamma  rays 


you  would  classify  each  wave.  For  example, 
since  2 x 102  metres,  or  200  metres,  is  between 
101  and  102  metres,  for  exercise  1 you  should 
write  “radio  communications  wave.” 

1 2 X 102  m.  5 1 m. 

2 9 X 10  4 m.  6 .000065  m. 

3 9.9  X 10~2  m.  7 .000000085  m. 

4 25  X 10"11  m.  8 .00000000000010  m. 

For  each  problem  below,  first  write  a sen- 
tence that  expresses  a condition.  Then  tabu- 
late the  solution  set  of  the  condition  and  give 
the  answer  to  the  problem.  The  universe  for 
each  variable  is  D. 

9  The  length  of  a particular  microwave  is 
10  2 m.  The  length  of  a particular  X ray  is 
10  9 m.  The  length  of  the  microwave  is  how 
many  times  the  length  of  the  X ray  ? 

10  The  length  of  an  ultraviolet  wave  is  10  7 m. 
The  length  of  an  infrared  wave  is  10  5 m.  The 
length  of  the  ultraviolet  wave  is  what  fraction 
of  the  length  of  the  infrared  wave  ? 

1 1 A particular  radio  communications  wave 
is  102  m.  long.  What  is  its  length  in  deca- 
metres? 

12  The  length  of  an  X ray  is  10~10  m.  What  is 
its  length  in  millimetres? 

13  An  ultraviolet  wave  is  10~ 6 cm.  in  length. 
What  is  its  length  in  metres? 

14  The  length  of  an  infrared  wave  is  10~ 5 m. 
What  is  its  length  in  kilometres? 

15  The  length  of  a gamma  ray  is  10— 12  cm. 
What  is  its  length  in  metres? 

16  A particular  radio  communications  wave  is 
6.5  x 102  m.  long.  What  is  its  length  in  kilo- 
metres? 

17  The  length  of  a microwave  is  2.2  x 10— 2 m. 
What  is  its  length  in  hectometres? 

1 8 The  length  of  a radio  communications  wave 
is  85  cm.  What  is  its  length  in  millimetres? 

19  A particular  ultraviolet  wave  is  .000075  mm 
long.  What  is  its  length  in  centimetres? 


APPLYING  MATHEMATICS 

JT  or  each  of  the  following  problems,  first 
write  a sentence  that  expresses  a condition. 
Then  find  the  number  that  satisfies  the  condi- 
tion and  give  the  answer  to  the  problem.  The 
universe  for  each  variable  is  D. 

1 The  contents  of  a can  of  tomato  juice 
weighed  720.8  grams.  About  what  was  the 
weight  of  the  tomato  juice  in  ounces? 

2 Last  year,  a town  in  Holland  produced 
265,000  kilograms  of  cheese.  This  amount  is 
about  how  many  pounds? 

3 A storage  tank  holds  4100  liters  of  oil.  How 
many  kilolitres  of  oil  does  the  tank  hold? 

4 Mr.  Campbell  takes  .0025  gram  of  a certain 
medicine  each  day.  How  many  milligrams  of 
the  medicine  does  he  take  each  day? 

5 Mr.  Harvey  prepared  2.5  litres  of  a glucose 
solution.  How  many  millilitres  of  the  glucose 
solution  did  he  prepare  ? 

6 A sample  of  steel  weighs  500  milligrams. 
What  is  the  weight  in  grams  of  the  sample  of 
steel ? 


WEIGHT  (METRIC) 

1000  milligrams  (mg.)  1 gram  (g.) 


(mil's  grams) 
1000  grams 

.035  ounce  (approx.) 
2.2  pounds  (approx.) 


(gram) 

1 kilogram  (kg.) 

(kil's  gram) 

1 gram 
1 kilogram 


CAPACITY  (METRIC) 


1000  millilitres  (ml.) 
(mil's  le'tsrs) 
1000  litres 

.88  quarts  (approx.) 


1 litre  (1.) 
(le'tsr) 

1 kilolitre  (kl.) 

(kil's  le'tsr) 
1 litre 


Finding  solutions  of  conditions  for  problems 
involving  metric  units  of  weight  and  capacity 


7 Betty  weighs  95  lb.  Betty’s  weight  in  kilo- 
grams is  about  how  much?  (Tenths) 

8 A chemist  made  a solution  of  hydrochloric 
acid  that  contained  79  grams  of  hydrogen 
chloride  per  litre.  He  made  20  litres  of  the  solu- 
tion. How  many  grams  of  hydrogen  chloride 
did  the  20  litres  contain? 

9 Mrs.  Wilmington  bought  3.5  kilograms  of 
squash  at  a street  market  in  Acapulco,  Mexico. 
About  how  many  pounds  of  squash  did  she 
buy? 

to  Fred  bought  a candy  bar  that  weighed  2 oz. 
About  what  was  the  weight  of  the  candy  bar  in 
grams?  (Tenths) 

1 1 There  are  716  calories  in  100  grams  of  but- 
ter. How  many  calories  are  in  1 kilogram  of 
butter? 

12  On  certain  international  flights,  passen- 
gers are  allowed  to  carry  20  kilograms  of 
baggage  without  extra  charge.  Miss  Klein’s 
baggage  weighs  51  lb.  Her  baggage  weighs 
about  how  many  pounds  more  than  the  bag- 
gage allowance  ? 

13  Mr.  Heath  needs  5.5  litres  of  oil  to  fill  the 
crankcase  of  his  car.  The  oil  costs  $.45  per 
quart.  About  how  much  will  it  cost  Mr.  Heath 
to  fill  the  crankcase  with  oil? 

14  Mr.  Green  bought  45  litres  of  gasoline. 
About  how  many  gallons  of  gasoline  did  he 
buy?  (Tenths) 

think  Use  jc  as  a variable  for  the  number  of 
quarts  of  gasoline  that  Mr.  Green  bought. 
Use  y as  a variable  for  the  number  of  gal- 
lons he  bought.  Is  4/1  ~ x/y  one  of  the  con- 
dition^ for  the  problem? 

15  A chemist  dissolved  750  milligrams  of  silver 
in  an  acid.  How  many  kilograms  of  silver  did 
he  dissolve  in  the  acid? 

16  The  gasoline  tank  in  Mr.  Fisher’s  car  holds 
15.9  gal.  of  gasoline.  About  how  many  litres 
of  gasoline  does  the  tank  hold? 


Greatest  possible  error 
in  measurement 

In  your  previous  study  of  measurement,  you 
learned  how  to  measure  certain  objects.  You 
also  learned  that  it  is  impossible  to  find  the 
exact,  or  mathematical , measure  of  a physical 
object.  In  this  lesson  you  will  learn  how 
mathematicians  work  with  approximations  of 
mathematical  measures. 
a d1  shows  a picture  of  a card  and  a rule.  The 
length  of  the  rule  between  its  left  edge  and  the 
mark  labelled  “1”  is  1 inch.  What  is  the  length 
of  the  rule  between  its  left  edge  and  the  mark 
labelled  “2”? 

B Each  inch  of  the  rule  is  marked  off  into 
parts  of  equal  length.  Into  how  many  parts  is 
each  inch  marked  off?  What  is  the  length  of 
the  rule  between  any  two  consecutive  marks? 
c Is  there  a mark  on  the  rule  for  \ in.?  For 
\ in.?  For  | in.? 

Now  you  are  going  to  find  approximations 
of  the  length  of  the  card  represented  in  Dl.  To 
begin  with,  you  will  use  1 in.  as  the  unit  of 
length.  This  means  that  you  will  round  the  ap- 
proximation to  the  nearer  inch. 

D Is  the  right  edge  of  the  card  closer  to  the 
mark  for  3 in.  or  to  the  mark  for  4 in.?  Is  the 
length  of  the  card  nearer  to  3 in.  or  to  4 in.  ? 
e When  you  use  1 in.  as  the  unit  of  length, 
what  approximation  do  you  obtain  for  the 
length  of  the  card  ? 

Next  you  will  use  \ in.  as  the  unit  of  length. 
This  means  that  you  will  round  the  approxi- 
mation to  the  nearer  \ in. 
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Meaning  of  unit  of  measure  and  greatest  possible  error 


A 


o 1 


Inches  1 


2 3 


i 

'[  i i i i i i | i i i 

4 5 


f Look  again  at  d1.  How  many  5-inch  units 
of  length  are  represented  by  the  mark  labelled 
“1”?  How  many  such  units  of  length  are  rep- 
resented by  the  mark  labelled  “3”? 

G Is  the  length  of  the  card  nearer  to  § in.  or 
to  \ in.?  Is  the  length  nearer  to  3§  in.  or  to 
3}  in.  ? When  you  use  \ in.  as  the  unit  of  length, 
what  approximation  do  you  obtain  for  the 
length  of  the  card? 

Next  you  will  use  \ in.  as  the  unit  of  length. 
H How  many  |-inch  units  of  length  are  repre- 
sented by  the  mark  labelled  “1”?  By  the  mark 
labelled  “3”? 

1 Is  the  length  of  the  card  nearer  to  3}  in.  or 
to  3f  in.?  When  you  use  \ in.  as  the  unit  of 
length,  what  approximation  do  you  obtain  for 
the  length  of  the  card  ? 

You  can  see  that,  each  time  you  use  a shorter 
unit  of  length,  you  are  making  a closer  ap- 
proximation of  the  length  of  the  card.  You 
come  closer  to  finding  the  mathematical  length 
when  you  use  \ in.  as  the  unit  of  length  than 
when  you  use  1 in.  When  you  use  \ in.  as  the 
unit  of  length,  you  come  closer  still. 

In  exercises  E,  G,  and  I,  you  should  have 
obtained  3 in.,  3}  in.,  and  3f  in.  as  approxima- 
tions of  the  length  of  the  card.  We  will  call 
these  approximations  physical  measures  of  the 
length  of  the  card. 

Whether  or  not  a physical  measure  of  an 
object  is  a good  approximation  depends  upon 


the  unit  of  measure  used.  Therefore,  scientists 
and  mathematicians  have  agreed  to  express 
physical  measures  in  such  a way  that  it  is  obvi- 
ous what  unit  of  measure  was  used.  For  ex- 
ample, a physical  measure  of  3 in.  indicates 
that  1 in.  was  used  as  the  unit  of  length.  A 
physical  measure  of  3}  in.  indicates  that  5 in. 
was  used  as  the  unit. 

J When  you  use  \ in.  as  the  unit  of -length, 
you  should  give  3}  in.,  and  not  3}  in.,  as  the 
physical  measure  of  the  card.  Explain  the  rea- 
son for  this. 

k What  unit  of  length  was  used  to  obtain  a 
physical  measure  of  7^  ft.  ? Of  9 cm.  ? Of 
14}  yd.? 

L How  do  you  know  that  a physical  measure 
of  14  yd.  and  a physical  measure  of  14}  yd. 
were  obtained  by  using  different  units  of  meas- 
ure? 

In  a decimal  numeral  for  a physical  meas- 
ure, the  digit  farthest  to  the  right  indicates  the 
unit  used  to  obtain  the  measure.  You  know 
that  the  digit  farthest  to  the  right  in  the  nu- 
meral 13.5  is  associated  with  tenths.  So  when 
a physical  measure  is  expressed  as  13.5  ft.,  you 
know  that  .1  ft.  was  used  as  the  unit  of  length. 
m What  unit  of  length  was  used  to  obtain  a 
physical  measure  of  7.8  mm.?  Of  1.756  km.? 
Of  17.92  mi.? 

N How  does  a physical  measure  of  45  m.  dif- 
fer from  a physical  measure  of  45.0  m.  ? 
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' I 
Feet 


d2 


I • | > 1 


o d2  shows  a picture  of  six  pipes  and  a rule. 
Think  of  the  distance  between  the  left  edge  of 
the  rule  and  the  mark  labelled  “ 1”  as  1 ft.  What 
is  the  distance  between  the  left  edge  of  the  rule 
and  the  mark  labelled  “4”? 
p Is  there  a mark  on  the  rule  for  4\  ft.  ? For 
4| ft. ? For  5 ft.? 

Q Two  of  the  pipes  represented  in  d2  appear 
to  have  lengths  that  are  greater  than  4\  ft.  and 
less  than  4f  ft.  Name  these  pipes.  What  is  the 
physical  measure  of  each  of  these  pipes  if  you 
use  \ ft.  as  the  unit  of  length  ? 
r Which  pipe  appears  to  have  a length  that  is 
less  than  4\  ft.  ? Which  pipes  appear  to  have 
lengths  greater  than  4\  ft.  ? 
s Which  pipe  appears  to  have  a length 
of  4\  ft.  ? 

If  you  are  using  \ ft.  as  the  unit  of  length, 
you  could  give  the  physical  measure  of  pipe  F 
either  as  4\  ft.  or  as  4\  ft.  However,  we  will 
agree  always  to  use  the  physical  measure  that 
contains  an  even  number  of  unit  lengths. 

T Explain  why  we  use  4\  ft.,  rather  than  4\  ft., 

as  the  physical  measure  of  pipe  F. 
u Suppose  that  the  length  of  some  object  ap- 
pears to  be  4f  ft.  If  you  use  \ ft.  as  the  unit  of 
length,  which  is  the  physical  measure,  4\  ft.  or 
4\  ft.  ? Explain  your  answer. 


v Suppose  that  the  length  of  an  object  is  less 
than  4\  ft.  If  you  use  \ ft.  as  the  unit  of  length, 
should  you  obtain  4\  ft.  as  the  physical  meas- 
ure? Suppose  that  the  length  of  an  object  is 
greater  than  4\  ft.  If  you  use  \ ft.  as  the  unit  of 
length,  should  you  obtain  4\  ft.  as  the  physical 
measure  ? 

Now  you  are  ready  to  study  the  mathemati- 
cal meaning  of  a physical  measure.  A physical 
measure  of  5§  ft.  means  that  \ ft-  was  used  as 
the  unit  of  length.  A physical  measure  of  5§  ft. 
also  means  that  the  mathematical  length  is 
equal  to  or  greater  than  4\  ft.  and  equal  to  or 
less  than  5^  ft. 

a How  do  you  know  that  the  set  of  numbers 
that  contains  4|,  5^,  and  all  the  numbers  be- 
tween 4|  and  5|  is  a closed  interval  in  D? 
Name  the  limits  of  the  interval. 


REMINDER 

The  set  of  all  x that  satisfy  a^x^b 
is  a closed  interval,  a and  b are  the 
limits  of  the  interval.  The  universe  for 
a,  b,  and  x may  be  Ra,  R,  or  D. 

See  lesson  113,  page  85. 
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We  say  that  a physical  measure  determines 
a closed  interval.  A physical  measure  of  5§  ft. 
determines  (x|4|  ^ x ^ 5j}.  If  we  know  that 
the  physical  measure  of  an  object  is  5^  ft.,  we 
assume  that  the  mathematical  length  is  a mem- 
ber of{x|4|^x^5|}.U  = D. 

B What  is  the  absolute  difference  of  5§  and 
each  limit  of  {x  | 4|  ^ x ^ 5^}  ? 

The  greatest  possible  error  of  a physical 
measure  of  5§  ft.  is  \ ft.  The  mathematical 
length  of  an  object  will  seldom  differ  from  the 
physical  measure  by  as  much  as  the  greatest 
possible  error. 

c Is  the  greatest  possible  error  of  a physical 
measure  of  5\  ft.  the  same  as  \ of  the  unit  of 
length? 

The  greatest  possible  error  of  a physical 
measure  is  \ of  the  unit  of  measure. 

For  each  of  the  physical  measures  expressed 
in  exercises  D through  I,  name  the  unit  of 
length  and  the  greatest  possible  error. 

D 7f  ft.  F 16.03  mm.  H 39|  yd. 

E 25.4  in.  G 1.800  m.  I 190  km. 

j How  can  you  determine  the  unit  of  measure 

from  the  greatest  possible  error  of  a physi- 
cal measure? 

A physical  measure  expressed  as  150  ft.  in- 
dicates that  1 ft.  was  used  as  the  unit  of  length. 
When  10  ft.  is  used  as  the  unit  of  length,  a 
physical  measure  of  150  ft.  may  be  expressed 
as  shown  in  d3.  Study  d3. 
k What  unit  of  length  was  used  to  obtain  a 
physical  measure  of  14  ft.?  A physical  meas- 
ure of  3000  ft.  ± 500?  A physical  measure  of 
690  ft.? 

L Write  a symbol  for  a physical  measure  of 
2600  ft.  with  a unit  of  length  of  1 ft.  Write  a 
symbol  for  a physical  measure  of  2600  ft.  with 
a unit  of  length  of  10  ft.  Write  another  symbol 
for  this  physical  measure  with  a unit  of  length 
of  100  ft. 


“A  length  of  150  ft. 

150  ft.  ± 5 

with  a greatest  possible 
error  of  5 ft.” 

d3 


greatest  possible  error  of  a physical  meas- 
ure. One  half  of  the  unit  of  measure  that  is  used 
to  obtain  the  physical  measure. 


M Name  the  unit  of  length  for  each  of  these 
physical  measures:  160  yd.  ± 5,  1200  mi.  ± 50, 
4000  mi.  + 5. 

n You  know  that  a physical  measure  of  5§  ft. 
determines  (x|4|  ^ x ^ 5\}.  Is  5§  — J = 4|? 
Can  you  obtain  the  lesser  limit  of  this  interval 
by  subtracting  the  greatest  possible  error  of 
the  physical  measure  of  5§  ft.  from  5§?  How 
can  you  obtain  the  greater  limit? 

O Name  the  limits  of  the  interval  determined 
by  a physical  measure  of  5.8  in.  Give  a 
standard  description  of  this  interval.  U = D. 
p Give  a standard  description  of  the  inter- 
val determined  by  a physical  measure  of 
7200  km.  ± 50.  U = D. 

Q In  lesson  114  you  learned  that  the  solution 
set  of  a condition  like  x — .05  25.4  is  a closed 
interval  when  the  universe  for  x is  Ra.  When 
the  universe  for  x is  R or  D,  the  solution  set  of 
x ~.05  25.4  is  also  a closed  interval.  Write  a 
standard  description  of  this  interval  in  D. 

R Explain  how  you  use  the  tolerance  to  de- 
termine the  interval  that  is  the  solution  set 
of  x -.os  25.4.  How  do  you  use  the  greatest 
possible  error  to  find  the  limits  of  the  interval 
determined  by  a physical  measure  of  25.4? 
s From  now  on,  when  the  tolerance  of  a con- 
dition such  as  x — 25.4  is  not  indicated,  the 
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tolerance  is  the  same  as  the  greatest  possible 
error  of  a physical  measure  of  25.4.  How 
do  you  know  that  the  tolerance  of  25.4 
is  .05?  U = D. 

T 9.35  is  a physical  measure.  Write  a stand- 
ard description  of  the  interval  that  is  the  solu- 
tion set  of  x ~ 9.35.  U = D. 


In  this  lesson  you  studied  units  of  length  and 
learned  how  to  express  a physical  measure  by 
a numeral  that  indicates  the  unit  of  measure 
used.  You  also  learned  that  the  physical  meas- 
ure of  an  object  determines  a closed  interval 
and  that  the  mathematical  measure  of  the 
object  is  a member  of  the  interval.  Finally, 
you  learned  that  the  greatest  possible  er- 
ror of  a physical  measure  is  \ of  the  unit  of 
measure. 


On  your  own 

For  each  of  the  physical  measures  expressed 
in  exercises  1 through  20,  first  name  the  unit  of 
length  and  the  greatest  possible  error.  Then 
name  the  limits  of  the  interval  determined  by 
the  physical  measure.  Finally,  give  a standard 
description  of  the  interval.  U = D. 

11  320  m.  ± 5 

12  16^  in. 

13  162.9  km. 

14  3410  ft. 

15  250,000  mi.  ± 500 

16  1000§in. 

17  4.0  mm. 

18  60§  yd. 

19  .3  mm. 

20  16.00  cm. 


1 8^  in. 

2 .04  cm. 

3 600  ft.  ± 5 

4 13.6  mi. 

5 1 8|  yd. 

6 49  km. 

7 54§ in. 

8 1900  yd.  ± 50 

9 15^  ft. 

10  .0040  cm. 


Write  a standard  description  of  the  solution 
set  of  each  condition  expressed  in  exercises  21 
through  29.  U = D. 

21  JC  ~ 14.8.  24  x ~ 10^.  27  m ~ 6.0. 

22  W « 37§.  25  .V  ~ 9.05.  28  ~ 33|. 

23  a « 621.  26  z~\.  29  n ~ 


Exploring  ideas 

Precision  and  accuracy 

"\ou  have  learned  that  the  greatest  possible 
error  of  a physical  measure  is  equal  to  \ of  the 
unit  of  length.  In  this  lesson  you  will  study 
some  of  the  ways  in  which  physical  measures 
can  be  compared  and  interpreted. 

A Each  length  expressed  in  d1  is  a physical 
measure.  What  lengths  are  expressed  in  ex- 
amples A and  B? 

b What  is  the  greatest  possible  error  of  6\  m.  ? 
Of  5^  m.  ? 

c How  does  \ m.  compare  with  { m.?  How 
does  the  greatest  possible  error  of  6^  m.  com- 
pare with  the  greatest  possible  error  of  5^  m.  ? 

The  physical  measure  6\  m.  is  more  precise 
(pri  sis')  than  the  physical  measure  5^  m.  be- 
cause the  greatest  possible  error  of  6\  m.  is  less 
than  the  greatest  possible  error  of  5^  m.  For 
any  two  physical  measures,  if  the  greatest  pos- 
sible error  of  the  first  physical  measure  is  less 
than  the  greatest  possible  error  of  the  second, 
then  the  first  physical  measure  is  more  precise 
than  the  second.  You  can  also  say  that  the 
first  physical  measure  has  greater  precision 
(pri  sizh^an)  than  the  second. 
d Compare  examples  C and  D in  d1.  Explain 
why  1.005  cm.  is  more  precise  than  6.04  cm. 

E Compare  examples  E and  F.  Which  of  these 
physical  measures  has  the  greater  precision  ? 
Explain  your  answer. 

F Do  the  physical  measures  expressed  in  ex- 
amples G and  H have  the  same  greatest  possi- 
ble error?  Is  either  of  these  physical  measures 
more  precise  than  the  other? 
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Comparison  of  physical  measures  in  terms  of  precision  and  in 
terms  of  accuracy;  significant  digits  and  scientific  notation 


A 6|  m.  E 135  yd. 

B 5jm.  F 6.2  mi. 

C 6.04  cm.  G 14^  ft. 

d 1.005  cm.  h 5^  ft. 

d1 


U = D. 

1 .05/2.5  ~ r/l. 

J 2.5r  = .05. 

K r = .02. 

d2 


relative  error  (reKa  tiv).  For  any  given  phys- 
ical measure,  the  error  per  1 standard  unit.  If 
12  ft.  is  a given  physical  measure,  then  7 ft.  is 
the  greatest  possible  error,  tz,  the  solution  of 
Vl2  ~ x/l,  is  the  relative  error.  The  universe 
for  x is  D. 


Two  physical  measures  are  named  in  each 
exercise.  Tell  which  of  the  two  is  more  precise, 
e 6^  yd.,  3^  yd.  J 8|  in.,  3 ft. 

H 10.8  km.,  10.80  km.  k .01  mm.,  .01  cm. 

I 65  rd.,  6|  rd.  L 5^  mi.,  6 ft. 

So  far  in  this  lesson,  you  have  seen  how  the 
greatest  possible  errors  can  be  used  to  compare 
the  precision  of  two  physical  measures.  Now 
you  will  learn  how  to  make  another  kind  of 
comparison  between  two  physical  measures. 

A Suppose  that  the  distance  between  two 
towns  is  given  as  2.5  mi.  What  unit  of  length 
was  used  to  obtain  this  physical  measure? 
What  is  the  greatest  possible  error  of  2.5  mi.? 

You  can  use  the  greatest  possible  error  to 
determine  the  average  error  per  mile  for  the 
physical  measure  of  2.5  mi. 

B What  condition  for  equivalence  is  expressed 
in  d2?  What  is  the  universe  for  r?  To  what 
does  each  component  of  .05/2.5  refer?  Is  r a 
variable  for  the  average  error  per  mile  ? 


c How  do  you  know  that  condition  J is  equiv- 
alent to  condition  I?  That  condition  K is 
equivalent  to  condition  J ? 
d What  number  satisfies  condition  K?.  Does 
this  number  also  satisfy  condition  I ? 

.02  mi.  is  the  average  error  per  mile  for  the 
physical  measure  2.5  mi.  The  number  .02  is 
the  relative  error  of  2.5  mi.  The  relative  error 
for  any  given  physical  measure  is  the  average 
error  per  mile,  per  centimetre,  per  foot,  or 
whatever  the  case  may  be. 

E What  is  the  greatest  possible  error  of 

2.25  cm.  ? Of  35.0  cm.  ? Which  of  these  physi- 
cal measures  is  more  precise? 

By  comparing  the  greatest  possible  errors  of 

2.25  cm.  and  35.0  cm.,  you  can  decide  that 

2.25  cm.  is  the  more  precise  physical  measure. 
Next,  you  will  compare  the  relative  errors  of 
these  two  physical  measures. 

F Can  you  use  .005/2.25  ~ x/l  to  determine 
the  relative  error  of  2.25  cm.  ? How  do  you 
obtain  2.25x=.005  from  .005/2.25  ~ x/l  ? 
U = D. 

G You  can  find  the  number  that  satisfies 
2.25x  = .005  by  finding  the  quotient  of  what 
two  numbers?  Is  .005  + 2.25  = .002?  Is  .002 
the  relative  error  (to  the  nearer  thousandth)  of 

2.25  cm.? 

H What  condition  for  equivalence  can  you  use 
to  determine  the  relative  error  of  35.0  cm.? 
U = D. 

1 Find  the  relative  error  of  35.0  cm.  to  the 
nearer  thousandth. 

J Of  the  two  physical  measures,  2.25  cm.  and 
35.0  cm.,  which  has  the  lesser  relative  error? 

Because  the  relative  error  of  35.0  cm.  is  less 
than  the  relative  error  of  2.25  cm.,  we  can  say 
that  35.0  cm.  is  more  accurate  (ak^yu  rit)  than 

2.25  cm.  When  you  compare  the  precision  of 
two  physical  measures,  you  compare  their 
greatest  possible  errors.  When  you  compare 
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the  accuracy  of  two  physical  measures,  how- 
ever, you  compare  their  relative  errors.  Observe 
that  2.25  cm.  is  more  precise  than  35.0  cm.,  but 
that  35.0  cm.  is  more  accurate  than  2.25  cm. 

K What  is  the  greatest  possible  error  of  20  mi.  ? 
Of  50  mi.  ? How  do  you  know  that  these  two 
physical  measures  have  the  same  precision  ? 

L Use  a condition  for  equivalence  to  deter- 
mine the  relative  error  of  a physical  measure 
of  20  mi.  Use  a condition  for  equivalence  to 
determine  the  relative  error  of  a physical  meas- 
ure of  50  mi.  U = D. 

M Which  physical  measure,  20  mi.  or  50  mi., 
has  the  lesser  relative  error?  Which  is  more 
accurate  ? 

For  the  two  physical  measures  expressed  in 
each  of  exercises  N through  Q,  first  tell  which 
is  more  precise.  Then  determine  the  relative 
error  of  each  physical  measure  and  tell  which 
is  more  accurate.  U = D. 

N in.,  4|  in.  P .0002  mm.,  65  mm. 

o 2.08  km.,  6.45  km.  Q 16  yd.,  6\  yd. 

Now  you  know  that  physical  measures  can 
be  compared  in  terms  either  of  their  precision 
or  of  their  accuracy.  In  the  exercises  that  fol- 
low, you  will  learn  how  to  interpret  the  digits 
in  a decimal  that  expresses  a physical  measure. 
A Look  at  d3.  What  is  the  unit  of  the  physical 
measure  expressed  in  example  L ? 

Notice  that,  to  express  the  number  of  1-foot 
units  contained  in  20  ft.,  you  must  write  two 
digits,  2 and  0.  We  say  that  the  numeral  that 
expresses  a physical  measure  of  20  ft.  contains 
two  significant  (sig  nip's  ksnt)  digits.  In  a deci- 
mal that  expresses  a measure,  only  those  digits 
needed  to  express  the  number  of  units  in  the 
physical  measure  are  significant  digits. 

B What  is  the  unit  of  the  physical  measure  ex- 
pressed in  example  M?  How  many  of  these 
units  are  contained  in  .05  ft.  ? 


L 20  ft. 
m .05  ft. 

N .0062  cm. 
o .0145  cm. 

d3 


p .020  in. 

Q .20  in. 

R .75  mi. 
s 7500  mi.  ± 5 


To  express  the  number  of  units  contained 
in  .05  ft.,  you  need  write  only  the  digit  5.  In 
other  words,  .05  ft.  can  also  be  expressed  as 
5 one-hundredths  foot.  Thus,  the  digit  0 in  the 
numeral  .05  is  not  a significant  digit.  The  nu- 
meral .05  contains  only  one  significant  digit. 

C What  is  the  unit  of  the  physical  measure  ex- 
pressed in  example  N?  How  many  of  these 
units  are  contained  in  the  given  measure? 

D How  do  you  know  that,  in  the  numeral 
.0062,  neither  of  the  digits  for  zero  is  signifi- 
cant ? How  many  significant  digits  are  there  in 
the  numeral  .0062  ? 

E What  is  the  unit  of  the  physical  measure  ex- 
pressed in  example  O ? Explain  why  there  are 
3 significant  digits  in  the  numeral  .0145. 

F Look  at  example  P.  What  unit  of  length  was 
used  to  obtain  this  physical  measure?  In  the 
numeral  .020,  which  of  the  digits  are  signifi- 
cant? 

G Look  at  example  Q.  How  many  significant 
digits  are  there  in  the  decimal  that  expresses 
.20  in.  ? Explain  your  answer. 

H What  is  the  unit  of  the  physical  measure  ex- 
pressed in  example  R?  How  many  significant 
digits  are  there  in  the  decimal  .75? 
i Now  look  at  example  S.  How  do  you  know 
that  the  unit  of  length  is  10  mi.?  How  many 
10-mile  units  are  contained  in  7500  mi.  ? 

J Explain  why,  in  the  numeral  7500,  the  last 
digit  for  zero  is  not  significant. 

Now  you  will  see  how  you  can  use  the  idea 
of  significant  digits  to  help  you  compare  the 
accuracy  of  two  physical  measures.  U = D. 
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K Look  again  at  examples  L and  M.  What  is 
the  relative  error  of  20  ft.  to  the  nearer  thou- 
sandth ? Of  .05  ft.  to  the  nearer  thousandth  ? 

L Which  of  the  two  physical  measures,  20  ft. 
or  .05  ft.,  is  more  accurate?  Does  the  numeral 
that  expresses  the  more  accurate  physical 
measure  have  more  significant  digits  than  the 
other  numeral? 

m Now  compare  the  physical  measures  ex- 
pressed in  examples  N and  O.  First  find  the 
relative  error  of  each  physical  measure  to  the 
nearer  thousandth. 

n Which  of  the  physical  measures,  .0062  cm. 
of  .0145  cm.,  is  more  accurate?  Which  of  the 
numerals  that  express  these  physical  measures 
has  the  greater  number  of  significant  digits? 
o Next  compare  the  physical  measures  ex- 
pressed in  examples  R and  S.  Find  the  relative 
error  of  .75  mi.  to  the  nearer  ten-thousandth. 
Find  the  relative  error  of  7500  mi.  ± 5 to  the 
nearer  ten-thousandth. 

p Which  physical  measure,  7500  mi.  ± 5 or 
.75  mi.,  is  more  accurate?  Which  of  the  nu- 
merals that  express  these  physical  measures 
has  the  greater  number  of  significant  digits? 


Th 


he  number  of  significant  digits  in  the  nu- 
merals that  express  two  physical  measures  can 
be  used  to  help  you  decide  which  physical 
measure  is  more  accurate.  Next  you  will  see 
how  scientific  notation  can  be  used  to  indicate 
the  number  of  significant  digits  in  a numeral. 
a Look  at  d4.  The  physical  measure  expressed 
in  example  T is  the  average  distance  in  miles 
from  the  earth  to  the  sun.  What  is  the  unit  of 
this  physical  measure?  How  many  of  these 
units  are  contained  in  92,870,000  mi.  ? 

B Explain  why  only  the  first  four  digits  in  the 
numeral  92,870,000  are  significant. 

C Now  look  at  example  U.  Is  the  numeral  in 
example  U scientific  notation  for  92,870,000? 


T 92,870,000  mi.  ± 5000 
u 9.287  X 107  mi. 
v .0000140  cm. 
w 1.40  X 10 * 1 2 3 4  5 cm. 


d4 


Does  the  numeral  9.287  contain  all  the  signifi- 
cant digits  in  the  numeral  92,870,000? 

D Does  the  numeral  9.2870  X 107  express 
92,870,000  ± 500  in  scientific  notation? 

E The  physical  measure  expressed  in  exam- 
ple V is  the  diameter  of  a certain  organic  cell. 
What  is  the  unit  of  length  in  .0000140  cm.  ? 

F Which  digits  are  significant  in  the  numeral 
that  expresses  .0000140  cm.  ? 

G Is  the  numeral  in  example  W scientific  nota- 
tion for  the  physical  measure  expressed  in  ex- 
ample V?  Why  is  this  measure  expressed  as 
1 .40  X 10  5 cm.,  and  not  as  1 .4  X 10  5 cm.  ? 


In  this  lesson  you  learned  how  to  compare 
physical  measures  in  terms  of  precision  and 
accuracy.  You  also  learned  what  relative  error 
is  and  how  to  decide  which  digits  are  signifi- 
cant in  a numeral  that  expresses  a physical 
measure. 

On  y©ur  own 

For  each  of  exercises  1 through  10,  deter- 
mine the  relative  error  of  each  physical  meas- 
ure expressed.  For  exercises  4,  6,  7,  and  9,  find 
the  relative  error  to  the  nearer  thousandth.  If 
one  of  the  two  physical  measures  is  more  pre- 
cise, tell  which  is  more  precise.  If  one  of  the 
two  physical  measures  is  more  accurate,  tell 
which  is  the  more  accurate.  U ='  D. 

1 8^  in.,  19  in.  6 .025  cm.,  .25  cm. 

2 6 ft.,  5 in.  7 .0008  mm.,  .032  mm. 

3 3§  yd. ,4  yd.  8 4^  yd.,  35  in. 

4 10.2  m.,  5.45  m.  9 1.65  km.,  .80  km. 

5 10^  ft.,  12g  ft.  10  500  mi.,  5000  mi.  ±5 
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For  each  physical  measure  expressed  in  ex- 
ercises 11  through  18,  first  name  the  unit  of 
length.  Then  tell  which  digits  are  significant  in 
the  numeral  that  expresses  the  physical  meas- 
ure. Finally,  use  scientific  notation  to  express 
the  physical  measure. 

1 1 14.030  cm.  15  38,000,000  mi.  ± 500 

12  160  yd.  16  300.0  ft. 

13.00050  mm.  17.06  cm. 

14  .02  km.  18  350,000  km.  ± 5 


KEEPING  SKILFUL 

r or  each  condition  expressed  below,  tabu- 
late the  solution  set  if  possible.  Otherwise,  give 
a standard  description  of  the  solution  set.  The 
universe  for  each  variable  is  D. 

1 f(.X  + 5)  = 9.  3 l2C  ~~  2C  = 1 3’ 

2-(|  + fl>l|).  4 -(.8* + “.2  >3). 

5 10.5  + d > 3.25  A d -\-  1.32  <“.93. 

6 4g  + 6 = 7^Vg  = ^5. 

7 y-~.  3 < 1.8  A J5y  < 6.75. 

8 r = ^5  A = “10. 

9 a = 3{b  A a + b = 9. 

10  (x  + y = z)  A (10^p  = 5)  A (xSy  = “.1). 
Make  a graph  of  each  of  the  sets  described 

in  exercises  11  through  15.  The  universe  for 
(x,  y)  is  D X D. 

11  {(x,^)|x<“.33+  1.83} 

12  {(x,  y)\y  = 3^x} 

13  {(x,  y)  | ~x  > y + 6} 

14  {(jc,  y)\x  = y A y + Ax  = 10} 

15  { (jc,  >>)  1 2>»  = 3j>c  V 3 y = 6x} 

For  each  exercise  below,  express  the  given 
measure  in  the  unit  indicated  in  parentheses. 

16  6500  ml.  (litres) 

17  5.5  g.  (milligrams) 

18  .8  kl.  (litres) 

19  150  g.  (kilograms) 

20  72  kl.  (millilitres) 

21  5600  mg.  (kilograms) 


12  163  J Learning  computation 

Computation  involving 
approximations 

In  lesson  161  you  learned  that  physical  meas- 
ures are  approximations.  In  this  lesson  you  will 
learn  how  to  compute  with  numerals  that  ex- 
press approximations. 

Suppose  that  you  want  to  find  the  sum  of 
several  physical  measures.  Since  each  physical 
measure  is  an  approximation,  the  sum  of  the 
physical  measures  will  also  be  an  approxima- 
tion. Now  you  will  see  how  you  can  obtain  a 
good  approximation  of  the  sum  of  numbers 
that  are  themselves  approximations. 
a Suppose  that  you  want  to  find  the  sum  of 
these  physical  measures:  3 kilometres,  7.1  kilo- 
metres, and  2.8  kilometres.  What  is  the  'greatest 
possible  error  of  each  physical  measure? 
b Look  at  d1  . Is  interval  A determined  by  the 
physical  measure  3 km.?  Which  of  the  physi- 
cal measures  determines  interval  B?  Inter- 
val C? 

C What  is  the  lesser  limit  of  each  interval  ex- 
pressed in  d1  ? What  is  the  sum  of  2.5,  7.05, 
and  2.75  ? Why  is  the  sum  of  the  mathematical 
measures  greater  than  or  equal  to  12.30  km.  ? 

D Name  the  greater  limit  of  each  interval  ex- 
pressed in  Dl.  What  is  the  sum  of  these  limits? 
Why  is  the  sum  of  the  mathematical  measures 
less  than  or  equal  to  13.50  km.? 

E Now  look  at  d2.  Use  w as  a variable  for  the 
sum  of  the  mathematical  measures.  How  do 
you  know  that  12.30  ^ w ^ 13.50?  Is  the  so- 
lution set  of  12.30  SwS  13.50  an  interval? 
How  is  the  graph  of  the  interval  indicated? 


Rules  for  computation  with  numerals  that  express  physical  measures 


Universe  for  *,  y,  and  z = D. 
a {;c|2.5  ^*^3.5} 
b (_y  | 7.05  = y = 7.15} 

C {z| 2.75  ^ z ^ 2.85} 

D 1 

U = D. 


12  12.30  13  13.50  14 

{w\  12.30  ^ 13.50} 

d2 

U = D. 

12  12.30  { \ 13.50  14 

12.85^  12.95  M3 

{w |12.85  ^ 12.95} 

d3 


U = D. 


12.30 


{w|  12.5  13.5} 

d4 

You  know  that  the  sum  of  the  mathematical 
measures  is  a member  of  {w|  12.30^ 
13.50}.  Now  you  will  see  how  to  obtain  an 
approximation  of  the  sum  that  will  determine 
an  interval  that  nearly  matches  this  interval. 
f You  are  finding  the  sum  of  what  physical 

measures?  Is  3 + 7.1  + 2.8  = 12.9?  Look 
at  d3.  Explain  why  an  approximation  of  12.9 
km.  determines  the  interval  expressed  in  d3. 

The  graphs  of  both  {w\  12.85  ^ w ^ 12.95} 
and  {w 1 12.30  ^ w S 13.50}  are  shown  in  d3. 
By  comparing  the  two  graphs,  you  can  see  that 


the  sum  of  the  mathematical  measures  may  not 
be  a member  of  the  interval  determined  by 
12.9  km.  Now  you  will  see  how  you  can  round 
12.9  km.  to  obtain  a different  approximation 
of  the  sum. 

G How  do  you  know  that  3 km.  is  the  least 
precise  of  the  three  physical  measures?  Is 
3 km.  expressed  to  the  nearer  kilometre? 
h Now  round  12.9  km.  so  that  it  is  expressed 
to  the  same  precision  as  3 km.  You  should  ex- 
press 12.9  km.  to  the  nearer  kilometre. 

I Give  a standard  description  of  the  interval 
determined  by  13  km. 

J Look  at  d4.  Which  graph  is  a graph  of 
{w|  12.30  ^ w ^ 13.50}  ? Which  graph  is  a 
graph  of  {w|  12.5  ^ w ^ 13.5}  ? 

When  you  compare  the  two  graphs  in  d4, 
you  can  see  that  13  km.  determines  an  inter- 
val that  very  likely  contains  the  sum  of  the 
mathematical  measures,  because  this  interval 
very  nearly  matches  {w|  12.30  ^ w ^ 13.50}. 
Therefore,  13  km.,  which  you  obtained  by 
rounding  12.9  km.  to  the  same  precision  as 
3 km.,  is  a good  approximation  of  the  sum  of 
the  mathematical  measures. 

We  will  agree  to  use  the  following  rule  for 
finding  the  sum  of  numbers  that  are  approxi- 
mations: 

First  find  the  sum  of  the  given  numbers. 
Then  round  this  sum  to  the  same  precision  as 
the  least  precise  of  the  given  approximations. 

You  can  use  a similar  rule  for  finding  the 
difference  of  two  numbers  that  are  approxi- 
mations: 

First  find  the  difference  of  the  given  num- 
bers. Then  round  the  difference  to  the  same 
precision  as  the  less  precise  of  the  given  ap- 
proximations. 

K Find  an  approximation  of  the  difference  of 
11.32  yd.  and  7.8  yd.  Use  the  rule  given  for 
finding  such  a difference. 
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We  assume  that  the  actual  sum  or  difference 
is  in  the  interval  determined  by  an  approxima- 
tion of  the  sum  or  difference  when  the  ap- 
proximation is  obtained  according  to  the  rules 
just  expressed. 

Now  read  the  problem  in  d5.  Notice  that  it 
concerns  physical  measures.  The  universe  for 
each  variable  is  D. 

L Use  x as  a variable  for  the  perimeter  of  the 
room.  Is  x = 20-^  + 1 5f  + 20Tl2  + 1 5f  the  condi- 
tion for  the  problem  ? How  do  you  know  ? 

M Is  20^+151  + 20^+151  = 71^? 

N Which  physical  measure,  20^  ft.  or  1 5j  ft., 
is  less  precise  ? How  do  you  know  ? 

O Why  should  you  round  71^  ft.  to  the  nearer 
\ ft.  to  obtain  an  answer  to  the  problem  ? 
p How  do  you  know  that  71^  is  between  7 if 
and  7lf  ? 

Q If  you  express  71^  ft.  to  the  nearer  \ ft., 
which  do  you  obtain,  7lf  ft.  or  7lf  ft.? 

7 if  ft.  is  a good  approximation  of  the  pe- 
rimeter of  the  room.  Therefore,  you  assume 
that  the  perimeter  is  in  the  interval  deter- 
mined by  71  f ft.,  and  you  can  give  an  answer 
to  the  problem. 

The  perimeter  of  the  room  is  7 if  ft. 

^Jext  you  will  learn  how  to  find  good  ap- 
proximations of  products  and  quotients  of 
numbers  that  are  themselves  approximations. 

Read  the  problem  in  d6.  The  universe  for 
each  variable  is  D. 

A Use  y as  a variable  for  the  area  of  the  piece 
of  wood.  Is  3.25/1  ~ y/ 2.5  a condition  for  the 
problem  ? 

B To  find  the  solution  of  3.25/1  ~ y/ 2.5,  you 
find  the  product  of  what  two  numbers?  Are 
these  numbers  the  physical  measures  of  the 
length  and  width  of  the  piece  of  wood  ? 

C Look  at  d7.  How  do  you  know  that  inter- 
val D is  determined  by  the  physical  measure  of 


John  measured  the  length  of  a rectan- 
gular room.  Roy  measured  the  width. 
John  said  the  room  was  20^  ft.  long. 
Roy  said  the  room  was  15f  ft.  wide. 
What  is  the  perimeter  of  the  room  ? 

d5 


A rectangular  piece  of  wood  is  2.5  ft. 
wide  and  3.25  ft.  long.  What  is  the  area 
of  the  piece  of  wood  in  square  feet  ? 

d6 


Universe  for  h and  k = D. 
D {h  1 3.245  ^ h ^ 3.255) 

E (A: 1 2.45  ^ k ^ 2.55} 

D 7 


U = D. 


7.5  7.95025  — / 8 8.30025  8.5 

{m  1 7.95025  ^ 8.30025} 


d8 


the  length  of  the  piece?  Is  interval  E deter- 
mined by  the  physical  measure  of  the  width  ? 

D Explain  why  the  area  of  the  piece  must  be 
greater  than  or  equal  to  3.245  X 2.45.  Is 
7.95025  the  product  of  3.245  and  2.45? 

E How  do  you  know  that  the  area  must  be 
? less  than  or  equal  to  3.255  X 2.55?  Is 
3.255X2.55  = 8.30025? 

F Use  m as  a variable  for  the  area.  How  do 
you  know  that  7.95025  ^ m ^ 8.30025? 

G Look  at  d8.  Is  the  area  a member  of  the 
interval  expressed  in  the  display?  Describe 
the  graph  of  this  interval. 
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H Think  again  about  3.25/1  ~_y/ 2.5.  To  find 
the  solution  of  the  condition,  you  find  the 
product  of  3.25  and  2.5.  Is  3.25  X 2.5  = 8.125? 
Does  an  approximation  of  8.125  sq.  ft.  deter- 
mine {m\  8.1245  ^ m ^ 8.1255}  ? How  do  you 
know? 

8.125  sq.  ft.  is  not  a good  approximation  of 
the  area  of  the  piece  of  wood,  because  the  in- 
terval determined  by  8. 125  does  not  very  close- 
ly match  the  interval  that  contains  the  area. 
Now  you  will  round  8.125  sq.  ft.  to  obtain  a 
good  approximation.  When  you  rounded  the 
sum  of  physical  measures,  you  were  concerned 
with  the  precision  of  the  measures.  In  round- 
ing the  product  of  physical  measures,  you  will 
consider  the  accuracy  of  the  measures, 
i How  do  you  know  that  a physical  measure 

of  2.5  ft.  is  less  accurate  than  a physical 
measure  of  3.25  ft.  ? Use  the  idea  of  significant 
digits  to  help  you. 

j Does  the  numeral  2.5  have  two  significant 
digits?  You  want  the  numeral  for  the  product 
of  3.25  and  2.5  also  to  have  only  two  signifi- 
cant digits.  What  number  do  you  obtain  when 
you  round  8.125  to  the  nearer  tenth? 

K Write  a standard  description  of  the  interval 
determined  by  an  approximation  of  8.1  sq.  ft. 

L Why  is  it  better  to  use  8.1  sq.  ft.  than  to  use 
8.125  sq.  ft.  as  an  approximation  of  the  area? 

8.1  sq.  ft.  is  a good  approximation  of  the 
area.  Now  you  can  give  an  answer  to  the 
problem. 

The  area  of  the  piece  of  wood  is  8.1  sq.  ft. 

We  will  agree  to  use  the  following  rule  for 
finding  the  product  of  numbers  that  are  ap- 
proximations : 

First  find  the  product  of  the  given  numbers. 
Then  round  the  product  so  that  it  is  expressed 
by  a numeral  that  has  exactly  as  many  signifi- 
cant digits  as  the  numeral  for  the  less  accurate 
of  the  given  approximations.  If  only  one  of  the 


given  numbers  is  an  approximation,  the  nu- 
meral for  the  product  should  have  exactly  as 
many  significant  digits  as  the  numeral  for  the 
approximation. 

You  can  use  a similar  rule  for  finding  the 
quotient  of  two  given  numbers  that  are  ap- 
proximations : 

The  numeral  for  the  quotient  of  two  num- 
bers, when  one  or  both  of  the  numbers  are 
approximations,  should  have  exactly  as  many 
significant  digits  as  the  numeral  for  the  less  ac- 
curate approximation. 

M Find  a good  approximation  of  the  product 
of  16  and  a physical  measure  of  327  ft.  In  this 
case,  16  is  not  an  approximation. 
n Find  the  quotient  of  these  two  approxima- 
tions: 62  and  .7. 

In  this  lesson  you  learned  how  to  find  sums, 
differences,  products,  and  quotients  of  physi- 
cal measures. 

On  your  own 

Find  the  sum  of  the  physical  measures  ex- 
pressed in  each  of  exercises  1 through  4. 

1 .007  in.,  .05  in.,  .0109  in.,  .0083  in. 

2 7.2  mi.,  8.0  mi.,  90  mi.,  6 mi.,  12.3  mi. 

3 7.3  cm.,  24  cm.,  48  cm.,  220  cm. 

4 8900  m.  ± 50,  4000  m.  ± 50,  5660  m.  ± 5 

In  each  exercise  below,  two  numbers  that 

are  approximations  are  expressed.  For  exer- 
cises 5 and  6,  find  the  product  of  the  two  num- 
bers. For  exercises  7 and  8,  find  the  quotient. 
The  first  number  named  is  the  dividend. 

5 .280,  163.5  7 .089,  .6 

6 5.3  X 103,  4.8  X 104  8 732,  46 

The  following  problems  involve  physical 
measures.  For  each  problem,  first  write  a sen- 
tence that  expresses  a condition.  Then  tabulate 
the  solution  set  of  the  condition  and  give  the 
answer  to  the  problem.  The  universe  for  each 
variable  is  D. 
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SPECIAL  CHALLENGE 


9  The  thickness  of  one  leaf  of  a book  is 
6.7  X 10  3 cm.  What  is  the  thickness  in  centi- 
metres of  158  leaves  of  the  book? 

10  On  three  successive  days,  the  precipitation 
in  Chatham  was  .07  in.,  1.3  in.,  and  .52  in. 
What  was  the  total  precipitation  in  Chatham 
for  the  three  days? 

1 1 Mount  Clemenceau  in  British  Columbia  has 
an  elevation  of  12,000  ft.  ± 50.  The  elevation 
of  Mount  Robson  in  the  same  province  is 
15,300ft.  ± 5.  The  elevation  of  Mount  Clemen- 
ceau is  how  many  feet  less  than  the  elevation 
of  Mount  Robson? 

12  Cynthia  listed  25  physical  measures  for  a 
physics  experiment.  She  found  that  the  sum  of 
the  physical  measures  was  2.98  mm.  What  was 
the  average  measure  in  millimetres? 


KEEPING  SKILFUL 

a or  each  of  the  physical  measures  expressed 
in  exercises  1 through  8,  name  the  unit  of 
length  and  the  greatest  possible  error. 

1 15.0  cm.  5 32  mm. 

2 17.8  ft.  6 10-^  in. 

3 19  in.  7 180  ft.  ±5 

4 25|  mi.  8 1700  yd.  ± 50 

For  each  of  exercises  9 through  16,  deter- 
mine the  relative  error  of  each  length  ex- 
pressed. For  exercises  15  and  16,  find  the  rela- 
tive error  to  the  nearer  thousandth.  U = D. 

9  3^  in.  13  500  m.  ±5 

10  16§  yd.  14  2500  mi.  ± 50 

1 1 25  ft.  15  .075  cm. 


12  2 775  in. 


16  12.9  ft. 


Each  condition  expressed  below  involves  a 
physical  measure.  Write  a standard  descrip- 
tion of  the  solution  set  of  each  condition. 


U = D. 

17  x«  16.1.  1 9 ~ io5o-  21  m ~ .005. 

I8j>«2g.  20  b 853  .0006.  22  y ~ 152. 


IVtany  interesting  puzzle  problems  can  be 
solved  by  using  a combination  of  mathematics 
and  “trial  and  error.” 

Look  at  the  pictures  in  d1.  Notice  the  five 
disks  on  rod  A.  These  disks  may  be  moved 
from  one  rod  to  either  of  the  other  two  rods, 
but  only  one  disk  may  be  moved  each  time. 

Now  read  the  problem  in  d2. 
a First,  suppose  that  there  is  only  one  disk  on 
rod  A.  How  many  moves  are  necessary  to 
transfer  one  disk  to  rod  B ? 

B Now  suppose  that  there  are  two  disks  on 
rod  A.  How  many  moves  are  necessary  to 
transfer  two  disks  to  rod  B?  Call  the  smaller 
disk  “K^”  and  the  larger  “K2.”  Why  is  it  nec- 
essary first  to  place  on  rod  C? 

C How  many  moves  are  necessary  to  transfer 
three  disks  (K1?  K2,  and  K3)  from  rod  A to 
rod  B?  Describe  these  moves.  You  may  move 
a disk  back  to  rod  A if  you  need  to. 

D How  many  moves  are  necessary  to  transfer 
four  disks  from  rod  A to  rod  B ? 

E Give  the  answer  to  the  problem  in  d2. 
f Use  n as  a variable  for  the  number  of  disks 
on  rod  A.  Use  x as  a variable  for  the  number 
of  moves  necessary  to  transfer  n disks  from 
rod  A to  rod  B.  What  condition  can  you  use  to 
find  the  number  of  moves  necessary  to  transfer 
a given  number  of  disks  from  rod  A to  rod  B ? 
The  universe  for  n and  x is  C. 

G How  many  moves  are  necessary  to  transfer 
10  disks  from  rod  A to  rod  B?  To  transfer  20 
disks  from  rod  A to  rod  B ? 

H Now  read  the  problem  in  d3.  How  do  you 
know  that  Mrs.  Judd  does  not  have  49  buttons 
in  the  box?  How  do  you  know  that  she  does 
not  have  61  buttons  in  the  box? 

I Why  can  you  use  7x  to  represent  the  number 
of  buttons  in  the  box  ? The  universe  for  x is  C. 
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d! 


How  many  moves  are  necessary  to 
transfer  the  five  disks  from  rod  A to 
rod  B,  if  only  one  disk  is  moved  at  a 
time  and  a larger  disk  is  never  at  any 
time  placed  on  top  of  a smaller  disk  ? 

d2 


Mrs.  Judd  has  a box  of  buttons.  When 
the  number  of  buttons  is  divided  by  2, 

3,  4,  5,  or  6,  there  is  a remainder  of  1, 
but  the  number  of  buttons  is  divisi- 
ble by  7.  What  is  the  least  number  of 
buttons  that  can  be  in  the  box  ? 

d3 

j How  do  you  know  that  x cannot  be  divisible 
by  2,  3,  4,  5,  or  6?  Remember  that  lx  repre- 
sents the  number  of  buttons. 

K Name  the  first  fifteen  counting  numbers 
that  are  not  divisible  by  2,  3,  4,  5,  or  6.  Using 
these  numbers  as  replacements  for  x in  lx,  find 
the  answer  to  the  problem. 

L Now  suppose  that  the  number  of  buttons  in 
another  box  is  divisible  by  2,  3,  4,  5,  and  6, 
but  leaves  a remainder  of  1 when  divided  by  7. 
What  is  the  least  number  of  buttons  that  can 
be  in  this  box? 


For  each  problem,  first  write  a sentence  that 
expresses  a condition.  If  possible,  tabulate  the 
solution  set  of  the  condition.  Otherwise,  give  a 
standard  description  of  the  solution  set.  Then 
give  the  answer  to  the  problem.  The  problems 
involve  numbers  that  are  approximations.  Re- 
member to  use  the  rules  for  computation  that 
you  studied  in  lesson  163.  Review  these  rules 
now  if  you  need  to. 

1 When  weighed  in  a vacuum,  a glass  con- 
tainer filled  with  hydrogen  weighs  36.95  grams. 
The  weight  of  the  container  alone  is  36.83 
grams.  What  is  the  weight  of  the  hydrogen  ? 

2 During  January,  Kenton  City  had  2.16  in. 
of  precipitation.  During  February,  the  city  had 
1.9  in.  of  precipitation.  Altogether,  how  many 
inches  of  precipitation  did  the  city  have  during 
January  and  February  ? 

3 On  September  15,  Alice  weighed  103j  lb. 
By  December  1 5,  she  had  gained  some  weight, 
but  she  still  weighed  less  than  111  lb.  Alice 
had  gained  how  many  pounds  between  Sep- 
tember 1 5 and  December  1 5 ? 

4 The  area  of  Ontario  is  5.95  X 105  sq.  mi. 
The  area  of  Saskatchewan  is  2.52  x 105  sq.  mi. 
The  area  of  Ontario  is  how  many  times  the 
area  of  Saskatchewan? 

5 Mrs.  Perry  bought  some  material.  She  used 
10|  yd.  to  make  draperies  and  had  | yd.  left. 
How  many  yards  of  material  did  she  buy? 

6 Dan  bought  a piece  of  lumber  9\  ft.  long. 
He  used  some  of  it  to  build  a shelf.  Then  he 
had  a piece  left  that  was  2\  ft.  long.  How  many 
feet  of  lumber  did  he  use  for  the  shelf? 

7 Regina  had  .37  in.  of  rain  on  Sunday  and 
.8  in.  of  rain  on  Monday.  Regina  had  more 
rain  on  these  two  days  than  Saskatoon  had. 
How  many  inches  of  rain  did  Saskatoon  have 
on  Sunday  and  Monday  together? 
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8 Last  year,  Mr.  Hawkins  planted  45  acres 
of  his  farm  in  corn.  The  area  of  his  farm  is 
225  acres.  The  number  of  acres  that  he  planted 
in  corn  was  what  fraction  of  the  number  of 
acres  in  Mr.  Hawkins’  farm? 

9 Mr.  Mills  drove  680.2  mi.  in  all  on  Friday 
and  Saturday.  He  drove  more  than  375  mi.  on 
Friday.  How  many  miles  did  Mr.  Mills  drive 
on  Saturday? 

10  Sam  has  a piece  of  slate  in  the  shape  of  a 
parallelogram.  The  length  of  an  altitude  is 
.62  m.  The  length  of  the  base  is  1.24  m.  What 
is  the  area  of  this  piece  in  square  metres? 

11  A rectangular  window  is  85  ft.  long  and 
4|  ft.  wide.  What  is  the  perimeter  of  the  win- 
dow in  feet? 

12  Harry  has  a rectangular  piece  of  sheet  alu- 
minum that  is  40.2  cm.  long  and  30.6  cm.  wide. 
What  is  its  area  in  square  centimetres? 

13  Mr.  Hall  plans  to  fence  a field  that  is  in  the 
shape  of  a parallelogram.  The  lengths  of  two 
sides  of  the  field  are  300.6  rods  and  285.2  rods. 
How  many  rods  of  fencing  does  he  need  to  en- 
close the  field  ? 

14  Sally  has  a triangular  silk  scarf.  The  length 
of  an  altitude  of  the  triangle  is  16.5  in.  The 
length  of  the  base  is  32  in.  What  is  the  area  of 
the  scarf  in  square  inches  ? 

think  In  32/1  ~2x/16.5,  is  the  number  2 
an  approximation  ? 

1 5 The  perimeter  of  a triangular  patio  is  9l\  ft. 
The  length  of  each  of  two  sides  is  30|  ft.  What 
is  the  length  of  the  third  side  in  feet? 

16  A window  is  square  in  shape.  The  length  of 
a side  is  96  in.  What  is  the  area  of  the  window 
in  square  inches? 

17  Paul  made  a table  top  out  of  a piece  of 
wood  shaped  like  a rhombus.  The  length  of  an 
altitude  of  the  piece  was  20.5  in.  The  length  of 
the  base  was  24  in.  What  was  the  area  of  the 
table  top  in  square  inches? 


If  you  need  help  with  either  of  these  tests, 
you  can  find  it  in  lessons  160  through  163. 

Test  148 

For  each  of  exercises  1 through  6,  express 
the  given  length  in  terms  of  metres.  U = D. 

1 36  mm.  3 417  cm.  5 501.2  mm. 

2 15  km.  4 2.08  km.  6 .0099  cm. 

For  each  of  exercises  7,  8,  and  9,  express  the 

given  length  in  terms  of  inches.  2.54  cm.  is  the 
same  as  1 in.  U = D. 

7 50.0  cm.  8 3.000  m.  9 44  mm. 

For  each  of  exercises  10  through  15,  name 
the  unit  of  length,  the  greatest  possible  error, 
and  the  interval  determined  by  the  given  physi- 
cal measure.  U = D. 

10  ft.  12  18.9  mi.  14  5{f  in. 

11  69  mm.  13  32.51  km.  15  2.048  m. 

Test  149 

For  each  of  exercises  16  through  21,  find  the 
relative  error  of  the  given  physical  measure  to 
the  nearer  thousandth.  U = D. 

16  8 yd.  18  .00025  km.  20  12.0  cm. 

17  16§  ft.  19  300  in.  ±5  2ij|mi. 

For  each  of  exercises  22  through  27,  use 

scientific  notation  to  express  the  given  physical 
measure. 

22  .002  cm.  25  80  ft. 

23  7.09  in.  26  5,000,000  mi.  ± 50 

24  400,000  m.  27  100.0063  km. 

28  Find  the  sum  of  the  following  physical 
measures:  11.6  inches,  12  inches,  1.85  inches, 
162  inches,  32  inches,  45.7  inches. 

29  Find  the  quotient  of  the  approximations 
2 X 102  and  4.5  X 101.  Use  2 X 102  as  the  divi- 
dend. 

30  Find  the  product  of  the  approximations 
2453  and  63,000  ± 50. 

31  Find  the  difference  of  the  physical  meas- 
ures 7§  feet  and  feet.  Use  as  the  minuend. 
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12  1 64  j Exploring  ideas 

Similar  triangles 

In  this  lesson  you  will  study  a new  kind  of 
correspondence  between  triangles.  Later  you 
will  see  how  this  new  relationship  can  be  used 
in  the  process  of  measurement. 

A ABC  and  ADEF  are  represented  in  d1. 
Notice  that  the  lengths  of  the  sides  of  A ABC 
and  ADEF  are  also  expressed  in  d1.  We  will 
assume  that  these  lengths  are  mathematical 
measures. 

When  we  are  developing  a new  mathemati- 
cal idea,  we  will  often  work  with  mathematical 
measures  so  that  we  do  not  need  to  use  the 
rules  that  apply  to  approximations.  You  will 
be  able  to  tell  from  the  situation  whether  we 
are  working  with  mathematical  measures  or 
with  physical  measures. 
a How  do  you  know  that  both  triangles  repre- 
sented in  d1  are  scalene? 

B Diagram  A in  d1  represents  one  way  in 
which  the  vertices  of  A ABC  and  ADEF 
can  be  put  in  one-to-one  correspondence.  Use 
the  correspondence  between  the  vertices  to 
name  the  corresponding  angles  and  the  cor- 
responding sides  of  A ABC  and  ADEF. 
c Sentences  B,  C,  and  D in  d1  express  true 
statements  about  the  corresponding  angles  of 
the  two  triangles.  Are  the  corresponding  an- 
gles congruent? 

D Are  the  corresponding  sides  of  A ABC  and 
? ADEF  congruent?  Is  A ABC  ^ ADEF? 
Explain  your  answers. 

You  know  that  the  corresponding  angles  of 
AABC  and  ADEF  are  congruent.  However, 
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A ABC  < — * DEF 
b ZA  = ZD.  e 4/8  — 5/10. 

C ZB  = ZE.  f 5/10-6/12. 

D ZC  = ZF.  g 4/8-6/12. 

Dl 

the  two  triangles  are  not  congruent  because  the 
corresponding  sides  are  not  congruent.  Now 
you  will  see  if  the  corresponding  sides  of  the 
triangles  are  related  in  some  other  way. 

E Read  sentence  E in  Dl.  You  know  that  AB 
and  DE  are  corresponding  sides  of  AABC  and 
ADEF.  Does  4/8  represent  the  comparison  of 
m(AB)  with  m(DE)?  BC  and  EF  are  also  cor- 
responding sides.  What  rate  pair  represents  the 
comparison  of  m(BC)  with  m(EF)?  How  do 
you  know  that  statement  E is  true? 

F Read  sentence  F.  You  know  that  5/10  rep- 
resents the  comparison  of  m(BC)  with  m(EF). 
What  rate  pair  represents  the  comparison  of 
m(AC)  with  m(DF)?  Is  statement  F true? 

G Look  at  sentence  G.  What  comparison  is 
represented  by  4/8?  By  6/12?  Is  statement  G 
true? 

H Are  4/8,  5/10,  and  6/12  members  of  the 
same  proportional  relation? 


REMINDER 

A proportional  relation  is  a set 
of  ordered  pairs  in  which  each  member  is 
equivalent  to  each  of  the  other  members. 
See  lesson  41,  page  170,  Book  7. 
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You  know  that  each  of  the  rate  pairs  4/8, 
5/10,  and  6/12  represents  a comparison  of  the 
measures  of  two  corresponding  sides  of  A ABC 
and  ADEF.  Because  these  rate  pairs  are  mem- 
bers of  the  same  proportional  relation,  we  say 
that  the  measures  of  the  corresponding  sides  of 
A ABC  and  ADEF  are  proportional. 

Since  the  corresponding  angles  of  A ABC 
and  ADEF  are  congruent  and  the  measures  of 
the  corresponding  sides  are  proportional,  the 
correspondence  between  the  vertices,  repre- 
sented by  diagram  A in  d1,  is  a similarity  cor- 
respondence. If  there  is  a similarity  correspond- 
ence between  the  vertices  of  two  triangles,  then 
the  triangles  are  similar  (simp's  br). 

Mathematicians  use  the  symbol  below  at  the 
right  to  express  the  idea  of  similarity.  Notice 
that  the  symbol  for  similarity 
is  the  same  as  the  symbol  for 
equivalence  and  the  symbol  for 
the  connective  “not.”  When  you  see  this  sym- 
bol in  a mathematical  sentence,  you  will  be 
able  to  tell  which  meaning  is  intended. 

d2  shows  how  to  write  and  read  a sentence 
that  expresses  a true  statement  about  A ABC 
and  ADEF. 

i Now  look  at  d3.  Use  diagram  H to  name 
the  corresponding  angles  and  the  correspond- 
ing sides  of  AMPQ  and  ARST. 
j How  do  you  know  that  the  corresponding 
angles  of  AMPQ  and  ARST  are  congruent? 

K What  rate  pairs  represent  the  comparisons 
between  the  measures  of  the  corresponding 

sim  i lar  i ty  correspondence  (sim'a  lar'a  te). 

A correspondence  between  the  vertices  of  two 
triangles  in  which  the  corresponding  angles  are 
congruent  and  the  measures  of  the  correspond- 
ing sides  are  proportional.  If  there  is  a simi- 
larity correspondence  between  the  vertices  of 
APQR  and  ASTU,  then  APQR  and  ASTU 
are  similar  triangles. 


B c 

5 E 

4 C 

10 

A 6 8 

F 

D 

12 

A ABC* 
B ZA  = ZD. 
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sides  of  AMPQ  and  ARST?  Are  the  meas- 
ures of  the  corresponding  sides  proportional? 
Is  AMPQ  — ARST?  Explain  your  answers. 

L How  do  you  know  that  AMPQ  ^ ARST? 
M You  know  that  AMPQ  — ARST  and  also 
that  AMPQ  = ARST.  Is  every  pair  of  con- 
gruent triangles  also  a pair  of  similar  triangles  ? 
N Suppose  that  AUVW  — AXYZ.  The  order 
in  which  we  have  named  the  vertices  of  the  two 
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triangles  indicates  a similarity  correspondence 
between  the  vertices.  How  do  you  know  that 
the  corresponding  angles  of  AUVW  and 
AXYZ  are  congruent?  How  do  you  know 
that  the  measures  of  the  corresponding  sides 
are  proportional? 

^N^ext  you  will  see  how  much  information 
you  need  to  have  before  you  can  decide  if  two 
given  triangles  are  similar. 
a Look  at  d4.  Sentence  I expresses  a true 
statement  about  AGHI  and  AJKL.  Name  the 
corresponding  angles  of  the  two  triangles.  How 
do  you  know  that  ZG^ZJ,  that  ZH^ZK, 
and  that  ZI  ^ZL? 

B What  is  the  converse  of  the  following  state- 
ment? “If  two  triangles  are  similar,  then 
the  corresponding  angles  of  the  two  triangles 
are  congruent.” 

The  converse  that  you  expressed  for  exer- 
cise B is  a true  statement  and  is  a property  of 
similarity  for  triangles.  We  will  accept  this 
property  without  proof.  The  property  is  ex- 
pressed below. 

For  any  two  triangles , if  the  corresponding 
angles  are  congruent,  then  the  two  triangles  are 
similar. 

The  property  just  expressed  is  often  called 
the  a-a-a  (angle,  angle,  angle)  property  of  simi- 
larity for  triangles. 

c Look  again  at  d4.  How  do  you  know  that 
the  measures  of  the  corresponding  sides  of 
AGHI  and  AJKL  are  proportional? 

D What  is  the  converse  of  the  following  state- 
ment? “If  two  triangles  are  similar,  then  the 
measures  of  the  corresponding  sides  are  pro- 
portional.” 

The  converse  that  you  expressed  for  exer- 
cise D is  a true  statement  and  is  another  prop- 
erty of  similarity  for  triangles.  We  will  also  ac- 
cept without  proof  the  proportional-measures 
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l AGHI  ~ AJKL. 
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property  of  similarity  for  triangles.  The  prop- 
erty is  expressed  below. 

For  any  two  triangles,  if  the  measures  of  the 
corresponding  sides  are  proportional,  then  the 
two  triangles  are  similar. 

E Now  look  at  d5.  Use  diagram  J to  name  the 
corresponding  angles  and  the  corresponding 
sides  of  A UST  and  A QRP. 

F WhatisZS0?  WhatisZR0?  IsZS^ZR? 
Explain  your  answers. 

G How  do  you  know  that  AUST  ~ AQRP? 

In  exercises  E,  F,  and  G,  you  derived  an- 
other property  of  similarity  for  triangles.  The 
property  is  expressed  below. 

For  any  two  triangles,  if  two  angles  of  one 
triangle  are  congruent  to  the  corresponding  an- 
gles of  the  other  triangle,  then  the  two  triangles 
are  similar. 
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The  property  just  expressed  can  be  called 
the  a-a  (angle,  angle)  property  of  similarity  for 
triangles. 

Next  you  will  use  the  definition  of  similarity 
correspondence  and  the  definition  of  equiva- 
lent rate  pairs  to  develop  a property  of  similar 
triangles. 

H Look  at  d6.  Sentence  K expresses  a true 
statement  about  the  two  triangles  represented. 
Are  the  measures  of  the  corresponding  sides  of 
A ABC  and  ADEF  proportional? 
i What  rate  pair  represents  the  comparison  of 
m(AB)  with  m(BC)?  What  sides  of  ADEF 
correspond  to  AB  and  BC?  What  rate  pair 
represents  the  comparison  of  m(DE)  with 
m(EF)? 

j How  do  you  know  that  6/7.5  is  equivalent 
to  4/5? 

K What  rate  pair  represents  the  comparison  of 
m(BC)  with  m(AC)?  What  sides  of  ADEF 
correspond  to  BC  and  AC?  What  rate  pair 
represents  the  comparison  of  m(EF)  with 
m(DF)? 

l Are  the  rate  pairs  that  you  named  for  exer- 
cise K equivalent  ? 

M Is  m(AB)/m(AC)  ~ m(DE)/m(DF)?  How 
do  you  know? 

In  exercises  H through  M,  you  have  seen 
that,  for  the  similar  triangles  ABC  and  DEF, 
the  rate  pair  that  represents  the  comparison  of 
the  measures  of  any  two  sides  of  A ABC  is 
equivalent  to  the  rate  pair  that  represents  the 
comparison  of  the  measures  of  the  correspond- 
ing sides  of  ADEF. 

Now  look  at  d7.  Sentence  L expresses  a true 
statement  about  AUVW  and  AXYZ.  Notice 
that  a,  b,  c,  d , e,  and / are  used  to  represent  the 
measures  of  the  sides  of  the  triangles. 

N Why  can  you  use  the  rate  pair  a/d  to  repre- 
sent the  comparison  of  the  measures  of  sides 
UV  and  XY? 
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K AABC  ~ ADEF. 
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L AUVW  ~ AXYZ. 

D 7 


U = D. 

M a/d—b/e.  OaXe  = dXb. 

N aX  e = bX  d.  P a/b  — d/e. 

d8 

o Which  rate  pair,  b/e  or  c/f  can  you  use  to 
represent  the  comparison  of  m(VW)  with 
m(YZ)? 

p Look  at  sentence  M in  d8.  You  know  that 
AUVW  ~ AXYZ.  How  do  you  know  that 
a/d— b/ el 

Q How  can  you  obtain  condition  N from  con- 
dition M ? How  can  you  obtain  condition  O 
from  condition  N ? 

R What  definition  can  you  use  to  obtain  con- 
dition P from  condition  O?  Is  condition  P 
equivalent  to  condition  M ? 

S For  AUVW  and  AXYZ,  is  a/b- d/el 
Explain  your  answer. 

T a/b  represents  the  comparison  of  the  meas- 
ures of  which  two  sides  of  AUVW  ? d/e  repre- 
sents the  comparison  of  the  measures  of  which 
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two  sides  of  AXYZ?  Is  the  rate  pair  that 
represents  the  comparison  of  the  measures  of 
sides  UV  and  VW  of  AUVW  equivalent  to  the 
rate  pair  that  represents  the  comparison  of  the 
measures  of  the  corresponding  sides  of 
AXYZ? 

u Show  that  the  rate  pair  that  represents  the 
comparison  of  the  measures  of  sides  VW 
and  UW  of  AUVW  is  equivalent  to  the  rate 
pair  that  represents  the  comparison  of  the 
measures  of  sides  YZ  and  XZ  of  AXYZ.  Use 
steps  like  those  given  in  d8. 
v Use  steps  like  those  given  in  d8  to  show  that 
m(UV)/m(UW)  ~ m(XY)/m(XZ). 

In  exercises  N through  V,  you  used  the  defi- 
nition of  similarity  correspondence  between 
two  triangles,  the  commutative  property  of 
multiplication,  and  the  definition  of  equivalent 
rate  pairs  to  develop  a property  of  similar  tri- 
angles. The  property  is  expressed  below. 

For  any  two  similar  triangles , the  rate  pair 
that  represents  the  comparison  of  the  measures 
of  any  two  sides  of  one  triangle  is  equivalent  To 
the  rate  pair  that  represents  the  comparison  of 
the  measures  of  the  corresponding  sides  of  the 
other  triangle. 


In  this  lesson  you  learned  what  is  meant  by  a 
similarity  correspondence  between  two  trian- 
gles. You  also  studied  certain  important  prop- 
erties of  similarity  for  triangles. 

On  your  own 

Use  the  pictures  in  d9  in  connection  with 
exercises  1 through  8.  U = D. 

1 Look  at  picture  A.  What  is  ZB°?  What  is 
ZC°?  What  is  ZD°?  WhatisZF0? 

2 Look  at  picture  B.  What  condition  can  you 
use  to  determine  m(JL)  ? What  is  m(JL)  ? 

3 What  is  m(Hl)  ? 

4 Look  at  picture  C.  What  is  ZM°  ? What  is 

ZP°? 


40 


70 


D F 

AABC  ~ ADEF. 

K 

8 9| 

I J 


H 


AGHI  ~ AJKL. 


N 


45 


V2 


M 


O 


Q 3 

AMNO  ~ APQR. 


W 


7 3 

V 


60 


7 U 

ASTU- AVWX. 


d9 


5 What  is  ZO°?  What  is  ZQ°?  What  is 
ZN°? 

6 How  do  you  know  that  m(QR)  = 3a/2? 
What  is  m(PR)  ? 

7 Now  look  at  picture  D.  How  do  you  know 
that  ZT°  = 60  ? What  is  ZU°?  What  is 
m(ST)? 

8 What  is  the  measure  of  each  angle  of 
AVWX?  What  is  the  measure  of  WX  ? What 
is  the  measure  of  VX  ? 
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In  each  of  exercises  9 through  17,  true 
statements  are  expressed  about  AUVW  and 
AXYZ.  For  each  exercise,  tell  whether  or  not 


AUVW  ~ AXYZ. 

If  the  two  triangles  are 

similar,  tell  what  property  you  used  to  make 
your  decision.  In  some  cases,  you  may  not  be 
able  to  decide  whether  the  two  triangles  are 
similar  or  not.  If  this  is  the  case,  your  answer 
should  be  that  you  cannot  tell. 

9ZU^ZX.  zw 

^ZZ. 

io  m(UV)  = 6. 

m(XY)  = 9. 

m(VW)  = 4. 

m(YZ)  = 6. 

m(UW)  = 7. 

m(XZ)  = 10. 

11  UV  < XY.  VW  < YZ.  UW<XZ. 

12  ZU°  = 90. 

ZY°=  15. 

ZV°=  15. 

ZX°  = 90. 

ZW°  = 75. 

N 

N 

O 

II 

13  ZV°  = 32. 

ZY°  = 32. 

m(UV)  = 4. 

m(XY)  = 8. 

14  m(UV)  = 5. 

m(XY)  = 2\. 

m(VW)  = 6\. 

m(YZ)  = 3\. 

m(UW)  = 8. 

m(XZ)  = 4. 

15  ZU^ZX.  ZV  = ZY.  ZW^ZZ. 


1 6 m(UV)  = 2.5  m(XY)  = 5.0. 

m(UW)  = 4.8.  m(XZ)  = 9.6. 

17  AUVW  = AXYZ. 


KEEPING  SKILFUL 

An  the  following  exercises,  the  numbers  that 


are  expressed  are  approximations.  For  each 
exercise,  find  the  sum,  difference,  product,  or 
quotient. 


1 3.76-  .72 

2 85.01  - 69.1 

3 .296  X 176.3 

4 52.644-  1.64 

5 .750  X .65 

6 .94067  - .342 


9  3451  - 2872.7 

10  12.4+18+1.9 

11  .006+  1.34  + 8.91 

12  630.1  + 80.52  + 65.3 

13  169.4-3.21 

14  256  + 7.89  + .49 


7 254X  3112  15  (1.6  X 103)  - (3.4  X 102) 

8 1.592  - .75  16  (6.4  X 104)  X (3.6  X 105) 


12 
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Exploring  ideas 


Trigonometric  rate  pairs 

In  this  lesson  you  will  study  rate  pairs  that 
represent  comparisons  of  the  measures  of  two 
sides  of  a right  triangle.  First  you  need  more 
information  about  right  triangles. 
a Look  at  Dl.  BC  _L  AC.  Which  angle  of 
A ABC  is  a right  angle?  Is  A ABC  a right 
triangle? 

b Tabulate  the  intersection  of  ZC  and  AB. 
Which  side  of  A ABC  is  opposite  ZC? 

AB  is  the  hypotenuse  of  A ABC.  The  hypot- 
enuse of  a right  triangle  is  the  side  that  is  oppo- 
site the  right  angle  of  the  triangle, 
c In  AABC,  how  do  you  know  that  ZA  is 
an  acute  angle  ? 

d Which  side  of  AABC  is  opposite  ZA? 

E Which  sides  of  AABC  are  subsets  of  ZA? 

F Which  of  the  sides  that  you  named  for  ex- 
ercise E is  not  the  hypotenuse  of  AABC? 

AC  is  the  side  of  AABC  that  is  adjacent  to 
ZA.  For  either  acute  angle  of  a right  triangle, 
the  side  of  the  triangle  that  is  a subset  of  the 
angle,  and  that  is  not  the  hypotenuse  of  the  tri- 
angle, is  the  side  adjacent  to  the  acute  angle. 


hy  pot  e nuse  (hi  pot'a  niiz  or  hi  pot'o  nuz). 
The  side  of  a right  triangle  that  is  opposite  the 
right  angle. 


com  pie  men  ta  ry  angles  (kom'pla  men'- 
ta  re).  A pair  of  angles  the  sum  of  whose  meas- 
ures in  degrees  is  90.  Each  angle  of  the  pair  is 
a complement  of  the  other  angle. 
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Definitions  of  tangent,  sine,  and  cosine  of  acute  angles  of  right  triangles 


B 


A C 


H 8 j ] 

K 12 >1 


A ADEH-ADFI. 

B ADFI-ADGJ. 

C ADEH  ~ ADGJ. 

d2 

g What  kind  of  angle  is  ZB?  Which  side  of 
A ABC  is  opposite  ZB?  Adjacent  to  ZB? 

H What  is  Z A°  + ZB°  + ZC°  ? What  is  ZC°  ? 
What  is  ZA°  + ZB°? 

ZA  and  ZB  are  complementary  angles. 
Complementary  angles  are  a pair  of  angles  the 
sum  of  whose  measures  in  degrees  is  90. 
i Explain  why  the  two  acute  angles  of  any 
right  triangle  are  complementary  angles. 

^NLxt  you  will  study  rate  pairs  that  can  be 
associated  with  right  triangles. 
a Name  the  three  right  triangles  represented 
in  d2.  Is  ZD  an  angle  of  each  triangle? 


b How  do  you  know  that  each  sentence  in  d2 
expresses  a true  statement  ? 
c For  each  triangle,  name  the  hypotenuse  and 
the  sides  opposite  and  adjacent  to  ZD. 

D The  measures  of  the  sides  of  each  triangle 
are  expressed  in  d2.  For  ADGJ,  does  9/12 
represent  the  comparison  of  m(GJ)  with 
m(DJ)  ? For  each  of  the  other  triangles,  name 
the  rate  pair  that  represents  the  comparison  of 
the  measure  of  the  side  opposite  ZD  with  the 
measure  of  the  side  adjacent  to  ZD. 

The  rate  pairs  that  you  named  for  exer- 
cise D are  trigonometric  (trig/o  no  metAik) 
rate  pairs.  A trigonometric  rate  pair  represents 
the  comparison  of  the  measures  of  any  two 
sides  of  a right  triangle. 

E Is  each  rate  pair  that  you  named  for  exer- 
cise D equivalent  to  each  of  the  other  rate 
pairs  ? Explain  your  answer.  Is  each  rate  pair 
a member  of  {3/4,  . . .}  ? Is  this  set  infinite? 

F How  do  you  know  that  infinitely  many  right 
triangles  have  ZD  as  an  acute  angle?  Is 
each  of  these  triangles  similar  to  each  triangle 
represented  in  d2  ? 

G For  each  right  triangle  that  has  ZD  as  an 
acute  angle,  does  {3/4,  . . .}  contain  the 
rate  pair  that  represents  the  comparison  of  the 
measures  of  the  side  opposite  ZD  and  the  side 
adjacent  to  ZD?  Explain  your  answer. 

Now  you  are  going  to  find  the  first  com- 
ponent of  the  member  of  {3/4,  . . .}  that  has 
a second  component  of  1.  You  will  use  the 
condition  y/\  ~ 3/4  to  help  you.  U = D. 

H Tabulate  {y\y/l  ~ 3/4} . What  number  is 
the  first  component  of  the  trigonometric  rate 
pair  that  has  a second  component  of  1 and  that 
is  a member  of  {3/4,  ...}? 

For  any  right  triangle  that  has  ZD  as  an 
acute  angle,  the  number  .75,  or  f,  is  the  tangent 
of  ZD.  The  tangent  of  an  acute  angle  of  a 
right  triangle  is  the  first  component  of  a rate 
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A ADEH  ~ ADFI. 
B ADFI  ~ ADGJ. 
c ADEH  ~ ADGJ. 

d2 


tan  gent  of  an  acute  angle  of  a right  tri- 
angle (tarv'jant).  The  first  component  of  a 
rate  pair  that  has  a second  component  of  1 and 
that  is  equivalent  to  the  rate  pair  that  repre- 
sents the  comparison  of  the  measure  of  the  side 
opposite  the  angle  with  the  measure  of  the 
side  adjacent  to  the  angle. 


sine  of  an  acute  angle  of  a right  triangle 

(sin).  The  first  component  of  a rate  pair  that 
has  a second  component  of  1 and  that  is  equiv- 
alent to  the  rate  pair  that  represents  the  com- 
parison of  the  measure  of  the  side  opposite  the 
angle  with  the  measure  of  the  hypotenuse. 

pair  that  has  a second  component  of  1.  This 
rate  pair  is  equivalent  to  the  rate  pair  that  rep- 
resents the  comparison  of  the  measure  of  the 
side  opposite  the  angle  with  the  measure  of 
the  side  adjacent  to  the  angle. 

Now  you  will  study  two  other  trigonometric 
rate  pairs  that  have  second  components  of  1 . 

I Look  again  at  d2.  For  ADGJ,  what  rate 
pair  represents  the  comparison  of  m(JG)  with 


m(DG)?  For  each  of  the  other  triangles  rep- 
resented in  d2,  name  the  rate  pair  that  repre- 
sents the  comparison  of  the  measures  of  the 
side  opposite  ZD  and  the  hypotenuse. 

J Explain  why  each  rate  pair  that  you  named 
for  exercise  I is  a member  of  (3/5,  . . .}. 

K Find  the  first  component  of  the  member  of 
(3/5,  . . .}  that  has  a second  component  of  1. 

For  any  right  triangle  that  has  ZD  as  an 
acute  angle,  the  number  .6,  or  f,  is  the  sine  of 
ZD.  The  sine  of  an  acute  angle  of  a right  tri- 
angle is  the  first  component  of  a rate  pair  that 
has  a second  component  of  1 . This  rate  pair  is 
equivalent  to  the  rate  pair  that  represents  the 
comparison  of  the  measure  of  the  side  opposite 
the  angle  with  the  measure  of  the  hypotenuse. 

L Look  again  at  d2.  For  ADGJ,  what  rate 
pair  represents  the  comparison  of  m(DJ)  with 
m(DG)  ? For  each  of  the  other  triangles  repre- 
sented in  d2,  name  the  rate  pair  that  represents 
the  comparison  of  the  measures  of  the  side 
adjacent  to  ZD  and  the  hypotenuse. 
m Explain  why  each  rate  pair  that  you  named 
for  exercise  L is  a member  of  {4/5,  . . .}. 

N Is  each  member  of  (4/5,  . . .}  equivalent  to 
.8/1?  Explain  your  answer. 

For  any  right  triangle  that  has  ZD  as  an 
acute  angle,  the  number  .8,  or  f,  is  the  cosine 
of  ZD.  The  cosine  of  an  acute  angle  of  a right 
triangle  is  the  first  component  of  a rate  pair 
that  has  a second  component  of  1.  This  rate 
pair  is  equivalent  to  the  rate  pair  that  repre- 
sents the  comparison  of  the  measure  of  the 


co  sine  of  an  acute  angle  of  a right  tri- 
angle (ko/sin) . The  first  component  of  a rate 
pair  that  has  a second  component  of  1 and  that 
is  equivalent  to  the  rate  pair  that  represents 
the  comparison  of  the  measure  of  the  side  ad- 
jacent to  the  angle  with  the  measure  of  the 
hypotenuse. 
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d3 


T V 

u 

(tangent  of  ZT)/1  ~ t/u. 

U 


T V 

u 

(sine  of  ZT)/1  ~ t/v. 

U 


T V 

u 

(cosine  of  ZT)/1  ~ u/v. 


29 


K 


P 9 Q 


20 


21 


40  41 


26 


24 


d4 


side  adjacent  to  the  angle  with  the  measure  of 
the  hypotenuse. 


In  this  lesson  you  learned  to  identify  the  hy- 
potenuse of  a right  triangle  and  the  sides  oppo- 
site and  adjacent  to  an  acute  angle  of  the  tri- 


angle. You  also  studied  the  tangent,  sine,  and 
cosine  of  an  acute  angle  of  a right  triangle. 

d3  contains  pictures  and  sentences  that  will 
help  you  remember  what  you  have  learned  in 
this  lesson.  Notice  that,  in  ATUV,  t is  used  to 
represent  the  measure  of  the  side  opposite  ZT, 
u is  used  to  represent  the  measure  of  the  side 
opposite  ZU,  and  v is  used  to  represent  the 
measure  of  the  side  opposite  ZV. 

On  your  own 

The  questions  in  exercises  1 through  1 1 con- 
cern the  three  right  triangles  represented  in  d4. 

1 Which  angle  of  AJKL  is  the  complement 
of  ZJ?  Which  angle  of  AJKL  is  the  com- 
plement of  ZK? 

2 What  common  fraction  numeral  expresses 
the  tangent  of  ZJ?  The  tangent  of  the  com- 
plement of  ZJ?  How  do  you  know  that  the 
tangent  of  ZJ  is  the  reciprocal  of  the  tangent 
of  ZK? 

3 What  common  fraction  numeral  expresses 
the  tangent  of  ZQ  ? 

4 The  reciprocal  of  the  tangent  of  ZQ  is  the 
tangent  of  which  angle  of  APQR? 

5 What  common  fraction  numeral  expresses 
the  tangent  of  ZS  ? 

6 The  reciprocal  of  the  tangent  of  ZS  is  the 
tangent  of  which  angle  of  AUST? 

7 What  common  fraction  numeral  expresses 
the  sine  of  ZJ?  Does  this  numeral  also  ex- 
press the  cosine  of  ZK? 

8 What  common  fraction  numeral  expresses 
the  sine  of  ZK?  The  sine  of  ZK  is  the  same 
as  the  cosine  of  which  angle  of  AJKL? 

9 Find  the  decimal  that  expresses  the  sine  of 
ZR.  (Ten-thousandths)  This  decimal  expresses 
the  cosine  of  which  angle  of  APQR? 

to  What  decimal  expresses  both  the  sine  of  ZQ 
and  the  cosine  of  ZR?  (Ten-thousandths) 

1 1 For  each  acute  angle  of  AUST,  find  its  sine 
and  its  cosine.  (Ten-thousandths) 
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Exploring  ideas 


Using  a table  of  tangents, 
sines,  and  cosines 

In  the  last  lesson  you  used  the  measures  of 
the  sides  of  a right  triangle,  together  with  con- 
ditions for  equivalence,  to  find  the  tangent,  the 
sine,  and  the  cosine  of  an  acute  angle  of  a right 
triangle.  Now  you  will  learn  how  to  use  a 
table  to  find  these  numbers  for  any  acute  angle 
of  a given  measure. 

Suppose  you  know  that  ATUV  is  a right 
triangle  and  that  ZT°  is  30.  Although  you 
may  not  know  the  measures  of  the  sides  of 
ATUV,  you  can  find  the  tangent,  the  sine,  and 
the  cosine  of  ZT  by  using  a table. 

The  part  of  this  table  that  you  will  use  im- 
mediately precedes  the  index  in  this  book.  Find 
the  table  now.  Notice  that  angle  measures  in 
degrees  from  1 through  89  are  expressed  under 
the  heading  shown  at  the 
right.  The  heading  is  read 
“the  measure  in  degrees  of 
ZA  is  x.”  x is  a variable  for  a number  of  de- 
grees. In  this  table,  the  universe  for  x is  the  set 
of  integers  from  1 through  89. 
a Under  the  heading  ZA°  = x,  find  the  nu- 
meral 30  and  the  numeral  .5774  directly  to  the 
right.  Find  the  heading  under  which  the  nu- 
meral .5774  appears.  This  heading  is  read  “the 
tangent  of  x.”  It  means  the  tangent  of  an  angle 
whose  measure  in  degrees  is  x. 

.5774  is  an  approximation  of  the  tangent  of 
the  angle  whose  measure  in  degrees  is  30.  d1 
shows  how  to  read  and  write  a sentence  that  is 
a short  way  of  expressing  this  idea.  Study  d1. 


tan  30  » .5774. 

is  approximately 
equal  to 

.5774.” 

D 1 

B What  numeral  is  directly  to  the  right  of  the 
numeral  for  tan  30?  The  heading  under  which 
the  numeral  .5000  appears  is  read  “the  sine 
of*.” 

c What  numeral  is  directly  to  the  right  of  the 
numeral  for  sin  30?  The  heading  under  which 
the  numeral  .8660  appears  is  read  “the  cosine 
of  x.” 

Notice  that  the  numbers  named  under  the 
headings  tan  x,  sin  x,  and  cos  x are  expressed 
to  the  nearer  ten-thousandth.  In  most  cases, 
the  numbers  named  in  the  table  are  approxi- 
mations of  the  tangents,  sines,  and  cosines.  We 
will  think  of  all  the  numbers  expressed  in  the 
table  as  approximations. 
d Using  the  table,  find  sin  29.  Find  cos  55. 
Find  tan  89.  In  each  case,  write  a sentence  like 
the  one  in  d1  to  express  a true  statement  about 
the  number  you  found. 

e Using  the  table,  find  sin  62.  Find  cos  28. 

Use  a sketch  of  a right  triangle  to  help  you 
explain  why  the  sine  of  an  angle  is  equal  to 
the  cosine  of  the  complement  of  the  angle. 

F Now  suppose  that  you  want  to  find  the 
measure  of  an  angle  whose  tangent  is  .2679. 
Under  the  heading  tan  x,  find  the  numeral 
.2679.  What  numeral  is  to  the  left  of  the  nu- 
meral .2679  and  under  the  heading  ZA°  = x? 
What  is  the  measure  of  an  angle  whose  tangent 
is  .2679? 


334  Use  of  a trigonometric  table;  determining  measures  of  parts  of  right  triangles 


G What  is  the  measure  of  an  angle  whose  sine 
is  .8090?  Of  an  angle  whose  cosine  is  .6157? 
h Suppose  that  the  measure  of  each  of  two 
angles,  ZW  and  ZX,  is  a number  from  1 
through  89.  If  ZW°  > ZX°,  is  the  tangent  of 
ZW  greater  than  the  tangent  of  ZX?  Is  the 
sine  of  ZW  greater  than  the  sine  of  ZX?  Is 
the  cosine  of  ZW  greater  than  the  cosine  of 
ZX?  Explain  your  answers. 

In  the  work  that  follows,  you  will  solve  prob- 
lems that  are  concerned  with  the  measures  of 
the  angles  and  sides  of  right  triangles. 

Read  the  problem  in  d2  and  study  the  pic- 
ture of  A BCG.  The  universe  for  each  variable 
is  D. 

A Is  CG  opposite  ZB  of  ABCG?  Use  a as  a 
variable  for  m(CG). 

b What  is  the  measure  of  the  side  of  ABCG 
that  is  adjacent  to  ZB  ? 

c Think  about  the  first  rate  pair  expressed  at 
the  right.  With  which  is 
this  rate  pair  associated, 
the  tangent,  the  sine,  or 
the  cosine  of  ZB?  The 
rate  pair  whose  first  com- 
ponent you  want  to  find  must  be  equivalent 
to  the  second  rate  pair  expressed  at  the  right 
above. 

D Does  the  sentence  below  in  blue  express  a 
condition  for  the  problem  in  d2? 

g/4~  (tan  23)/ 1. 

E How  can  you  obtain  a = (tan  23)4  from 
a/4  — (tan  23)/l  ? To  find  the  a that  satisfies 
a = (tan  23)4,  you  must  first  use  the  table  to 
help  you  find  tan  23.  Is  the  numeral  23  in  the 
table  under  the  heading  ZA°  = xl 
F What  is  tan  23  ? 

G How  do  you  obtain  a = (.4245)4  from 
a = (tan  23)4? 


ZG  of  ABCG  is  a right  angle.  ZB°  = 
23.  m(BG)  = 4.  What  is  the  measure 
of  CG? 

C 


d2 


ZN  of  ALMN  is  a right  angle. 
m(LN)  = 10.  m(LM)  = 25.  What  is 
the  measure  of  ZL? 

M 


25 


d3 

h Tabulate  the  solution  set  of  a = (.4245)4. 
What  is  the  measure  of  side  CG  of  ABCG? 

Next  read  the  problem  in  d3  and  study  the 
picture.  The  universe  for  each  variable  is  D. 

I Which  side  of  ALMN  has  a measure  of  10? 
Is  this  side  opposite  ZL,  or  is  it  adjacent  to 
ZL?  Name  the  hypotenuse  of  ALMN.  What 
is  the  measure  of  the  hypotenuse  ? 
j Think  about  the  rate  pair  expressed  at  the 
right.  With  which  is  it  associ- 
ated, the  tangent,  the  sine,  or 
the  cosine  of  ZL? 
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ZN  of  ALMN  is  a right  angle. 
m(LN)  = 10.  m(LM)  = 25.  What  is 
the  measure  of  ZL? 

M 


25 


d3 

You  want  to  find  the  measure  of  ZL.  Use  x 
as  a variable  for  the  measure  of  ZL.  The  co- 
sine of  ZL  is  the  first  component  of  a rate  pair 
that  has  a second  component  of  1 and  that  is 
equivalent  to  10/25.  Therefore,  you  want  the 
rate  pair  expressed  at 
the  right  to  be  equiva- 
lent to  10/25.  Remem- 
ber that  “cos  x”  means  the  cosine  of  an  angle 
whose  measure  in  degrees  is  x. 

The  condition  expressed  below  in  blue  will 
help  you  find  the  answer  to  the  problem  in  d3. 

k How  can  you  obtain  cos  x = .4000  from 
(cos  x)/l  ~ 10/25?  What  is  the  cosine  of  ZL? 
l The  table  will  help  you  find  the  measure  of 
an  angle  whose  cosine  is  .4000.  Is  the  numeral 
.4000  in  the  table  under  the  heading  cos  x? 

M Is  .4000  between  .4067  and  .3907? 

N From  the  table  you  know  that  cos  66  ~ 
.4067,  and  cos  67  « .3907.  What  is  the  abso- 
lute difference  of  .4067  and  .4000?  Of  .3907 
and  .4000? 


o Since  the  absolute  difference  of  .4067  and 
.4000  is  less  than  the  absolute  difference  of 
.3907  and  .4000,  you  can  say  that  .4000  is 
nearer  to  cos  66  than  to  cos  67.  Therefore, 
.4000  ~ cos  66.  Now  you  can  give  the  answer 
to  the  problem  in  d3.  What  is  the  measure  of 
ZL  to  the  nearer  degree  ? 
p Read  the  problem  in  d4  and  study  the  pic- 
ture. What  is  the  measure  of  the  hypotenuse  of 
ADEF?  What  is  ZD°? 

Q Which  are  you  asked  to  find  in  the  problem, 
the  measure  of  the  side  opposite  ZD  or  the 
measure  of  the  side  adjacent  to  ZD? 

R Use  x as  a variable  for  m(EF).  Does  the  sen- 
tence below  in  blue  express  a condition  for  the 
problem  ? 

x/  624  ~ (sin  75)/ 1. 

s How  can  you  obtain  x = (sin  75)624  from 
x/624  ~ (sin  75)/l  ? How  can  you  obtain 
x = (.9659)624  from  x = (sin  75)624? 

T Tabulate  the  solution  set  of  x = (.9659)624. 
u What  is  m(EF)?  Use  a numeral  that  has 
three  significant  digits  to  express  your  answer, 
v Read  the  problem  in  d5  and  study  the  pic- 
ture. What  are  you  asked  to  find  in  the  prob- 
lem? 


ZE  of  ADEF  is  a right  angle. 
ZD°  = 75.  m(DF)  = 624.  What 
is  m(EF)? 

E 

x 

75 

D 624 

d4 
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Z I of  AGHI  is  a right  angle. 
m(HT)  = 54.  m(Gl)  = 228.  What 

is  ZH°? 

H 

r 54 

< i 

228 

G 

d5 

w In  AGHI,  do  you  know  the  measure  of  the 
hypotenuse?  Of  the  side  opposite  ZH?  Of 
the  side  adjacent  to  ZH  ? 
x Use  r as  a variable  for  ZH°.  Which  one  of 
the  following  sentences  expresses  a condition 
for  the  problem  in  d5? 

(sin  r)/ 1 ~ 228/54. 

(tan  r)/l  ~ 228/54. 

(cos  r)/ 1 - 54/228. 

Y How  do  you  obtain  (tan  r)54  = 228  from 
(tan  r)/l  ~ 228/54?  How  do  you  obtain 
tan  r = 4.2222  from  (tan  r)54  = 228  ? 
z Use  the  table  to  find  ZH°  to  the  nearer  de- 
gree. Why  should  you  give  ZH°  as  77  rather 
than  as  76? 

In  this  lesson  you  learned  to  interpret  a table 
of  tangents,  sines,  and  cosines  of  angles.  You 
also  learned  to  find  the  measure  of  an  angle 
whose  sine,  cosine,  or  tangent  you  know,  and 
you  learned  how  to  solve  problems  about  the 
sides  and  angles  of  right  triangles. 

On  your  own 

For  each  of  exercises  1 through  9,  make  a 
sketch  to  help  you  answer  the  questions. 


1 ZT  of  ARST  is  a right  angle.  ZS°  = 34. 
m(TR)  =12.  What  is  m(RS)?  (Tenths) 

2 ZE  of  ACDE  is  a right  angle.  m(CD)  = 34. 
m(CE)  = 17.  What  is  ZD°?  What  is  ZC°? 

3 ZL  of  AJKL  is  a right  angle.  m(KL)  = 
V6.  m(JL)  = V6.  What  is  ZJ°?  What  is 
ZK°? 

4 ZW  of  AUVW  is  a right  angle.  ZU°  = 55. 
m(UW)  = 20.  What  is  m(UV)?  What  is 
m(VW)?  (Hundredths) 

5 ZQ  of  AMNQ  is  a right  angle.  m(MN)  = 
30.  ZM°  = 73.  What  is  m(NQ)  ? (Hundredths) 

6 ZR  of  APQR  is  a right  angle.  m(PQ)  = 18. 
ZQ°  = 82.  What  is  m(QR)?  What  is  m(RP)? 
(Thousandths) 

7 ZU  of  ASRU  is  a right  angle.  m(RU)  = 13. 
m(SU)  = 52.  What  is  ZS°?  What  is  ZR°? 

8 ZX  of  AVWX  is  a right  angle.  m(VW)  = 
45.  m(VX)  =15.  What  is  ZV°?  What  is 
ZW°? 

9 ZK  of  AIJK  is  a right  angle.  m(lK)  = 30. 
ZI°  = 62.  What  is  m(JK)  ? What  is  m(fJ)  ? 
(Hundredths) 


KEEPING  SKILFUL 


J7 or  each  of  exercises  1 through  12,  use  a 
decimal  to  express  the  rational  number  named. 


1 — - 4 -- 

1 100  *11 

7 -6-7-  i o 

' 8 IU  9 

2 “2  5 61 

z 4 3 500 

a “55  nl 

8 3 1 1 80 

o “16  A ZLi 

J 50  ® 16 

o 3Z  12  -13- 

y 5 1000 

Each  exercise  below  involves  rational  num- 
bers. For  each  exercise,  find  the  sum,  differ- 
ence, product,  or  quotient. 

13  70.37  + 8.149 

20  “71.91  + 1.7 

14  65  -“29.7 

21  “6.52 + “13.004 

is  115.7-  13 

22  325.65  - 118.38 

16  85.3  X 59 

23  .075  X “3.25 

17  “16.35+14.39 

24  “68.31  -“.009 

18  “7.8  X “7.95 

25  “42.35  - 64.4 

19  “15.832 -“22.79 

26  32.14 + “17.289 
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Exploring  problems 


Problems  involving 
indirect  measurement 


In  this  lesson  you  will  use  your  knowledge  of 
similar  triangles  and  trigonometric  rate  pairs 
to  solve  problems  that  involve  measurement. 
Since  the  measures  given  in  the  problems  in 
this  lesson  are  physical  measures,  you  will  use 
the  rules  that  apply  to  approximations  that 
you  studied  in  lesson  163. 

There  are  many  measures  that  you  cannot 
find  directly  by  using  a common  measuring 
instrument  such  as  a rule.  To  find  measures 
like  the  average  distance  from  the  earth  to  the 
sun  or  the  length  of  a diameter  of  a nucleus 
of  an  atom,  it  is  necessary  to  use  indirect  meas- 
urement. 

Now  you  will  learn  how  to  solve  problems 
by  using  certain  kinds  of  indirect  measure- 
ment. Read  the  problem  in  d1  and  study  the 
sketches.  The  sketches  will  help  you  under- 
stand the  problem. 

A Two  triangles  are  suggested  in  the  problem. 
One  triangle  is  determined  by  the  points  sug- 
gested by  the  top  of  the  tower,  its  base,  and  the 
spot  on  the  ground  where  its  shadow  ends. 
Describe  the  other  triangle  that  is  suggested. 

Look  at  d2,  which  contains  pictures  of  the 
two  triangles  discussed  in  exercise  A. 

B Side  XZ  of  AXYZ  is  suggested  by  the 
length  of  the  shadow  of  the  tower.  What  is 
m(XZ)?  What  suggests  side  YZ?  Do  you 
know  m(YZ)  ? 

c Which  side  of  AUVW  is  suggested  by  the 
length  of  Don’s  shadow?  Which  side  of 


Use  of  similar  triangles  and  trigonometric  rate  pairs 
to  solve  problems  involving  indirect  measurement 


Don  wants  to  find  the  height  of  a radio 
tower.  At  a certain  time  of  day,  the 
tower  casts  a shadow  2.80  X 102  ft. 
long.  At  the  same  time  Don,  who  is 
69  in.  tall,  casts  a shadow  39  in.  long. 
What  is  the  height  of  the  radio  tower? 


d! 


Y 


X 


280 


d2 


u 


69 

W 


39 


AUVW  is  suggested  by  Don’s  height?  What 
are  the  measures  of  these  two  sides  ? How  are 
the  measures  given,  in  feet  or  in  inches  ? 

D Assume  that  the  tower  and  its  shadow  are 
perpendicular,  and  that  Don  and  his  shadow 


are  perpendicular.  What,  then,  should  you 
assume  about  ZZ  and  ZW  ? 
e For  a given  time  of  day,  the  angle  suggested 
by  a ray  of  the  sun  and  the  shadow  of  an  object 
is  the  angle  of  elevation  (eUo  va'shsn)  of  the 
sun  from  the  tip  of  the  shadow.  ZX  of  AXYZ 
is  the  angle  of  elevation  of  the  sun.  Which  an- 
gle of  AUVW  also  is  the  angle  of  elevation  of 
the  sun? 

You  know  that  the  length  of  the  tower’s 
shadow  and  the  length  of  Don’s  shadow  were 
determined  at  the  same  time  of  day.  Therefore, 
ZX^ZU. 

F How  do  you  know  that  AXYZ  ~ AUVW ? 
G Name  the  corresponding  sides  of  AXYZ 
and  AUVW. 

Now  you  can  develop  a condition  for  the 
problem  in  d1.  The  universe  for  each  variable 
is  D. 

H You  know  that  m(UW)  = 39  and  that 
m(VW)  = 69.  Does  the  rate 
pair  expressed  at  the  right  rep-  39  / 69 
resent  the  comparison  of  these 
two  measures?  39/69  also  represents  the  com- 
parison of  the  length  of  Don’s  shadow  with 
his  height. 

i You  know  that  m(XZ)  = 280.  Use  y as  a 
variable  for  the  measure  of  side  YZ  of  AXYZ. 
Does  the  rate  pair  expressed  at 
the  right  represent  the  com-  280  /y 
parison  of  these  two  meas- 
ures? 280/j>  also  represents  the  comparison  of 
the  length  of  the  tower’s  shadow  with  the 
tower’s  height. 

J Remember  that  AXYZ  and  AUVW  are 
f similar.  How  do  you  know  that  39/69  is 
equivalent  to  280 /y?  Does  the  sentence  below 
in  blue  express  a condition  for  the  problem? 

39/69  ~ 280  j y. 

K Tabulate  { y 1 39/69  - 280 /y) . 


A surveyor  wants  to  determine  how  far 
a fire  hydrant  is  from  the  base  of  a cer- 
tain building,  but  he  cannot  measure 
the  distance  directly.  He  finds  that  the 
angle  of  elevation  of  the  top  of  the 
building  from  the  fire  hydrant  has  a 
measure  of  9 degrees.  The  building  is 
235  ft.  high.  How  far  is  the  fire  hydrant 
from  the  base  of  the  building  ? 


d3 


d4 


l How  do  you  know  that  the  answer  to  the 

problem  in  d1  should  be  expressed  by  using 
a decimal  that  has  two  significant  digits  ? 

M Give  the  answer  to  the  problem. 

You  solved  the  problem  in  d1  by  using  a 
property  of  similar  triangles.  Now  you  will 
solve  a problem  by  using  a trigonometric  rate 
pair. 

Read  the  problem  in  d3.  The  universe  for 
each  variable  is  D. 

A Look  at  d4.  The  information  given  in  the 
problem  in  d3  was  used  to  make  the  picture  of 
APQR.  Side  PR  is  suggested  by  the  distance 
from  the  base  of  the  building  to  the  fire  hy- 
drant. Which  side  of  APQR  is  suggested  by 
the  height  of  the  building? 

B Which  angle  of  APQR  is  the  angle  of  eleva- 
tion of  the  top  of  the  building  from  the  fire  hy- 
drant? WhatisZP0?  Is  ZP  an  acute  angle? 
c You  should  assume  that  the  fire  hydrant  is 
on  the  same  level  as  the  base  of  the  building 
and  that  the  walls  of  the  building  are  perpen- 


A surveyor  wants  to  determine  how  far 
a fire  hydrant  is  from  the  base  of  a cer- 
tain building,  but  he  cannot  measure 
the  distance  directly.  He  finds  that  the 
angle  of  elevation  of  the  top  of  the 
building  from  the  fire  hydrant  has  a 
measure  of  9 degrees.  The  building  is 
235  ft.  high.  How  far  is  the  fire  hydrant 
from  the  base  of  the  building  ? 

d3 


d4 

dicular  to  the  ground.  What  is  ZR°?  What 
kind  of  triangle  is  APQR? 

D You  know  the  measures  of  an  acute  angle 
and  a side  of  APQR.  For  any  right  triangle,  if 
you  know  the  measures  of  one  acute  angle  and 
a side,  you  can  use  trigonometric  rate  pairs  to 
find  the  measures  of  the  other  acute  angle  and 
the  other  two  sides.  Name  the  side  of  APQR 
whose  measure  you  must  find  before  you  can 
give  an  answer  to  the  problem  in  d3. 
e Use  a as  a variable  for  the  measure  of  PR. 
Is  a the  measure  of  the  side  of  APQR  that  is 
adjacent  to  ZP?  What  is  the  measure  of  the 
side  of  APQR  that  is  opposite  ZP? 

F The  rate  pair  expressed  at 
the  right  represents  the  com- 
parison of  the  measure  of  the 
side  opposite  ZP  with  the  measure  of  the  side 
adjacent  to  ZP.  Which  of  the  rate  pairs  named 
below  is  equivalent  to  235/a? 

(sin  9)/l  (tan9)/l  (cos  9)/l 
G Can  you  use  the  condition  expressed  in  the 
next  column  in  blue  to  find  the  measure  of  PR  ? 


Is  the  condition  also  a condition  for  the  prob- 
lem in  d3  ? 

235 /a  ~ (tan  9) / 1. 

H How  do  you  obtain  235  = (tan  9 )a  from 
235/a  ~ (tan  9)/l? 

Use  the  table  of  tangents,  sines,  and  cosines 
to  determine  the  tangent  of  9.  We  will  agree 
that,  when  you  use  this  table,  you  should  ex- 
press the  sine,  the  cosine,  or  the  tangent  of  an 
angle  by  a numeral  with  four  significant  digits 
to  the  right  of  the  decimal  point, 
i Is  tan  9 ~ .1584?  When  you  replace  tan  9 
by  .1584  in  235  = (tan  9)a,  what  condition  do 
you  obtain?  To  find  a,  you  must  find  the  quo- 
tient of  what  two  numbers  ? 
j Before  you  can  give  the  answer  to  the  prob- 
lem, you  must  decide  how  accurately  you 
should  express  the  answer.  How  many  signifi- 
cant digits  are  in  the  decimal  .1584?  How 
many  significant  digits  are  in  the  decimal  235  ? 
How  many  significant  digits  should  there  be  in 
the  decimal  that  expresses  the  quotient  of  235 
and  .1584? 

Now  you  can  give  the  answer  to  the  problem 
in  d3.  The  fire  hydrant  is  1.48  X 103  ft.  from 
the  base  of  the  building. 

Read  the  problem  in  d5  and  study  the  pic- 
ture of  AJKL,  which  is  suggested  by  the  prob- 
lem. The  universe  for  each  variable  is  D. 

K Is  AJKL  a right  triangle?  Which  angle  of 
AJKL  is  the  angle  of  elevation  of  the  top  of 
the  ladder  from  the  bottom  ? 

L Which  side  of  AJKL  is  suggested  by  the 
length  of  the  ladder?  What  is  the  measure  of 
this  side  ? 

M Why  is  10.8  given  as  the  measure  of  JL? 

N Notice  that  you  know  the  measures  of  two 
sides  of  AJKL.  For  any  right  triangle,  if  you 
know  the  measures  of  two  sides,  you  can  use 
trigonometric  rate  pairs  to  find  the  measure  of 
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A 48-foot  ladder  is  placed  against  a 
wall  so  that  the  bottom  of  the  ladder  is 
10.8  ft.  from  the  base  of  the  wall.  What 
is  the  measure  of  the  angle  of  elevation 
of  the  top  of  the  ladder  from  the  bot- 
tom of  the  ladder? 

K 


48 


d5 


What  is  the  distance  from  the  base  of 
the  wall  to  the  top  of  the  ladder? 

d6 

the  third  side  and  the  measure  of  each  of  the 
two  acute  angles.  Name  the  angle  of  AJKL 
whose  measure  you  must  find  before  you  can 
give  the  answer  to  the  problem  in  d5. 
o Use  x as  a variable  for  ZJ°.  Which  of  the 

A 

rate  pairs  named  below  should  you  use  in  a 
condition  for  the  problem  ? 

(sin  x)/ 1 (tan  x)/\  (cos  *)/ 1 

p How  do  you  know  that  the  rate  pair  you 
named  for  exercise  O is 
equivalent  to  the  rate  pair 
expressed  at  the  right  ? 


The  sentence  below  in  blue  expresses  a con- 
dition for  the  problem  in  d5. 

10.8  / 48  ~ (cos  x)l  1. 

Q How  do  you  obtain  10.8  = (cos  jc)48  from 
10.8/48  ~ (cos  x)/l  ? To  find  cos  x,  you  must 
find  the  quotient  of  what  two  numbers  ? 

R Since  the  trigonometric  table  in  this  book 
expresses  the  cosine  of  an  angle  to  the  nearer 
ten-thousandth,  you  should  find  the  quotient 
of  10.8  and  48  to  ten-thousandths.  What  is  this 
quotient  to  the  nearer  ten-thousandth  ? 
s Use  the  trigonometric  table  in  this  book  to 
find  the  measure  of  an  angle  whose  cosine  is 
.2250.  What  is  ZJ°?  Give  the  answer  to  the 
problem. 

T Look  again  at  d5.  You  know  that  ZJ°  = 77. 
What  is  ZK°  ? Explain  your  answer. 

Now  that  you  know  the  measures  of  the 
acute  angles  in  AJKL,  you  can  obtain  the  an- 
swer to  the  problem  in  d6.  Read  the  problem 
in  d6. 

U Which  side  of  AJKL  is  suggested  by  the 
distance  from  the  base  of  the  wall  to  the  top  of 
the  ladder  ? 

v Use  d as  a variable  for  the  measure  of  KL. 

Which  two  of  the  rate  pairs  expressed  be- 
low can  you  use  in  conditions  for  the  problem 
in  d6  ? Explain  your  answer. 

(sin  77)/ 1 (tan  77)/l  (cos  77)/l 
w Suppose  that  you  use  (sin  77)/ 1 in  a con- 
dition for  the  problem.  Is  (sin  77)/l  equiva- 
lent to  the  rate  pair  that  represents  the  com- 
parison of  the  measure  of  the  side  opposite 
Z J with  the  measure  of  the  hypotenuse  ? Now 
suppose  that  you  use  (tan  77)/ 1 in  a condi- 
tion for  the  problem.  What  rate  pair  is  equiva- 
lent to  (tan  77)/ 1 ? 

First  you  will  use  the  condition  expressed 
below  in  blue  to  determine  m(KL). 

dj 48 -(sin  77)/ 1. 
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x How  do  you  obtain  d = (sin  77)48  from 
^//48  ~ (sin  77)/ 1 ? How  do  you  obtain  d = 
(.9744)48  from  d = (sin  77)48  ? 

Y The  measure  that  you  obtain  for  KL  cannot 
be  more  accurate  than  the  less  accurate  of  the 
physical  measures  48  and  10.8.  Which  is  a less 
accurate  physical  measure,  48  or  10.8?  What 
is  m(KL)  ? What  is  the  distance  from  the  base 
of  the  wall  to  the  top  of  the  ladder  ? 
z Now  use  d/10.8  ~ (tan  77)/l  to  determine 
the  distance  from  the  base  of  the  wall  to  the 
top  of  the  ladder.  How  does  this  measure  com- 
pare with  the  measure  you  found  for  exer- 
cise Y ? 

Now  you  know  that  it  is  sometimes  necessary 
or  convenient  to  find  measures  indirectly.  You 
have  learned  how  to  use  your  knowledge  of 
similar  triangles  and  trigonometric  rate  pairs 
to  develop  conditions  for  some  problems  that 
involve  indirect  measurement. 

On  your  own 

For  each  problem,  write  a sentence  that  ex- 
presses a condition  and  give  the  answer  to  the 
problem.  You  may  find  it  helpful  to  make  a 
sketch  for  each  problem.  The  universe  for  each 
variable  is  D. 

1 At  a certain  time  of  day,  a 75-foot  monu- 
ment casts  a 115-foot  shadow.  At  the  same 
time  of  day  and  in  the  same  place,  how  long  is 
the  shadow  cast  by  a 135-foot  building? 

2 The  distance  along  a straight  road  from 
point  P at  the  bottom  of  a hill  to  point  Q at 
the  top  of  the  hill  is  162  ft.  The  angle  of  eleva- 
tion of  point  Q from  P has  a measure  of  18  de- 
grees. What  is  the  vertical  height  of  the  hill  in 
feet? 

3 Two  pennants  are  different  sizes,  but  their 
shapes  suggest  similar  triangles.  The  lengths  of 
the  edges  of  the  larger  pennant  are  18.0  in., 
20.0  in.,  and  7.0  in.  The  length  of  the  shortest 


edge  of  the  smaller  pennant  is  4.0  in.  How  long 
is  the  longest  edge  of  the  smaller  pennant? 

4 How  long  is  the  third  side  of  the  smaller 
pennant  described  in  problem  3 ? 

5 What  is  the  measure  of  the  angle  of  ele- 
vation of  the  top  of  a 120-foot  building  from 
a point  that  is  75  ft.  from  the  base  of  the 
building? 

6 The  bottom  of  a ladder  is  placed  7.5  ft.  from 
the  base  of  a building.  The  measure  of  the  an- 
gle of  elevation  of  the  top  of  the  ladder  from 
the  bottom  of  the  ladder  is  75.  What  is  the 
length  of  the  ladder? 

7 At  a given  moment,  the  angle  of  elevation 
of  an  airplane  from  point  S on  the  ground  has 
a measure  of  58.  At  the  same  time,  the  air- 
plane is  directly  above  point  T on  the  ground, 
and  point  T is  1.500  X 103  ft.  from  point  S. 
How  high  above  point  T is  the  airplane? 

8 A ramp  that  leads  to  the  delivery  entrance 
of  a building  is  12.5  ft.  long.  The  entrance  is 
4.25  ft.  above  the  base  of  the  building.  What 
is  the  measure  of  the  angle  of  elevation  of  the 
entrance  from  the  foot  of  the  ramp? 

9 A guy  wire  extends  from  the  ground  at 
point  D to  the  top  of  a pole  that  is  50  ft.  high. 
The  measure  of  the  angle  of  elevation  of  the 
top  of  the  pole  from  point  D is  41.  What  is  the 
length  of  the  guy  wire  ? 

For  problems  10  through  13,  you  can  think 
of  the  geometric  figures  as  being  suggested  by 
physical  situations.  Therefore,  the  measures 
given  in  the  problems  are  approximations. 

10  In  A ABC,  ZC  is  a right  angle.  ZA°  = 5. 
m(BC)  = 325  ft.  What  is  m(AC)? 

1 1 In  ADEF,  ZF  is  a right  angle.  ZD°  = 38. 
m(DE)  = 1.36  mi.  What  is  m(DF)? 

12  In  AGHI,  ZH  is  a right  angle.  ZI°  = 73. 
m(GH)  = 7.50  X 105  mm.  What  is  m(HT)? 

13  In  AJKL,  ZJ  is  a right  angle.  m(KL)  = 
5.5  yd.  m(JK)  = 3.495  yd.  WhatisZK0? 
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APPLYING  MATHEMATICS 

r or  each  problem,  first  write  a sentence  that 
expresses  a condition.  Then  give  the  answer  to 
the  problem.  The  universe  for  each  variable 
is  D. 

Use  the  rules  for  computation  involving  ap- 
proximations. You  may  also  find  it  helpful  to 
make  a sketch  for  each  problem. 

1 Howard  is  68  in.  tall.  At  a certain  time  of 
day,  he  casts  a shadow  42.5  in.  long.  At  the 
same  time  of  day,  Ruth  casts  a shadow  40  in. 
long.  What  is  Ruth’s  height  in  inches? 

2 Mr.  Jacobs  cut  out  two  pieces  of  canvas 
whose  shapes  suggested  similar  triangles.  The 
lengths  of  the  edges  of  the  larger  piece  were 

23.5  ft.,  16.75  ft.,  and  13.0  ft.  The  length  of 
the  longest  edge  of  the  smaller  piece  was 
14.0  ft.  What  was  the  length  in  feet  of  the 
shortest  edge  of  the  smaller  piece  ? 

3 The  measure  of  the  angle  of  elevation  of 
the  top  of  a lighthouse  from  a small  boat  was 
15  degrees.  The  top  of  the  lighthouse  was 
135  ft.  above  the  surface  of  the  water.  What 
was  the  distance  in  feet  from  the  base  of  the 
lighthouse  to  the  boat  ? 

4 A workman  attached  one  end  of  a rope  at 
point  X on  a building.  Point  X was  23.75  ft. 
above  the  ground.  He  attached  the  other  end 
of  the  rope  to  a stake  in  the  ground  so  that  the 
rope  was  taut.  The  length  of  the  rope  was 

47.5  ft.  What  was  the  measure  of  the  angle  of 
elevation  of  point  X from  the  stake  ? 

5 Use  the  answer  to  problem  4 to  help  you 
find  the  distance  in  feet  from  the  stake  to 
point  Y at  the  base  of  the  building.  Point  Y is 
directly  below  point  X. 

6 The  top  of  a 26.5-foot  ladder  was  placed 
against  a wall.  The  measure  of  the  angle  of 
elevation  of  the  top  of  the  ladder  from  the 
bottom  was  68  degrees.  What  was  the  distance 


in  feet  from  the  base  of  the  wall  to  the  top  of 
the  ladder? 

7 An  office  building  is  1 12.75  ft.  tall.  At  a cer- 
tain time  of  day,  the  building  casts  a shadow 

62.5  ft.  long.  What  is  the  measure  of  the  angle 
of  elevation  of  the  sun  ? 

8 A rectangular  swimming  pool  is  18.5  ft. 
wide.  The  measure  of  an  angle  whose  sides  in- 
clude the  width  of  the  pool  and  a diagonal  of 
the  pool  is  70.  What  is  the  distance  in  feet 
from  one  corner  of  the  pool  to  the  opposite 
corner? 

9 A wire  extends  from  point  T on  the  ground 
to  point  U directly  above  the  base  of  a build- 
ing. The  wire  is  125  ft.  long.  The  distance  from 
point  T to  the  base  of  the  building  is  108.25  ft. 
What  is  the  measure  of  the  angle  of  elevation 
of  point  U from  point  T? 

10  A television  antenna  is  attached  to  the  roof 
of  a house.  The  measure  of  the  angle  of  eleva- 
tion of  the  top  of  the  antenna  from  point  R on 
the  ground  is  35  degrees.  The  top  of  the  an- 
tenna is  directly  above  point  S on  the  ground. 
The  distance  from  point  R to  point  S is  55.3  ft. 
What  is  the  distance  in  feet  from  point  S to  the 
top  of  the  antenna  ? 

1 1 In  A ABC,  ZC  is  a right  angle.  ZA°  = 62. 
The  length  of  side  AB  is  94.5  in.  What  is  the 
length  of  side  BC  in  inches  ? 

12  In  ADEF,  ZE  is  a right  angle.  The  length 
of  side  DE  is  2.70  X 103  cm.  ZF°  =13.  What 
is  the  length  of  side  EF  in  centimetres? 

13  In  AGHI,  Z G is  a right  angle.  The  length 
of  side  GI  is  4975  km.  Z 1°  =52.  What  is  the 
length  of  side  GH  in  kilometres? 

14  In  AJKL,  ZL  is  a right  angle.  The  length 
of  side  JL  is  12.5  ft.  The  length  of  side  KL  is 
5 ft.  What  is  ZJ°? 

15  In  AMNO,  ZO  is  a right  angle.  The  length 
of  side  MN  is  11  in.  The  length  of  side  MO  is 
4 in.  What  isZM°? 
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CHECKING  UP 

Ihe  small  numeral  within  parentheses  tells 
what  page  to  turn  to  for  help  if  you  need  it. 

Test  150 

What  words  or  symbols  best  complete  exer- 
cises 1 through  12? 

1 A physical  measure  of  5.0  ft.  is  — — pre- 
cise than  a physical  measure  of  5.0  in. 

2 A physical  measure  of  feet  deter- 
mines {.v  1 6. 1 5 ^ ^ 6.25} . U = D. 

3 In  AGHI,  if  ZH°  = 90,  then  side is 

the  hypotenuse.  (330) 

4 The  sine  of  an  angle  whose  measure  in  de- 

grees is  18  equals  the  cosine  of  an  angle  whose 
measure  in  degrees  is . (332) 

5 Of  two  physical  measures,  4.5  m.  and 
223  m.,  is  the  more  accurate.  1 

6 A length  of  1 kilometre  is  the  same  as  a 

length  of  metres. 

7 The  greatest  possible  error  of  a physical 

measure  of  2.360  centimetres  is -. 

8 The  sum  of  the  physical  measures  .39  ft.  and 
1.7  ft.  should  be  rounded  to  the  nearer  — - — . 
(319) 

9 The  unit  of  measure  of  a physical  measure 
of  3^  feet  is  - — — . 

10  When  | is  a physical  measure,  the  tolerance 

ofxBfis . U = D.  (313) 

1 1 The  complement  of  an  angle  whose  meas- 

ure in  degrees  is  13  is  an  angle  whose  measure 
in  degrees  is . 

12  The  unit  of  measure  of  a physical  measure 

of  45,000  in.  ± 50  is -. 

Test  151 

Write  “T”  for  each  sentence  below  that  ex- 
presses a true  statement.  Write  “F”  for  each 
sentence  that  expresses  a false  statement. 

13  If  ZA  of  A ABC  is  a right  angle  and 
m(AB)  = m(AC),  then  the  cosine  of  ZB  equals 
the  sine  of  ZB. 


14  A segment  with  endpoints  whose  coordi- 
nates are  7.5  and  10  has  a measure  of  “2.5. 

(303) 

15  Any  two  right  triangles  are  similar  tri- 
angles. (326) 

16  The  relative  error  of  a physical  measure  of 
2{  ft.  is  the  average  error  per  foot.  (315) 

17  If  ZA  is  congruent  to  ZD  and  ZB  is  con- 
gruent to  ZE,  then  triangle  ABC  is  similar  to 
triangle  DEF.  (327) 

18  The  numeral  2.80  X 10  3 has  two  signifi- 
cant digits.  (317) 

19  If  A ABC  and  A DEF  are  two  isosceles  tri- 
angles that  are  similar,  there  is  more  than  one 
similarity  correspondence  between  their  ver- 
tices. (326) 

20  The  product  of  the  approximations  2.80 
and  3.26  should  be  rounded  so  that  the  nu- 
meral for  the  product  has  exactly  two  signifi- 
cant digits.  (321) 

21  Any  two  triangles  that  are  congruent  are 
also  similar.  (326  ) 

22  In  AJKL,  if  ZL°  = 90,  then  JK  is  the  side 
adjacent  to  ZJ.  (330) 

23  A rate  pair  that  represents  the  comparison 
of  the  measures  of  two  corresponding  sides  of 
two  triangles  is  a trigonometric  rate  pair. 

(331) 

24  Any  two  equilateral  triangles  are  similar. 

(327)  

25  If  A ABC  - ARST,  then  m(AB)/m(BC)  - 
m(RS)/m(ST).  (329) 

26  If  7,  5,  and  3 are  the  measures  of  the  sides 
of  AUVW,  and  3j,  and  1^  are  the  measures 
of  the  sides  of  AXYZ,  then  AUVW  and 
AXYZ  are  similar.  327) 

27  For  any  two  physical  measures,  the  more 
precise  of  the  two  measures  is  also  the  more 
accurate  measure. 

28  The  unit  of  measure  of  a physical  measure 
of  20,000,000  mi.  ± 500  is  500  ft. 
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Test  152 

For  each  problem  below,  write  a sentence 
that  expresses  a condition.  Then  give  the  an- 
swer to  the  problem.  You  may  use  tables 
whenever  necessary.  The  measures  given  are 
physical  measures.  The  universe  for  each  vari- 
able is  D. 

29  In  Toronto,  the  precipitation  over  a period 
of  30  days  was  2.56  inches.  What  was  the  aver- 
age daily  precipitation?  (321) 

30  The  altitude  of  McArthur  Peak  in  the  Yukon 
is  1.44  x 1 04  ft.  The  altitude  of  Mount  Augusta 
is  1.407  X 104  ft.  McArthur  Peak  is  how  many 
feet  higher  than  Mount  Augusta?  (317) 

31  A driveway  slopes  upward  toward  a garage 
from  a level  that  is  3.2  ft.  lower  than  the  level 
of  the  garage  floor.  The  driveway  is  24  ft.  long. 
What  is  the  measure  of  the  angle  of  elevation 
of  the  top  of  the  driveway  from  the  bottom  of 
the  driveway?  (339) 

32  One  kind  of  watch  mainspring  has  a width 
of  .520  centimetres.  What  is  the  width  of  the 
mainspring  in  inches?  (306) 

33  A world  altitude  record  was  once  set  by  an 
airplane.  This  airplane  reached  an  altitude  of 
25,644  m.  What  was  this  altitude  in  kilo- 
metres? (305) 

34  ZB  of  A ABC  is  a right  angle.  The  measure 
of  AB  is  25.5.  The  measure  of  AC  is  51.  What 
is  the  measure  in  degrees  of  ZA?  (334) 

35  ZM°  of  AKML  is  a right  angle.  The  meas- 
ure of  KM  is  15.  The  measure  in  degrees  of 
ZK  is  37.  What  is  the  measure  of  KL?  (334) 

36  ADEF  ~ AGHI.  m(DE)  = 35.2.  m(EF)  = 
29.54.  m(GH)  = 43.  Whatism(Hl)?  (326) 

37  The  length  of  a side  of  a square  is  58  ft. 
What  is  the  length  of  a diagonal  of  the  square  ? 

(341) 

38  The  length  of  a diagonal  of  rectangle  ABCD 
is  75.000  in.  ZABD°  = 22.  What  is  m(AB)? 

(341) 


CHECKING  UP 

Ahe  small  numeral  within  parentheses  tells 
what  page  to  turn  to  for  help  if  you  need  it. 

Test  153 

Write  “T”  for  each  sentence  below  that  ex- 
presses a true  statement.  Write  “F”  for  each 
sentence  that  expresses  a false  statement. 

1 If  /3  and  OJ  are  coplanar  and  f3  intersects 
OJ  in  point  M,  then  M is  a point  of  tangency. 
(115) 

2 Three  points  in  a circle  determine  exactly 
one  central  angle  of  the  circle.  (117) 

3 In  a real-number  line,  there  is  a point  whose 
coordinate  is  V2.  (263) 

4 The  set  of  quadrilaterals  is  a subset  of  the 
set  of  all  trapezoids.  (122) 

5 If  you  use  two  different  unit  segments  to 
measure  a third  segment,  you  will  obtain  two 
different  measures  for  the  third  segment.  (304) 

6 If  MG  is  a median  of  AMLN,  then  G is  the 
midpoint  of  ML.  (127) 

7 In  the  real  plane,  point  (~3,  0)  is  located  in 
the  second  quadrant.  (285) 

8 The  area  of  a parallelogram  is  2 times  the 
area  of  a triangle  with  the  same  base  and  alti- 
tude as  the  parallelogram.  (143) 

9 The  graph  of  { (x,  y)  \ y = x A x + y = 4}  is 
a dot.  The  universe  for  (x,  y)  is  D X D.  (288) 
io  If  the  corresponding  angles  of  two  triangles 
are  congruent,  then  the  triangles  must  be  con- 
gruent. (139) 

Test  154 

For  each  of  exercises  11  through  19,  tabu- 
late the  solution  set  of  the  condition  expressed, 
if  possible.  Otherwise,  write  a standard  de- 
scription of  the  solution  set.  The  universe  for 
each  variable  is  D. 

iu  + >f.  (2*0 

12  5^  + 2^  = 231.  (277) 

13  3m  < 17.  (281 ) 
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Unit  13 


14  m ~ 05  12.7. 

15  2.4/3  ~ (n~  2)/.7. 

16x  + 4 = §Vx  + 3>  |. 

17  ~ (4c  < .8). 

18  a = 3b  A a - b = 12. 

1 9 (x  + 2y  - z — 0)  A (&y  = z)  A (f  — x = -2). 
(290) 

Test  155 

What  words  or  symbols  best  complete  each 
of  the  following  exercises  ? 

20  The  decimal  for  y/9  is  a infinite  deci- 

mal. (262) 

21  The  side  of  a right  triangle  that  is  opposite 
the  right  angle  is  the  — — . ( 330 ) 

22  A standard  name  of  (|)°  X (f)3  is  the  nu- 
meral   . (230) 

23  If  S — {^,  2,  0,  “4,  3},  then  the  intersec- 
tion of  S and  the  set  of  positive  integers  is 

™.  (168) 

24  The  repetend  of  the  decimal  for  ^ is . 

(21s) 

25  A standard  name  of  the  rational  number 

{(x,  y)|(x,  y)  ~ (5,  2)}  is  the  numeral  . 

The  universe  for  (x,  y)  is  Ra  X Ra.  157) 

26  (f)|y  = (f)12  and  \y=\2  are  equivalent 

conditions  because  of  the  property  of 

multiplication  of  real  numbers.  U = D.  (268) 

27  The  numeral expresses  the  product  of 

44,300  and  .0036  in  scientific  notation.  ( 234  ) 

28  10  - _3  = 10  + 3 because  of  the prop- 

erty of  rational  numbers.  (207) 

29  The  multiplicative  inverse  of  ~ 1.4  is 
(209) 

30  V 312  to  the  nearer  tenth  is  (25s) 

31  If  U = D,  the  complement  of  the  set  of  ra- 
tional numbers  is  the  set  of numbers. 

(262) 

32  There  is  at  least  one  real  number  between 
VT  and  any  given  real  number  because  of  the 
property  of  the  set  of  real  numbers. 

(272) 


Formulas 


lesson  page 

168  Relations  determined  byy  = /cx  347 
169  Relations  determined  byy  = /cxJ  350 
170  Relations  determined  by  y = - 354 

fa 

171  Relations  determined  by  Y = ~2  358 
172  Relations  determined  by  conditions 

for  variation  360 

173  Problems  involving  conditions 

for  variation  366 
174  Formulas  derived  from  y/x~/r/l  371 
175  The  use  of  formulas  376 
176  Business  and  science  formulas  380 
177  Perimeter  and  area  formulas  385 


346 


Exploring  ideas 

Relations  determined  by  y = kx 

Up  to  now,  you  have  used  many  kinds  of 
conditions  to  help  you  solve  problems.  In  this 
unit  you  will  study  certain  kinds  of  conditions 
more  thoroughly.  These  conditions  are  useful 
in  solving  business  and  scientific  problems. 

It  is  often  helpful  to  keep  a record  of  cer- 
tain kinds  of  data,  or  information.  You  can 
then  decide  if  the  recorded  data  are  related  in 
some  way.  If  the  quantities  expressed  in  the 
data  are  related,  you  can  use  the  relation  to 
make  predictions  about  quantities  that  are  dif- 
ferent from  those  you  have  already  recorded. 

Study  the  chart  in  d1.  This  chart  is  a record 
of  gas  purchases  and  mileages  that  Mr.  Miller 
kept  on  a cross-country  trip. 

A How  many  miles  did  Mr.  Miller  travel  on 
10  gal.  of  gasoline?  On  8 gal.  of  gasoline? 
b Did  Mr.  Miller  travel  the  same  number  of 
miles  each  time  he  bought  12  gal.  of  gasoline? 
How  many  gallons  of  gasoline  did  he  use  when 
he  traveled  195  mi.  ? When  he  traveled  225  mi.  ? 
c Look  at  d2.  Each  ordered  pair  in  set  S was 
obtained  from  the  chart  in  d1.  How  many 
members  are  there  in  S?  To  what  does  the 
first  component  of  each  member  of  S refer? 
To  what  does  the  second  component  refer? 

D Is  (10,  150)  eS?  How  do  you  know  that 
10/150-1/15? 

e Is  each  of  the  other  ordered  pairs  in  S equiv- 
alent to  1/15?  How  do  you  know? 
f Now  look  at  d3.  What  condition  is  ex- 
pressed by  sentence  A?  What  is  the  universe 
for  (x,y)? 


Number  of  miles  traveled 

Number  of 
gallons  bought 

I 


10 

150 

12 

180 

15 

225 

8 

120 

13 

195 

11 

165 

12 

180 

9 

135 

d1 


S = {(10,  150),  (12,  180),  (15,  225), 
(8,  120),  (13,  195),  (11,  165), 
(9,  135)}. 

d2 


Universe  for  (x,  y)  = D X D. 

A x/y~  1/15. 

B y—l5x. 

d3 

q How  can  you  obtain  x • 15  =y  from  condi- 
tion A?  How  can  you  obtain  condition  B 
from  x • 15  = yl 

H Is  each  member  of  S,  tabulated  in  d2,  a so- 
lution of  condition  B?  Is  (1,  15)  a solution? 
Is  (-6,  _90)  a solution? 
i Is  {(x,  y)\y  = 15x}  a finite  set?  Is  it  an  in- 
finite set  ? Is  S a subset  of  { (x,  y)  \ y = 1 5x}  ? 

J How  do  you  know  that  {(x,  y)\y  = 15x}  is 
a proportional  relation  ? 

K Look  again  at  d2.  For  each  member  of  S,  is 
the  second  component  equal  to  the  product  of 
15  and  the  first  component? 
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l In  { (jc,  y)\y  = 15.x},  the  second  component 
of  each  element  is  equal  to  the  product  of  what 
number  and  the  first  component? 

For  each  member  of  {Gc,  y)\y==  15.x},  y is 
equal  to  the  product  of  1 5 and  *.  Therefore,  we 
say  that  y changes  directly,  or  varies  directly , 
as  x changes,  or  varies.  In  y = 15.x,  notice  that 
15  does  not  vary,  but  remains  the  same,  or 
constant.  15  is  the  constant  (kon'stsnt)  of  vari- 
ation (var'e  a^shon).  y = 15.x  is  a condition  for 
direct  variation. 

Suppose  that  the  solution  set  of  a given  con- 
dition is  a set  of  ordered  pairs.  Suppose  also 
that  the  second  component  of  each  ordered 
pair  in  this  set  is  equal  to  the  product  of  a con- 
stant of  variation  and  the  first  component. 
Then  the  solution  set  of  the  condition  is  a pro- 
portional relation,  and  the  given  condition  is  a 
condition  for  direct  variation. 

M Can  you  use  (jc,  15x)  to  represent  each  mem- 
ber of  {(jc,  y)  \y  = 15jc}  ? Explain  your  an- 
swer. The  universe  for  (x,  y)  is  D X D. 

N Look  at  d4.  Is  condition  C a condition  for 
equivalence?  Name  the  variables  in  the  con- 
dition. How  was  condition  D obtained  from 
condition  C?  Are  the  two  conditions  equiva- 
lent? 

Any  condition  that  is  obtained  from  condi- 
tion D by  making  a replacement  for  A:  is  a con- 
dition for  direct  variation.  A condition  that  is 
obtained  in  this  way  is  a condition  of  the  form 
y = kx.  In  the  condition  y = kx , the  variable  k 
is  a variable  for  the  constant  of  variation, 
o What  replacement  was  made  for  k '\ny  = kx 
to  obtain  condition  E,  expressed  in  d4  ? What 
is  the  constant  of  variation  in  condition  E? 
Why  can  you  use  (jc,  3jc)  to  represent  each 
member  of  the  solution  set  of  this  condition  ? 
p Is  the  solution  set  of  condition  E a propor- 
tional relation  ? How  do  you  know  that  con- 
dition E is  a condition  for  direct  variation  ? 


Universe  for  each  variable  = D. 
c x/y  ~ 1 /k. 

D y = kx. 

E y = 3jc.  G y = ~2x. 

F y = ~lx.  H j = |x. 

d4 


Universe  for  ( x , y)  = D X D. 
i y = \x. 
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q Now  look  at  sentences  F,  G,  and  H in  d4. 
Name  the  constant  of  variation  in  the  condi- 
tion expressed  by  each  of  these  sentences. 

R How  do  you  know  that  conditions  F,  G, 
and  H are  conditions  for  direct  variation  ? 
s Look  again  at  sentence  D.  Why  can  you  use 
(x,  kx)  to  represent  each  member  of  the  solu- 
tion set  of  condition  D ? 

In  the  following  exercises,  you  will  learn  how 
to  make  a graph  of  the  solution  set  of  a condi- 
tion of  the  form  y = kx. 

A What  condition  is  expressed  in  d5  ? 

B How  do  you  know  that,  in  condition  I,  y 
varies  directly  as  jc  varies  ? Name  the  constant 
of  variation  in  condition  I. 

C Make  a chart  to  help  you  find  some  of  the 
solutions  of  y = \x.  Use  ~3,  “2,  0,  1,  and  3 as 
replacements  for  jc. 

d Study  your  chart.  As  the  replacements  for  x 
in  y = |jc  become  greater,  what  do  you  notice 
about  the  replacements  for  y ? What  ordered 
pairs  can  you  obtain  from  your  chart  ? 

E Now  look  at  the  graph  in  d6.  What  are  the 
coordinates  of  the  origin?  Of  point  A?  Of 
point  B?  Is  each  of  these  points  associated 
with  an  ordered  pair  that  you  named  for  ex- 
ercise D ? 
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f Are  the  dots  for  point  A,  point  B,  and 
point  O in  the  graph  of  {(x,  y)\y  = fx}  ? Is 
each  of  the  points  contained  in  / { ? 

The  picture  of  is  a graph  of  the  solution 
set  of  y = \ x.  Line  i 1 is  the  locus  of  { (jc,  >-)  | 
y = }*} . The  locus  of  the  solution  set  of  a condi- 
tion is  the  set  of  points  associated  with  the  ele- 
ments of  the  solution  set.  Each  element  of  the 
solution  set  is  associated  with  a point  in  the 
locus,  and  each  point  in  the  locus  is  associated 
with  an  element  of  the  solution  set.  The  locus 
of  the  solution  set  of  any  condition  of  the  form 
y = kx  is  a line  that  contains  the  origin. 


Number  of  cents  of  cost 

Number  of 

pencils  bought 

1 

3 

15 

2 

10 

5 

25 

10 

50 

4 

20 
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lo  cus  of  the  solution  set  of  a condition 

(lc/kas).  The  set  of  points  that  are  associated 
with  the  elements  of  the  solution  set  of  a con- 
dition. 


Universe  for  (x,  y)  = DXD. 

second 

axis 

3 


{(*>  = H 

Incomplete  graph 
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In  this  lesson  you  learned  that,  if  a condition 
is  of  the  form  y = kx,  then  y varies  directly  as 
x varies.  You  also  learned  that  k is  a variable 
for  the  constant  of  variation  in  y = kx  and  that 
the  locus  of  the  solution  set  of  a condition  of 
the  form  y = kx  is  a line  that  contains  the 
origin. 

On  your  own 

Use  the  chart  in  d7  in  connection  with  exer- 
cises 1 through  5. 

] What  is  the  cost  of  5 pencils?  Of  10  pen- 
cils? How  many  pencils  can  be  bought  for 
20*?  For  15*? 

2 Tabulate  the  set  of  ordered  pairs  that  you 
can  obtain  from  the  chart.  Use  the  number  of 
pencils  bought  as  the  first  component  of  each 
rate  pair.  Use  the  cost  in  cents  as  the  second 
component.  Use  T as  a name  of  the  set. 

3 Is  each  member  of  T equivalent  to  1/5? 
The  second  component  of  each  member  is  the 
product  of  what  number  and  the  first  com- 
ponent ? 

4 Is  T a subset  of  {(x,  y)  \y  = 5x}  ? The  uni- 
verse for  (x,  y)  is  D X D.  What  is  the  constant 
of  variation  in  y = 5x  ? 

5 Make  a graph  of  {(x,  y)\y  = 5x}.  What  is 
the  locus  of  ((x,  y)\y  = 5x}  ? 
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Universe  for  (x,  j)  = DXD. 
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Use  the  graphs  in  d8  for  exercises  6 through 
10.  Each  line  represented  in  d8  contains  the 
origin.  The  universe  for  (x,  y)  is  D X D. 

6 (2  is  the  locus  of  the  solution  set  of  a condi- 
tion. The  coordinates  of  point  G are  (1,  £). 
Is  1 2 the  locus  of  {(x,  y)  \y  = \x)  ? Explain 
your  answer. 

7 In  the  condition  y = \x,  does  y vary  directly 
as  x varies  ? What  is  the  constant  of  variation 
in  y = \x  ? 

8 The  coordinates  of  point  H are  (1,  2%). 
f3  is  the  locus  of  the  solution  set  of  what  condi- 
tion? 

9 The  coordinates  of  point  M are  (1,  _lf). 
f4  is  the  locus  of  the  solution  set  of  what  con- 
dition ? 

10  The  coordinates  of  point  J are  (1,  ~2). 
i5  is  the  locus  of  the  solution  set  of  what  con- 
dition ? 

Make  a graph  of  the  solution  set  of  each 
condition  expressed  in  exercises  1 1 through  16. 
The  universe  for  (x,  y)  is  D X D. 

11  y = \x.  1 3 y = 4x.  1 5 y = ~x. 

12  y = \x.  14  y — _3x.  1 6 y — 2x. 
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Exploring  ideas 


Relations  determined  by  y = kx2 

In  the  last  lesson  you  studied  sets  of  ordered 
pairs  that  can  be  obtained  from  certain  kinds 
of  data.  From  these  sets  you  developed  con- 
ditions of  the  form  y = kx.  In  this  lesson  you 
will  study  sets  of  ordered  pairs  from  which  you 
can  develop  another  kind  of  condition. 

For  example,  think  about  a situation  in 
which  an  object  such  as  a ball  is  released  from 
a height.  It  is  possible  to  determine  how  many 
feet  the  ball  will  drop  in  1 second,  in  2 sec- 
onds, in  3 seconds,  and  so  on.  The  chart  in  d1 
gives  the  distances  the  ball  will  drop  if  it  falls 
for  1 second,  for  2 seconds,  for  3 seconds,  and 
for  4 seconds,  x is  a variable  for  the  number  of 
seconds;  y is  a variable  for  the  total  number  of 
feet. 

a Study  the  chart.  How  many  feet  will  the  ball 
drop  in  the  first  second  ? In  the  first  2 seconds  ? 
In  the  first  3 seconds  ? In  the  first  4 seconds  ? 
b As  the  ball  drops,  does  its  speed  increase, 
decrease,  or  remain  the  same?  How  do  you 
know? 

C Tabulate  the  set  of  all  (x,  y)  that  you  can 
obtain  from  the  chart  in  d1. 
d Look  at  d2.  Is  M the  same  set  as  the  set  that 
you  tabulated  for  exercise  C ? 

Set  M is  a relation.  A relation  is  any  set  of 
ordered  pairs.  In  the  last  lesson  you  discovered 
that  {(x,  y)  \y  = kx)  is  a proportional  relation. 
E Look  again  at  d2.  Is  M a proportional  rela- 
tion? How  do  you  know? 

You  know  that,  for  each  (x,  y)  that  satisfies 
a condition  of  the  form  y = kx,  the  compo- 
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M = {(1,  16),  (2,64),  (3,  144), 
(4,  256)}. 
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Universe  for  (jj)  = DXD. 
A y=  16x2. 


Universe  for  x and  y = D. 

B y = kx 2. 

C y = 16x2. 

D y = ~±x2. 

E y = (V 2)x2. 
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nents  are  related  in  a special  way : y is  equal  to 
the  product  of  a constant  of  variation  and  x. 

F Think  about  the  members  of  M.  By  what 
number  can  you  multiply  the  first  component 
of  (1,  16)  to  obtain  the  second  component? 
By  what  number  can  you  multiply  the  first 
component  of  (2,  64)  to  obtain  the  second 
component? 

G For  both  of  your  answers  to  exercise  F,  did 
you  obtain  the  same  number?  Is  there  one 
number  by  which  you  can  multiply  the  first 


component  of  each  member  of  M to  obtain 
the  second  component? 

Now  you  will  see  how,  for  each  member  of 
M,  y is  related  to  the  square  of  x. 

H Study  the  chart  in  d3.  How  does  this  chart 
differ  from  the  chart  in  d1  ? 
i Look  at  the  numerals  in  the  row  opposite 
the  letter  y in  d3.  Look  also  at  the  numerals  in 
the  row  opposite  the  symbol  x2.  16  is  the  prod- 
uct of  what  number  and  1 ? 64  is  the  product 
of  what  number  and  4?  144  is  the  product  of 
what  number  and  9?  256  is  the  product  of 
what  number  and  16? 

j Remember  that  the  set  tabulated  in  d2  is 
the  set  of  all  (x,  y)  that  you  can  obtain  from 
the  charts  in  d1  and  d3.  For  each  (x,  y)  in 
set  M,  is  y equal  to  the  product  of  16  and  x2? 

K What  condition  is  expressed  in  d4?  How 

do  you  know  that  set  M is  a subset  of 
{(x,  y)\y—  16x2}  ? 

For  each  ordered  pair  in  the  solution  set  of 
y = 16x2,  y is  equal  to  the  product  of  16  and  x2. 
For  this  reason,  we  say  that,  in  y=  16x2,  y 
varies  directly  as  x2  varies.  16  is  the  constant  of 
variation. 

l Can  you  use  (x,  16x2)  to  represent  each 
member  of  {(x,  y) \y  = 16x2}  ? 

M Now  look  at  sentence  B in  d5.  What  is  the 
universe  for  x and  y ? 

n The  universe  for  k in  y = kx2  is  the  set  of 
non-zero  real  numbers.  This  set  contains  every 
real  number  except  0.  What  replacement  was 
made  for  k in  y = kx2  to  obtain  condition  C ? 
To  obtain  condition  D?  To  obtain  condi- 
tion E? 

o Conditions  C,  D,  and  E are  conditions  of 
the  form  y = kx2.  In  condition  C,  you  know 
that  y varies  directly  as  x2  varies,  and  16  is  the 
constant  of  variation.  In  conditions  D and  E, 
does  y vary  directly  as  x2  varies  ? What  is  the 
constant  of  variation  in  each  condition  ? 
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In  the  work  that  follows,  you  will  study 
graphs  of  solution  sets  of  conditions  of  the 
form  y = kx2. 

A Suppose  that  you  replace  k by  2 in  y = kx2. 
What  condition  do  you  obtain  ? 
b Make  a chart  from  which  you  can  obtain 
some  members  of  { (x,  y)  \ y = 2x2} . Use  _2, 
“1,  0,  1,  and  2 as  replacements  for  x. 
Then  tabulate  the  set  of  (x,  y)  that  you  can  ob- 
tain from  your  chart. 

c Now  look  at  the  graph  in  d6.  Each  point 
named  by  a letter  is  associated  with  an  (x,  y) 
that  you  can  obtain  from  your  chart.  For  ex- 
ample, point  R is  associated  with  (“2,  8). 
What  are  the  coordinates  of  point  V?  What 
are  the  coordinates  of  point  W ? Of  point  Q ? 
Of  point  O ? 

If  you  continue  to  locate  points  associated 
with  members  of  {(x,  y)  \y  = 2x2},  you  will  find 
that  all  these  points  are  contained  in  the  curve 
represented  in  d6.  Notice  that  the  curve  is 
named  “pi.” 

D Does  Pi  contain  the  origin  ? 

Curve  p!  is  the  locus  of  { (x,  y)  \ y = 2x2} . 
The  locus  of  the  solution  set  of  a condition  of 
the  form  y = kx 2 is  a special  kind  of  curve 
known  as  a parabola  (pa  rab-'a  la).  The  uni- 
verse for  x and  y is  D.  The  universe  for  k is  the 
set  of  non-zero  real  numbers.  The  locus  of 
{(x,  y)\y  = 2x2},  represented  in  d6,  is  an  ex- 
ample of  a parabola. 


In  lesson  168  you  learned  that  the  solution  set 
of  a condition  of  the  form  y = kx  is  a pro- 
portional relation.  You  also  learned  that,  if 
y = kx,  then  y varies  directly  as  x varies.  In 
this  lesson  you  discovered  that  the  solution  set 
of  a condition  of  the  form  y = kx2  is  not  a pro- 
portional relation.  Thus,  y does  not  vary  di- 
rectly as  x varies,  but  y does  vary  directly  as 


Universe  for  (x,  j)  = DXD. 


Incomplete  graph 
{(x,  y)\y  = 2x2) 
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x2  varies.  You  also  learned  that  the  locus  of 
{(x,  y)  \y  = kx2}  is  a parabola. 

On  your  own 

For  each  of  exercises  1 through  5,  tabulate 
the  set  of  (x,  y)  that  you  can  obtain  from  the 
chart.  Then  tell  whether  the  ordered  pairs 
satisfy  a condition  of  the  form  y = kx  or  a 
condition  of  the  form  y = kx2.  Finally,  write 
a sentence  that  expresses  the  condition.  For 
some  of  the  exercises,  it  will  be  helpful  to  find 
replacements  for  x2. 


X 

~~2 

“1 

0 

1 

2 

y 

4 

2 

0 

~2 

^4 

X 

“3 
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2 

5 

0 
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9 

1 

4 

25 

0 

144 
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Universe  for  (x,  y)  = D X D. 


6 Look  at  d7.  Each  point  named  by  a letter 
is  associated  with  one  of  the  ordered  pairs  ex- 
pressed below.  Name  the  point  associated  with 
each  of  these  ordered  pairs. 

(“3,3)  C2,l3)  0,5)  (0,0) 

(1,1)  (2,11)  (3,3) 

7 Think  about  the  ordered  pairs  named  in 
exercise  6.  In  each  case,  is  the  second  compo- 
nent the  product  of  | and  the  square  of  the 
first  component?  What  condition  of  the  form 
y = kx 2 is  satisfied  by  each  of  these  ordered 
pairs  ? What  is  the  constant  of  variation  in  the 
condition  ? 

8 p2,  represented  in  d7,  is  the  locus  of  a solu- 
tion set  of  a condition.  Write  a standard  de- 
scription of  this  solution  set. 

9 Now  look  at  d8.  Each  point  named  by  a let- 
ter is  associated  with  one  of  the  ordered  pairs 
expressed  below.  Name  the  point  associated 
with  each  of  these  ordered  pairs. 

C3l"3)  (“2,-11)  ri,l)  (0,0) 

(1,  |)  (2,-l|)  (3,-3) 

1 0 What  condition  of  the  form  y = kx 2 is  satis- 
fied by  each  of  the  ordered  pairs  named  in 
exercise  9 ? What  is  the  constant  of  variation 
in  the  condition  ? 

11  p3,  represented  in  d8,  is  the  locus  of  a solu- 
tion set  of  a condition.  Write  a standard  de- 
scription of  this  solution  set. 

12  How  do  you  know  that  p2,  represented  in 
d7,  and  p3,  represented  in  d8,  are  parabolas? 
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Exploring  ideas 


Relations  determined  by  y = £ 

s\ 

So  far  in  this  unit,  you  have  studied  condi- 
tions of  the  form  y = kx  and  y = kx2.  In  this 
lesson  you  will  study  another  kind  of  condi- 
tion. As  in  the  two  preceding  lessons,  you  will 
first  obtain  a set  of  ordered  pairs  from  certain 
data.  Then  you  will  find  a condition  whose 
solution  set  contains  these  ordered  pairs. 

Mr.  Dirkman  plans  to  have  the  outside  of 
his  house  painted.  The  time  required  to  paint 
the  house  depends  on  how  many  painters  are 
hired.  The  chart  in  d1  tells  how  many  hours  it 
will  take  a given  number  of  painters  to  paint 
the  house. 

A Study  the  chart  in  d1  . x refers  to  the  number 
of  painters  hired,  and  y refers  to  the  number  of 
hours  required  to  paint  the  house.  You  can  see 
that  1 painter  takes  40  hours  to  paint  the 
house.  How  many  hours  will  2 painters  take? 
How  many  hours  will  3 painters  take?  How 
many  hours  will  4 painters  take  ? 
b How  many  painters  are  needed  to  paint  the 
house  in  20  hours  ? In  8 hours  ? 
c Tabulate  the  set  of  all  (x,  y)  that  you  can 
obtain  from  the  chart  in  d1. 
d Look  at  d2.  Is  set  S the  same  as  the  set  that 
you  tabulated  for  exercise  C ? 

In  the  following  exercises,  you  will  find  a 
condition  whose  solution  set  includes  set  S. 
First  you  will  discover  that  the  form  of  this 
condition  is  neither  y = kx  nor  y = kx2. 

E Is  (l,40)eS?  By  what  number  can  you 
multiply  the  first  component  of  (1,  40)  to  ob- 
tain the  second  component  ? 


S = {(1,  40),  (2,20),  (3,  13}), 
(4,  10),  (5,8)}. 
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f Is  (3,  13})  € S?  By  what  number  can  you 
multiply  the  first  component  of  (3,  13})  to  ob- 
tain the  second  component? 

G How  do  you  know  that  set  S cannot  be  de- 
termined by  a condition  of  the  form  y = kxl 
H For  each  member  of  set  S,  find  the  square 
of  the  first  component. 

l Is  (2,  20)  € S ? By  what  number  can  you 
multiply  the  square  of  the  first  component  of 
(2,  20)  to  obtain  the  second  component? 
j Is  (4,  10)  e S?  By  what  number  can  you 
multiply  the  square  of  the  first  component  of 
(4,  10)  to  obtain  the  second  component? 

K How  do  you  know  that  set  S cannot  be 
determined  by  a condition  of  the  form 
y = kx2  ? 

You  can  see  that  set  S is  not  included  in  the 
solution  set  of  either  a condition  of  the  form 
y = kx  or  a condition  of  the  form  y = kx2.  To 
help  you  find  a condition  whose  solution  set 
does  include  set  S,  you  will  next  decide  how 
y is  related  to  the  multiplicative  inverse  of  x 
in  each  member  of  set  S.  Remember  that  the 
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multiplicative  inverse  of  x is  the  same  as  the 
reciprocal  of  x. 

l Is  | the  multiplicative  inverse  of  x?  Is  1 the 
multiplicative  inverse  of  1 ? Is  \ the  multipli- 
cative inverse  of  2 ? 

m What  is  the  multiplicative  inverse  of  3 ? Of 
4?  Of  5? 

N Now  study  the  chart  in  d3.  How  does  this 
chart  differ  from  the  chart  in  d1  ? 
o By  what  number  can  you  multiply  the  multi- 
plicative inverse  of  1 to  obtain  40?  By  what 
number  can  you  multiply  the  multiplicative  in- 
verse of  2 to  obtain  20  ? 

p Is  there  one  number  by  which  you  can  mul- 
tiply the  multiplicative  inverse  of  each  x that 
is  expressed  in  the  chart  in  d3  to  obtain  the 
corresponding  y ? What  is  this  number  ? 
q Does  each  (x,  y)  expressed  in  the  chart  in 

d3  satisfy  y = 40(^)  ? 

R Now  look  at  d4.  What  condition  is  ex- 
pressed by  sentence  A ? By  sentence  B ? What 
is  the  universe  for  (x,  y)  ? 

s Is  the  product  of  40  and  ^ the  same  as  the 

quotient  of  40  and  x?  Does  condition  B have 
the  same  solution  set  as  condition  A?  Is  this 
set  a finite  set,  or  is  it  an  infinite  set? 

T Remember  that  set  S,  tabulated  in  d2,  is 
the  set  of  all  (x,  y)  that  you  obtained  from 
the  chart  in  d1.  Is  set  S a subset  of  the  solution 
set  of  condition  B ? Explain  your  answer, 
u How  do  you  know  that  (8,  5)  is  a member 

of  {(x,y)\y  = ? Is  the  second  component 

of  (8,  5)  equal  to  the  product  of  40  and  the 
multiplicative  inverse  of  the  first  component? 

v For  each  member  of  {(x,  y)\y  = ^},  is  the 

second  component  equal  to  the  product  of  40 
and  the  multiplicative  inverse  of  the  first  com- 
ponent? 


Universe  for  (x,  y)  = D X D. 

A^  = 40(i).  ■ y-Q 

d4 


Universe  for  x and  y = D. 
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For  each  (x,  7)  that  satisfies  y = — , y is 
equal  to  the  product  of  40  and  For  this  rea- 
son, we  say  that  y varies  directly  as  ^ varies. 
Since  is  the  multiplicative  inverse  of  x,  we 

also  say  that  y varies  inversely  as  x.  The  con- 
stant of  variation  is  40.  If,  for  each  (x,  j)  that 
satisfies  a condition,  y is  the  product  of  the 
constant  of  variation  and  then  y varies  in- 
versely as  x. 

You  have  studied  one  condition  in  which  y 
varies  inversely  as  x.  Now  you  will  study  other 
conditions  of  this  type. 

a Sentence  C in  d5  expresses  what  condition  ? 
What  is  the  universe  for  x and  y ? The  universe 
for  k is  the  set  of  non-zero  real  numbers. 

B What  replacement  was  made  for  k in  condi- 
tion C to  obtain  condition  D ? To  obtain  con- 
dition E?  To  obtain  condition  F? 

You  already  know  that,  in  condition  D,  y 
varies  inversely  as  x,  and  40  is  the  constant  of 
variation. 

c In  each  of  conditions  E and  F,  what  is  the 
constant  of  variation?  Does  y vary  inversely 
as  x? 
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Conditions  D,  E,  and  F are  conditions  of 
the  form  = ^-  The  variable  for  the  constant 
of  variation  is  k. 

Next  you  will  study  the  locus  of  the  solu- 

k 

tion  set  of  a condition  of  the  form  y — -g 

k 

D Suppose  that  you  replace  k by  2 in  y = 
What  condition  do  you  obtain  ? 

2 

E What  is  the  constant  of  variation  in  y = - ? 
F Make  a chart  to  help  you  obtain  some  of 

9 

the  members  of  {Or,  y)  \y  = -}.  Use  3,  2, 

“1,  1,  2,  and  3 as  replacements  for  x.  Then 
tabulate  the  set  of  (x,  y)  that  you  can  obtain 
from  your  chart.  U = DXD. 

G Now  look  at  the  graph  in  d6.  Each  point 
named  by  a letter  is  associated  with  an  (x,  y) 
that  you  can  obtain  from  your  chart.  What  are 
the  coordinates  of  point  H ? Of  point  K ? Of 
point  M ? 

If  you  continue  to  locate  points  associated 
2 

with  members  of  {(x,  y)  \ y = -},  you  will  find 
that  all  these  points  are  contained  in  the  two- 
part  curve  represented  in  d6.  This  curve  is  the 
2 

locus  of  {(x,  y)  \y  = ^}.  A locus  such  as  this  is 
a hyperbola  (hi  peUba  le').  The  locus  of  the  so- 
lution set  of  any  condition  of  the  form  y = ^ 
is  a hyperbola. 

H Is  (0,0)  an  element  of  {(x,  y) \y  = -|}  ? Is 
(0,  2)  an  element?  Is  (2,  0)  an  element? 

2 

l Explain  why  there  is  no  solution  of  y = - 
that  has  0 as  either  of  its  components, 
j How  do  you  know  that  {(x,  y)\xy  = 2)  is 

2 

the  same  set  as  {(x,  y)  \y  = ? The  universe 

for  (x,  y)  is  D X D. 

K Look  again  at  d6.  Which  quadrant  includes 
the  part  of  the  hyperbola  that  is  associated 
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Universe  for  (x,  j)  = DXD. 


Ux,y)\y  = ^} 
Incomplete  graph 

d6 


2 

with  the  solutions  of  y = * that  have  positive 
components?  Which  quadrant  includes  the 
part  of  the  hyperbola  that  is  associated  with 
the  solutions  that  have  negative  components  ? 

Notice  that  the  first  coordinate  of  point  I is 
greater  than  the  first  coordinate  of  point  H, 
and  that  the  first  coordinate  of  point  J is 
greater  than  the  first  coordinate  of  point  I. 

L Explain  how  the  second  coordinate  of 
point  I compares  with  the  second  coordinate 
of  point  H.  Compare  the  second  coordinate 
of  point  J with  the  second  coordinate  of 
point  I. 
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m Suppose  that  points  (a,  b ) and  (c,  d)  are 
members  of  that  part  of  the  locus  of  the  so- 
2 

lution  set  of  y = - that  is  included  in  the  first 
quadrant.  If  a is  greater  than  c,  how  does  b 
compare  with  dl  Explain  your  answer. 

In  this  lesson  you  studied  relations  determined 
by  conditions  in  which  y varies  inversely  as  x. 
You  learned  that  the  locus  of  the  solution  set 

of  a condition  of  the  form  y = | is  a hyper- 
bola. 

On  your  own 

For  exercises  1,  2,  and  3,  tabulate  the  set  of 
(x,  y ) that  you  can  obtain  from  the  chart.  Then 
tell  which  kind  of  condition  is  satisfied  by  the 
ordered  pairs : a condition  of  the  form  y = kx, 

of  the  form  y = kx2,  or  of  the  form  y = ^‘ 


4 Q = {("3,  2),  r 2,  3),  Cl,  6),  (1,  “6),  (2,  “3), 
(3,  -2)}.  Which  of  the  conditions  expressed 
below  is  satisfied  by  each  member  of  Q ? The 
universe  for  (x,  y)  is  D X D. 

y = ~6x.  y = y = 6x. 

y=  y.  y = 6x2.  y = ~6x2. 

5 Look  at  d7.  Each  of  points  A,  B,  C,  D,  E, 
and  F is  associated  with  a member  of  set  Q. 
Name  the  coordinates  of  each  of  these  points. 
The  hyperbola  that  contains  these  points  is  the 
locus  of  what  solution  set? 


Universe  for  (x,  y)  = D X D. 


{(x,y)jy=  f) 
Incomplete  graph 
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6 Does  (0,  0)  satisfy  y = Is  the  origin 

contained  in  the  locus  of  Ux,  y)  |y  ? 

7 Why  does  neither  the  first  quadrant  nor  the 
third  quadrant  contain  points  in  the  locus  of 

the  solution  set  of  y = 

8 Now  make  a chart  to  help  you  find  some 
solutions  of  y = Use  ~6,  -3,  ~2,  ~1,  1,  2,  3, 
and  6 as  replacements  for  x.  U = D X D. 

9 Tabulate  the  set  of  (x,  y)  that  you  can  ob- 

tain from  the  chart  you  made  for  exercise  8. 
io  Which  quadrants  contain  points  in  the  lo- 
cus of  {Oc,  y)|y  = ? 

For  each  condition  expressed  below,  decide 
if  y varies  directly  as  x varies,  or  if  y varies 
inversely  as  x. 

iiy=12x.  I3y  = ~llx. 

-A 

12  y = -.  1 4 xy  = 20. 


32j 
x * 

16  xy  = ~100. 


,5^  = -3T 
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Universe  for  (x,  j)  = D X D. 


13 
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Exploring  ideas 


Relations  determined  by  y = t 

This  lesson  concerns  a fourth  kind  of  condi- 
tion for  variation.  First  you  will  study  such  a 
condition.  Then  you  will  examine  the  ordered 
pairs  that  satisfy  the  condition. 
a Study  condition  A,  expressed  in  Dl.  What  is 
the  universe  for  (x,  y)  ? 

Condition  A tells  you  that,  for  each  (x,  y), 
y must  be  equal  to  the  quotient  of  16  and  x2. 

b Is  ^ the  multiplicative  inverse  of  x2?  For 
each  x,  is  16(^2)  = ^2? 

c For  each  (x,  y)  that  satisfies  y = is  y 
equal  to  the  product  of  16  and  the  multipli- 
cative inverse  of  x2  ? 

For  each  member  of  {(x,  y)|y  = ^J},  y is 
equal  to  the  product  of  16  and  |r2.  This  means 
that,  in  y = y varies  directly  as  ^ varies. 

Since  is  the  multiplicative  inverse  of  x2,  we 

say  that  y varies  inversely  as  the  square  of  x, 

or  y varies  inversely  as  x2.  The  constant  of  vari- 

..  • 16. 
ation  in  y = -p  is  16. 


Universe  for  (x,  y)  = D X D. 
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Ux,  y)\y  = ^> 
Incomplete  graph 
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d How  can  you  obtain  y = ^ from  y = 

The  universe  for  x and  y is  D.  The  universe  for 
k is  the  set  of  non-zero  real  numbers. 

E In  any  condition  of  the  form  y = ^,y  varies 
inversely  as  the  square  of  x.  What  is  the  vari- 
able for  the  constant  of  variation  in  y = ^2? 
f Now  look  at  the  chart  in  d1.  Tabulate  the 
set  of  (x,  y)  that  you  can  obtain  from  the  chart. 
Use  the  letter  “B”  to  name  the  set  you  tabu- 
lated. 

G For  each  member  of  set  B,  is  y equal  to  the 
product  of  1 6 and  the  multiplicative  inverse  of 
the  square  of  x ? 
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H Is  each  member  of  B a solution  of  y = 

How  do  you  know  that  B is  a subset  of 

Ux,y)\y  = l£ !? 

Now  you  will  use  the  members  of  B to  help 
you  make  a graph  of  the  solution  set  of  y = 
i Look  at  the  graph  in  d2.  Each  of  points  C 
through  H is  associated  with  a member  of  B. 
Give  the  coordinates  of  each  point.  In  which 
quadrants  are  these  points  contained? 

Each  member  of  the  solution  set  of  y = 
is  associated  with  a point  in  the  two-part  curve 
represented  in  d2;  and  each  point  in  this  curve 
is  associated  with  a member  of  the  solution  set 

of  y — ij.  Therefore,  the  two-part  curve  rep- 
resented in  d2  is  the  locus  of  {(x,  y)  \y  = -?J}. 

J Explain  why  there  is  no  solution  of  y = ^ 
that  has  0 as  either  of  its  components. 

For  any  condition  of  the  form  y = the 
locus  of  the  solution  set  is  a two-part  curve 
like  the  curve  represented  in  d2. 

In  this  lesson  you  studied  a set  of  ordered  pairs 

that  satisfy  a condition  of  the  form  y = \ r 

You  also  studied  the  locus  of  the  solution  set 

k 

of  a condition  of  the  form  y = 

On  your  own 

In  each  of  the  following  exercises,  the  uni- 
verse for  x and  y is  D. 

1 Which  conditions  expressed  below  are  of 
the  form  y = 

y = b-  y=~14(&>-  y = x2-  y= I 

2 Make  a chart  to  help  you  find  members  of 

— g 

the  solution  set  of  y = Use  4,  2,  1,1, 

2,  and  4 as  replacements  for  x. 


Universe  for  (x,  y)  = D X D. 


{(x,y)\y=  |j) 
Incomplete  graph 


d3 

3 The  graph  in  d3  is  a graph  of  the  solution 

— g 

set  of  y=  ^2.  Is  the  two-part  curve  repre- 
sented  in  d3  the  locus  of  {(x9y)\y=  ? 

4 Name  the  additive  inverse  of  ~8. 

5 Make  a chart  to  help  you  find  members  of 

8 _ _ __ 

the  solution  set  of  y = Use  4,  2,  1,1,2, 
and  4 as  replacements  for  x. 

6 In  which  quadrants  is  the  locus  of  the  solu- 

8 

tion  set  of  y = 
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Exploring  ideas 


Relations  determined  by 
conditions  for  variation 


So  far  in  this  unit,  you  have  worked  with 
conditions  of  the  following  forms : y = kx, 

k fa 

y = kx2,  y = x’  and  y = 3c2-  In  this  lesson  you 


will  review  these  conditions. 
a What  condition  is  expressed  by  sentence  A 
in  d1  ? How  many  times  is  x used  as  a factor 
in  condition  A?  Is  condition  A of  the  form 
y = kxl 

B Does  y vary  directly  as  x varies  in  y — ~5x  ? 
y is  equal  to  the  product  of  what  number  and  x ? 
What  is  the  constant  of  variation  in  y = ~5x  ? 
c You  can  use  your  knowledge  of  the  prod- 
ucts of  real  numbers  to  decide  what  kinds  of 
solutions  condition  A has.  If  x is  replaced  by  a 
negative  number,  how  do  you  know  that  the  y 
that  satisfies  y = ~5x  is  positive  ? If  x is  re- 
placed by  a positive  number,  what  do  you 
know  about  the  y that  satisfies  y = ~5x? 

D What  replacements  for  x are  named  in  the 
chart  in  d 1 ? If  x is  replaced  by  \,  what  y satis- 
fies condition  A ? If  x is  replaced  by  1 , what  y 
satisfies  the  condition  ? 

A graph  of  {(x,  y)  |y  = ~5x}  is  shown  in  d1. 
Study  the  graph. 

E Is  (0,  0)  an  element  of  {(x,y)\y  = “5x}  ? Is 
the  dot  for  the  origin  in  the  graph  of  the  solu- 
tion set  of  condition  A ? 

F Each  of  points  M and  N is  in  l\.  Use  the 
chart  in  Dl  to  help  you  name  the  coordinates 
of  points  M and  N.  Is  l\  the  locus  of  the  solu- 
tion set  of  y = _5x? 


G Look  at  d2.  What  condition  is  expressed  by 
sentence  B?  What  power  of  x is  in  condi- 
tion B ? Is  condition  B of  the  form  y = kx2  ? 

H Does  y vary  directly  as  x2  varies  in  condi- 
tion B?  Name  the  constant  of  variation  in 
condition  B. 

i For  each  x,  is  x2  a non-negative  number? 

How  do  you  know?  If  x is  replaced  by  a 
number  other  than  0,  what  do  you  know  about 
the  y that  satisfies  y = _3x2? 
j Now  look  at  the  chart  in  d2.  If  x is  re- 
placed by  “1,  what  y satisfies  y = _3x2  ? If  x is 
replaced  by  1 , what  y satisfies  y = ~3x2  ? 


Universe  for  (xj)  = DXD. 
A y = ~ 5x. 
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Universe  for  (x,  y)  = D X D. 
B y — ~3x2. 
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k What  y satisfies  condition  B if  x is  replaced 
by  5?  By  5?  What  y satisfies  condition  B if  x 
is  replaced  by  5?  By  5? 

L Suppose  that  you  replace  x in  y = ~3x2  first 
by  a given  number,  and  then  by  the  additive 
inverse  of  the  given  number.  What  can  you  say 
about  the  y that  satisfies  the  condition  in  each 
case? 

Now  study  the  graph  of  {(x,  y)  \y  = ~3x2} 
shown  in  d2. 


m Use  the  chart  in  d2  to  help  you  name  the 
coordinates  of  points  A through  F.  Each  of 
these  points  is  in  the  locus  of  the  solution  set 
of  y = ~3x2. 

N Is  the  locus  of  the  solution  set  of  y = ~3x 2 a 
parabola  ? Does  the  locus  contain  the  origin  ? 
o Explain  why  none  of  the  points  in  the  first 
and  second  quadrants  are  in  the  locus  of 
{(x,  y)\y  = ~3x2}. 

In  the  exercises  that  follow,  you  will  review 
conditions  of  the  forms  y = y and  y~yp’ 
a Look  at  d3.  Is  condition  C of  the  form 


Universe  for  (xj)  = DXD. 
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Universe  for  (x,  y)  = D X D. 


{(.x,y)\y  = l) 

Incomplete  graph 

d3 


b In  condition  C,  does  y vary  inversely  as  x? 
How  do  you  know?  What  is  the  constant  of 

variation  in  y = -|? 

c How  do  you  know  that,  for  each  positive 
3 

replacement  of  x in  y = -,  the  y that  satisfies 
the  condition  is  also  positive?  If  x is  replaced 
by  a negative  number,  what  can  you  say  about 

the  y that  satisfies  y = ^? 

3 

D Explain  why  there  is  no  solution  of  y = — 
that  has  0 as  either  its  first  component  or  its 
second  component. 

E Now  look  at  the  chart  in  d3.  What  negative 
replacements  for  x are  named?  What  positive 
replacements  for  x are  named  ? 


F As  you  make  greater  positive  replacements 
for  x,  what  will  be  true  of  the  corresponding 
replacements  for  j?  Give  examples  to  explain 
your  answer. 

3 

A graph  of  {(x,  y)  |j%=  is  shown  in  d3. 
Study  the  graph. 

G Use  the  chart  in  d3  to  help  you  name  the  co- 
ordinates of  points  H through  M.  Each  of 

3 

these  points  is  in  the  locus  of  {(x,  y)  \ y = -}. 

H How  do  you  know  that  the  locus  of  the  so- 
3 

lution  set  of  y = ^ is  a hyperbola?  Name  the 
quadrants  that  contain  points  in  the  locus  of 
{(x, y)\y  = ^}.  Why  are  these  the  only  quad- 
rants that  contain  points  in  the  locus? 
i Now  look  at  sentence  D in  d4.  Is  condi- 
tion D of  the  form  y = 5^? 
j In  condition  D,  does  y vary  inversely  as  x, 
or  does  y vary  inversely  as  x2? 

K How  do  you  know  that  each  y that  satisfies 
4 

y = tf  is  positive?  Does  any  solution  of 
condition  D have  0 as  either  of  its  compo- 
nents ? 

4 

l Suppose  that  you  replace  x in  y = ^ by  3 
and  then  by  3.  What  can  you  say  about  the  y 
that  satisfies  the  condition  in  each  case?  What 
is  true  of  y if  ~2  and  2 are  used  as  replace- 
ments for  x?  If  — 1 and  1 are  used  as  replace- 
ments for  x? 

M As  you  make  greater  positive  replacements 
for  x,  what  will  be  true  of  the  corresponding 
replacements  for  y ? Give  examples  to  explain 
your  answer. 

4 

Study  the  graph  of  {(x,  y)  \y  = 3^}  in  d4. 
n Use  the  chart  in  d4  to  help  you  name  the 
coordinates  of  points  A through  F.  Each  of 
these  points  is  in  the  locus  of  the  solution  set  of 
condition  D. 
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Universe  for  (x,  y)  = D X D. 
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o Name  the  quadrants  that  contain  points  in 
4 

the  locus  of  i(x,  y)\y  = ~ 

In  this  lesson  you  reviewed  conditions  of  the 
forms  y = kx,  y = kx2,  y = y,  and  y = j^.  You 
also  reviewed  the  locus  of  the  solution  set  of 
each  kind  of  condition. 

On  your  own 

For  each  condition  expressed  in  exercises  1 
through  9,  tell  in  which  way  y varies : directly 


as  x;  directly  as  x2;  inversely  as  x;  or  inversely 
as  x2.  The  universe  for  (x,  y)  is  D X D. 

' y=  X 2'  4 y = ir'  7 xy=  8. 

2 y = 3x.  5 y = §X.  8 y=  y2- 

3 y = 5x2.  6 y = x2.  9 y = _6x2. 

Copy  and  complete  each  chart  given  in  ex- 
ercises 10  through  15.  The  universe  for  (x,  y) 
is  D X D. 


y = lOx. 
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16  What  geometric  figure  is  the  locus  of  the 

“21 

solution  set  of  y = 

17  What  geometric  figure  is  the  locus  of  the 
solution  set  of  y = 2x2  ? 
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SPECIAL  CHALLENGE 

n the  Special  Challenge  on  page  129  and  also 
that  on  page  199,  you  studied  finite  number 
systems  and  the  operations  of  addivision  and 
muldivision.  You  can  use  a finite  number  sys- 
tem and  these  two  operations  to  answer  the 
following  question : “On  which  day  of  the  week 
were  you  born?” 

a Set  W,  tabulated  below,  contains  all  the  pos- 
sible remainders  that  can  be  obtained  when 
you  divide  natural  numbers  by  7.  Make  an 
addivision  table  and  a muldivision  table  for  W. 

W = {0,  1,  2,  3,  4,  5,  61. 
b The  display  below  describes  a correspond- 
ence between  the  days  of  the  week  and  the 
members  of  W.  Which  day  corresponds  to  4? 
Which  member  of  W corresponds  to  Monday? 
c A correspondence  can  also  be  set  up  be- 
tween W and  the  set  of  natural  numbers.  What 
remainder  do  you  obtain  when  you  divide  68 
by  7?  The  natural  number  68  corresponds 
to  5.  What  member  of  W corresponds  to  the 
natural  number  11?  To  49?  To  300? 

In  most  years  February  has  only  28  days. 
However,  in  certain  years,  February  has  29 
days.  The  years  in  which  February  has  29  days 
are  called  leap  years. 

d 1944  and  1948  were  leap  years.  Name  the 
other  leap  years  from  1940  through  1960. 
There  were  how  many  February  29’s  between 
March  3,  1940,  and  March  3,  1960? 
e A year  that  is  not  a leap  year  has  how  many 
days  ? A leap  year  has  how  many  days  ? 


0 < — * Sunday  4 * — » Thursday 

1 < — > Monday  5 < — * Friday 

2 * — » T uesday  6 * — * Saturday 

3 < — > Wednesday 


F Which  member  of  W corresponds  to  365  ? 
Which  member  of  W corresponds  to  366? 

Now  you  are  going  to  answer  this  question : 
“On  which  day  of  the  week  did  May  16,  1961, 
fall?”  Use  x to  represent  the  member  of  W 
that  corresponds  to  the  day  of  the  week  on 
which  May  16,  1961,  fell. 

G Was  there  a February  29  between  May  16, 
1961,  and  May  16,  1962?  Which  member  of 
W corresponds  to  the  number  of  days  from 
May  16,  1961  to  May  16,  1962? 

H May  16,  1962,  fell  on  a Wednesday.  What 
member  of  W corresponds  to  Wednesday? 
Tabulate  the  solution  set  of  x © 1 = 3.  On 
which  day  of  the  week  was  May  16,  1961  ? 

Next  you  are  going  to  answer  this  question : 
“On  which  day  of  the  week  did  August  10, 
1932,  fall?”  Use  x to  represent  the  member  of 
W that  corresponds  to  the  day  of  the  week  on 
which  August  10,  1932,  fell, 
i How  many  February  29’s  were  there  be- 
tween August  10,  1932,  and  August  10,  1944? 
Does  the  muldiv  3 0 2 correspond  to  the  num- 
ber of  days  in  the  leap  years  between  Au- 
gust 10,  1932,  and  August  10,  1944? 
j How  many  Februarys  between  August  10, 
1932,  and  August  10,  1944,  did  not  have  29 
days  ? Which  member  of  W corresponds  to  9 ? 
Does  the  muldiv  2 0 1 correspond  to  the  num- 
ber of  days  in  years  that  were  not  leap  years  be- 
tween August  10,  1932,  and  August  10,  1944? 

K August  10,  1944,  fell  on  a Thursday.  Which 
member  of  W corresponds  to  Thursday?  Tab- 
ulate the  solution  set  of  x 0 (3  0 2)  0 
(2  0 1)  = 4.  On  which  day  of  the  week  was 
August  10,  1932? 

L March  13,  1950,  fell  on  a Wednesday.  Using 
this  fact,  find  the  day  of  the  week  on  which 
March  13,  1914,  fell.  Find  the  day  of  the  week 
on  which  March  13,  1998,  will  fall. 

M On  which  day  of  the  week  were  you  born? 
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APPLYING  MATHEMATICS 

Jx  or  each  problem,  first  write  a sentence  that 
expresses  a condition.  If  possible,  tabulate  the 
solution  set  of  the  condition.  Otherwise,  give  a 
standard  description  of  the  solution  set.  Then 
give  the  answer  to  the  problem. 

Some  of  the  problems  may  seem  unusually 
easy.  However,  each  problem  concerns  physi- 
cal measures.  Therefore,  you  must  remember 
to  use  the  rules  for  computing  with  approxi- 
mations that  you  learned  in  lesson  163.  The 
universe  for  each  variable  is  D. 

1 On  a flight  from  London  to  Toronto,  the 
average  speed  of  the  airplane  was  550  mi.  per 
hour.  On  the  return  flight,  the  average  speed 
was  485  mi.  per  hour.  The  average  speed  of 
this  airplane  on  the  flight  from  London  to 
Toronto  was  how  many  miles  more  per  hour 
than  the  average  speed  on  the  return  flight? 

2 A certain  building  is  475  ft.  high.  A tele- 
vision sending  tower  352.1  ft.  high  was  in- 
stalled on  the  roof  of  the  building.  How  many 
feet  above  the  ground  is  the  top  of  the  tele- 
vision tower? 

3 In  a recent  year,  the  total  production  of 
iron  ore  in  Quebec  was  1.2  X 107  T.  In  the 
same  year,  the  total  production  of  iron  ore  in 
Ontario  was  6 x 106  T.  That  year,  how  many 
times  as  much  iron  ore  was  produced  in  Que- 
bec as  in  Ontario? 

4 A mixture  of  chocolate-covered  raisins  and 
nuts  weighed  at  most  25  lb.  The  mixture  con- 
tained 10|  lb.  of  nuts.  How  many  pounds  of 
raisins  did  the  mixture  contain? 

5 Mr.  Page  bought  12.5  lb.  of  grass  seed. 
After  he  had  used  some  of  it  to  seed  his  lawn, 
he  had  more  than  5.25  lb.  of  the  seed  left.  How 
many  pounds  of  the  seed  did  he  use? 

6 Lake  Champlain  is  95  ft.  above  sea  level. 
The  elevation  of  Lake  Superior  is  6.09  times 


the  elevation  of  Lake  Champlain.  What  is  the 
elevation  of  Lake  Superior  in  feet? 

7 The  area  of  Manitoba  is  251,000  sq.  mi.  The 
area  of  Saskatchewan  is  251,700  sq.  mi.  The 
area  of  Alberta  is  255,285  sq.  mi.  What  is  the 
total  area  of  the  three  provinces  in  square  miles? 

8 Mr.  Ryan  bought  a rectangular  piece  of 
land  that  was  80.5  rd.  long  and  35  rd.  wide. 
How  many  square  rods  of  land  did  he  buy  ? 

9 Mr.  Simon  replaced  the  glass  in  a window 
that  is  shaped  like  a rhombus.  The  length  of 
an  altitude  is  26.5  in.  The  length  of  the  base  is 
30.25  in.  What  is  the  area  of  the  window  in 
square  inches  ? 

For  each  of  problems  10  through  13,  make 
a sketch  to  help  you  solve  the  problem. 

10  The  top  of  a chimney  was  sighted  from 
point  Z on  level  ground.  The  measure  of  the 
angle  of  elevation  of  the  top  of  the  chimney 
from  point  Z was  48.  The  distance  from  point 
Z to  the  point  on  the  ground  directly  below 
the  chimney  was  45.6  ft.  What  is  the  distance 
in  feet  from  the  top  of  the  chimney  to  the  point 
on  the  ground  directly  below  the  chimney  ? 

11  The  length  of  a wire  that  extends  from 
point  X on  level  ground  to  point  Y at  the  top 
of  a pole  is  25.6  ft.  The  measure  of  the  angle 
of  elevation  of  point  Y from  point  X is  63. 
What  is  the  height  of  the  pole  in  feet  ? 

12  At  a given  moment,  an  airplane  is  965  ft. 
directly  above  point  T on  the  ground.  The  dis- 
tance from  point  T to  point  U on  level  ground 
is  2036  ft.  At  that  moment,  what  is  the  meas- 
ure of  the  angle  of  elevation  of  the  airplane 
from  point  U ? 

13  The  top  of  a post  rests  against  a building 
so  that  the  bottom  of  the  post  is  3.75  ft.  from 
the  base  of  the  building.  The  measure  of  the 
angle  of  elevation  of  the  top  of  the  post  from 
the  bottom  of  the  post  is  75.  What  is  the  length 
of  the  post  in  feet? 
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CHECKING  UP 

Af  you  have  trouble  with  these  two  tests,  you 
can  find  help  in  lessons  168  through  172. 

Test  156 

Use  the  chart  in  the  display  for  exercises  1 
through  4.  The  universe  for  (x,  y)  is  D X D. 

1 Tabulate  the  set  of  all  ordered  pairs  that 
you  can  obtain  from  the  chart.  Is  this  set  a 
proportional  relation  ? 

2 The  second  component  of  each  element  of 
the  set  that  you  tabulated  is  equal  to  the  prod- 
uct of  what  number  and  the  first  component? 

3 What  condition  is  satisfied  by  each  element 
of  the  set  that  you  tabulated  for  exercise  1 ? 

4 The  locus  of  the  solution  set  of  the  condi- 
tion that  you  expressed  for  exercise  3 is  what 
geometric  figure?  Make  a graph  of  the  locus. 

Test  157 

Make  a chart  to  help  you  find  some  solu- 
tions of  each  condition  expressed  in  exercises  5 
through  10.  Use  5,  3,  1,  ~1,  and  ~3  as  replace- 
ments for  x.  Tabulate  the  set  of  all  ordered 
pairs  that  you  can  obtain  from  the  chart.  The 
universe  for  (x,  y)  is  D X D. 

5 y = ~2x2.  7 y = ~lx.  9 y = fx2. 

14  , 1 

6y  = ~x-  8 y = 2*-  'Oy  = Y2. 

For  each  condition  expressed  below,  tell 
whether  y varies  directly  as  x varies,  directly 
as  x2  varies,  inversely  as  x,  or  inversely  as  x2. 
Then  name  the  constant  of  variation.  The  uni- 
verse for  (x,  y)  is  D X D. 

5 “19 

n y=  14x.  12  y = ^.  13  y= 


13 
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Exploring  problems 


Problems  involving 
conditions  for  variation 


In  this  lesson  you  will  learn  how  to  use  con- 
ditions for  variation  to  solve  problems.  As- 
sume that  all  measures  given  in  the  problems 
are  mathematical  measures,  and  not  physical 
measures.  The  universe  for  each  variable  is  D. 

Read  the  problem  in  d1.  You  have  often 
developed  conditions  for  equivalence  to  solve 
problems  like  the  one  in  d1.  In  lesson  168  you 
learned  that  a condition  for  direct  variation 
can  be  derived  from  a condition  for  equiva- 
lence. Therefore,  you  can  develop  a condition 
for  direct  variation  for  this  problem. 

The  condition  for  the  problem  will  be  a 
condition  of  the  form  expressed  below.  Use  x 
as  a variable  for  the  number  of 
miles  of  road.  Use  y as  a varia- 
ble for  the  number  of  months. 

A You  know  that  the  crew  can  build  10  mi.  of 
road  in  4 mo.  You  can  use  this  information  to 
help  you  find  the  k that  satisfies  the  condition 
for  direct  variation.  For  what  is  A:  a variable? 

B Why  do  you  use  10  as  a replacement  for  x 
in  y = kx  ? By  what  number  do  you  replace  y ? 
What  condition  do  you  obtain? 
c Look  at  d2.  Is  condition  A the  same  as  the 
condition  that  you  obtained  for  exercise  B? 

D Use  definitions  and  properties  of  real  num- 
bers to  explain  how  each  of  the  other  con- 
ditions expressed  in  d2  was  obtained. 

E What  number  satisfies  § = A:?  Is  this  num- 
ber the  constant  of  variation  in  a condition  of 
the  form  y = kxl 
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Conditions  for  variation  used  in  problem  solving 


A road  crew  can  build  10  mi.  of  road 
in  4 mo.  At  this  rate,  how  many  miles 
of  road  can  the  crew  build  in  1 2 mo.  ? 

d! 


Universe  for  each  variable  = D. 
A 4 = A:(10). 
b 4 X ^ = /c(10)  X jq 
c 4X^  = /c(10X^). 

D | ==  k{  1 ). 

E \ = k. 

d2 


Universe  for  x and  y = D. 

For  each  x,  x2  ^ 0. 

For  each  x and  y,  if  x = y or  if  x = ~y, 
then  x2  = y2.  If  x2  = y2,  then  x = yor 
x = ~y. 

For  each  x and  y,  if  x ^ 0 and  y ^ 0, 
and  if  x < y,  then  x2  < y2.  If  x ^ 0 and 
jpsl  0,  and  if  x2  < y2,  then  x < y. 

d3 

f If  you  replace  k by  f in 
v = kx,  do  you  obtain  the 
condition  expressed  at  the 
right? 

G Remember  that  the  problem  in  d!  asks  you 
to  find  how  many  miles  of  road  the  crew  can 
build  in  12  mo.  If  you  replace 
y by  12  in  y — fx,  do  you  ob-  _ 2 

tain  the  condition  expressed 
at  the  right? 

h What  number  satisfies  12  = fx? 

You  can  use  the  solution  of  12  = fx  to  get 
the  answer  to  the  problem.  The  crew  can  build 
30  miles  of  road  in  12  months. 


Think  again  about  the  problem  in  Dl.  This 
time  use  x as  a variable  for  the  number  of 
months  and  y as  a variable  for  the  number  of 
miles. 

i You  know  that  in  4 mo.  the  road  crew  can 
build  10  mi.  of  road.  Why  do  you  use  4 as  a re- 
placement for  x in  y = /rx?  What  number  do 
you  use  as  a replacement  for  >>?  What  condi- 
tion do  you  obtain? 

J What  k satisfies  1 0 = k( 4)  ? 

K If  you  replace  k by  2\  in  y = kx,  what  con- 
dition do  you  obtain  ? 

l Why  do  you  use  12  as  the  replacement  for  x 
? in,-2iV.< 

M Tabulate  {y  | y = 2^(12)}  and  give  the  answer 
to  the  problem. 

N Is  the  number  that  satisfies  the  condition 
y = 2^(12)  the  same  as  the  number  that  satis- 
fies the  condition  12  = fx? 

Now  think  about  what  you  have  done.  You 
have  used  a condition  of  the  form  y — kx  to 
solve  a problem  that  involves  direct  variation. 
First  you  found  k,  the  constant  of  variation,  by 
using  replacements  for  x and  y that  were  given 
in  the  problem.  Then  you  used  the  constant  of 
variation,  together  with  further  information 
obtained  from  the  problem,  to  develop  an- 
other condition  for  the  problem. 

Next  you  will  study  certain  properties  of 
squares  and  square  roots  of  real  numbers. 
These  properties  are  helpful  in  solving  prob- 
lems that  involve  conditions  of  the  form 
y = kx2. 

In  lesson  149  you  studied  three  properties  of 
squares  of  rational  numbers.  We  will  assume 
that  these  same  properties  also  hold  true  for 
real  numbers.  Study  d3,  where  these  proper- 
ties of  real  numbers  are  expressed. 

Two  more  properties  that  involve  square 
roots  of  real  numbers  are  developed  in  the 
work  that  follows. 
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o Read  sentence  F in  d4.  Is  (7)2  = 49  ? What 
is  a/49?  Remember  that  V49  is  the  positive 
square  root  of  49.  Is  statement  F true? 
p Read  sentence  G.  What  is  (f)2?  What  is 
V|?  Is  statement  G true? 

Q How  do  you  know  that  sentence  H expresses 
a true  statement  ? 

The  statements  expressed  in  d4  are  exam- 
ples of  a property  of  square  roots  of  real  num- 
bers. The  property  is  expressed  below. 

The  universe  for  x is  D.  For  each  x,  if  x ^ 0, 
then  W = x. 

r Use  an  example  to  show  that,  if  x < 0,  then 

Vx^  ^ x.  The  universe  for  x is  D. 
s Now  look  at  d5.  How  can  you  obtain  state- 
ment I from  x = y ? How  can  you  obtain  state- 
ment K from  V5  = Vy ? Were  the  same  re- 
placements made  for  x and  y in  each  case  ? 

T Is  statement  I true?  Is  statement  K true? 
u What  replacements  were  made  for  x and  y 
in  x = y and  Vx  = Vy  to  obtain  statement  J 
and  statement  L?  Are  both  of  these  state- 
ments true  ? 

Statements  I and  K and  statements  J and  L 
are  examples  of  another  property  of  square 
roots  of  real  numbers.  The  property  is  ex- 
pressed below. 

The  universe  for  x and  y is  D.  For  each  x 
and  y,  if  x^O  and  y ^ 0,  and  if  x = y,  then 
Vx  = Vy.  If  x^O  and  y ^ 0,  and  if  Vx  = 
Vy,  then  x = y. 

The  method  you  used  for  the  problem  in  d1 
has  wide  applications.  You  will  see  some  of 
these  applications  in  the  following  problems. 

Read  the  problem  in  d6. 
a From  the  problem,  you  know  that  the  dis- 
tance a car  travels  after  the  brakes  are  applied 
varies  directly  as  the  square  of  the  speed  of  the 
car.  Use  x as  a variable  for  the  speed  of  the  car 
in  miles  per  hour.  Use  y as  a variable  for  the 


F V(7)2=7. 

G V(p  = |. 

H V(|j2  = f. 

d4 


Universe  for  x and  y — D. 
x = y.  Vx  = Vy. 

i 16  = f.  K Vl6  = Vf. 

J 9 = §.  L V9  = V§. 

d5 


The  distance  that  a car  travels  after 
the  brakes  are  applied  varies  directly 
as  the  square  of  the  speed  of  the  car. 

A first  car,  going  30  mi.  per  hour, 
traveled  a distance  of  63  ft.  after  the 
brakes  were  applied.  A second  car 
traveled  a distance  of  175  ft.  after  the 
brakes  were  applied.  How  fast  was  the 
second  car  going  when  the  brakes  were 
applied  ? 

d6 

distance  in  feet  that  the  car  traveled  after  the 
brakes  were  applied.  How  do  you  know  that 
the  condition  for  the  problem 
is  a condition  of  the  form  ex-  y — hx2. 
pressed  at  the  right  ? 

B You  know  that  the  first  car,  going  30  mi. 
per  hour,  traveled  a distance  of  63  ft.  after  the 
brakes  were  applied.  What  number  do  you  use 
as  a replacement  for  x in  y = kx2  ? What  num- 
ber do  you  use  as  a replacement  for  y?  What 
condition  do  you  obtain  ? 

C What  is  a standard  name  of  302?  To  find 
the  k that  satisfies  63  = &(900),  you  must  find 
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the  quotient  of  what  two  numbers?  What 
decimal  expresses  this  quotient? 
d If  you  replace  k by  .07  in  y = kx2,  what  con- 
dition do  you  obtain? 

E The  problem  asks  you  to  find  how  fast  the 
second  car  was  going  when  the  brakes  were 
applied.  You  know  that  the  car  traveled  a dis- 
tance of  175  ft.  after  the  brakes  were  applied. 
Why  do  you  replace  y by  175  in  y = .07x2? 
What  condition  do  you  obtain? 

F Explain  how  you  can  obtain  2500  = x2  from 
175  = .07x2. 

g How  do  you  know  that  x ^ 0?  What  prop- 
erties of  square  roots  of  real  numbers  can 
you  use  to  obtain  50  = x from  2500  = x2? 

H What  number  satisfies  50  = x?  How  fast 
was  the  second  car  going  when  the  brakes  were 
applied? 

Sometimes  it  is  a little  hard  to  decide  what 
kind  of  variation  is  involved  in  a problem. 
Read  the  problem  in  d7.  Use  x as  a variable 
for  the  number  of  pipes.  Use  y as  a variable  for 
the  number  of  hours. 

i Suppose  that  you  were  to  double  the  num- 
ber of  pipes  used  to  fill  the  reservoir.  How 
would  the  time  required  to  fill  the  reservoir  be 
affected  ? Suppose  that  you  were  to  divide  the 
original  number  of  pipes  by  3.  How  would  the 
time  required  to  fill  the  reservoir  be  affected  ? 

J In  a condition  for  the  problem  in  d7,  does 
y vary  directly  as  x?  Does  y vary  inversely 
as  x? 

Since  y varies  inversely  as  x,  you  know  that 
the  condition  for  the  problem 
is  a condition  of  the  form  ex- 

17  x 

pressed  at  the  right. 

K You  know  that  12  pipes  can  fill  the  reservoir 
with  water  in  20  hr.  If  you  replace  x by  12  and 
k 

y by  20  in  y = y,  do  you  obtain  the  condition 

20=n? 


12  pipes  of  a certain  size  can  fill  a res- 
ervoir with  water  in  20  hr.  How  many 
hours  will  it  take  10  of  these  pipes  to 
fill  the  reservoir? 

D 7 


The  electrical  resistance  of  wire  is 
measured  in  ohms.  The  electrical  re- 
sistance of  wire  varies  inversely  as  the 
square  of  the  diameter  of  the  wire.  A 
wire  whose  diameter  is  .04  in.  has  an 
electrical  resistance  of  .2  ohms.  The 
diameter  of  another  wire  of  the  same 
length  is  .05  in.  What  is  the  electrical 
resistance  of  the  second  wire  in 
ohms? 

d8 

l What  number  satisfies  the  condition  that 
you  obtained  for  exercise  K?  What  number 
do  you  use  as  a replacement  for  k in  y = ^? 

M The  problem  in  d7  asks  you  to  find  how 
many  hours  it  will  take  10  pipes  to  fill  the  res- 
ervoir. What  number  satis- 
fies the  condition  expressed 
at  the  right  ? 

N How  many  hours  will  it  take  10  pipes  to  fill 
the  reservoir? 

Read  the  problem  in  d8.  Use  y as  a variable 
for  the  electrical  resistance  of  the  wire  in  ohms. 
Use  x as  a variable  for  the  diameter  of  the  wire 
in  inches. 

From  the  problem,  you  know  that  the  elec- 
trical resistance  of  a wire  varies  inversely  as  the 
square  of  the  diameter  of  the  wire.  This  means 
that  the  condition  for  the 

k 

problem  is  a condition  of  the  y = 
form  expressed  at  the  right. 
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The  electrical  resistance  of  wire  is 
measured  in  ohms.  The  electrical  re- 
sistance of  wire  varies  inversely  as  the 
square  of  the  diameter  of  the  wire.  A 
wire  whose  diameter  is  .04  in.  has  an 
electrical  resistance  of  .2  ohms.  The 
diameter  of  another  wire  of  the  same 
length  is  .05  in.  What  is  the  electrical 
resistance  of  the  second  wire  in  ohms  ? 

d8 


o  Replace  y by  .2  in  y = What  number  do 
you  use  as  a replacement  for  x?  What  condi- 
tion do  you  obtain? 

p Does  the  decimal  .0016  express  the  same 
number  as  the  decimal  (.04)2? 

Q Is  .2(.0016)  = £ equivalent  to  .2  = qq^? 
What  number  satisfies  .2(.0016)  = kl 
R .00032  is  the  constant  of  variation  for  the 
problem  in  d8.  If  you  replace  k by  .00032  in 
k 

y = x what  condition  do  you  obtain? 
s The  problem  asks  you  to  find  the  electrical 
resistance  in  ohms  of  a second  wire  with  a di- 
ameter of  .05  in.  When  you  replace  x by  .05  in 

y = what  condition  do  you  obtain? 

T Is  .0025  the  same  number  as  (.05)2? 


u To  find  the  y that  satisfies  y 


.00032 
T0025’  you 
must  find  the  quotient  of  what  two  numbers  ? 

v What  number  satisfies  y = ? 

w Give  the  answer  to  the  problem  in  d8. 


In  this  lesson  you  used  conditions  for  variation 
to  solve  problems. 

On  your  own 

For  each  problem,  first  choose  a condition 
for  variation.  Determine  the  constant  of  varia- 
tion. Next  write  a sentence  that  expresses  a 


condition  that  will  help  you  obtain  the  answer 
to  the  problem.  Then  give  the  answer  to  the 
problem.  The  universe  for  each  variable  is  D. 

1 A clock  gains  2\  min.  in  a period  of  12  hr. 
At  this  rate,  how  many  minutes  does  the  clock 
gain  in  48  hr.  ? 

2 Three  boys  can  wax  a car  in  2\  hr.  In  how 
many  hours  can  two  boys  wax  the  car  ? 

3 For  each  inch  of  precipitation  in  Churchill 
last  year,  Halifax  had  3.6  inches  of  precipi- 
tation. Churchill  had  1 5 inches  of  precipitation 
last  year.  How  many  inches  of  precipitation 
did  Halifax  have? 

4 Three  printing  presses  can  print  270,000 
newspapers  in  2 hours.  How  many  hours  will 
it  take  8 presses  to  print  270,000  newspapers  ? 

5 For  all  triangles  that  have  a common  base, 
the  area  varies  directly  as  the  altitude.  Trian- 
gles ABC  and  ABD  have  a common  base.  The 
measure  of  the  altitude  of  A ABC  is  6.4  in.  The 
measure  of  the  altitude  of  AABDis4.8in.  The 
area  of  A ABC  is  50  sq.  in.  What  is  the  area  of 
A ABD  in  square  inches? 

6 The  length  of  a simple  pendulum  varies  di- 
rectly as  the  square  of  the  time  it  takes  to  make 
one  single  swing.  A pendulum  that  is  60  cm. 
long  makes  one  swing  in  1.5  sec.  What  is  the 
length  in  centimeters  of  a pendulum  that 
makes  one  swing  in  2 sec.  ? 

7 The  distance  traveled  by  a falling  object, 
starting  from  rest,  varies  directly  as  the  square 
of  the  time  traveled.  A rock  falling  from  the 
top  of  a cliff  traveled  400  ft.  in  the  first  5 sec. 
that  it  fell.  How  many  feet  did  the  rock  travel 
in  the  first  10  sec.  that  it  fell? 

8 The  weight  of  an  object  varies  inversely  as 
the  square  of  its  distance  from  the  center  of  the 
earth.  A rocket  that  is  4000  mi.  from  the  cen- 
ter of  the  earth  weighs  600  lb.  If  the  rocket 
were  5000  mi.  from  the  center  of  the  earth, 
what  would  be  its  weight  in  pounds  ? 


370 


KEEPING  SKILFUL 


or  each  of  exercises  1 through  6,  express 
the  given  unit  in  the  unit  indicated  in  paren- 
theses. 

1 5 T.  (pounds)  4 2\  A.  (square  rods) 

2 68  in.  (feet)  5 45  sq.  ft.  (square  yards) 

3 3 mi.  (yards)  6 8 sq.  ft.  (square  inches) 
Use  the  display  below  for  exercises  7 

through  16.  For  each  exercise,  find  a rate  pair 
that  is  equivalent  to  the  trigonometric  rate  pair 
named.  Then  write  a sentence  expressing  a true 
statement  about  the  two  rate  pairs.  For  exer- 
cise 7,  you  should  write  the  following  sentence : 
2/4  ~ (sin  30)/ 1. 


7 (sin  30)/ 1 

8 (tan  37)/l 

9 (cos  30)/ 1 

10  (sin  53)/ 1 

1 1 (tan  30)/ 1 


12  (sin  37)/ 1 

13  (cos  53)/ 1 

14  (tan  60)/ 1 

15  (tan  53)/l 

16  (sin  60)/ 1 


For  each  condition  expressed  below,  tabu- 
late the  solution  set  if  possible.  Otherwise,  give 
a standard  description  of  the  solution  set. 
U = D. 

17  1|  + JC  = 6.  19  .5h  + M >39. 

1 8 20 /(y  - l)  - 45/5.  20  - (6t  - 3 ^ -12). 

21  \m  > ~10  A m — 5 <C  _3. 

22  .25n  >“1.5  V n+  1.2  >10. 
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53 
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174  Exploring  ideas 

Formulas  derived  from 
y/x  ~ / c/i 

Xou  have  learned  to  develop  conditions  for 
direct  variation  from  conditions  for  equiva- 
lence. In  this  lesson  you  will  again  start  with  a 
condition  for  equivalence,  from  which  you  will 
develop  special  conditions  to  solve  many  dif- 
ferent kinds  of  problems.  The  universe  for  each 
variable  is  D. 

A Read  problem  A in  d1.  Do  you  know  the 
number  of  miles  traveled  in  all?  Use  y as  a 
variable  for  this  number.  What  rate  pair  can 
you  use  to  represent  the  distance  traveled  per 
5 hours  ? What  rate  pair 
can  you  use  to  represent 
the  distance  traveled  per 
1 hour?  The  sentence  above  at  the  right  ex- 
presses a condition  for  problem  A. 

B Read  problem  B in  d1.  Why  does  the  sen- 
tence at  the  right  ex- 
press a condition  for  156  / 3 ~ 
this  problem  ? 


a How  many  miles  does  a freight  train 
travel  in  5 hr.  at  a rate  of  20  mi.  per 
hour? 

B How  many  miles  per  hour  is  a car 
traveling  if  it  travels  156  mi.  in  3 hr.  ? 

C How  many  hours  does  it  take  an 
airplane  to  fly  1500  mi.  at  a rate  of 
600  mi.  per  hour? 

D 1 

Distance  formula;  cost  formula;  percentage  formula;  conversion 
formula;  average  formula;  trigonometric  formulas 


c Read  problem  C in  d1.  The  sentence  at  the 
right  expresses  a 
condition  for  this 
problem. To  what 

does  the  first  component  of  1 500/a:  refer  ? For 
what  is  x a variable?  To  what  does  each  com- 
ponent of  600/1  refer? 

d Read  sentence  D in  d2.  Is  the  condition  for 
each  problem  in  d1  of  the  same  form  as  con- 
dition D? 

For  each  problem  in  d1,  y is  a variable  for 
the  distance  traveled;  a:  is  a variable  for  the 
time  traveled;  and  k is  a variable  for  the  first 
component  of  the  rate  pair  that  represents  the 
distance  traveled  per  1 hour.  Instead  of  using 
the  letters  y,  x,  and  k to  name  the  variables  in 
y/x  ~ k/ 1,  we  will  choose  other  letters  that  are 
appropriate  for  the  problems  in  d1. 
e Study  sentence  E in  d2.  Since  the  letter  d is 
the  first  letter  of  the  word  distance , the  letter  d 
is  used  to  name  the  variable  for  the  distance 
traveled.  Why  is  the  letter  t used  to  name  the 
variable  for  the  time  traveled  ? 

Notice  that  the  letter  r is  used  in  sentence  E 
to  name  the  variable  for  the  first  component  of 
the  rate  pair  that  represents  the  distance  trav- 
eled per  1 hour.  The  distance  traveled  per  hour 
is  a rate,  but  we  often  use  the  word  rate  to 
refer  to  only  the  first  component  of  the  rate 
pair  that  represents  the  distance  traveled  per 
1 hour. 

F Does  sentence  E in  d2  express  the  same  con- 
dition as  sentence  D?  How  do  you  obtain 
condition  F from  condition  E? 

G Can  condition  F be  used  to  solve  all  three 
problems  in  d1  ? 

A condition  that  can  be  used  to  solve  many 
problems  of  a particular  kind  is  a formula 
(foUmyu  b).  The  condition  d = rt  is  called  the 
distance  formula  because  it  is  used  to  solve 
many  problems  that  involve  distances. 


A How  many  miles  does  a freight  train 
travel  in  5 hr.  at  a rate  of  20  mi.  per 
hour? 

B How  many  miles  per  hour  is  a car 
traveling  if  it  travels  156  mi.  in  3 hr.  ? 
c How  many  hours  does  it  take  an 
airplane  to  fly  1500  mi.  at  a rate  of 
600  mi.  per  hour? 

D 1 


Universe  for  each  variable  = D. 

D y/x^k/ 1. 

E d/t~r/\. 

F d=  rt. 

□ 2 

h Look  again  at  Dl.  If  you  use  d=  rt  to  solve 
problem  A,  you  should  replace  t by  what  num- 
ber? You  should  replace  r by  what  number? 
i Do  you  obtain  the  condition  d=  20(5)? 

J For  problem  B,  what  replacements  should 
you  make  for  d and  t in  the  formula  d=  rtl 
What  condition  do  you  obtain  ? 
k For  problem  C,  what  condition  can  you  ob- 
tain from  the  formula  d=  rtl 

Tn  the  exercises  that  follow,  you  will  derive 
other  useful  formulas  from  y/x  ^ k/ 1 . 

A Read  problem  G in  d3.  Do  you  know  the 
cost  of  4 rolls  of  film?  Use  y as  a variable  for 
the  total  cost.  Can  you  use  y/ 4 to  represent  the 
cost  per  4 rolls? 

B What  rate  pair  can  you  use  to  represent 
the  cost  per  1 roll  ? The  sentence  below  at  the 
right  expresses  a con- 
dition for  problem  G. 

Is  this  condition  of  the 
form  y/x  ~ k/l  ? 
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g Sam  bought  4 rolls  of  film  priced  at 
$1.25  per  roll.  What  was  the  cost  of 
the  4 rolls  of  film  ? 

h 80%  of  the  members  of  the  Oakdale 
Student  Council  attended  a council 
meeting.  If  12  members  attended  the 
meeting,  how  many  members  are  on 
the  council  ? 

i In  a baseball  park,  the  distance  from 
home  plate  to  the  centre-field  fence  is 
426  ft.  What  is  this  distance  in  yards? 

d3 

Problem  G involves  three  different  quanti- 
ties: the  cost  of  1 item,  the  number  of  items, 
and  the  total  cost.  We  will  refer  to  the  cost  of 
1 item  as  price.  Sometimes  price  refers  to  a 
rate  pair;  at  other  times  it  refers  to  a compo- 
nent of  a rate  pair. 

c Think  about  y/x  ~ k/l.  For  what  quantity 
in  problem  G is  y a variable  ? For  what  quan- 
tity is  x a variable  ? For  what  is  k a variable  ? 

You  can  choose  letters  other  than  y,  x,  and 
k to  name  the  variables  in  y/x  ~ k/l.  Use  the 
letter  c to  name  the  variable  for  the  total  cost. 
Use  the  letter  n to  name  the  variable  for  the 
number  of  items.  Use  the  letter  p to  name  the 
variable  for  the  price  of  1 item. 
d Does  the  sentence  c/n^p/l  express  the 
same  condition  as  the  sentence  y/x  ^k/ 1? 

E How  can  you  obtain  c = np  from  c/n^p/ 1 ? 

The  condition  c — np  is  a cost  formula. 

F How  can  you  use  the  formula  c = np  for 
problem  G in  d3  ? 

g Read  problem  H in  d3.  The  sentence  below 
at  the  right  expresses  a condition  for  the  prob- 
lem. Is  this  condi- 
tion of  the  form  12 /x~  80/ 100. 
y/x  ~ k/\  ? 


h How  do  you  know  that  80/100^  .8/1?  Is 
12/x~  .8/1  also  a condition  for  problem  H? 
Is  12/x  ~ .8/1  of  the  form  y/x  ~ k/l  ? 

Notice  that  you  can  develop  a condition  of 
the  form  y/x  ~ k/l  for  problem  H if  you  use 
a rate  pair  that  is  equivalent  to  80%  and  that 
has  a second  component  of  1 . 

Every  per  cent  problem,  like  problem  H,  in- 
volves three  numbers : a total  quantity,  or  base ; 
a percentage  (par  sernffij)  of  the  base;  and  a 
rate.  The  word  rate  in  a per  cent  problem  re- 
fers to  the  first  component  of  a rate  pair  whose 
second  component  is  1 . The  rate  pair  is  equiva- 
lent to  the  given  per  cent.  If  the  rate  in  a prob- 
lem is  less  than  1,  then  the  percentage  is  less 
than  the  base;  but  if  the  rate  is  greater  than  1, 
then  the  percentage  is  greater  than  the  base. 
Now  you  can  use  different  letters  to  name  the 
variables  in  y/x  ~ k/l . 

! Read  problem  H again.  In  y/x  ~ k/l,  is  y a 
variable  for  the  base  or  for  a percentage  of 
the  base?  Use  the  letter  p to  name  this  varia- 
ble. Use  the  letter  b instead  of  the  letter  x to 
name  the  variable  for  the  base.  Use  the  letter  r 
instead  of  the  letter  k to  name  the  variable  for 
the  rate. 

j Does  the  sentence  p/b^r/l  express  the 
same  condition  as  the  sentence  y/x^k/ 1? 
How  can  you  obtain p = br  from p/b  ~ r/l  ? 

The  condition  p = br  is  called  a percentage 
formula.  This  formula  can  be  used  to  solve  per 
cent  problems.  You  should  keep  in  mind,  how- 
ever, that  r is  a variable  for  a number  that  is 
jqq  times  the  first  component  of  a per  cent.  For 
example,  if  a problem  involves  65%,  then  the 
replacement  for  r is  obtained  by  dividing  65 
by  100. 

K How  can  you  use  the  formula  p = br  for 
problem  H in  d3  ? 

l Now  read  problem  I in  d3.  What  does  the 
problem  ask  you  to  find?  Use  x as  a variable 
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for  the  number  you  want  to  find.  What  com- 
parison is  represented  by  426/x? 
m What  comparison  is  represented  by  3/1? 
The  sentence  below  at  the  right  expresses  a 
condition  for  problem  I. 

Is  the  condition  of  the  426  / x 
form  y/x  ~ k/X ? 

Problem  I concerns  changing,  or  converting , 
from  one  unit  of  measure  to  another.  Every 
problem  of  this  type  involves  a lesser  unit  of 
measure;  a greater  unit  of  measure;  and  a 
constant  that  represents  the  number  of  lesser 
units  in  1 of  the  greater  units. 

N Think  about  problem  I.  In  y/x^k/ 1,  is  y 
a variable  for  the  number  of  lesser  units  or  for 
the  number  of  greater  units?  For  what  is  xa 
variable?  For  what  is  k a variable ? 
o Use  the  letters  / and  g instead  of  the  letters  y 
and  x to  name  the  variables  for  the  number  of 
lesser  units  and  the  number  of  greater  units. 
Is  l/g  ~ k/\  the  same  condition  as  y/x  ~ k/\  ? 
p How  can  you  obtain  1 = kg  from  l/g^k/ 1 ? 

The  condition  / = kg  is  called  a conversion 
(kon  ver^zhan)  formula.  This  formula  is  useful 
for  solving  problems  that  involve  different 
units  of  measure. 

Q How  can  you  use  l — kg  for  problem  I ? 

R Now  read  problem  J in  d4.  Does  the  sen- 
tence below  at  the  right  express  a condition 
for  the  problem  ? Is  the 
condition  of  the  form 
y/x  ~ k/\  ? 

Problems  about  averages  involve  a total  for 
a certain  number  of  items  and  also  an  average 
per  1 item.  Now  you  can  develop  a formula  for 
such  problems. 

s In  y/x  ~ k/X,  y is  a variable  for  the  total  in 
problem  J.  For  what  is  x a variable  in  prob- 
lem J ? For  what  is  k a variable  ? 

T Suppose  that,  instead  of  the  letters  y,  x,  and 
k,  you  use  the  letters  t,  n,  and  a,  respectively, 


G Sam  bought  4 rolls  of  film  priced  at 
$1.25  per  roll.  What  was  the  cost  of 
the  4 rolls  of  film? 

h 80%  of  the  members  of  the  Oakdale 
Student  Council  attended  a council 
meeting.  If  12  members  attended  the 
meeting,  how  many  members  are  on 
the  council  ? 

1 In  a baseball  park,  the  distance  from 
home  plate  to  the  centre-field  fence  is 
426  ft.  What  is  this  distance  in  yards? 


d3 


j In  8 basketball  games,  Ralph  scored 
a total  of  90  points.  What  was  the  av- 
erage number  of  points  Ralph  scored 
per  game  ? 

d4 

to  name  the  three  variables.  Is  t/n^a/X  the 
same  condition  as  y/x  ~ k/\  ? 

u How  can  you  obtain  a = ^ from  t/n  ~ a/X  ? 
To  what  does  each  variable  in  a = jj  refer? 

The  condition  a = j2  is  called  the  average 
formula  because  it  is  used  in  solving  problems 
that  concern  averages. 

v How  can  you  use  a = jl  to  solve  problem  J ? 

Next  you  will  develop  trigonometric  for- 
mulas for  finding  the  tangent,  the  sine,  and  the 
cosine  of  an  acute  angle  of  a right  triangle. 
You  will  use  t as  the  variable  for  the  measure 
of  the  acute  angle,  x as  the  variable  for  the 
measure  of  the  side  adjacent  to  the  acute  an- 
gle, y as  the  variable  for  the  measure  of  the 


374 


side  opposite  the  acute  angle,  and  r as  the 
variable  for  the  measure  of  the  hypotenuse. 
a Explain  why  the  condition  expressed  below 
in  blue  can  be  used  to  determine  the  tangent  of 
an  acute  angle  of  a right  triangle. 

y I x ~ (tan  f)/l. 

b Show  the  steps  that  you  can  use  to  obtain 

y 

the  condition  tan  t = y.  from  y/x  ~ (tan  t)/ 1 . 
c Look  at  d5.  How  do  you  know  that  AABC 
is  a right  triangle  ? Which  angle  is  a right  an- 
gle ? Which  angles  are  acute  ? 
d To  find  the  tangent  of  ZA,  can  you  use  the 
y 

formula  tan  t = 3^?  For  what  is  tan  t a vari- 

y 

able  ? Why  should  you  replace  y in  tan  t = - 

by  6?  By  what  number  should  you  replace  jc? 

y 

E How  can  you  use  the  formula  tan  t = - to 
find  the  tangent  of  ZB  ? 

F How  do  you  know  that  the  condition  ex- 
pressed below  in  blue  can  be  used  to  find  the 
sine  of  an  acute  angle  of  a right  triangle  ? 

y/r~  (sin  t)j  1. 

G Show  the  steps  that  you  can  use  to  obtain 

y 

the  condition  sin  t = y from  y/r  ~ (sin  t)/ 1 . 

H Look  again  at  d5.  How  can  you  use  the 

y 

formula  sin  t = y to  find  the  sine  of  ZB  ? 

1 To  find  the  sine  of  ZA,  what  replacements 

y 

should  you  make  for  y and  r in  sin  t = -? 

J Is  the  solution  of  sin  t = the  sine  of  ZA? 
K Can  you  use  the  condition  expressed  below 
in  blue  to  determine  the  cosine  of  an  acute 
angle  of  a right  triangle?  Show  the  steps  that 

you  can  use  to  obtain  the  formula  cos  t — y 
from  x/r  ~ (cos  t)/\. 

x jr  ~ (cos  t)l  1. 
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Universe  for  each  variable  = D. 


Is* 

5s. 

II 

"^3 

y 

tan  t = -• 

c = np. 

. , y 

sin  t — y 

p = br. 

cos  t — y 

11 

t 

a = n 

d6 

l Look  again  at  d5.  Explain  how  you  can  use 
cos  t — y to  determine  the  cosine  of  ZA.  To 
determine  the  cosine  of  ZB. 

In  this  lesson  you  have  derived  the  formulas 
that  are  expressed  in  d6. 

On  your  own 

For  each  of  the  following  problems,  first 
choose  the  appropriate  formula  from  d6.  Then 
use  the  information  given  in  the  problem  to 
make  replacements  in  the  formula  and  write  a 
sentence  that  expresses  the  condition  you  ob- 
tain. Do  not  find  the  solution  set  of  the  condi- 
tion or  attempt  to  give  an  answer  for  the  prob- 
lem. The  universe  for  each  variable  is  D. 

l What  is  the  length  in  centimetres  of  a cur- 
tain rod  that  is  .75  m.  long? 

2 How  many  5-cent  pencils  can  Judy  buy  for 
35^? 
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Universe  for  each  variable  = D. 


II 

^3 

y 

tan  t~x 

c — np. 

II 

*CZ3 

p = br. 

cos  t = j- 

7 

£ 

Z|R 

II 

<3 

d6 

3 In  AABC,  ZC°  = 90  and  ZA°  = 40. 
m(AC)  = 3.5.  What  is  m(BC)? 

4 26  is  48%  of  what  number? 

5 Clarence  caught  5 fish.  The  average  weight 
per  fish  was  2\  lb.  What  was  the  total  weight 
of  the  5 fish  in  pounds? 

6 In  AABC,  ZC  is  a right  angle.  What  is  the 
cosine  of  Z A if  m(AC)  = 14  and  m(AB)  = 22? 

7 Hal  paid  60^  for  4 batteries  of  the  same 
kind.  What  was  the  price  of  each  battery? 

8 How  far  can  a plane  fly  in  15  min.  if  it  is 
traveling  at  a rate  of  7.5  mi.  per  minute? 

9 Amy  is  5^  ft.  tall.  What  is  Amy’s  height  in 
inches  ? 

10  In  ARST,  ZR°  = 90.  ZS°  = 30.  What  is 
the  measure  of  the  hypotenuse  if  m(TR)  = 8.2? 

1 1 $40  is  what  per  cent  of  $8500  ? 

12  How  long  does  it  take  a car  to  travel 
450  km.  if  its  speed  is  95  km.  per  hour? 

13  In  AXYZ,  ZZ°  = 90.  What  is  the  tangent 

of  ZX  if  m(XZ)  = 2.6,  and  m(YZ)  = 9.45  ? , 

14  In  AABC,  ZC°  = 90.  What  is  the  cosine 
of  ZA  if  m(.AB)  =12,  and  m(AC)  = 5? 

15  What  is  the  length  in  millimetres  of  a screw 
that  is  .125  m.  long? 

1 6 How  much  must  Mrs.  Karroll  pay  for  4\  yd. 
of  material  priced  at  $1.65  per  yard? 

17  A bar  of  soap  weighs  4 oz.  What  fraction 
of  a pound  does  the  soap  weigh? 

18  What  number  is  175%  of  8.2? 


Exploring  problems 

use  of  formulas 

In  lesson  174  you  learned  how  to  derive  cer- 
tain formulas  from  y/x^k/ 1.  In  this  lesson 
you  will  learn  how  to  use  these  formulas  to 
solve  problems.  Think  of  the  measures  given 
in  the  problems  as  mathematical  measures,  not 
as  physical  measures.  The  universe  for  each 
variable  is  D. 

Read  the  problem  in  d1.  First  you  will  de- 
velop a compound  condition  for  the  problem. 
A You  are  asked  to  find  how  many  miles  the 
plane  flew.  You  can  use  the  formula  expressed 
at  the  right  as  one  of  the  sim- 
ple conditions  for  the  prob-  d = rt. 
lem.  For  what  is  d a variable  ? 
b You  know  that  the  plane  flew  at  a rate  of 
400  mi.  per  hour.  You  can  use  the  condition 
expressed  at  the  right  as  an- 
other simple  condition  for 
the  problem.  For  what  is  r 
a variable  ? 

c How  many  hours  did  the  plane  fly?  You 
can  use  the  condition  expressed  below  at  the 
right  as  another  simple  condition 
for  the  problem.  For  what  is  t a t = 3. 
variable  ? 

The  sentence  below  in  blue  expresses  the 
compound  condition  for  the  problem. 

d = rt  A r = 400  A t = 3. 

Now  you  will  find  (r,  t,  d ) that  satisfies  the 
compound  condition  for  the  problem. 
d How  do  you  know  that  400  is  the  first  com- 
ponent of  the  ordered  triple  that  satisfies  the 


13  175 


The 
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Solution  sets  of  conditions  obtained  from  formulas 


A jet  plane  travelling  from  Winnipeg 
to  Vancouver  flew  at  a rate  of  400  mi. 
per  hour  for  3 hr.  How  many  miles  did 
the  plane  fly  in  3 hr.? 

D 1 


Mr.  Haynes  bought  1 10  stoves  for  his 
apartment  buildings.  The  price  was 
the  same  for  each  stove.  Altogether, 
the  stoves  cost  $16,995.  What  was  the 
price  of  each  stove  ? 

d2 


Miss  Allen  received  a discount  of  $2.39 
per  square  yard  on  carpet  regularly 
priced  at  $1 1.95  per  square  yard.  What 
rate  of  discount  did  Miss  Allen  re- 
ceive ? 

d3 

compound  condition?  What  is  the  second 
component  of  the  ordered  triple  that  satisfies 
the  compound  condition? 

E Replace  r by  400  and  t by  3 in  d = rt.  What 
condition  do  you  obtain?  What  number  sat- 
isfies d = 400  X 3 ? 

f Tabulate  the  set  of  ordered  triples  that  sat- 
isfies d=  rt  A r = 400  A t = 3. 

Now  you  can  give  the  answer  to  the  prob- 
lem in  d1.  Travelling  at  the  rate  of  400  mi.  per 
hour  for  3 hr.,  the  plane  flew  1200  mi. 

To  solve  the  problem  in  d1,  you  developed 
a compound  condition.  You  can  avoid  devel- 
oping a compound  condition  by  using  the  in- 
formation given  in  the  problem  to  make  im- 
mediate replacements  in  the  formula  d — rt. 

G You  know  that  d=  rt  is  the  formula  for  the 
problem  in  ol.  Which  variables  in  d=  rt  can 


you  replace  immediately  by  using  the  informa- 
tion given  in  the  problem  ? 

H By  what  number  should  you  replace  r?  By 
what  number  should  you  replace  /? 
i Can  you  use  the  con- 
dition expressed  at  the  — 4qq  x 3. 
right  to  solve  the  prob- 
lem in  d1  ? 

J What  number  satisfies  d = 400  X 3 ? Does 
this  number  give  you  the  same  answer  for  the 
problem  as  the  answer  that  you  obtained  by 
using  a compound  condition  ? 

From  now  on,  to  solve  problems  involving 
compound  conditions,  use  the  short  method 
that  has  just  been  described  whenever  you  can. 
a Read  the  problem  in  d2. 

Why  can  you  use  the  formula  c = np0 
expressed  at  the  right  for  the 
problem? 

b You  want  to  find  the  price  of  each  stove 
that  Mr.  Haynes  bought.  Which  variable  in 
c = np  refers  to  the  price  per  stove  ? 
c By  what  number  should  you  replace  c in 
c = npl  By  what  number  should  you  replace 
n ? Does  the  sentence 
at  the  right  express  16995  = HOp. 
the  condition  you  ob- 
tain? 

D Explain  how  you  can  obtain  154.50  =p 
from  16995=  110/7.  What  number  satisfies 
154.50  =/7? 

E What  was  the  price  of  each  stove  ? 

F Now  read  the  problem  in  d3.  Can  you  use 
the  percentage  formula  ex- 
pressed at  the  right  for  the  P ~ or * 
problem  ? 

G In  p — br,  which  variable  refers  to  percent- 
age? Which  variable  refers  to  base?  To  solve 
the  problem  in  d3,  what  replacement  do  you 
make  for  p ? For  b ? 
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Miss  Allen  received  a discount  of  $2.39 
per  square  yard  on  carpet  regularly 
priced  at  $1 1 .95  per  square  yard.  What 
rate  of  discount  did  Miss  Allen  re- 
ceive ? 

d3 


The  Ritchie  High  School  football  team 
played  6 home  games  this  year.  The 
average  attendance  per  home  game  was 
950  persons.  What  was  the  total  attend- 
ance at  the  6 home  games? 

d4 


Mrs.  Reynolds  ordered  if  yd.  of  linen 
from  a department  store.  When  the 
linen  was  delivered,  she  discovered 
that  she  had  received  only  40  in.  of 
cloth.  How  many  inches  of  linen 
should  she  have  received  ? 

d5 

h You  can  use  the  condition  expressed  at  the 
right  to  solve  the  prob- 
lem. For  what  is  r a 2.39  = 11.95r 
variable? 

i Explain  how  you  can  obtain  .2  = r from 
2.39  = 11.95r.  What  number  satisfies  .2  = rl 
In  p = br,  r is  a variable  for  a number  that 
is  the  first  component  of  a rate  pair  whose  sec- 
ond component  is  1.  The  rate  of  discount  is 
usually  expressed  as  a per  cent.  So  multiply  .2 
by  100  to  obtain  the  answer  to  the  problem. 

J What  is  the  product  of  100  and  .2?  What 
rate  of  discount  did  Miss  Allen  receive  ? 

K Read  the  problem  in  d4.  Why 
can  you  use  the  formula  expressed 
at  the  right  for  the  problem  ? 


L You  want  to  find  the  total  attendance. 
Which  variable  in  a = ^ is  a variable  for  this 
number? 

M Which  variable  in  a = ^ refers  to  the  aver- 
age attendance  per  home  game  this  year? 
Which  variable  refers  to  the  number  of  home 
games  ? 

N How  can  you  obtain  the  condition  950  = 7 

o 

from  the  formula  a = £ ? Tabulate  { 1 1 950  = . 

o What  was  the  total  attendance  at  the  6 home 
games  played  by  the  Ritchie  High  School  foot- 
ball team? 

Next  you  will  use  a conversion  formula  to 
help  you  solve  a problem, 
p Read  the  problem  in  d5.  You  are  asked  to 
find  how  many  inches  of  linen  Mrs.  Reynolds 
should  have  received.  Why 
can  you  use  the  formula  ex- 
pressed at  the  right  for  the 
problem  ? 

Q Which  variable  in  1 = kg  refers  to  the  num- 
ber of  inches  in  if  yd.?  Which  variable  in 
1=  kg  should  you  replace  by  if? 

R How  many  inches  are  in  1 yd.?  By  what 
number  should  you  replace  k in  /=  kg  ? 
s How  can  you  obtain  / = 36(lf)  from  / = kg ? 
Tabulate  { / 1 / = 36( if)} . 

T Mrs.  Reynolds  should  have  received  how 
many  inches  of  linen? 

Next  you  will  use  formulas  involving  trigo- 
nometric rate  pairs  to  help  you  solve  problems. 
Read  problem  A in  d6. 

a Make  a sketch  of  a right  triangle  ABC  to 
represent  the  information  given  in  problem  A. 
Let  ZA  represent  the  angle  of  elevation.  Let 
ZC  represent  the  right  angle  suggested  by  the 
wall  of  the  building  and  the  ground.  What  is 
the  measure  of  the  side  of  AABC  that  is  oppo- 
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a A 33-foot  ladder  is  placed  against 
a building  so  that  the  vertical  distance 
from  the  base  of  the  building  to  the  top 
of  the  ladder  is  16.5  ft.  What  is  the 
measure  of  the  angle  of  elevation  of 
the  top  of  the  ladder  from  the  bottom? 
b What  is  the  distance  from  the  bot- 
tom of  the  ladder  to  the  base  of  the 
building?  (Hundredths) 

d6 

site  ZA?  What  is  the  measure  of  the  hypot- 
enuse? 

B Why  can  you  use  the 
formula  expressed  at  the 
right  for  problem  A? 

C What  number  do  you  use  as  a replacement 

y 

for  y in  sin  t = — ? What  number  do  you  use 
as  a replacement  for  r?  What  condition  do 
you  obtain?  Find  the  quotient  of  16.5  and  33. 
d Use  the  table  of  tangents,  sines,  and  co- 
sines, which  precedes  the  index,  to  find  the 
measure  of  an  angle  whose  sine  is  .5000.  Then 
give  the  answer  to  problem  A. 

Read  problem  B in  d6.  You  can  use  your 
sketch  of  A ABC  and  the  answer  for  prob- 
lem A to  help  you  choose  a formula  that  ap- 
plies to  problem  B. 

e You  are  asked  to  find  the  distance  from  the 
bottom  of  the  ladder  to  the  base  of  the 
building.  Explain  why 
you  can  use  the  formula 
expressed  at  the  right  for 
problem  B. 

F How  can  you  obtain  cos  30  = ^ from 
x 

COS  t = j! 

G Look  up  cos  30  in  the  table.  How  can  you 
obtain  .8660  = ^ from  cos  30  = ^ ? 


H To  find  the  x that  satisfies  .8660  = you 

must  find  the  product  of  what  two  numbers? 
l What  is  the  product  of  33  and  .8660  to  the 
nearer  hundredth? 

J Give  the  answer  to  problem  B. 
k Read  problem  B again.  How  can  you  use 
y 

tan  t = ^ to  obtain  a condition  for  the  prob- 
lem? Tabulate  the  solution  set  of  .5774  = ^ ^ 

In  this  lesson  you  learned  how  to  use  formulas 
to  help  you  solve  problems.  First  you  chose  a 
formula  that  applied  to  a problem.  Then  you 
used  the  information  given  in  the  problem  to 
make  replacements  for  all  but  one  of  the  vari- 
ables in  the  formula.  In  this  way,  you  obtained 
a condition  whose  solution  could  be  used  to 
answer  the  question  in  the  problem. 

On  your  own 

For  each  problem,  first  choose  a formula 
that  applies  to  the  problem.  Next,  use  the  in- 
formation in  the  problem  to  make  replace- 
ments in  the  formula  and  write  a sentence  that 
expresses  the  condition  obtained.  Then  give 
the  answer  to  the  problem.  The  universe  for 
each  variable  is  D. 

1 The  Wallace  Company  bought  32  new  type- 
writers of  a certain  model.  The  total  cost  was 
$4064.  What  was  the  price  of  each  typewriter  ? 

2 Distances  on  the  ocean  are  measured  in 
nautical  miles.  In  Canada,  one  nautical  mile  is 
officially  the  same  as  a length  of  6076.10  ft.  A 
length  of  10  nautical  miles  is  the  same  as  a 
length  of  how  many  feet? 

3 A certain  species  of  whale  was  observed 
swimming  10  nautical  miles  in  \ hr.  How  many 
nautical  miles  per  hour  was  it  swimming? 

4 Paula  received  a $3  discount  on  a sweater 
that  was  regularly  priced  at  $15.95.  What  was 
the  rate  of  discount?  (Hundredths) 
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5 Last  month  Clyde  worked  a total  of  24 
days.  He  worked  an  average  of  2\  hr.  per  day 
last  month.  How  many  hours  did  Clyde  work? 

6 The  area  of  the  surface  of  Lake  Superior  is 
80,000  sq.  mi.  The  surface  area  of  Lake  On- 
tario is  35,000  sq.  mi.  The  surface  area  of 
Lake  Superior  is  what  per  cent  of  the  surface 
area  of  Lake  Ontario  ? (Hundredths) 

7 Mr.  Hall  buys  paintings  for  a store.  Re- 
cently, he  paid  $3550  for  7 paintings.  What 
was  the  average  price  per  painting?  (Ones) 

8 Two  monorails  were  built  for  the  1962 
Seattle  World’s  Fair.  Each  of  the  trains  run- 
ning on  these  monorails  traveled  1.2  miles  in 
96  seconds.  What  part  of  an  hour  did  each 
train  take  to  travel  1.2  mi.  ? 

9 From  problem  8 you  know  what  part  of  an 
hour  the  monorail  took  to  travel  1.2  miles. 
Now  find  how  many  miles  per  hour  the  mono- 
rail  traveled.  (Ones) 

10  The  roadbed  for  an  elevated  train  slopes 
upward  from  the  ground  to  a station  platform 
that  is  30  ft.  above  the  ground.  The  distance 
along  the  ground  from  the  beginning  of  the 
sloping  roadbed  to  a point  directly  below  the 
platform  is  990  ft.  What  is  the  measure  in  de- 
grees of  the  angle  of  elevation  of  the  platform  ? 


KEEPING  SKILFUL 

Xor  each  exercise  below,  use  a mixed  nu- 
meral or  a numeral  for  a basic  fraction  to  ex- 
press the  sum,  difference,  product,  or  quotient. 
121+111  8^-1 


O v 6 v 21 

2 3 7 30 


J 12  9 

4 _3I  ^ 4 

5 “7±  X 22\ 

5 i -C3 


+ _5j  + 

36-1; 


9 12j  + 2^ 

,0  41-31 

li  ~18  — 


12  ~15jX  1X4i 


14 


h + ~ ii+  ! 

56}f  — 24 


13l£  + 


13 
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Exploring  problems 


Business  and  science  formulas 

Besides  the  formulas  you  derived  in  lesson 
174  and  used  in  lesson  175,  there  are  many 
other  formulas  that  are  used  in  solving  science 
and  business  problems.  In  this  lesson  you  will 
learn  several  new  formulas  for  solving  such 
problems.  The  universe  for  each  variable  is  D. 

Read  problem  A in  d1  and  study  formula  B. 
In  the  following  exercises,  you  will  first  see 
how  formula  B can  be  derived. 

A Look  at  sentence  C in  d2.  What  connective 
is  used  in  the  compound  condition  expressed 
by  sentence  C?  Is  each  of  the  simple  condi- 
tions a condition  for  equivalence  ? 

In  condition  C,  r is  a variable  for  the  rate  of 
interest.  The  rate  of  interest  is  the  first  com- 


A Mr.  Mack  borrowed  $1500  from  a 
bank.  The  interest  on  the  loan  is  5^% 
per  year.  Mr.  Mack  will  repay  this  loan 
at  the  end  of  3 years.  How  many  dol- 
lars should  he  pay  in  interest? 

B i=prt. 

D 1 


Universe  for  each  variable  = D. 
C r/1  ~ x/p  A i/t  ~ x/\. 

D rp  = x A i = xt. 

E i = prt. 

d2 


Business  and  science  formulas  used  in  problem  solving 


ponent  of  a rate  pair  that  is  equivalent  to  a per 
cent  and  that  has  a second  component  of  1.  In 
problem  A,  the  rate  of  interest  is  given  as  5\%. 
However,  the  replacement  for  r is  .055  since 
5{%  ~ .055/1.  The  rate  of  interest  is  given  per 
year  in  most  cases,  x is  a variable  for  the 
amount  of  interest  for  1 year,  p is  a variable 
for  the  principal , which  is  the  amount  of  money 
upon  which  the  interest  is  paid,  i is  a variable 
for  the  amount  of  interest  for  the  given  period 
of  time,  t is  a variable  for  the  period  of  time. 
b Look  again  at  d2.  How  do  you  know  that 
condition  D is  equivalent  to  condition  C? 

C Compare  conditions  D and  E.  How  can  you 
obtain  condition  E from  condition  D?  Is 
condition  E the  same  as  formula  B expressed 
in  Dl  ? 

Formula  B is  called  an  interest  formula. 
This  formula  can  be  used  to  solve  many  prob- 
lems that  involve  interest. 
d Now  you  can  use  the  information  given  in 
problem  A to  make  replacements  for  varia- 
bles in  formula  B.  Remember  that  you  replace 
r by  .055,  not  by  5.5.  What  replacement  should 
you  make  for  p ? 

E If  you  use  the  information  in  problem  A to 
make  replacements  in  i=prt,  do  you  obtain 
the  condition  expressed  in  blue  below? 

i = (1500)  (.055)  (3). 

F What  number  satisfies  i = (1 500)(.055)(3)  ? 

Now  you  can  give  the  answer  to  problem  A 
in  ol.  Mr.  Mack  should  pay  $247.50  interest. 

Read  problem  F in  d3  and  study  formula  G. 
G In  formula  G,  a is  a variable  for  the  amount 
Mr.  Holland  had  in  the  savings  account  at  the 
end  of  the  year.  For  what  is  p a variable?  For 
what  is  i a variable?  The  amount  is  equal  to 
the  sum  of  what  two  numbers  ? 

H When  you  use  the  information  given  in 
problem  F and  make  replacements  for  p and  / 


f Mr.  Holland  kept  $2800  in  a savings 
account  for  a year.  During  that  year, 
his  savings  earned  $1 13.12  in  interest. 
What  amount  did  he  have  in  his  sav- 
ings account  at  the  end  of  the  year? 

G a = p-\-  i. 

d3 


h Mr.  Rader  plans  to  sell  a new  brand 
of  stationery  in  his  store.  The  station- 
ery costs  him  $1.85  per  box,  and  the 
overhead  on  each  box  is  $.15.  He 
wants  to  make  a $.75  profit  on  each 
box  of  stationery.  What  should  the 
selling  price  be  per  box  ? 
i s = c + o +p. 

d4 

in  a=p  + i,  do  you  obtain  the  condition  ex- 
pressed in  blue  below? 

a = 2800+  113.12. 

i What  number  satisfies  a = 2800  + 113.12? 
Give  the  answer  to  problem  F. 

Read  problem  H in  d4  and  study  formula  I. 

In  formula  I,  s is  a variable  for  the  selling 
price  of  an  item ; c is  a variable  for  the  cost  of 
the  item  to  the  merchant;  and  p is  a variable 
for  the  profit  the  merchant  makes  on  the  item. 
o is  a variable  for  the  overhead,  which  is  the 
merchant’s  operating  expenses. 

J You  can  use  the  information  given  in  prob- 
lem H to  make  replacements  for  which  of  the 
variables  in  formula  I?  Do  you  obtain  the 
condition  expressed  in  blue  below? 

s=  1.85  + .15  + .75. 

K What  number  satisfies  s = 1 .85  + . 1 5 + .75  ? 
Give  the  answer  to  problem  H. 
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L Suppose  that  a merchant  sells  an  item  for 
exactly  as  much  as  the  sum  of  the  cost  and 
the  overhead.  In  s = c + o + /?,  what  must  be 
true  of  the  replacement  for  p ? Does  the  mer- 
chant make  a profit  ? 

M Suppose  that  a merchant  sells  an  item  for 
less  than  the  sum  of  the  cost  and  the  over- 
head. In  5 = c + o +p,  what  must  be  true  of 
the  replacement  for  pi  Does  the  merchant 
make  any  profit  ? In  such  a case,  we  say  that 
the  merchant  has  a loss  on  the  item. 

^N^ext  you  will  study  several  formulas  that 
are  useful  in  solving  science  problems. 

Read  problem  J in  d5  and  study  formula  K. 
First  you  must  understand  some  of  the  terms 
used  in  the  problem.  Work  is  the  product  of  a 
force  and  the  distance  through  which  the  force 
acts.  The  force  and  the  distance  must  be  meas- 
ured in  the  same  direction.  If  the  force  is  given 
in  pounds  and  the  distance  is  given  in  feet,  then 
the  unit  of  measure  for  the  work  done  is  the 
foot-pound. 

a In  formula  K,  w is  a variable  for  the  work 
done ; / is  a variable  for  the  force ; and  d is  a 
variable  for  the  distance.  The  work  done  is 
equal  to  the  product  of  what  2 numbers? 
b Now  you  can  make  replacements  for  / and 
d in  formula  K.  A weight  of  25  lb.  exerts  a 
downward  force  of  25  lb.  Therefore,  it  takes  a 
25-lb.  force  to  lift  the  weight.  You  should  re- 
place / by  25.  By  what  number  should  you  re- 
place dl  Do  you  ob- 
tain the  condition  ex- 
pressed at  the  right  ? 

C What  number  satisfies  w = 25  X 15?  Give 
the  answer  to  problem  J. 

Read  problem  L in  d5  and  study  for- 
mula M.  Power  is  the  rate  at  which  work  is 
done.  If  the  unit  of  time  is  seconds,  then  the 
power  is  expressed  in  foot-pounds  per  second. 


J How  many  foot-pounds  of  work  are 
necessary  to  raise  an  object  that  weighs 
25  lb.  a distance  of  15  ft.  ? 

K w=fd. 

L What  is  the  power  in  foot-pounds 
per  second  of  a machine  that  does 
66,000  foot-pounds  of  work  in  30  sec.  ? 


d5 


n How  many  amperes  of  current  will 
flow  through  a resistance  of  15  ohms  if 
there  is  a pressure  of  120  volts  across 
the  resistance  ? 

° /=f 

p How  many  volts  of  pressure  will 
produce  5500  watts  of  power  with  a 
current  of  50  amperes  ? 

Q W=EI. 

d6 


If  the  unit  of  time  is  minutes,  then  the  power  is 
expressed  in  foot-pounds  per  minute. 
d In  formula  M,  p is  a variable  for  the  power. 
For  what  are  w and  t variables  ? The  power  is 
equal  to  the  quotient  of  what  two  numbers  ? 

E How  do  you  obtain 


the  condition  expressed 
at  the  right  from  for- 
mula M? 


P = 


66000 

30 


F What  number  satisfies  p = — — ? Give  the 
answer  to  problem  L. 

G Suppose  that  problem  L had  asked  you  to 
find  the  power  in  foot-pounds  per  minute. 
What  replacement  would  you  make  for  tl 
What  is  the  answer  to  the  problem  in  foot- 
pounds per  minute? 


382 


Next  you  will  study  two  formulas  that  are 
used  in  solving  problems  about  electricity. 
First,  however,  we  will  discuss  some  of  the 
words  that  are  used  in  talking  about  elec- 
tricity. The  ampere  (anFper)  is  the  unit  of  elec- 
trical current.  The  volt  (volt)  is  the  unit  of  elec- 
trical pressure.  The  ohm  (om)  is  the  unit  of 
electrical  resistance  that  must  be  overcome 
before  a current  can  flow.  1 volt  of  pressure  is 
required  to  cause  1 ampere  of  current  to  flow 
through  a wire  with  a resistance  of  1 ohm.  The 
watt  (wot)  is  the  unit  of  electrical  power. 

Read  problem  N in  d6  and  study  formula  O. 
h In  formula  O,  / is  a variable  for  the  number 
of  amperes  of  current;  E is  a variable  for  the 
number  of  volts  of  pressure ; and  R is  a varia- 
ble for  the  number  of  ohms  of  resistance.  The 
number  of  amperes  of  current  is  equal  to  the 
quotient  of  what  two  numbers  ? 
i How  do  you  obtain  the 

120 

condition  expressed  at  the 
right  ? 

1 20 

j What  number  satisfies  / = -y  ? Give  the 
answer  to  problem  N. 

Read  problem  P in  d6  and  study  formula  Q. 
K In  formula  Q,  IF  is  a variable  for  the  num- 
ber of  watts  of  power.  For  what  is  E a vari- 
able? For  what  is /a  variable?  The  number  of 
watts  of  power  is  equal  to  the  product  of  what 
two  numbers  ? 

l Explain  how  the  condition  expressed  in  blue 
below  was  obtained.  What  number  satisfies 
5500  = EX  50? 

5500  = E X 50. 

M Give  the  answer  to  problem  P. 

Next  you  will  learn  how  temperatures  ex- 
pressed on  the  scale  used  in  the  metric  system 
compare  with  temperatures  expressed  on  the 
scale  we  ordinarily  use.  Look  at  d7. 


D 7 


The  thermometer  shown  at  the  left  is  a 
Fahrenheit  (far^n  hit)  thermometer,  like  the 
ones  we  ordinarily  use.  A centigrade  (sen'to- 
grad)  thermometer  is  shown  at  the  right.  Centi- 
grade thermometers  are  used  in  science  and  in 
countries  that  use  the  metric  system. 

N On  the  Fahrenheit  scale,  32  degrees  (32°  F.) 
is  the  temperature  at  which  water  freezes.  On 
the  centigrade  scale,  0 degrees  (0°  C.)  is  the 
temperature  at  which  water  freezes.  What  is 
the  boiling  temperature  of  water  on  each  scale  ? 
o What  is  the  absolute  difference  of  the  freez- 
ing and  boiling  temperatures  of  water  on  the 
centigrade  scale ? On  the  Fahrenheit  scale?  Is 
the  difference  of  these  two  temperatures  on  the 
centigrade  scale  equal  to  f of  the  difference  on 
the  Fahrenheit  scale? 


Now  read  problem  R in  d8  and  study  for- 
mula S. 

In  formula  S,  C is  a variable  for  the  number 
of  degrees  expressed  on  the  centigrade  scale, 
and  F is  a variable  for  the  number  of  degrees 
expressed  on  the  Fahrenheit  scale, 
p Use  formula  S for  problem  R.  Which  of  the 
variables  should  be  replaced  by  77  ? Can  you 
use  the  condition  expressed  in  blue  below  to 
solve  the  problem  ? 

C = |(77  - 32). 

Q What  number  satisfies  C = f(77  — 32)  ? 

You  can  show  that  the  answer  to  problem  R 
is  given  in  terms  of  the  centigrade  scale  by  ex- 
pressing the  answer  in  the  following  way : 

25°  C.  is  the  same  temperature  as  77°  F. 
Read  problem  T in  d8.  You  can  use  for- 
mula S to  develop  a formula  for  problem  T. 
r How  can  you  derive  the  formula  expressed 
in  blue  below  from  formula  S ? 

F = §C  + 32. 

s Using  the  information  given  in  problem  T, 
what  replacement  should  you  make  for  C in 
F = \C  + 32  ? When  you  make  this  replace- 
ment, do  you  obtain  the  condition  expressed  in 
blue  below? 


F = 1(50)  + 32. 

T What  number  satisfies  F = §(50)  + 32  ? 
Give  the  answer  to  problem  T. 

In  this  lesson  you  have  seen  how  certain  for- 
mulas can  be  used  to  help  solve  problems  that 
concern  business  and  science.  These  formulas 
are  expressed  in  d9. 

On  your  own 

For  each  of  problems  1 through  13,  choose 
the  appropriate  formula  from  those  expressed 
in  d9.  Then  use  the  information  given  in  the 


R What  temperature  is  expressed  on 
the  centigrade  scale  when  the  tempera- 
ture expressed  on  the  Fahrenheit  scale 
is  77°  ? 

s C = l(F—  32). 

T What  temperature  is  expressed  on 
the  Fahrenheit  scale  when  the  temper- 
ature expressed  on  the  centigrade  scale 
is  50°  ? 


d8 


Universe  for  each  variable  = D. 


/ = prt. 
a = p-\~  i. 
s = c + o+  p. 
w=fd. 

W= El. 


C = |(F  — 32). 
F=\C  + 32. 


d9 


problem  to  make  replacements  in  the  formula. 
Find  the  number  that  satisfies  the  condition 
you  obtain,  and  give  the  answer  to  the  prob- 
lem. The  universe  for  each  variable  is  D. 

1 Mr.  Scala  sells  a certain  brand  of  lawn 
mower  for  $69.95.  The  lawn  mower  costs  him 
$47.50,  and  his  overhead  for  each  mower  is 
$9.70.  What  is  his  profit  on  a lawn  mower? 

2 One  day  in  January,  the  temperature  in 
Lively  was  ~18°  F.  What  temperature  shown 
on  the  centigrade  scale  is  the  same  as  ~18°  F.? 

3 How  many  pounds  of  force  acting  for  a dis- 
tance of  55  ft.  will  it  take  to  do  880  foot- 
pounds of  work  ? 

4 Mrs.  Carey  kept  $750  in  a savings  account 
for  two  years.  During  those  two  years  her 
money  earned  interest  which,  from  time  to 
time,  was  added  to  the  account.  At  the  end  of 
the  two  years,  the  amount  in  her  account  was 


$811.83.  How  much  interest  did  Mrs.  Carey’s 
money  earn  during  the  two  years? 

5 What  resistance  requires  850  volts  of  pres- 
sure to  produce  275  amperes  of  current? 

6 Mr.  Weaver  borrowed  $6000  from  a bank. 
At  the  end  of  4 years,  he  paid  the  bank  $6000 
plus  $1260  in  interest.  What  was  the  rate  of 
interest  per  year? 

7 The  power  of  a machine  is  165,000  foot- 
pounds per  minute.  In  how  many  minutes  will 
the  machine  do  500,000  foot-pounds  of  work? 

8 During  a sale,  a merchant  sold  a transistor 
radio  for  $14.79.  He  had  paid  $18.00  for  the 
radio,  and  his  overhead  on  the  radio  amounted 
to  $4.50.  What  was  the  loss  on  the  radio? 

9 How  many  watts  of  power  are  produced  by 
120  volts  of  pressure  and  \ ampere  of  current? 
to  How  much  interest  must  Mr.  Ott  pay  in  1 
year  on  a $500  loan  if  the  rate  of  interest  is 
6^%? 

1 1 How  many  volts  of  pressure  are  necessary 
to  force  20  amperes  of  current  through  a re- 
sistance of  8.5  ohms? 

12  Iron  melts  at  1535°  C.  What  is  this  temper- 
ature expressed  on  the  Fahrenheit  scale  ? 

13  What  is  the  selling  price  of  a toaster  for 
which  a merchant  paid  $14  if  his  overhead  for 
the  toaster  is  $1.95  and  his  profit  is  $5.15? 


KEEPING  SKILFUL 

For  each  exercise  below,  use  a decimal  to  ex- 
press the  sum,  difference,  product  or  quotient. 

1 15.063  -“12.794  9 “1540 -“61.6 

2 “24  + 22.61  io  “1.678 + “6.65 + 3.82 

3 74.1  - 39  li  72-  90.9 


4 “.25  X 65.3 

5 “28  - “12.72 

6 “6.59-  1.8 

7 116.8 -“4.8 

8 12.5 + “7.9 


12  “410-25 

13  42.5  X “13.64  X“.l 

14  “149.12 + “32.98 

15  “15  X “10.4  X “7 

16  “15.2  X 4 X “3.2 


13  177  Exploring  problems 

Perimeter  and  area  formulas 

In  unit  8 and  again  in  fesson  125,  you  learned 
to  find  areas  and  perimeters  of  several  geo- 
metric figures.  In  this  lesson,  you  will  see  how 
formulas  can  be  used  to  find  perimeters  and 
areas.  Think  of  all  measures  given  in  the  prob- 
lems as  mathematical  measures. 

Read  the  problem  in  d1.  The  universe  for 
each  variable  is  D.  Notice  that  the  problem  in- 
volves a perimeter , a lengthy  and  a width. 

A Look  at  d2.  In  condition  A,  p is  a variable 
for  the  perimeter  of  a rectangle ; / is  a variable 
for  the  length  of  the  rectangle ; and  w is  a vari- 
able for  the  width  of  the  rectangle.  Can  you 
use  condition  A to  solve  the  problem  in  Dl  ? 

B How  can  you  obtain  condition  B from  con- 
dition A?  Condition  C from  condition  B? 
Condition  D from  condition  C? 


The  length  of  a rectangle  is  18  ft.  The 
width  is  15  ft.  What  is  the  perimeter  of 
the  rectangle  in  feet  ? 

Dl 


Universe  for  each  variable  = D. 

A p = / + W + / + W. 

B p = l+  l+  W+W. 

C />  = (1  + 1)/+(1  + 1)W. 

D p — 21+  2 w. 

d2 


Formulas  for  perimeter  of  rectangle,  square,  triangle,  and  equilateral  triangle; 
formulas  for  area  of  parallelogram,  rectangle,  square,  triangle,  and  trapezoid 


Condition  D is  a formula  you  can  use  to 
solve  problems  that  involve  the  perimeter  of 
a rectangle. 

c If  you  use  formula  D for  the  problem  in 
d1,  why  do  you  replace  / by  18  and  w by  15? 
Tabulate  {p  \p  = 2(18)  + 2(15)}.  What  is  the 
perimeter  of  the  rectangle  in  feet  ? 
d If  a problem  gives  you  the  perimeter  and 
the  length  of  a rectangle,  how  can  you  use 
p = 21  + 2w  to  determine  the  width  of  the  rec- 
tangle ? 

E What  do  you  know  about  the  measures  of 
the  sides  of  a rectangle  that  is  a square  ? 
f Look  at  d3.  Use  5 as  a variable  for  the 
measure  of  each  side  of  a square.  Why  can  you 
use  2s  + 25  instead  of  2/  + 2w,  if  you  are  find- 
ing the  perimeter  of  a square  ? 

G How  can  you  obtain  condition  F from  con- 
dition E?  Condition  G from  condition  F? 

Condition  G is  a formula  you  can  use  to 
solve  problems  that  involve  the  perimeter  of  a 
square. 

h If  a problem  gives  you  the  measure  of  the 
perimeter  of  a square,  how  can  you  use 
p = As  to  determine  the  measure  of  each  side  of 
the  square  ? 

i You  know  that  the  perimeter  of  any  poly- 
gon is  the  sum  of  the  measures  of  the  sides. 
Condition  H,  expressed  in  d4,  is  a formula  for 
the  perimeter  of  a triangle.  For  what  is  p a 
variable  ? For  what  are  a , b,  and  c variables  ? 

J If  a triangle  is  equilateral,  what  do  you 
know  about  the  measures  of  its  sides? 
k Use  5 as  a variable  for  the  measure  of  each 
side  of  an  equilateral  triangle.  Can  you  use 
condition  I,  expressed  in  d4,  as  a formula  for 
the  perimeter  of  an  equilateral  triangle  ? 

The  formulas  you  have  derived  so  far  con- 
cern perimeter.  Now  you  will  derive  some  for- 
mulas for  problems  that  involve  area. 


Universe  for  each  variable  = D. 
A p = l + w + l + w. 

B p — 

c /?  = (l  + l)/+(l  + l)w. 

d p = 21 T 2w. 

d2 


Universe  for  each  variable  = D. 
E p = 2s  + 2s. 
f p = (2  + 2)5. 

G p = 45. 

d3 


Universe  for  each  variable  = D. 
H p = a + b + c. 
i p = 3s. 

d4 


The  measure  of  an  altitude  of  a paral- 
lelogram is  \\  ft.  The  measure  of  the 
base  is  3 ft.  What  is  the  area  of  the 
parallelogram  in  square  feet  ? 

d5 


Universe  for  each  variable  = D. 
J b/\~A/a. 

K A = ab. 

d6 


Read  the  problem  in  d5.  The  universe  for 
each  variable  is  D.  Notice  that  the  problem  in- 
volves a base , an  altitude,  and  an  area. 
a In  condition  J,  expressed  in  d6,  A is  a vari- 
able for  the  area  of  a parallelogram ; b is  a var- 
iable for  the  measure  of  the  base;  and  a is  a 
variable  for  the  measure  of  an  altitude.  Can 


you  use  condition  J to  solve  the  problem  in  d5  ? 
How  can  you  obtain  condition  K from  condi- 
tion J ? 

In  sentences  J and  K,  read  the  capital  let- 
ter that  names  the  variable  for  the  area  as 
“cap  A,”  to  indicate  that  it  is  different  from  the 
letter  that  names  the  variable  for  the  altitude. 

Condition  K is  a formula  for  solving  prob- 
lems that  involve  the  area  of  a parallelogram. 
b Think  again  about  the  problem  in  d5.  By 
what  do  you  replace  a in  A = ab  ? By  what  do 
you  replace  bl  Tabulate  {A\A  = (1^)3}.  Give 
the  answer  to  the  problem  in  d5. 
c Suppose  that  you  are  given  the  width  and 
the  length  of  a rectangle.  Can  you  think  of 
the  width  as  the  measure  of  an  altitude  of  the 
rectangle?  Can  you  think  of  the  length  as  a 
measure  of  the  base?  Explain  why  you  can 
use  A = ab  to  find  the  area  of  the  rectangle. 

When  A = ab  is  used  to  find  the  area  of  a 
parallelogram  that  is  a rectangle,  the  formula 
is  sometimes  expressed  by  the  sentence  A = Iw. 
d Suppose  that  you  know  the  area  and  the 
width  of  a rectangle.  How  can  you  use 
A = Iw  to  determine  the  length  ? 

E If  a parallelogram  is  a square,  what  do  you 
know  about  the  measures  of  its  base  and  alti- 
tude ? Is  A = s2  a formula  for  finding  the  area 
of  a square  ? 

Read  the  problem  in  d7.  The  universe  for 
each  variable  is  D.  Notice  that  the  problem  in 
d7  involves  an  area,  a base,  and  an  altitude. 


REMINDER 

If  a parallelogram  and  a triangle  have  a 
common  base  and  a common  altitude, 
then  the  area  of  the  parallelogram  is 
2 times  the  area  of  the  triangle. 

See  lesson  108,  page  55. 


The  measure  of  an  altitude  of  a trian- 
gle is  2 in.  The  measure  of  the  base  of 
the  triangle  is  3.5  in.  What  is  the  area 
of  the  triangle  in  square  inches  ? 

D 7 


Universe  for  each  variable  = D. 
l b/i~2A/a. 

M 2A  = ab. 

N A = \ab. 

d8 

f Look  at  d8.  In  condition  L,  A is  a variable 
for  the  area  of  a triangle.  For  what  is  b a vari- 
able? For  what  is  a a variable  ? How  do  you 
know  that  you  can  use  condition  L to  solve  the 
problem  in  d7  ? 

G How  can  you  obtain  condition  M from  con- 
dition L? 

H How  can  you  obtain  condition  N from  con- 
dition M ? 

Condition  N is  a formula  that  you  can  use 
to  solve  problems  involving  the  area  of  a tri- 
angle. 

l Think  again  about  the  problem  in  d7.  By 
what  numbers  do  you  replace  a and  b in 
A =\ab1 

j Tabulate  {A\A=^X2X  3.51. 

K What  is  the  area  of  the  triangle  in  square 
inches  ? 

You  now  have  studied  formulas  for  deter- 
mining the  area  of  a parallelogram,  a rectangle, 
a square,  and  a triangle.  Next  you  will  study  a 
formula  for  determining  the  area  of  a trape- 
zoid. First  you  will  learn  more  about  the 
measures  of  segments  associated  with  trape- 
zoids. 
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B 


G 


C H 


A Look  at  d9.  Name  the  opposite  sides  of 
quadrilateral  ABCD. 

b BC  AD  = { }.  Is  BC  ||  AD?  Is  segment 
BC  parallel  to  segment  AD  ? Explain  your  an- 
swer. 

C AB  is  not  parallel  to  CD.  Is  AB  ||  CD? 
d You  know  that  a trapezoid  is  a quadrilateral 
in  which  two,  and  only  two,  sides  are  parallel. 
How  do  you  know  that  quadrilateral  ABCD  is 
a trapezoid  ? 

E Tabulate  GF  P BC.  Tabulate  GF  P AD. 

F Is  one  endpoint  of  GF  contained  in  the  line 
that  includes  side  BC  of  the  trapezoid  ? Is  the 
other  endpoint  of  GF  contained  in  the  line 
that  includes  the  side  of  the  trapezoid  that  is 
parallel  to  side  BC  ? 

G Is  GF  perpendicular  to  both  of  the  lines 
that  include  the  parallel  sides  of  the  trapezoid  ? 

GF  is  an  gltitude  of  trapezoid  ABCD.  An 
altitude  oLatrapezokLis  a segment  that  is  per- 
pendicular  to  both  of  the  lines  that  include  the 
parallel  sides  of  the  trapezoid.  The  endpoints 
of  the  altitude  are  contained  in  the  lines  that 
Include  the  parallel  sides.  Each  of  the  parallel 
sides  is  a base  of  the  trapezoid. 

H How  do  you  know  that  BE  is  an  altitude  of 
trapezoid  ABCD  ? How  do  you  know  that  HD 
is  also  an  altitude  ? 

i Explain  why  AB  is  not  an  altitude  of  the 
trapezoid.  Explain  why  CD  is  not  an  alti- 
tude. 

J Look  again  at  d9.  Polygon  EBGF  is  a paral- 
lelogram. How  do  you  know  that  polygon 
EBGF  is  a rectangle  ? 

K Is  m(BE)  = m(GF)?  How  do  you  know? 
L Does  each  of  the  altitudes  of  a given  trape- 
zoid have  the  same  measure  ? 


N ow  you  are  prepared  to  find  the  area  of  a 
trapezoid.  To  do  this,  you  will  use  what  you 
know  about  the  area  of  a triangle. 
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altitude  of  a trapezoid.  A segment  that  is 
perpendicular  to  the  lines  that  include  the 
parallel  sides  of  the  trapezoid.  The  endpoints  of 
the  segment  are  contained  in  the  lines  that  in- 
clude the  parallel  sides.  Each  of  the  parallel 
sides  is  a base  of  the  trapezoid. 


Look  at  dIO.  Quadrilateral  JKLM  is  a 
trapezoid. 

a Name  the  pairs  of  opposite  angles  of  trape- 
zoid JKLM.  Name  the  pairs  of  opposite  ver- 
tices of  the  trapezoid. 


REMINDER 

Opposite  angles  of  a quadrilateral  are 
two  angles  of  the  quadrilateral  that 
intersect  in  exactly  two  points. 
Opposite  vertices  of  a quadrilateral  are 
the  vertices  of  two  opposite  angles. 
See  lesson  106,  page  42. 


b What  segment  is  determined  by  points  K 
and  M? 

KM  is  a diagonal  of  trapezoid  JKLM.  A 
diagonal  _of__a  trapezoid  is  a segment  deter- 


diagonal  of  a trapezoid.  A segment  deter- 
mined by  two  opposite  vertices  of  the  trapezoid. 


Universe  for  each  variable  = D. 
o A — \ab\  + \ab2 . 
p A = \a{bx  + b 2). 


mined  by  two  opposite  vertices  of  the  trape- 
zoid. ~~ — 

tr  Look  again  at  dIO.  AJKM  is  the  union  of 
what  three  segments?  AKLM  is  the  union  of 
what  three  segments? 

Notice  that  AJKM  is  the  union  of  two  sides 
of  the  trapezoid  and  diagonal  KM.  AKLM  is 
the  union  of  the  two  other  sides  of  the  trape- 
zoid and  diagonal  KM.  We  say,  therefore,  that 
a trapezoid  and  one  of  its  diagonals  form  two 
triangles.  ~ — — - 

d What  closed  region  is  the  union  of  the 
closed  regions  determined  by  AJKM  and 
AKLM?  Is  the  area  of  trapezoid  JKLM  the 
sum  of  the  areas  of  triangle  JKM  and  trian- 
gle KLM? 

Exercise  D involves  a property  concerning 
the  area  of  a trapezoid.  The  property  is  ex- 
pressed below. 

The  area  of  a trapezoid  is  equal  to  the  sum 
of  iJuTareas  of  iKeTwoTriangles  formed  by  the 
trapezoid  and  one  of  its  diagonals. 

E~KQ  is  perpendicular  to~KTTand  JM.  Is  KQ 
an  altitude  of  trapezoid  JKLM?  Is  KQ  also 
an  altitude  of  AJKM  ? 

f Which  base  of  the  trapezoid  is  also  the  base 


of  AJKM? 

G PM  is  perpendicular  to  KL  and  JM.  Is  PM 
an  altitude  of  trapezoid  JKLM?  Is  PM  also 
an  altitude  of  AKLM? 
h Which  base  of  the  trapezoid  is  also  the  base 
of  AKLM? 

Notice  that  an  altitude  and  one  of  the  bases 
of  trapezoid  JKLM  form  an  altitude  and  the 
base  of  AJKM.  Another  altitude  and  the  sec- 
ond base  of  the  trapezoid  form  an  altitude  and 
the  base  of  AKLM. 


D 1 1 


1 Is  m(KQ)  = m(PM)  ? Is  the  measure  of  the 
altitude  of  AJKM  the  same  as  the  measure  of 
the  altitude  of  AKLM  ? 

Now  you  can  use  what  you  know  about  a 
formula  for  the  area  of  a triangle  to  derive  a 
formula  for  the  area  of  a trapezoid.  You  can 
use  bi  to  represent  the  measure  of  base  JM  of 
AJKM.  Use  b2  to  represent  the  measure  of 
base  KL  of  AKLM.  The  universe  for  each  var- 
iable is  D.  Remember  that  JM  and  KL  are  also 
the  two  bases  of  trapezoid  JKLM. 

J Use  a to  represent  the  measure  of  altitude 
KQ  of  AJKM.  Why  does  a also  represent  the 
measure  of  altitude  PM  of  AKLM? 

K How  do  you  know  that  \ab\  represents  the 

area  of  AJKM?  How  do  you  know  that 
\ab2  represents  the  area  of  AKLM  ? 
l Look  at  sentence  O in  d1  1.  You  know  that 
the  area  of  trapezoid  JKLM  is  the  sum  of  the 
areas  of  AJKM  and  AKLM.  If  A represents 
the  area  of  the  trapezoid,  does  sentence  O 
express  a condition  for  finding  the  area  of 
trapezoid  JKLM  ? 

m What  property  of  real  numbers  can  you  use 
to  obtain  condition  P from  condition  O?  In 
condition  P,  does  a represent  the  measure  of 
an  altitude  of  the  trapezoid?  b\  represents  the 
measure  of  which  side  of  the  trapezoid?  b2 
represents  the  measure  of  which  side  ? 

Condition  P is  a formula  you  can  use  to 
solve  problems  involving  the  area  of  a trape- 
zoid. 

N Suppose  that  you  want  to  find  the  area  of  a 
trapezoid  in  square  inches.  The  measure  of  an 


Universe  for  each  variable  = D. 
p — 21  + 2 w.  A = ab. 

p = 4s.  A — Iw. 

p — a~h  b + c.  A = s* 1 2 3 4. 

p = 3s.  A — 2 ab. 

A = \a(bx  + b2). 

d1  2 


altitude  of  the  trapezoid  is  3 in.  The  measures 
of  the  bases  of  the  trapezoid  are  5 in.  and  7 in. 
What  replacements  for  a , and  b2  should  you 

make  in  A = \a(bi  + b2)l 
o Is  A = ^(3)  • (5  + 7)  the  condition  you  will 
use  to  find  the  area  of  the  trapezoid  ? What  is 
the  area  of  the  trapezoid  in  square  inches? 

In  this  lesson  you  have  derived  the  formulas 
expressed  in  d12. 

On  your  own 

For  each  of  the  following  problems,  select 
an  appropriate  formula  from  those  expressed 
in  d12.  Next,  use  the  information  given  in  the 
problem  to  make  replacements  and  write  a sen- 
tence that  expresses  the  condition  that  you  ob- 
tain. Then  tabulate  the  solution  set  of  the  con- 
dition and  give  the  answer  to  the  problem. 
Think  of  the  measures  given  in  the  problems 
as  mathematical  measures.  The  universe  for 
each  variable  is  D. 

1 The  measures  of  the  sides  of  a triangle  are 
3 mm.,  7 mm.,  and  9 mm.  What  is  the  perim- 
eter of  the  triangle  in  millimetres? 

2 The  area  of  a rectangle  is  24  sq.  ft.  The 
width  is  5 ft.  What  is  the  length  of  the  rectangle 
in  feet? 

3 The  measure  of  a side  of  a square  is  9\  ft. 
What  is  the  perimeter  of  the  square  in  feet? 

4 The  measure  of  a side  of  an  equilateral  tri- 
angle is  5.2  cm.  What  is  the  perimeter  of  the 
triangle  in  centimetres? 


5 The  measure  of  an  altitude  of  a parallelo- 
gram is  4.7  yd.  The  measure  of  the  base  is 

6.2  yd.  What  is  the  area  of  the  parallelogram 
in  square  yards? 

6 The  length  of  a rectangle  is  32  cm.  The 
width  is  20.5  cm.  What  is  the  perimeter  of  the 
rectangle  in  centimetres? 

7 The  measure  of  a side  of  a square  is  3^  in. 
What  is  the  area  of  the  square  in  square 
inches? 

8 The  measure  of  an  altitude  of  a triangle  is 

5.3  yd.  The  measure  of  the  base  is  6.2  yd.  What 
is  the  area  of  the  triangle  in  square  yards? 

9 A parallelogram  has  an  area  of  6.3  square 
metres.  The  measure  of  an  altitude  is  .7  metre. 
What  is  the  measure  of  the  base  of  the  paral- 
lelogram in  metres? 

to  A rectangle  has  a perimeter  of  39  cm.  The 
length  of  the  rectangle  is  14  cm.  What  is  the 
width  of  the  rectangle  in  centimetres? 

1 1 The  measure  of  an  altitude  of  a trapezoid  is 
\\  ft.  The  measures  of  the  bases  are  3 ft.  and 
5|  ft.  What  is  the  area  of  the  trapezoid  in 
square  feet? 

12  The  measure  of  an  altitude  of  a triangle  is 
lJm.The  measure  of  the  base  is  ^ m.  What  is 
the  area  of  the  triangle  in  square  metres? 

1 3 The  perimeter  of  a square  is  1 3.6  mm.  What 
is  the  measure  of  each  side  of  the  square  in 
millimetres? 

14  The  measures  of  the  bases  of  a trapezoid 
are  2.2  ft.  and  4.3  ft.  The  area  of  the  trapezoid 
is  6.5  sq.  ft.  What  is  the  measure  of  an  altitude 
of  the  trapezoid  in  feet  ? 

15  The  perimeter  of  a square  is  35  ft.  What  is 
the  area  of  the  square  in  square  feet?  • 

16  Each  of  two  sides  of  a triangle  has  a meas- 
ure of  5 ft.  An  altitude  that  is  perpendicular  to 
the  third  side  has  a measure  of  4 ft.  The  perim- 
eter of  the  triangle  is  16  ft.  What  is  the  area  of 
the  triangle  in  square  feet? 
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APPLYING  MATHEMATICS 

± or  each  problem,  first  choose  the  appropri- 
ate formula  from  the  table  of  formulas  that 
begins  on  page  438.  Next,  use  the  information 
given  in  the  problem  to  make  replacements. 
Then  write  a sentence  that  expresses  the  condi- 
tion and  give  the  answer  to  the  problem.  Think 
of  the  given  measures  as  mathematical  meas- 
ures. The  universe  for  each  variable  is  D. 

1 At  the  Modern  Furniture  Company,  the 
cost  of  the  furniture  sold  last  month  was 
$10,247.  The  furniture  was  sold  for  $14,703. 
The  overhead  was  $1824.35.  What  was  the 
profit  on  the  furniture  sold  last  month? 

2 The  power  of  a certain  machine  is  75,000 
foot-pounds  per  second.  The  machine  can  do 
how  many  foot-pounds  of  work  in  30  seconds? 

3 The  Hall  City  National  Bank  charges  5\% 
interest  per  year  on  loans.  Mr.  Gray  borrowed 
$2400  for  2 years.  How  much  interest  should 
Mr.  Gray  have  paid  the  bank  for  the  use  of  the 
$2400? 

4 Calcium  melts  at  810°  C.  At  what  temper- 
ature on  the  Fahrenheit  scale  does  calcium 
melt? 

5 Mr.  Davis  drove  his  car  250.2  mi.  in  4.5  hr. 
At  what  average  speed  was  he  traveling? 

6 The  Garcia  family  uses  an  average  of  f gal. 
of  milk  per  day.  How  many  gallons  of  milk 
does  the  Garcia  family  use  in  30  days? 

7 The  resistance  of  a certain  wire  is  9.6  ohms. 
How  many  volts  of  pressure  are  required  so 
that  10.5  amperes  of  current  will  flow  through 
the  wire? 

8 Mr.  Walters  had  $4500  in  his  savings  ac- 
count for  1 year.  He  made  no  deposits  or  with- 
drawals during  the  year.  During  the  year, 
$146.25  interest  was  added  to  his  account. 
How  much  did  he  have  in  his  savings  account 
at  the  end  of  the  year? 


9  In  one  year,  6,049,000  persons  were  em- 
ployed in  Canada.  About  11.1%  of  these 
persons  were  employed  in  agriculture.  How 
many  persons  were  employed  in  agriculture? 
to  Marvin  used  34^  ft.  of  chicken  wire  to  en- 
close a rectangular  garden.  The  length  of  the 
garden  is  10^  ft.  What  is  the  width  of  the  gar- 
den in  feet? 

1 1 A chute  extends  from  the  second  floor  of  a 
building  to  the  basement.  The  measure  in  de- 
grees of  the  angle  of  elevation  of  the  top  of  the 
chute  from  the  bottom  is  77.  The  distance 
along  the  basement  floor  from  the  bottom  of 
the  chute  to  a point  directly  below  the  top  of 
the  chute  is  5.85  ft.  What  is  the  length  of  the 
chute  in  feet  ? 

12  Mr.  Allen  sold  a rectangular  piece  of  land 
that  is  295.5  ft.  long  and  1572  ft.  wide.  How 
many  square  feet  of  land  did  he  sell  ? 

13  The  current  flowing  through  an  electrical 
heating  coil  is  2.0  X 101  amperes.  The  power 
produced  is  1.86  X 105  watts.  What  is  the  elec- 
trical pressure  across  the  coil  in  volts  ? 

14  Lynn  lifted  a 15-lb.  bag  of  groceries  a dis- 
tance of  4 ft.  How  many  foot-pounds  of  work 
did  she  do  ? 

1 5 Mr.  Holt  sells  a certain  make  of  jacket  for 
$12.95.  Each  jacket  costs  him  $8.75,  and  the 
overhead  on  each  jacket  is  $.98.  What  is  his 
profit  on  each  jacket  that  he  sells  ? 

16  Miss  Sprague’s  desk  is  69  in.  long.  Her  desk 
is  how  many  feet  long? 

17  Alice  is  making  a quilt  by  sewing  together 
triangular  pieces  of  cloth.  The  length  of  each 
side  of  each  piece  is  4\  in.  What  is  the  perimeter 
of  each  piece  in  inches  ? 

1 8 A certain  airplane  can  fly  625  mi.  per  hour. 
At  this  rate,  how  many  hours  will  it  take  the 
airplane  to  fly  1000  mi.  ? 

19  Miss  Newcomb  borrowed  $1500  for  a 
period  of  3 years.  At  the  end  of  that  time,  she 
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repaid  the  loan  and  paid  $270  interest.  What 
rate  of  interest  did  Miss  Newcomb  pay  ? 

20  Mr.  Schwartz  set  the  thermostat  in  his  liv- 
ing room  so  that  the  room  temperature  would 
be  68°  F.  What  is  a temperature  of  68°  F.  on 
the  centigrade  scale  ? 

21  Last  year  Mr.  Willis  saved  5.9%  of  his 
salary.  He  saved  $395.30.  What  was  his  salary 
last  year  ? 

22  The  floor  of  a porch  is  in  the  shape  of  a 
trapezoid.  The  length  of  an  altitude  of  the 
floor  is  12^  ft.  The  lengths  of  the  bases  are 
24  ft.  and  36^  ft.  What  is  the  area  of  the  floor 
in  square  feet  ? 

23  Point  S on  the  ground  is  155  ft.  from  the 
base  of  a 140-ft.  building.  What  is  the  measure 
in  degrees  of  the  angle  of  elevation  of  the  top 
of  the  building  from  point  S ? 

24  Sam  used  a square  piece  of  leather  to  cover 
the  top  of  a table.  The  length  of  a side  of  the 
piece  of  leather  is  39^  in.  What  is  the  perimeter 
of  the  piece  of  leather  in  inches  ? 

25  An  appliance  dealer  bought  12  electric 
clocks.  The  total  cost  of  the  clocks  was  $91.80. 
Each  clock  was  the  same  price.  What  was  the 
price  per  clock  ? 

26  The  portion  of  the  Central  School  play- 
ground that  is  reserved  for  baseball  is  in  the 
shape  of  a square.  The  length  of  a side  of  this 
square  is  1 50  ft.  How  many  square  feet  of  the 
playground  are  reserved  for  baseball  ? 

27  A 28-foot  ladder  rests  against  a wall  so  that 
the  top  of  the  ladder  is  24.5  ft.  from  the  base  of 
the  wall.  What  is  the  measure  in  degrees  of  the 
angle  of  elevation  of  the  top  of  the  ladder  from 
the  bottom  of  the  ladder  ? 

28  A machine  cuts  strips  of  tin  into  triangular 
pieces.  The  length  of  an  altitude  of  a piece  is 
20.4  cm.  The  length  of  the  base  is  30.2  cm. 
What  is  the  area  of  the  piece  of  tin  in  square 
centimetres? 


CHECKING  UP 

Ahe  small  numerals  within  parentheses  tell 
what  pages  to  turn  to  for  help  if  you  need  it. 

Test  158 

Write  “T”  for  each  sentence  below  that  ex- 
presses a true  statement.  Write  “F”  for  each 
sentence  that  expresses  a false  statement. 

1 The  solution  set  of  y = ~3x  is  a propor- 
tional relation.  The  universe  for  (x,  y ) is 
D X D. 

2 {(A,  y ) | y = \x2}  is  a finite  set.  U = D X D. 

(351) 

3 In  y = the  variable  y varies  inversely 
as  x.  The  universe  for  (x,  y)  is  D X D. 

4 The  locus  of  the  solution  set  of  a condition 
is  a geometric  figure. 

5 (_3,  63)  is  a solution  of  y = lx2.  The  uni- 
verse for  (x,  y)  is  D X D. 

g 

6 In  y = x2,  the  variable  y varies  directly  as 
x2.  The  universe  for  (x,  y)  is  D X D. 

= i 

8 a/25  = V§. 

9 In  cos  t = j,  the  variable  r is  a variable  for 
the  measure  of  the  hypotenuse. 

10  A merchant’s  profit  is  included  in  his  over- 
head. 

Test  159 

From  the  list  given  below  each  exercise, 
choose  the  word,  words,  or  symbols  that  cor- 
rectly complete  the  exercise. 

1 1 A solution  of  y—  \x  is . The  universe 

for  (x,  y)  is  D X D.  (347) 

a Cf,  1)  b (1,|)  c (2,  3)  _ d (-3,2) 

12  Each  member  of  {Oc,  y)\y=  4x}  can  be 

represented  by . U = D X D.  (348 ) 

a (~4x,  x)  b (x,  4x)  c (\x,  x)  d (~x,  jx) 

13  The  locus  of  {(x,  y)\y  = 2lx2}  is  a . 

U = D X D.  (352) 

a line  b ray  c parabola  d hyperbola 
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14  In , y varies  inversely  as  x.  The  uni- 

verse for  (x,  y)  is  D X D.  (355) 

a y = 5x  ‘ y = x 

b y = 5x2  A y = h 

15  The  locus  of  { (jc,  | is  . 

U = D X D.  (359) 

a a closed  curve  c a four-part  curve 

b a two-part  curve  d the  empty  set 

16  For  each  x,  - — — . U = D.  (367) 

a X = 0 b X2  > 0 c X2  ^ 0 d X2  < 0 

17  12.4352  < 12.42  is  true  because  . 

(367) 

a 12.435 J>  12.4  c 12.4  <12.435 
b .43  >.4  d 12.435  <12.4 

18  To  find  the  total  cost  of  several  items  that 

sell  for  the  same  amount  of  money,  you  should 
use  the  formula . (373) 

a d=  rt  b c = np  c p = br  d 1=  kg 

19  If  a problem  involves  40%,  the  replacement 
for  r in  p = br  is  obtained  by  dividing  40  by 

— (373) 

a lo  b Too  c 10  d 100 

20  The  formula  — ~ is  used  to  find  the  area  of 
a trapezoid.  (389) 

a A — \ab  c A — \a{b\  + b^) 

b A = s2  d A = p + i 

Test  160 

Tell  what  word,  words,  or  symbols  best 
complete  each  of  the  following  exercises. 

21  The  second  component  of  (6,  27)  is  the 

product  of  and  the  first  component. 

(347)  . 

22  In  y = 2\x2,  the  variable  y varies  directly  as 
varies.  The  universe  for  ( x , y)  is  D X D. 

(351) 

23  In  y = 8*,  8 is  the  constant  of  — — . The 
universe  for  (x,  y)  is  D X D.  (34s) 

24  The  geometric  figure  that  is  the  locus  of 

{(x,  y>\ y — f)  is  a . U = D X D. 


25  If  the  first  component  of  a solution  of 

3 

y = x 2 3,  ^en  the  second  component  is 

. The  universe  for  (x,  y)  is  D X D.  (35s) 

26  The  condition  d=  rt  is  called  the  — — - for- 
mula. (372) 

27  The  condition  p = br  is  called  a — — - for- 
mula. (373) 

28  If  you  use  1 = kg  to  find  the  number  of  feet 
that  is  the  same  length  as  14  yards,  you  should 
replace  k by  — — -.  (374) 

29  The  condition  a = ^ is  called  the  — — for- 
mula. (374) 

30  A trapezoid  has  exactly  diagonals. 

(389) 

Test  161 

For  each  problem,  first  write  a sentence  that 
expresses  a condition.  Then  give  the  answer  to 
the  problem.  The  universe  for  each  variable 
is  D. 

31  The  width  of  a rectangle  is  85  ft.,  and  the 
length  is  12^  ft.  What  is  the  perimeter  of  the 
rectangle  in  feet  ? (386) 

32  The  perimeter  of  a square  is  6 in.  What  is 

the  length  of  a side  in  inches  ? (386) 

33  The  length  of  each  side  of  a triangle  is  17  m. 
What  is  the  perimeter  in  metres?  (386) 

34  The  length  of  an  altitude  of  a parallelogram 
is  8 yd.,  and  the  area  is  12  sq.  yd.  What  is  the 
length  of  the  base  in  yards  ? (386) 

35  The  length  of  an  altitude  of  a triangle  is 

4 in.,  and  the  area  is  32  sq.  in.  What  is  the 
length  of  the  base  in  inches  ? (387 

36  The  length  of  an  altitude  of  a rhombus  is 

5 ft.,  and  the  length  of  the  base  is  8.6  ft.  What  is 
the  area  of  the  rhombus  in  square  feet?  (387) 

37  The  length  of  an  altitude  of  a trapezoid  is 
4 mi.  The  lengths  of  the  bases  are  8.9  mi.  and 
6.7  mi.  What  is  the  area  of  the  trapezoid  in 
square  miles?  (389) 
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CHECKING  UP 

Ahe  small  numerals  within  parentheses  tell 
what  pages  to  turn  to  for  help  if  you  need  it. 

Test  162 

Write  “T”  for  each  sentence  below  that  ex- 
presses a true  statement.  Write  “F”  for  each 
sentence  that  expresses  a false  statement. 

1 The  set  of  integers  is  the  union  of  the  set 
of  positive  integers  and  the  set  of  negative 
integers.  (168) 

2 The  set  of  rational  numbers,  together  with 
the  operations  of  multiplication  and  addition 
and  their  properties,  forms  a number  system. 

ft  98  ) 

3 A condition  that  is  equivalent  to  ~ (p  > .5) 
is/?  + .3  ^ .8.  U = R. 

4 Each  element  of  the  set  of  non-zero  rational 
numbers  has  a reciprocal. 

5 Any  rational  number  can  be  expressed  by  a 
repeating  decimal.  (221) 

6 (S)2  = ( §)2  a true  statement. 

7 An  inch  is  longer  than  a centimetre. 

8 The  two  acute  angles  of  any  right  triangle 
are  complementary  angles.  ( 330 

9 The  rational  number  +4§  may  be  indicated 
by  (7f,_3).  (1 56) 

10  x/32  = Vy  is  a true  statement. 

Test  163 

The  names  of  seven  properties  of  the  real 
numbers  are  listed  below. 

Closure  property  of  addition 
Commutative  property  of  addition 
Associative  property  of  addition 
Additive-inverse  property 
Identity-element  property  of  addition 
Well-defined  property  of  addition 
Distributive  property  of  multiplication 
over  addition 

In  each  of  exercises  11  through  15,  a prop- 
erty is  expressed.  For  each  exercise,  select  the 


name  of  the  property  from  the  list.  The  uni- 
verse for  each  variable  is  D. 
nO  + * = x.  (266) 

12  m + n = n + m.  (266) 

13  S+~S  = 0.  (266) 

’4  (p  + q)  + r=p  + (q  + r).  (244) 

1 5 If  a = b and  c = d,  then  a + c = b + d. 
(268) 

Test  164 

From  the  list  given  below  each  exercise, 
choose  the  symbol,  word,  or  words  that  cor- 
rectly completes  the  exercise. 

16  The  intersection  of  OT  and  a chord  of  OT 

is  a set  that  contains  exactly . ( 1 1 5 ) 

a zero  points  c two  points 

b one  point  d three  points 

17  The  measure  in  degrees  of  a semicircle  is 
' — i 20 ) 

a 90  b 180  C 270  d 360 

1 8 Any  equilateral  triangle  is  also trian- 

gle. (126) 

a a scalene  c an  obtuse 

b an  equiangular  d a right 

<3)9  - = '•  ( 226) 

a ( u)6  b ( n)3  c ( n)  3 «■  ( n)12 

20  An  example  of  a set  that  is  closed  under 

subtraction  is  the  set  of  . (26z) 

a negative  rational  numbers 
b positive  rational  numbers 
c positive  integers 
d real  numbers 

2 1 If  V2  < V5,  then  \/2(V8) . (27, ) 

a <V5  C >V5(V8) 

b <V8  d <a/5(V8) 

22  One  metre  is  the  same  length  as . 

a 1^0  cm.  b 100  cm.  c 1^0  cm.  d 1000  cm. 

23  The  quotient  of  the  physical  measures  14  ft. 
and  .3  ft.  should  be  rounded  to  the  nearer 
' — 

a thousandth  c ten 

b hundredth  d one 


394  Cumulative  tests  on  units  9 through  13 


24  In  AABC,  ZB°  = 90.  If  m(BC)  = 3 and 
m(AB)  = 12,  then  tan  ZC  = — — . (332) 

a 36  b 4 c .25  d I23 

25  In  triangle  DEF,  ZD°  = 90.  m(EF)  = 13. 

m(ED)  =12.  m(DF)  = 5. 5/13.  (332) 

a sinZF/1  c sinZE/1 

b cosZE/1  d tanZF/1 

Test  165a 

For  each  problem,  first  write  a sentence  that 
expresses  a condition.  Tabulate  the  solution 
set  of  the  condition,  if  possible.  Otherwise, 
give  a standard  description  of  the  solution  set. 
Then  give  the  answer  to  the  problem.  The  uni- 
verse for  each  variable  is  D. 

26  In  1952,  Mr.  Meyer’s  salary  was  $4500.  In 
1960,  his  salary  was  greater,  but  it  was  less  than 
$8200.  What  was  the  increase  in  Mr.  Meyer’s 
salary  in  the  eight-year  period  ? (294) 

27  Together,  Ann  and  Fred  spent  $24.60  shop- 
ping. Ann  spent  twice  as  much  as  Fred.  How 
much  did  each  of  them  spend?  (292) 

28  Mr.  Wells  had  fewer  than  the  48  concrete 
blocks  he  needed  for  a patio.  After  he  bought 
a load  of  32  blocks,  he  had  more  than  52.  How 
many  blocks  did  he  have  before  he  bought  the 
load  of  32  blocks?  (295) 

29  The  measure  of  a side  of  a square  is  l|  ft. 
What  is  its  area  in  square  inches  ? (367) 

30  The  difference  of  two  numbers  is  ~4.  The 
minuend  is  the  sum  of  § and  What  are  the 
numbers?  (296) 

31  A certain  rate  pair  is  equivalent  to  27/9. 
The  sum  of  the  components  is  16.  What  is  the 
rate  pair?  (296) 

32  The  product  of  two  numbers  is  16.  The  first 
number  is  equal  to  the  sum  of  2f  and  2^.  What 
are  the  numbers?  (295) 

33  The  product  of  three  numbers  is  40f.  The 
first  number  is  equal  to  the  product  of  3 and 
the  second  number.  The  second  number  is 
22  -r-  6.  What  are  the  three  numbers?  (296) 


Test  165b 

What  words  or  symbols  best  complete  exer- 
cises 34  through  46? 

34  If  the  sum  of  the  measures  in  degrees  of  two 

angles  is  , then  the  angles  are  supple- 

mentary. (26) 

35  The  vertices  of  two  triangles  can  be  put  in 

one-to-one  correspondence  in ways.  (38) 

36  In  a parallelogram,  it  is  not  always  true 

that  opposite . (44) 

a sides  are  congruent 
b angles  are  supplementary 
c sides  are  parallel 
d angles  are  congruent 

37  Each  rational  number  that  is  greater  than  1 

is  a solution  of . (64) 

a X -f  | > -5  c X — i >3 

b -5  - X > -5  d \ - X > \ 

38  The  ordered  pair  (4,  7)  is  an  (x,  y)  that 

satisfies . (77) 

ay>xAx<y—  3 

bx+y<15Ay=x 

cx+3>yVx+y<8 

d x + y > 12  v y = x + 3 

39  Name  the  starting  point  and  the  terminal 
point  of  SK.  (154) 

40  What  is  the  non-zero  component  of  the 
basic  pair  for  +4.75?  (174) 

41  The  number is  a perfect  square.  (25s) 

a 721  b 576  c 664  d 825 

42  The  real  number satisfies  4x  = 

5(2x  — 3).  (278) 

43  What  unit  of  length  was  used  to  obtain  a 
physical  measure  of  2.67  ft.?  (311) 

44  For  any  two  triangles,  if  the  corresponding 
angles  are  congruent,  then  the  two  triangles 

are (326) 

45  In  y = 5x2,  y varies as  x2  varies.(35i) 

46  If  a jet  plane  flies  at  the  rate  of  575  mi.  per 

hour,  it  will  travel  - miles  in  4 hours.(376) 


Test  165c 

What  words  or  symbols  best  complete  exer- 
cises 47  through  58? 

47  Lines  that  are  included  in  the  same  plane 

are lines. 

48  Tabulate  the  set  of  vertices  of  A LMN. 

49  In  A YCL,  angle is  opposite  CY. 

50  In  quadrilateral  MGRS,  side  is  op- 

posite side  GR. 

51  Make  a Venn  diagram  to  show  that  sets  M 
and  R have  some  common  members  but  neither 
is  a subset  of  the  other.  (< 

52  The  solution  set  of  x _>  4 is  the of  the 

solution  sets  of  x > 4 and  x = 4. 

53  The  reciprocal  of  2]  is . 

54  Each  point  whose  coordinate  is  a positive 

rational  number  is  located  of  point  0.(i  6 

55  The  square  of  f is . (253) 

56  A is  a unit  of  length  that  is  the  same 

as  10-2  metre.  (304) 

a kilometre  c millimetre 

b decametre  d centimetre 

57  The  rate  pair is  a member  of  the  same 

proportional  relation  as  f. 

a i/U  b {/I  c i/l  d 11/2J 

58  The  set  of  points  that  are  associated  with 

the  elements  of  the  solution  set  of  a condition 
is  the of  the  solution  set  of  the  condition. 

(348) 

Test  165d 

What  words  or  symbols  best  complete  the 
following  exercises? 

59  Zaand  Zb  are  supplementary  angles.  What 
is  the  sum  of  their  measures? 

60  Name  the  sides  of  AJKL.  (38 

61  The  symbol is  a name  for  the  set  of 

rational  numbers  of  arithmetic. 

62  The  solution  set  of contains  4.3.  (89) 

a X & a4.2  c X « s5 

bx«j4  d x « j3 

63  A standard  name  of is  3.2. 


a {(x,  y)  | (x,  y)  ~ (5.4,  8.6)} 
b {(*,  y)  | (x,  y)  ~ (4.1,  .9)} 

C {(x,  .y)  I (x,  y)  ~ (2.1,  1.1)} 
d {(x,  y)  | (x,j>)~(  1.2,  3)} 

64  If  one  or  both  of  the  numbers  used  in  form- 
ing the  product  of  two  rational  numbers  are 
replaced  by  equal  rational  numbers,  the  prod- 
uct is  still  the  same  rational  number.  This 

property  is  the property  of  multiplication 

of  rational  numbers.  1 85} 

a commutative  c transitive 

b associative  d well-defined 

65  Point  (_3,  5)  is  in  the quadrant.  (285) 

a first  c third 

b second  d fourth 

66  What  is  the  repetend  of  52.78584  . . .?  (261) 

67  Give  a standard  description  of  the  solution 
set  of  5 — x > -1.  (281) 

68  Tabulate  the  solution  set  of  (x  + y — 2z  = 
0)  A (x  — 3z  = 2)  A (2z  + 1 = 3).  (290) 

69  There  are  significant  digits  in  the 

numeral  .0005872.  (316) 

70  The  cosine  of  an  acute  angle  of  a right 
triangle  is  first  component  of  a rate  pair  that 
has  a second  component  of  1 and  that  is  equiva- 
lent to  the  rate  pair  representing  the  comparison 

of  the  measure  of  the  side  to  the  angle 

with  the  measure  of  the  hypotenuse.  (332) 

71  Any  two  angles  that  have  a common  vertex 
and  a common  side  and  whose  interiors  are 
disjoint  sets  are  — — angles.  (28) 

a adjacent  c opposite 

b vertical  d supplementary 

72  ADGK  a AMTR.  What  side  of  AMTR 
corresponds  to  side  KD  of  ADGK?  (39) 

73  The  ordered  pair is  the  basic  ordered 

pair  that  is  equivalent  to  5|). 

a (li  0)  c (0,  4j) 

b (0,  71)  d (1,  5j) 

74  The  numeral is  scientific  notation  for 

the  quotient  32  A 400,000.  (23- 
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Events  and  their  probabilities 

In  this  unit  you  will  consider  events  that  are 
called  chance  events.  When  someone  says,  “It 
will  probably  rain  at  the  faculty  picnic,”  he  is 
making  a remark  about  a chance  event.  In  this 
lesson  you  will  learn  what  is  meant  by  a “meas- 
ure of  chance”  of  an  event. 
a Suppose  that  you  are  looking  for  a particu- 
lar  book  and  there  are  two  new  copies  of  it 
on  a shelf  in  the  library.  Does  it  seem  more 
likely  that  you  would  choose  one  copy  rather 
than  the  other? 

b Suppose  that  there  are  five  pieces  of  apple 
pie  of  the  same  size  on  the  dessert  counter 
in  a cafeteria.  Do  you  think  that  the  chance  of 
someone’s  choosing  one  of  the  five  pieces  of 
pie  is  the  same  for  each  piece? 
c Suppose  that  a bag  of  candy  contains  twice 
as  many  pieces  of  lemon-flavored  candy  as 
of  mint-flavored  candy.  The  bag  is  shaken  after 
the  candy  is  put  in  it.  If  you  take  a piece  of 
candy  from  the  bag  without  looking,  does  it 
seem  more  likely  that  you  will  take  a piece  of 
lemon  candy  rather  than  a piece  of  mint 
candy  ? 

Your  answers  to  exercises  A,  B,  and  C are 
based  upon  past  experiences  and  common 
sense.  However,  we  could  have  asked  you 
questions  about  chance  events  to  which  the 
answers  would  not  be  quite  so  obvious.  Some- 
times, when  the  answer  to  a question  about  a 
chance  event  is  not  obvious,  you  can  decide 
upon  the  answer  by  making  a careful  study  of 
an  experiment  (eks  per^  mont).  To  explain 
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Without  looking,  Jim  is  to  take  a mar- 
ble from  a box  that  contains  1 blue 
marble  and  1 white  marble.  What  is 
the  chance  that  he  will  take  the  blue 
marble  ? 

D 1 


Hal  and  Tony  are  playing  a game  that 
requires  them  to  use  a spinner  like  the 
one  shown  in  the  sketch  below.  At 
each  turn,  one  of  the  boys  spins  the 
pointer.  What  is  the  chance  that  the 
pointer  will  stop  on  the  numeral  4? 


d2 

what  we  mean  by  an  experiment,  we  will  begin 
with  some  simple  examples. 

Read  the  problem  in  d1.  Jim’s  taking  a 
marble  from  the  box  is  the  experiment.  Taking 
the  blue  marble  is  one  possible  outcome  of  the 
experiment. 

d What  is  the  other  possible  outcome  of  the 
experiment  ? Is  each  outcome  a chance  event  ? 
E Do  you  think  that  the  two  outcomes  of  the 
experiment  are  equally  likely  to  occur  ? 

Since  the  two  outcomes  are  equally  likely, 
we  say  that  each  outcome  has  1 chance  in  2 of 
occurring. 


F Think  about  the  outcome  of  taking  the  blue 
marble  from  the  box.  How  many  chances  in  2 
does  it  have  of  occurring? 

Now  read  the  experiment  described  in  d2. 
g You  are  to  assume  that  the  pointer  always 
stops  on  one  of  the  numerals,  but  never  on  the 
marks  between  the  numerals.  You  are  also  to 
assume  that  the  regions  containing  the  nu- 
merals are  the  same  size.  What  are  the  6 possi- 
ble outcomes  of  the  experiment?  Is  each  of 
these  outcomes  a chance  event  ? 

H Assume  that  the  6 outcomes  are  equally 
likely  to  occur.  How  many  chances  in  6 does 
each  numeral  on  the  spinner  have  of  occurring  ? 

1 Does  the  numeral  4 have  1 chance  in  6 of 
occurring,  more  than  1 chance  in  6,  or  less 
than  1 chance  in  6 ? 

In  the  exercises  that  follow,  you  will  learn 
some  of  the  language  that  the  mathematician 
uses  to  describe  chance  events.  You  will  use 
the  experiments  that  have  already  been  de- 
scribed. 

Read  the  experiment  in  d1  again.  You  will 
remember  that  you  decided  there  is  1 chance 
in  2 that  Jim  will  take  the  blue  marble.  You  can 
use  this  information  to  determine  the  proba- 
bility of  Jim’s  taking  the  blue  marble.  You  can 
think  of  the  probability  of  an  outcome  as  a 
“measure  of  chance.”  You  will  use  a condition 
to  determine  the  probability. 
a Read  sentence  A in  d3.  The  rate  pair  1/2 
represents  the  rate  of  blue  marbles  taken  per 

2 chances.  The  rate  pair  P/1  represents  the 
rate  of  blue  marbles  taken  per  1 chance.  What 
does  condition  A require  about  these  two  rate 
pairs  ? For  what  is  P a variable  ? 

B How  can  you  obtain  condition  B from  con- 
dition A?  How  can  you  obtain  condition  C 
from  condition  B ? What  number  satisfies  con- 
dition C?  Condition  A? 


U = D. 

a i/2~/yi. 

B 2P=\. 
c P = \. 

d3 

“The  probability 

P (blue)  = 

of  taking  the 
blue  marble 

is  equal  to 

one  half.” 

d4 


This  morning  Mrs.  Andrews  absent- 
mindedly  put  some  hard-boiled  eggs 
along  with  raw  eggs  in  the  egg  shelf  of 
her  refrigerator.  There  are  10  eggs  in 
the  shelf,  and  3 of  them  are  hard- 
boiled.  What  is  the  probability  that 
Mrs.  Andrews  will  pick  up  a hard- 
boiled  egg  when  she  takes  an  egg  from 
the  shelf? 

d5 

c From  l/2~|/l,  you  know  that,  because 
Jim  has  1 chance  in  2 of  taking  the  blue  mar- 
ble, he  has  \ chance  in  1 of  taking  it.  If  Jim 
takes  only  one  marble,  does  it  make  sense  to 
say  that  he  will  take  \ of  the  blue  marble  ? 

Obviously,  Jim  cannot  take  \ of  a blue  mar- 
ble. The  number  \ is  the  mathematical  proba- 
bility that,  when  Jim  takes  1 marble  from  the 


box,  the  marble  will  be  blue.  d4  shows  how  to 
write  and  read  a sentence  about  the  probability 
that  Jim  will  take  the  blue  marble.  Study  d4. 
Notice  that  the  word  “blue”  in  parentheses  is 
used  to  indicate  the  outcome  of  taking  the  blue 
marble. 

In  the  experiment  about  the  spinner  with 
the  numerals  from  1 through  6,  you  know  that 
the  numeral  4 has  1 chance  in  6 of  occurring. 
Now  you  can  determine  the  probability  that 
the  numeral  4 will  occur.  U = D. 
d In  the  condition  expressed  at  the  right  be- 
low, P is  a variable  for 
the  probability  that  the 
numeral  4 will  occur. 

What  does  1/6  represent?  To  what  does  the 
second  component  of P/ 1 refer? 

E Tabulate  {P|1/6~P/U.  Write  a sentence 
that  expresses  the  probability  that  the  numeral 
4 will  occur.  Why  will  you  use  the  symbol  P(4) 
in  the  sentence  ? 

Read  the  experiment  described  in  d5. 
f Does  Mrs.  Andrews  have  3 chances  in  10  of 
picking  up  a hard-boiled  egg  ? What  rate  pair 
can  you  use  to  represent  this  rate  ? 

G The  sentence  at  the  right  below  expresses 

a condition  for  finding 

the  probability  that  she 

will  pick  up  a hard-boiled 

egg.  For  what  is  P a variable?  To  what  does 

the  second  component  of  P/ 1 refer  ? 

H Tabulate  {P 1 3/10  ~P/1}.  Is  the  probability 
that  Mrs.  Andrews  will  pick  up  a hard-boiled 
egg  equal  to  -j|?  Write  a sentence  that  expresses 
this  probability.  Use  the  symbolP(hard-boiled). 

When  you  are  determining  the  probability 
of  a given  outcome  of  an  experiment,  it  is  con- 
venient to  speak  of  this  outcome  as  favorable. 
This  does  not  mean  that  the  outcome  is  “good” 
or  “pleasant”;  it  only  means  that  it  is  the  out- 
come whose  probability  you  are  considering. 


Universe  for  each  variable  = D. 
Df/t^P/l. 

E Pt=f 


d6 

prob  a bil  i ty  of  a favorable  outcome 

(prob'9  bil'a  te).  The  quotient  of  the  number 
of  favorable  outcomes  and  the  number  of  pos- 
sible outcomes  of  an  experiment.  If  7 of  12 
possible  outcomes  are  favorable,  then  P (fa- 
vorable) = iV- 

i For  each  of  the  experiments  described  on 
pages  398  and  399,  what  is  the  favorable 

outcome  ? 

j For  each  of  the  experiments  that  you  have 
considered  so  far,  the  probability  of  the 
favorable  outcome  is  equal  to  the  quotient  of 
what  twomumbers  ? 

Now  you  can  use  a condition  for  equiva- 
lence for  determining  the  probability  of  any 
given  favorable  outcome.  Look  at  d6. 

In  the  condition  expressed  by  sentence  D, 
we  have  used  P as  a variable  for  the  proba- 
bility of  a favorable  outcome.  / is  a variable 
for  the  number  of  favorable  outcomes,  and  t 
is  a variable  for  the  total  number  of  possible 
outcomes.  All  the  possible  outcomes  are 
equally  likely. 

K From  condition  D,  you  know  that  the  rate 
pair  that  represents  the  rate  of  favorable  out- 
comes per  1 chance  is  equivalent  to  another 
rate  pair.  Name  this  rate  pair. 

L How  can  condition  E be  obtained  from  con- 
dition D?  How  can  condition  F be  obtained 
from  condition  E? 

From  condition  F,  you  know  that  the  prob- 
ability of  a favorable  outcome  of  an  experi- 


ment is  equal  to  the  quotient  of  the  number  of 
favorable  outcomes  and  the  number  of  possi- 
ble outcomes,  when  all  the  outcomes  are 
equally  likely. 

M What  is  the  probability  of  a favorable  out- 
come if  3 of  5 possible  outcomes  are  favor- 
able? If  1 of  4 outcomes  are  favorable? 

N If  the  number  of  favorable  outcomes  and 
the  number  of  possible  outcomes  are  the 
same,  is  the  probability  equal  to  1 ? 

0 For  any  given  number  of  possible  out- 
comes,  if  the  number  of  favorable  out- 
comes is  0,  what  is  the  probability  of  a favor- 
able outcome? 

p Can  you  have  more  favorable  outcomes 
than  you  have  possible  outcomes?  Can  the 
probability  of  an  outcome  ever  be  greater  than 

1 ? Explain  your  answers. 

q Can  there  ever  be  fewer  than  0 favorable 
outcomes?  Explain  why  the  probability  of 
a favorable  outcome  cannot  be  less  than  0. 


Now  you  know  how  to  determine  and  express 
the  probability  of  a favorable  outcome  of  an 
experiment.  You  know  that  you  determine  the 
probability  by  finding  the  quotient  of  the  num- 
ber of  favorable  outcomes  and  the  number  of 
possible  outcomes  of  an  experiment. 

On  your  own 

For  each  of  exercises  1 through  8,  first  name 
the  number  of  possible  outcomes  and  the  num- 
ber of  favorable  outcomes.  Then  give  the  an- 
swer to  the  exercise. 

l One  day,  the  Emersons’  small  son  removed 
the  labels  from  6 cans  of  vegetables  that  his 
mother  had  just  brought  from  the  grocery 
store.  Mrs.  Emerson  had  bought  2 cans  of  peas 
and  4 cans  of  green  beans.  All  the  cans  were  of 
the  same  size.  If  Mrs.  Emerson  opens  one  of 
the  cans,  what  is  the  probability  that  she  will 
open  a can  of  peas? 
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2 What  is  the  probability  that  Mrs.  Emerson 
will  open  a can  of  green  beans? 

3 What  is  the  probability  that  Mrs.  Emerson 
will  open  a can  of  corn? 

4 Mr.  Miller,  who  is  the  coach  of  a boys’ 
baseball  team,  has  4 complimentary  tickets  for 
a professional  baseball  game.  He  plans  to  have 
his  12  players  draw  lots  to  see  who  will  get  the 
4 tickets.  For  each  of  the  12  members  of  the 
team,  what  is  the  probability  that  he  will  get 
one  of  the  tickets  ? 

5 Cal,  Ernie,  Ted,  and  Russ  are  4 members 
of  the  baseball  team  mentioned  in  exercise  4. 
What  is  the  probability  that  these  4 boys  will 
get  the  4 tickets  ? 

think  How  many  possible  combinations  of 
4 boys  are  there  among  the  12  members  of 
the  team  ? 

6 If  there  are  6 pieces  of  candy  in  a bag  and 
all  the  pieces  are  chocolate,  what  is  the  proba- 
bility that  you  will  get  a chocolate  piece  when 
you  take  one  piece  of  candy? 

7 The  waitress  at  a lunch  counter  has  put  7 
cartons  of  coffee  in  a bag  for  Mr.  Levy  to  take 
to  his  office.  Four  of  the  cartons  have  coffee 
with  cream,  and  the  other  cartons  contain 
black  coffee.  The  waitress  forgot  to  mark  the 
cartons  to  indicate  whether  there  is  cream  in 
the  coffee  or  not.  If  Mr.  Levy  takes  1 carton  of 
coffee  from  the  bag,  what  is  the  probability 
that  he  will  get  black  coffee  ? 

8 In  the  experiment  described  in  exercise  7, 
what  is  the  probability  that  the  first  carton 
that  Mr.  Levy  takes  from  the  bag  has  cream  in 
the  coffee  ? 

A probability  is  expressed  in  each  of  exer- 
cises 9 through  13.  Describe  an  experiment  for 
which  the  probability  of  a favorable  outcome 
is  equal  to  the  probability  expressed  in  each 
exercise. 

*1  'o2  " Xi  '2  l '3* 
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Exploring  ideas 


Probabilities 
in  a sample  space 

In  the  last  lesson  you  learned  how  to  deter- 
mine the  probability  of  a favorable  outcome  of 
an  experiment.  Now  you  will  learn  what  is 
meant  by  a sample  space  of  an  experiment,  and 
how  a favorable  outcome  is  related  to  a subset 
of  a sample  space. 

Read  the  description  of  an  experiment  in 
Dl.  In  the  exercises  that  follow,  you  will  think 
about  the  possible  outcomes  of  this  experi- 
ment. 

A The  experiment  described  in  Dl  involves 
drawing  just  1 tag  from  each  hat.  What  num- 
bers are  named  on  the  blue  tags?  Think  of 
each  of  these  numbers  as  representing  a possi- 
ble outcome  of  drawing  a tag  from  the  hat 
that  contains  blue  tags.  What  are  the  possible 
outcomes  of  drawing  a tag  from  the  hat  that 
contains  red  tags  ? 


Four  blue  tags  are  put  into  one  hat, 
and  5 red  tags  are  put  into  a second 
hat.  The  numbers  1,  2,  3,  and  4 are 
named  on  the  blue  tags,  with  one  nu- 
meral on  each  tag.  The  numbers  1,  2, 
3,  4,  and  5 are  named  on  the  red  tags, 
with  one  numeral  on  each  tag.  Some- 
one who  has  been  blindfolded  draws 
one  tag  from  each  hat.  What  are  the 
possible  outcomes  of  the  experiment  ? 

Dl 
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b Can  each  outcome  of  drawing  a blue  tag  be 
matched  with  each  outcome,  in  turn,  of  draw- 
ing a red  tag  ? 

C Although  you  have  not  studied  the  funda- 
mental counting  property,  try  to  determine 
the  number  of  ways  in  which  the  outcomes  of 
drawing  a blue  tag  can  be  matched  with  the 
outcomes  of  drawing  a red  tag. 

Instead  of  thinking  of  a drawing  from  each 
hat  as  a separate  outcome  of  the  experiment, 
you  are  to  think  of  two  drawings,  one  from 
each  hat,  as  a single  outcome.  You  can  use  an 
ordered  pair  of  numbers  to  represent  each  of 
these  possible  outcomes.  We  will  use  the  num- 
ber named  on  the  blue  tag  as  the  first  compo- 
nent of  the  ordered  pair,  and  the  number 
named  on  the  red  tag  as  the  second  component. 
D Is  (2,  3)  a possible  outcome  of  the  experi- 
ment? Is  (1,  5)  a possible  outcome?  Is  (5,  5) 
a possible  outcome?  Is  (2,  7)  a possible  out- 
come? Explain  your  answers. 

E The  set  of  all  ordered  pairs  that  represent 
the  possible  outcomes  has  how  many  members  ? 

The  elements  of  the  set  of  all  the  possible 
outcomes  of  the  experiment  described  in  Dl 
are  named  in  the  chart  in  d2.  The  numerals  in 
the  top  row,  to  the  right  of  the  letter  r,  are  the 
numerals  written  on  the  red  tags.  The  numerals 
in  the  column  below  the  letter  b are  the  nu- 
merals written  on  the  blue  tags. 
f Find  the  numeral  2 in  the  first  column. 
What  ordered  pairs  are  named  at  the  right  of 
the  numeral  2?  What  is  the  first  component 
of  each  of  these  ordered  pairs?  Does  each  of 
these  ordered  pairs  represent  an  outcome  in 
which  the  numeral  2 is  written  on  the  blue  tag? 
G Find  the  numeral  4 in  the  top  row.  What  is 
the  second  component  of  each  ordered  pair 
that  is  named  below  this  numeral?  For  each 
of  these  outcomes,  what  do  you  know  about 
the  numeral  on  the  red  tag  ? 


Four  blue  tags  are  put  into  one  hat, 
and  5 red  tags  are  put  into  a second 
hat.  The  numbers  1,  2,  3,  and  4 are 
named  on  the  blue  tags,  with  one  nu- 
meral on  each  tag.  The  numbers  1,  2, 
3,  4,  and  5 are  named  on  the  red  tags, 
with  one  numeral  on  each  tag.  Some- 
one who  has  been  blindfolded  draws 
one  tag  from  each  hat.  What  are  the 
possible  outcomes  of  the  experiment  ? 

Dl 


2 

3 

4 

nn 

(1,1) 

(1,2) 

(1,3) 

" I 

(1,4) 

(i,  5) ; 

2 

(2,1) 

(2,  2) 

(2,  3) 

(2,4) 

(2,  5) 

3 

(3,  1) 

(3,  2) 

(3,  3) 

(3,4) 

(3,  5) 

4 

(4,  1) 

(4,2) 

(4,  3) 

1 

(4,4) 

(4,  5) 

d2 


sam  pie  space  of  an  experiment  (sam'pel).  A 
set  whose  elements  are  all  possible  outcomes 
of  the  experiment.  The  elements  of  the  sample 
space  are  sample  points. 


The  chart  in  d2  is  one  way  of  representing 
a sample  space  of  the  experiment  described  in 
Dl.  A sample  space  of  an  experiment  is  a set 
whose  members  are  all  the  possible  outcomes 
of  the  experiment.  Each  ordered  pair  named  in 
the  chart  in  d2  is  called  a sample  point. 
h Look  again  at  d2.  Which  of  the  sample 
points  named  have  the  same  first  and  second 
components?  Which  have  1 as  a first  compo- 
nent? Which  have  5 as  a second  component? 
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I Tabulate  the  set  of  first  components  that 
you  can  obtain  from  the  sample  space  repre- 
sented in  d2.  Use  the  letter  B to  name  this  set. 
j Is  B = { 1,  2,  3,  4}  ? Does  set  B contain 
each  of  the  numbers  that  are  named  on  the 
blue  tags?  Does  set  B contain  any  other 
numbers? 

K Tabulate  the  set  of  second  components  that 
you  can  obtain  from  the  sample  space  repre- 
sented in  d2.  Use  the  letter  R to  name  this  set. 
l Is  R = { 1,  2,  3,  4,  5}  ? Does  set  R con- 
tain each  of  the  numbers  that  are  named  on 
the  red  tags?  Does  set  R contain  any  other 
numbers  ? 

m Is  the  sample  space  represented  in  d2  the 
? same  set  as  the  Cartesian  set  B X R ? 

N Is  each  outcome  of  the  experiment  that  is 
described  in  d1  represented  by  an  element  of 
BXR? 

For  convenience,  we  will  say  that  each  out- 
come of  the  experiment  is  an  element  of  B X R. 
B X R is  the  universe  for  the  experiment  de- 
scribed in  d1. 

Next  you  will  learn  how  to  develop  sample 
spaces  for  other  experiments.  Read  the  de- 
scription of  an  experiment  in  d3.  Think  of  each 
pair  of  books  that  Martin  might  take  from  the 
library  as  representing  a possible  outcome  of 
this  experiment. 

a Can  each  copy  of  the  astronomy  book  be 
matched  with  each  copy  of  the  history  book  in 
turn? 

b Can  you  use  an  ordered  pair  of  numbers  to 
represent  each  possible  outcome  of  the  experi- 
ment? Think  of  the  numbers  named  on  the 
astronomy  books  as  the  first  components  of 
the  ordered  pairs.  Is  (2,  4)  a possible  outcome? 
Is  (6,  1)  a possible  outcome? 

C Make  a chart  like  the  one  in  d2  to  represent 
? a sample  space  of  the  experiment  involving 


There  are  6 copies  of  a particular  as- 
tronomy book  in  the  public  library; 
these  copies  are  separately  labelled  1 
through  6.  There  are  4 copies  of  a par- 
ticular history  book;  these  copies  are 
separately  labelled  1 through  4.  Martin 
plans  to  take  1 copy  of  each  kind  of 
book  from  the  library.  What  are  the 
possible  outcomes  of  the  experiment? 

d3 

the  library  books.  Is  the  sample  space  a set  of 
ordered  pairs?  How  many  sample  points  are 
in  the  sample  space  ? 

d Tabulate  the  set  of  first  components  that 
you  can  obtain  from  your  chart.  Use  the  let- 
ter A to  name  this  set. 

E Tabulate  the  set  of  second  components  that 
you  can  obtain  from  your  chart.  Use  the  let- 
ter H to  name  this  set. 

F Name  the  Cartesian  set  that  is  the  universe 
for  the  experiment  described  in  d3.  How  do 
you  know  that  the  sample  space  represented  in 
your  chart  is  the  same  set  as  the  Cartesian  set 
you  just  named? 

You  can  also  represent  sample  spaces  of  ex- 
periments of  the  kind  that  you  studied  in  les- 
son 178.  One  of  the  experiments  in  that  lesson 
involved  a spinner  and  the  probability  of  the 
pointer’s  stopping  on  any  one  of  the  numerals 
on  the  card. 

G A set  of  possible  outcomes  of  the  experi- 
? ment  involving  the  spinner  is  U,  2,  3,  4, 
5,  6}.  Explain  why  the  sample  space  of  the 
experiment  is  not  a Cartesian  set. 

In  the  exercises  that  follow,  you  will  study 
subsets  of  sample  spaces.  You  will  work  with 
one  of  the  experiments  described  earlier  in  the 
lesson. 
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Read  the  problem  in  d4.  Now  you  are  in- 
terested in  the  probability  of  drawing  a blue 
tag  and  a red  tag  so  that  1 is  the  number  named 
on  the  blue  tag.  Later,  you  will  consider  ex- 
periments in  which  you  are  concerned  about 
the  numbers  named  on  both  kinds  of  tag. 

Earlier  in  the  lesson  you  found  that  the  Car- 
tesian set  B X R is  a sample  space  of  this  ex- 
periment. B is  the  set  of  numbers  named  on  the 
blue  tags,  and  R is  the  set  of  numbers  named 
on  the  red  tags.  You  can  again  think  of  the 
sample  space  B X R as  the  universe  for  the 
experiment  involving  the  tags.  B X R,  repre- 
sented in  d2,  is  shown  again  on  this  page. 
a Each  element  of  B X R that  has  1 as  the 
first  component  is  a favorable  outcome  of  the 
experiment  described  in  d4.  Tabulate  the  set  of 
favorable  outcomes.  Use  the  letter  A to  name 
this  set. 

Notice  that  the  requirement  for  a favorable 
outcome  is  that  the  first  component  is  1 . No  re- 
quirement is  made  of  the  second  component. 
b Is  A a subset  of  B X R ? Use  b as  a variable 
for  the  number  named  on  the  blue  tag;  use 
r as  a variable  for  the  number  named  on  the 
red  tag.  Is  A = { (b,  r)  \ b = 1 } ? BXRis  the 
universe  for  (b,  r ). 

Set  A is  called  an  event.  An  event  is  a subset 
of  a sample  space. 

c How  do  you  know  that  each  element  of 
event  A is  a favorable  outcome  of  the  experi- 
ment described  in  d4  ? 

d How  many  members  does  B X R have  ? Is 
this  the  number  of  possible  outcomes  of  the 
experiment  ? 

E How  many  members  does  event  A have  ? 

Next  you  will  develop  a formula  for  finding 
the  probability  of  an  event  such  as  event  A. 

F From  lesson  178,  you  know  that  the  proba- 
bility of  a favorable  outcome  of  an  experiment 
is  the  quotient  of  what  two  numbers  ? 


1 

3 

4 

5 

(1, 1) 

0,  2) 

(i,  3)  j 

0,4) 

(1,5) 

(2,  1) 

(2,2) 

(2,  3) 

(2,  4) 

(2,  5) 

(3.  1) 

(3,  2) 

(3,  3) 

(3,-4) 

(3,  5) 

(4,  1) 

(4,  2) 

(4,  3) 

(4,  4) 

(4,  5) 

d2 


Four  blue  tags  are  put  into  one  hat, 
and  5 red  tags  are  put  into  a second 
hat.  The  numbers  1,  2,  3,  and  4 are 
named  on  the  blue  tags,  with  one  nu- 
meral on  each  tag.  The  numbers  1,  2, 
3,  4,  and  5 are  named  on  the  red  tags, 
with  one  numeral  on  each  tag.  Some- 
one who  has  been  blindfolded  draws 
one  tag  from  each  hat.  What  is  the 
probability  that  1 is  the  number  named 
on  the  blue  tag  ? 

d4 


event.  A subset  of  a sample  space. 


For  a sample  space  whose  elements  are 
equally  likely  outcomes,  the  probability  of  any 
event  is  the  quotient  of  the  number  of  favor- 
able outcomes  that  corresponds  to  the  event 
and  the  number  of  possible  outcomes  of  the 
experiment. 

Now  look  at  d5.  P(M ) = ~ is  a formula 
for  finding  the  probability  of  an  event  that 
is  a subset  of  a sample  space  all  of  whose  ele- 
ments are  equally  likely  outcomes.  P(M ) is  a 
variable  for  the  probability  of  the  event;  m is 
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a variable  for  the  number  of  elements  in  the 
event;  and  n is  a variable  for  the  number  of 
elements  in  the  sample  space.  In  the  work  that 
follows,  unless  you  are  told  otherwise,  you  will 
consider  only  sample  spaces  whose  elements 
are  equally  likely  outcomes. 

YV\ 

You  can  use  the  formula  P(M)  = to  de- 
termine the  probability  of  event  A,  which  you 
are  asked  to  find  in  the  experiment  described 
in  d4. 

G In  P(M)  = jj-,  why  should  you  replace  P(M) 
by  P(A)  ? By  what  number  should  you  replace 
ml  By  what  number  should  you  replace  nl 
What  statement  do  you  obtain  ? 

P(A)  = gives  the  probability  of  event  A. 
Now  you  can  give  the  answer  to  the  problem. 

The  probability  that  1 is  the  number  named 
on  the  blue  tag  is 


In  this  lesson  you  learned  that  a sample  space 
of  an  experiment  is  the  set  of  all  possible  out- 
comes of  the  experiment.  You  also  learned  that 
an  event  is  a subset  of  a sample  space  and  that 
the  probability  of  an  event  can  be  found  by 

using  the  formula  P(M)  = jf. 

On  your  own 

Use  the  experiments  described  in  d6  in  con- 
nection with  exercises  1 through  10.  You  will 

fYl 

also  use  P(M)  = The  universe  for  m is  the 
set  of  non-negative  integers.  The  universe  for 
n is  Ip. 

1 Read  the  description  of  experiment  A. 
Make  a chart  to  represent  a sample  space  of 
this  experiment.  The  sample  space  should  con- 
tain all  the  ordered  pairs  of  numbers  whose 
first  components  refer  to  the  rows  and  whose 
second  components  refer  to  the  columns. 

2 R is  the  set  of  rows.  C is  the  set  of  columns. 
R X C has  how  many  elements  ? 


Universe  for  m is  the  set  of 
non-negative  integers. 
Universe  for  n = Ip. 

P(M)  = %. 

d5 


a The  seats  in  a meeting  room  are 
identified  according  to  row  and 
column.  The  columns  are  named  from 
left  to  right  with  the  numerals  from  1 
through  7.  The  rows  are  named  from 
front  to  back  with  the  numerals  from  1 
through  6.  It  is  equally  likely  that  any 
one  of  the  seats  will  be  occupied. 

B A box  contains  5 objects:  3 sharp- 
ened pencils  and  2 unsharpened  pen- 
cils. The  pencils  are  in  no  special  order 
in  the  box.  You  are  to  take  a pencil 
from  the  box  without  looking. 

d6 

3 Event  A involves  a person’s  sitting  in  a seat 
in  a row  and  a column  that  have  the  same  num- 
ber. What  is  the  probability  of  event  A? 

4 Event  B involves  a person’s  sitting  in  a row 
with  a number  greater  than  the  number  of  the 
column.  What  is  the  probability  of  event  B ? 

5 Event  C is  that  the  sum  of  the  number  of 
the  row  and  the  number  of  the  column  of  the 
seat  in  which  a person  is  sitting  is  greater  than 
12.  Find  the  probability  of  event  C. 

6 Event  D is  that  the  sum  of  the  number  of 
the  row  and  the  number  of  the  column  of  the 
seat  in  which  a person  is  sitting  is  less  than  3. 
What  is  the  probability  of  event  D ? 

7 Read  the  description  of  experiment  B in  d6. 
Call  the  sharpened  pencils  “sj,”  “S2,”  and  “s3,” 
and  call  the  unsharpened  pencils  “uj”  and 
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A The  seats  in  a meeting  room  are 
identified  according  to  row  and 
column.  The  columns  are  named  from 
left  to  right  with  the  numerals  from  1 
through  7.  The  rows  are  named  from 
front  to  back  with  the  numerals  from  1 
through  6.  It  is  equally  likely  that  any 
one  of  the  seats  will  be  occupied. 
b A box  contains  5 objects:  3 sharp- 
ened pencils  and  2 unsharpened  pen- 
cils. The  pencils  are  in  no  special  order 
in  the  box.  You  are  to  take  a pencil 
from  the  box  without  looking. 

d6 


“u2.”  Each  pencil  that  you  might  draw  is  an 
outcome  of  the  experiment.  Tabulate  the  sam- 
ple space. 

8 What  is  the  probability  of  taking  a sharp- 
ened pencil  from  the  box  ? 

9 What  is  the  probability  of  taking  an  un- 
sharpened pencil  from  the  box? 

10  What  is  the  probability  of  taking  a pen 
from  the  box  ? 

VYl 

Use  P(M)  = in  connection  with  exer- 
cises 11  through  14. 

1 1 The  probability  of  event  Q is  f.  The  number 
of  elements  in  event  Q is  8.  How  many  ele- 
ments are  there  in  the  sample  space  for  the 
experiment? 

12  There  is  1 element  in  event  R.  There  are  25 
elements  in  the  sample  space.  What  is  the  prob- 
ability of  event  R? 

13  The  probability  of  event  S is  1.  The  number 
of  elements  in  the  sample  space  is  4.  How 
many  elements  are  there  in  event  S ? 

14  The  probability  of  event  T is  f.  The  number 
of  elements  in  the  sample  space  is  40.  How 
many  elements  are  there  in  event  T? 


14 
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Mutually  exclusive  events 

In  the  preceding  lesson  you  learned  that  an 
event  is  a subset  of  a sample  space  of  an  ex- 
periment. In  this  lesson  you  will  study  the 
intersection  of  two  events,  the  union  of  two 
events,  and  the  probabilities  associated  with 
the  intersection  and  the  union. 

You  will  recall  that  in  the  last  lesson  you 
studied  an  experiment  that  concerns  the  draw- 
ing of  blue  tags  and  red  tags  from  two  hats. 
One  hat  contains  4 blue  tags  with  the  nu- 
merals 1 through  4 on  them.  The  other  hat 
contains  5 red  tags  with  the  numerals  1 through 
5 on  them.  Throughout  this  lesson,  keep  in 
mind  that  the  experiment  consists  of  drawing 
one  tag  from  each  hat. 

The  chart  that  represents  a sample  space  of 
the  experiment  is  repeated  in  d1. 
a Each  ordered  pair  expressed  in  the  chart 
represents  an  outcome  of  the  experiment.  To 
what  does  the  first  component  of  each  ordered 
pair  refer?  To  what  does  the  second  compo- 
nent refer? 

b Use  S as  a name  of  the  sample  space  of  the 
? experiment.  Give  a standard  description  of 
sample  space  S. 

In  the  exercises  in  this  lesson,  the  universe 
for  (i b , r ) is  S. 

c How  many  elements  are  in  S ? The  experi- 
ment has  how  many  possible  outcomes?  Give 
the  probability  of  any  one  of  these  outcomes. 

D Event  A is  {(b,  r)  \b  = 2}.  Tabulate  A.  Is  A 
the  set  of  all  outcomes  in  which  you  draw  a 
blue  tag  with  the  numeral  2? 
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Mutually  exclusive  events;  complementary  events 


1 

2 

3 

~71 

1 

(1,  1) 

(1,2) 

(1,3) 

(1,4) 

(1,5) 

L 

(2,  1) 

(2,  2) 

(2,  3) 

(2,4) 

(2,  5) 

3 

(3,  1) 

(3,  2) 

(3,  3) 

(3,4) 

(3,5) 

(4,2) 

(4,  3) 

(4,4) 

(4,  5) 

Dl 


A A = {(2,  1),  (2,2),  (2,3),  (2,4), 

(2,  5)}. 

B B = {(1,  3),  (2,3),  (3,3),  (4,3)}. 
c AnB  = {(2,  3)}. 

D A 0 B = { (2,  1 ),  (2,2),  (2,3), 

(2,4),  (2,5),  (1,3), 

(3,3),  (4,3)}. 

d2 

e Event  B is  {(b,  r)  \r  = 3}.  Tabulate  this 
event.  Describe  B in  terms  of  the  outcomes 
contained  in  B. 

F Look  at  d2.  Does  sentence  A express  a true 
statement  about  event  A ? Does  sentence  B ex- 
press a true  statement  about  event  B ? 

G How  do  you  know  that  or  is  the  prob- 
ability of  event  A?  How  do  you  know  that  \ 
is  the  probability  of  event  B ? 

You  will  recall  that,  to  find  the  solution  set 
of  a compound  condition  that  includes  the 
connective  “and,”  you  use  the  idea  of  inter- 
section of  sets.  You  can  again  make  use  of  the 
idea  of  intersection  of  sets  to  find  the  proba- 
bility that  event  A and  event  B will  occur.  The 
probability  that  event  A and  event  B will  occur 
is  the  probability  of  {(6,  r)\b  = 2 A r = 3}. 
Another  way  of  saying  this  is:  The  proba- 


bility that  event  A and  event  B will  occur  is  the 
probability  that  you  will  draw  a blue  tag  with 
the  numeral  2 and  a red  tag  with  the  numeral  3. 
h Does  the  intersection  of  two  sets  contain 
those  objects,  and  only  those  objects,  that  be- 
long to  both  sets? 

i Look  again  at  d2.  What  members  do  set  A 
and  set  B have  in  common  ? Does  sentence  C 
express  a true  statement  about  the  intersection 
of  set  A and  set  B ? 

J Is  {(2,3)}  a subset  of  S?  How  do  you 
V know  that  ^ is  the  probability  of  the  event 
{(2,  3)}  ? That  25  is  the  probability  of  A n B ? 

The  probability  of  A H B is  the  probability 
that  event  A and  event  B will  occur.  The 
probability  that  you  will  draw  a blue  tag  with 
the  numeral  2 and  a red  tag  with  the  numeral  3 
is  3. 

Next  you  will  decide  the  probability  that 
event  A or  event  B will  occur.  This  is  the  proba- 
bility of  { (b,  r)  | b = 2 V r = 3} . It  is  the  proba- 
bility that  you  will  draw  a blue  tag  with  the 
numeral  2 or  a red  tag  with  the  numeral  3.  Re- 
member that  “or”  in  a compound  condition 
means  “one  or  the  other  or  both.”  You  know 
that  you  use  the  idea  of  union  of  sets  to  find 
the  solution  set  of  a compound  condition  that 
includes  “or.”  You  can  also  use  the  idea  of  un- 
ion of  sets  to  find  the  probability  that  event  A 
or  event  B will  occur. 

K Is  the  union  of  two  sets  the  set  that  con- 
tains all  those  objects,  and  only  those  objects, 
that  belong  to  either  set  or  to  both  sets? 

L Look  again  at  d2.  Which  elements  are  con- 
tained in  both  A and  B ? Which  elements  are 
contained  only  in  A?  Only  in  B?  Does  sen- 
tence D express  a true  statement  about  the 
union  of  A and  B? 

M A VJ  B has  how  many  elements  ? Explain 
? how  you  know  that  \ is  the  probability  of 
AUB. 
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The  probability  of  A VJ  B is  the  probability 
that  event  A or  event  B will  occur.  The  proba- 
bility that  you  will  draw  a blue  tag  with  the 
numeral  2 or  a red  tag  with  the  numeral  3 is  §. 
N You  obtained  \ for  P(A)  and  \ for  P(B).  Is 
$ + 1 = |j?  What  is  P(A)  + P(B)? 
o Did  you  obtain  ^ for  P(AHB)?  Is 
£ - i = §?  What  is  P(A)  + P(B)  - P(A  n B)? 
p What  number  did  you  obtain  for  P(A  VJ  B)? 
Is  this  the  same  number  that  you  obtained  for 
P(A)  + P(B)  - P(  A n B)? 

In  exercises  N,  O,  and  P,  you  developed  a 
property  of  the  probability  of  the  union  of  two 
events.  The  property  is  expressed  below. 

For  each  M and  N,  if  M and  N are  events  in 
a finite  sample  space , then 
P(M  U N)  = P(M)  + P(N)  - P(M  n N). 

You  have  found  the  probability  of  the  union 
of  two  events  when  the  events  have  some  ele- 
ment in  common.  In  the  example  that  you 
have  been  studying,  event  A and  event  B have 
an  element  in  common  because  there  is  one 
possible  outcome  in  which  you  can  draw  both 
a blue  tag  with  the  numeral  2 and  a red  tag 
with  the  numeral  3.  Now  you  will  study  the 
probability  of  the  union  of  two  events  when 
the  events  have  no  element  in  common. 
a Look  again  at  the  chart  in  d1.  Event  X is 
{(b,  r)  \b  + r = 4}.  Tabulate  X.  Describe 
event  X in  words. 

b Event  Y is  {(6,  r)\r  = 4).  Tabulate  Y.  De- 
scribe event  Y in  words, 
c Suppose  that  you  draw  a blue  tag  and  a red 
tag  and  that  the  numerals  on  the  tags  ex- 
press two  numbers  whose  sum  is  4.  Can  either 
of  the  tags  have  the  numeral  4 on  it  ? Explain 
your  answer. 

d Now  look  at  d3.  Do  sentences  E and  F ex- 
press true  statements  ? 

E Do  X and  Y have  any  members  in  common  ? 


V 

3 

4 

(1,1) 

(1,2) 

(1,3) 

(1,4) 

(1,5) 

(2,  1) 

(2,2) 

(2,  3) 

(2,  4) 

(2,5) 

(3,  1) 

(3,2) 

(3,  3) 

(3,  4)  (3,  5) 

(4,  1) 

(4,2) 

(4,  3) 

(4,  4)  (4,  5) 

d1 


A 

A = 

= 1(2, 

1),  (2,2), 

(2,  3), 

(2,  4), 

(2, 

5)}. 

B 

B = 

= {(1, 

3),  (2,3), 

(3,  3), 

(4,  3)1. 

C 

An  b = 

= {(2,  3)}. 

D 

AUB  = 

= {(2,  1),  (2,2),  (2,3), 

(2,4),  (2,5),  (1 

1,  3), 

(3,3),  (4,3)1. 

d2 

E 

x = 

= {(3, 

1),  (2,2), 

(1,  3)1. 

F 

Y = 

= {Cl, 

4),  (2,4), 

(3,  4), 

(4,  4)}. 

d3 

mu  tu  al  ly  ex  clu  sive  events  (mu-'chii  si  le 
eks  klih'siv).  Events  of  a finite  sample  space 
that  have  no  elements  in  common.  Mutually 
exclusive  events  are  disjoint  sets. 

Events  X and  Y are  mutually  exclusive 
events  of  sample  space  S.  Such  events  have  no 
elements  in  common.  They  are  disjoint  sets. 
f Look  again  at  d3.  Why  is  ^ the  probability 
of  event  X?  Why  is  \ the  probability  of 
event  Y ? 

G How  many  members  are  inXH  Y?  What 
is  the  intersection  of  any  two  disjoint  sets? 
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Why  is  0 the  probability  of  the  intersection  of 
event  X and  event  Y ? 

h For  X and  Y,  how  do  you  know  that 
P(X  VJ  Y)  = P(X)  + P(Y)  - P(X  n Y) ? Is 
P(X  UY)  = P(X)  + P(Y)  - 0?  Explain  your 
answers. 

i What  is  the  probability  of  the  union  of 
event  X and  event  Y ? What  is  the  probability 
that  event  X or  event  Y will  occur? 
j Are  P(X)  + P(Y)  - 0 and  P(X)  + P(Y)  the 
same  number?  Is  the  probability  that  event  X 
or  event  Y will  occur  equal  to  the  sum  of  the 
probability  of  X and  the  probability  of  Y ? 
k Look  again  at  the  chart  in  d1.  Event  J is 
{(b,  r)  | b + r = 2} . Event  K is  { (b,  r)  \ b + r =9} . 
Tabulate  J.  Tabulate  K. 
l Are  J and  K disjoint  sets?  Are  J and  K 
mutually  exclusive  events?  Explain  your  an- 
swers. 

m What  is  the  probability  of  event  J?  Of 
event  K?  What  is  the  probability  that  event  J 
and  event  K will  occur?  What  is  the  proba- 
bility that  event  J or  event  K will  occur? 
n is  the  probability  that  event  J or  event  K 
will  occur  the  sum  of  the  probability  of  event  J 
and  the  probability  of  event  K? 

In  exercises  F through  N,  you  have  studied 
a property  of  the  probability  of  mutually  ex- 
clusive events.  The  property  is  expressed  below. 

For  each  M and  N,  if  M and  N are  mutually 
exclusive  events  of  a finite  sample  space,  then 
P(M  UN)  - P(M)  + P(N). 

Next  you  will  use  the  idea  of  the  comple- 
ment of  a set  to  study  mutually  exclusive  events 
that  are  related  in  a special  way. 

A Look  again  at  the  chart  in  d1.  The  sym- 
bol {(b,  r)\b  K 4}  is  a standard  description  of 
event  D.  Tabulate  D. 

b Now  tabulate  {(b,  r)  \b  ^ 4}.  Are  any  mem- 
bers of  {(b,  r)\b  ^ 4}  also  members  of  set  D? 


Does  {(b,  r)\b^A}  contain  all  the  members 
of  S that  are  not  members  of  D ? 
c Is  {(b,  r)  \b  ^ 4}  = {(b,  r)  \b  < 4}  ? How  do 
you  know  that  { (b,  r)  \ b ^ 4}  = D ? 

Remember  that  a bar  over  a symbol  for  a 
standard  description,  or  a bar  over  the  letter 
that  names  a set,  means  the  complement  of 
that  set. 


REMINDER 

The  complement  of  a given  subset 
of  a universe  is  the  set  that  contains 
all  the  members  of  the  universe,  and 
only  those  members,  that  do  not  belong 
to  the  given  subset. 

See  lesson  112,  page  78. 


Since  D and  D are  complements  of  each 
other,  these  two  sets  are  complementary  events. 
Any  two  subsets  of  a finite  sample  space,  each 
of  which  is  the  complement  of  the  other,  are 
complementary  events. 

D You  know  that  D = {(b,  r)  \b  < 4}.  Is 
D = {(b,  r)  | ~(6<4)}? 

E Is  D the  event  that  D does  not  occur? 

F Are  D and  D mutually  exclusive  events? 
Explain  your  answer. 

g How  do  you  know  that  DWDis  the  same 
set  as  the  sample  space  S ? 

H If  you  consider  S as  an  event,  how  do  you 
know  that  the  number  of  favorable  outcomes 
in  the  event  is  the  same  as  the  number  of  all 
possible  outcomes? 

i How  do  you  know  that  1 is  the  probability 
of  event  S? 


complementary  events.  Two  subsets  of  a 
finite  sample  space,  each  of  which  is  the  comple- 
ment of  the  other. 
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j Look  at  d4.  P(D  \J  D)  represents  the  prob- 
ability of  D W D.  Does  P(D)  represent  the 
probability  of  D?  Does  P(D)  represent  the 
probability  of  D? 

K How  do  you  know  that  sentence  G in  d4 
expresses  a true  statement  ? 
l Remember  that  D and  D are  mutually  ex- 
clusive events.  What  property  of  mutually 
exclusive  events  enables  you  to  obtain  state- 
ment H from  statement  G ? 
m How  can  you  obtain  statement  I from  state- 
ment H?  Study  sentence  I.  Is  the  probability 
of  the  complement  of  D the  difference  of  1 and 
the  probability  of  D ? 

n Is  the  probability  that  D will  not  occur  the 
difference  of  1 and  the  probability  that  D will 
occur  ? 

o  Is  the  union  of  any  two  complementary  sets 
? the  same  as  the  universe?  How  does  this 
explain  why  1 is  the  probability  that  an  event 
will  occur  or  will  not  occur  ? 
p Is  the  sum  of  the  probabilities  of  any  two 
? complementary  events  equal  to  1 ? If  you 
know  the  probability  of  a given  event,  how  can 
you  find  the  probability  that  it  will  not  occur? 

In  exercises  F through  P,  you  have  devel- 
oped a property  of  complementary  events. 

For  each  M and  M,  if  M and  M are  two 
complementary  events  in  a finite  sample  space, 
then  P(M)  = 1 — P(M). 

Q Suppose  that  E and  E are  two  complemen- 
tary events  in  S.  Suppose  also  that  E = S.  What 
is  the  probability  of  E?  What  property  tells 
you  that  the  probability  of  E is  1 — 1 ? If 
E = { } , should  0 be  the  probability  of  E ? 


In  this  lesson  you  learned  that  the  probability 
that  event  A and  event  B will  occur  is  the  prob- 
ability of  A r\  B.  You  also  learned  that  the 
probability  that  event  A or  event  B will  occur 
is  the  probability  of  A U B.  Then  you  studied 


G P(  D W D)  = 1. 

H P(D)  + P(D)  = 1 . 
l P(D)  = 1 - P(D). 

d4 


a There  are  15  tags  in  a box.  The  nu- 
merals 1 through  1 5 are  written  on  the 
tags,  with  one  numeral  on  each  tag. 
Someone  is  to  draw  a tag  from  the  box 
without  looking. 

b At  a party,  four  prizes  are  wrapped 
in  exactly  the  same  way.  The  packages 
are  all  the  same  size.  Carol  is  to  choose 
two  of  the  prizes. 

c A committee  of  three  boys  is  to  be 
chosen  from  among  five  volunteers. 

The  volunteers  are  Carl,  Jim,  Ed,  Bill, 
and  Tom. 

d5 

mutually  exclusive  events  and  complementary 
events. 

On  your  own 

Use  the  experiments  described  in  d5  in  con- 
nection with  exercises  1 through  12.  You  will 
also  need  to  use  the  following  formulas: 

P(M  VJ  N)  = P(M)  + P(N)  P(M.n  N ). 
P(M  U N)  = P(M)  + P(N). 

P(M)  = 1 - P(M). 

1 Read  the  description  of  experiment  A.  Is 
set  S a sample  space  of  experiment  A ? 

S = {1,  2,  3,  4,  5,  6,  7,  8,  9,  10,  11, 

12,  13,  14,  15}. 

2 Event  A is  the  event  in  which  the  tag  drawn 
has  a numeral  for  a number  that  is  divisible 
by  3.  Event  B is  the  event  in  which  the  tag 
drawn  has  a numeral  for  an  even  number.  Are 
A and  B mutually  exclusive  events?  Explain 
your  answer. 
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3 What  is  the  probability  that  A or  B will 
occur?  That  A and  B will  occur? 

4 Event  C is  the  event  in  which  the  tag  drawn 
has  a numeral  for  a prime  greater  than  2.  Are 
event  B (described  in  exercise  2)  and  event  C 
mutually  exclusive?  Explain  your  answer. 

5 What  is  the  probability  that  B and  C will 
occur?  That  B or  C will  occur? 

6 Describe  in  words  the  event  that  B does  not 
occur.  Is  this  event  the  complement  of  B? 

7 What  is  the  probability  of  B?  OfB?  What 
is  the  probability  that  B and  B will  occur? 
That  B or  B will  occur? 

8 Read  the  description  of  experiment  B in  d5. 
Tabulate  a sample  space  of  experiment  B. 
Use  G,  H,  I,  and  J to  represent  the  prizes.  The 
sample  space  should  contain  all  the  possible 
pairs  of  prizes  that  Carol  could  choose. 

9 What  is  the  probability  that  Carol  will 
choose  prize  G or  prize  I ? That  she  will  choose 
prize  G and  prize  I ? 

10  Read  the  description  of  experiment  C.  Tab- 
ulate a sample  space  of  experiment  C.  Use  C, 
J,  E,  B,  and  T to  represent  the  volunteers.  The 
sample  space  should  contain  all  the  possible 
committees  of  three  that  can  be  chosen. 

1 1 What  is  the  probability  that  Ed  and  Jim 
will  be  chosen?  What  is  the  probability  that 
Ed  or  Jim  will  be  chosen? 

12  What  is  the  probability  that  Tom  will  be 
chosen?  That  Tom  will  not  be  chosen? 

13  A bag  contains  five  objects:  three  green 
marbles  and  two  red  marbles.  Call  the  green 
marbles  “g1?”  “g2,”  and  “g3.”  Call  the  red 
marbles  “r^’  and  “r2.”  Suppose  that  you  draw 
a marble  from  the  bag  and  put  it  back.  Then 
you  draw  a second  marble.  What  is  the  proba- 
bility that  the  first  marble  will  be  red  or  the 
second  marble  will  be  red? 

14  What  is  the  probability  that  the  first  marble 
and  the  second  marble  will  be  green  ? 
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Independent  events 

In  the  previous  lesson  you  learned  that  the 
probability  that  a first  event  and  a second  event 
will  occur  is  the  probability  of  the  intersection 
of  the  two  events.  In  this  lesson  you  will  learn 
more  about  the  probability  of  the  intersection 
of  events  that  are  called  independent  events. 

The  chart  in  d1  is  a chart  that  you  have  used 
before.  It  represents  a sample  space  of  an  ex- 
periment. You  will  recall  that  the  experiment 
involves  one  hat  containing  4 blue  tags,  with 
one  of  the  numerals  1 through  4 written  on 
each  tag;  and  a second  hat  containing  5 red 
tags,  with  one  of  the  numerals  1 through  5 
written  on  each  tag.  The  experiment  consists 
of  drawing  one  tag  from  each  hat. 

A Use  S to  name  the  sample  space  of  the  ex- 
periment. What  does  each  member  of  S repre- 
sent? Is  S = {(6,  r)  1 1 ^ b ^ 4 A 1 ^ r ^ 5}  ? 
In  this  lesson,  the  universe  for  (b,  r ) is  S. 


\jr 

i 

2 

3 

4 

M 

1 

(i.D 

(1,2) 

(1,3) 

(1,4) 

(1,5) 

2 

(2,  1) 

(2,  2) 

(2,  3) 
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(2,  5) 

3 

(3,  1) 

1(3,  2) 

: 

(3,  3) 

(3,4) 

(3,  5) 

4 

(4,  1) 

(4,2) 

(4,3) 

(4,  4) 

(4,  5) 
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b Describe  event  {(3,  2)}  in  terms  of  blue  tags 
and  red  tags.  Describe  event  {(b,  r)\b  ^ 3}  in 
terms  of  blue  tags  and  red  tags. 

C Give  a standard  description  of  the  event  that 
you  will  draw  a red  tag  with  a numeral  for  a 
number  greater  than  5.  Tabulate  this  event. 

Now  you  will  study  two  events  in  S to  see 
how  the  probability  of  their  intersection  is  re- 
lated to  their  individual  probabilities. 
d Event  K is  the  event  that  you  will  draw  a 
blue  tag  with  the  numeral  2.  Give  a standard 
description  of  K. 

E Tabulate  K.  What  is  the  probability  of  K ? 

F Event  L is  the  event  that  you  will  draw  a red 
tag  with  the  numeral  4.  Give  a standard  de- 
scription of  L. 

G Tabulate  L.  What  is  the  probability  of  L? 

H You  know  that  K P L is  the  event  that  you 
will  draw  a blue  tag  with  the  numeral  2 and  a 
red  tag  with  the  numeral  4.  Is  the  probability 
of  this  event  the  probability  of  K P L? 
i Tabulate  KHL.  What  is  the  probability 
that  event  K and  event  L will  occur?  How  do 
you  know? 

j Now  look  at  sentence  A in  d2.  Is  ^ the 
probability  of  KH  L?  Is  \ the  probability  of 
K?  Is  5 the  probability  of  L?  Does  sentence  A 
express  a true  statement  ? 

K Is  the  probability  ofKH  L the  product  of 
the  probability  of  K and  the  probability  of  L? 
L Read  sentence  B in  d2.  P(K)  represents  the 
probability  of  K;  P(L)  represents  the  proba- 
bility of  L;  and  P(K  P L)  represents  the  prob- 
ability of  K P L.  Is  P(K  P L)  = P(K)  • P(L)? 
M Event  A is  the  event  that  you  will  draw  a 
blue  tag  with  a numeral  for  a number  that  is 
less  than  or  equal  to  2.  Give  a standard  de- 
scription of  A. 

N Tabulate  A.  What  is  the  probability  of  A? 
o Event  B is  the  event  that  you  will  draw  a red 
tag  with  a numeral  for  a number  that  is 


V 

p 

j— y 

2 ^ 

i 1 

[~7"| 

5 

(1,  1) 

(1,2) 

(1,3) 

! 

(1,4) 

(1,5) 

(2,  1) 

(2,  2) 

(2,  3) 

(2,4) 

(2,  5) 

(3,  1) 

(3,  2) 

(3,  3) 

(3,4) 

(3,  5) 

(4,  1) 

(4,  2) 

(4,  3) 

(4,4) 

(4,5) 

Dl 


A 20  4*5- 

B P(K  P L)  = P(K)  • P(L). 

d2 


'“10  2 5- 

D P(A  P B)  = P(A)  • P(B). 

d3 

greater  than  or  equal  to  4.  Give  a standard  de- 
scription of  B. 

p Tabulate  B.  How  do  you  know  that  \ is  the 
probability  of  B ? 

Q Tabulate  A Pi  B.  How  do  you  know  that  ^ 
is  the  probability  that  A and  B will  occur  ? 
r Now  study  sentence  C in  d3.  Is  the  proba- 
bility of  A P B the  product  of  the  probability 
of  A and  the  probability  of  B ? 
s Read  sentence  D in  d3.  Is  P(A  P B)  — 
P(A)  • P(B)  ? 

In  exercises  D through  S,  you  discovered 
that  the  probability  of  K P Lis  the  product  of 
the  probability  of  K and  the  probability  of  L. 
You  also  discovered  that  the  probability  of 
A P B is  the  product  of  the  probability  of  A 
and  the  probability  of  B.  Events  K and  L are 
independent  events.  A and  B are  also  independ- 
ent events. 
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independent  events  (in'di  pen-'ctant). 

Events  that  are  related  as  follows:  M and 
N are  subsets  of  a finite  sample  space.  If 
P(M  n AO  = P(M)  * P(N),  then  M and  N 
are  independent  events.  If  M and  N are  inde- 
pendent events,  then  P(M  n N)  = P(M)  • 
P(N). 


If  the  probability  of  the  intersection  of  two 
events  is  the  product  of  their  individual  proba- 
bilities, then  the  two  events  are  independent. 
Also,  if  two  events  are  independent,  then  the 
probability  of  their  intersection  is  the  product 
of  their  individual  probabilities. 

In  discussions  of  probability,  independent 
events  are  sometimes  described  as  “events  that 
have  nothing  to  do  with  each  other.”  This 
means  that  the  occurrence  of  one  of  the  events 
does  not  depend  in  any  way  on  the  occurrence 
of  the  other  event.  In  the  examples  of  inde- 
pendent events  that  you  have  studied  so  far, 
this  is  easy  to  see.  For  example,  you  would  not 
expect  that  drawing  a blue  tag  with  the  nu- 
meral 2 from  one  hat  will  affect  whether  or  not 
you  will  draw  a red  tag  with  the  numeral  4 
from  the  other  hat.  However,  it  is  not  always 
easy  to  recognize  independent  events.  We  will 
use  the  definition  of  independent  events  to 
decide  when  two  events  are  independent. 

T Now  you  will  study  events  R and  T in  sam- 
ple space  S.  Event  R is  the  event  that  you  will 
draw  a blue  tag  with  a numeral  for  an  even 
number.  Tabulate  R.  T is  the  event  that  you 
will  draw  a red  tag  with  a numeral  for  an  odd 
number.  Tabulate  T. 

u What  is  the  probability  of  R ? What  is  the 
probability  of  T? 

v Suppose  you  know  that  R and  T are  inde- 
pendent events.  How  can  you  use  the  proba- 
bility of  R and  the  probability  of  T to  find  the 
probability  of  RO  T? 


w What  is  the  probability  of  drawing  a blue 
tag  with  a numeral  for  an  even  number  and 
a red  tag  with  a numeral  for  an  odd  number? 

If  you  know  that  two  events  are  independent, 
you  can  use  the  definition  of  independent 
events  to  help  you  find  the  probability  of  their 
intersection.  You  can  also  use  the  definition  to 
decide  when  two  events  are  independent. 

A Look  again  at  d1  . Event  G is  the  event  that 
you  will  draw  a red  tag  with  a numeral  for  a 
number  greater  than  or  equal  to  3.  Tabulate  G. 
Event  H is  the  event  that  you  will  draw  a blue 
tag  and  a red  tag  with  numerals  for  two  num- 
bers whose  sum  is  5.  Tabulate  H. 
b What  is  the  probability  of  G ? Of  H ? 
c If  G and  H are  independent  events,  what 
product  should  be  the  probability  of  G H H ? 
D Tabulate  G r\  H.  How  many  members  are 
contained  inGH  H ? What  is  the  probability 
ofGH  H? 

E Is  J,,  or  jo,  the  product  of  the  probability  of 
G and  the  probability  of  H ? Are  G and  H 
independent  events  ? Explain  your  answer. 

F Suppose  that  X and  Y are  two  mutually  ex- 
clusive events  and  that  neither  of  them  is  the 
empty  set.  How  do  you  know  that  { } is  the 
intersection  of  X and  Y ? 

G How  do  you  know  that  the  probability  of 
XHYisO? 

H Can  the  probability  of  X be  0?  Can  the 
probability  of  Y be  0?  Explain  your  answers, 
i How  do  you  know  that  the  product  of  the 
probability  of  X and  the  probability  of  Y can- 
not be  0?  Explain  why  the  probability  of 
Xfi  Y is  not  the  same  as  the  product  of  the 
probability  of  X and  the  probability  of  Y. 

J Are  X and  Y independent  events? 

In  this  lesson  you  learned  that,  if  M and  N are 
events  in  a finite  sample  space,  and  if  the  prob- 
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A The  first  digit  in  the  numeral  for  a 
telephone  number  may  be  chosen  from 
the  numerals  1 through  9.  The  second 
digit  may  be  any  one  of  the  numerals  0 
through  9.  You  decide  to  guess  the  first 
two  digits  for  a telephone  number  that 
you  have  forgotten. 
b A five-story  building  has  two  eleva- 
tors, ex  and  e2.  Each  elevator  runs  in- 
dependently of  the  other  and  stops  at 
each  floor.  Assume  that  an  elevator 
does  not  stop  between  floors.  While 
waiting  for  an  elevator,  you  decide  to 
guess  at  which  floor  each  elevator  is  at 
a given  moment. 

c Evelyn  has  one  black  scarf,  two  red 
scarfs,  and  four  figured  scarfs  in  a 
drawer.  Each  day,  without  looking, 
she  takes  a scarf  from  the  drawer  to 
wear  for  that  day. 

d4 

ability  of  M H N is  the  product  of  the  proba- 
bility of  M and  the  probability  of  N,  then  M 
and  N are  independent  events. 

On  your  own 

Use  the  experiments  described  in  d4  in  con- 
nection with  exercises  1 through  13.  You  will 
need  to  use  P(M  C\  N)  = P{M ) • P(N)  for 
some  of  the  exercises. 

1 Read  the  description  of  experiment  A. 
Make  a chart  to  represent  a sample  space  that 
contains  all  the  possible  pairs  of  numbers  that 
can  be  expressed  by  the  first  two  digits  of  the 
numeral  for  the  telephone  number. 

2 What  is  the  probability  that  the  first  num- 
ber is  3 ? That  the  second  number  is  5 ? Are 
these  independent  events  ? How  do  you  know  ? 

3 What  is  the  probability  that  the  sum  of  the 
two  numbers  is  13  ? That  the  second  number  is 


greater  than  7 ? Are  these  independent  events  ? 
How  do  you  know? 

4 What  is  the  probability  that  the  sum  of  the 
two  numbers  is  9 ? That  the  second  number  is 
5?  Are  these  independent  events?  Explain 
your  answer. 

5 What  is  the  probability  that  the  first  num- 
ber is  1 greater  than  the  second  number  ? That 
the  second  number  is  0 ? Are  these  independ- 
ent events  ? Explain  your  answer. 

6 What  is  the  probability  that  the  sum  of  the 
numbers  is  7 ? That  the  sum  of  the  numbers  is 
10?  How  do  you  know,  without  determining 
the  probability  of  their  intersection,  that  these 
two  events  are  not  independent  events  ? 

7 Read  the  description  of  experiment  B in  d4. 
Is  (1,  2,  3,  4,  5}  the  set  of  all  possible  posi- 
tions for  e!  ? How  do  you  know  that  \ is  the 
probability  that  Qi  is  at  the  third  floor?  Give 
the  set  of  all  possible  positions  for  e2.  What  is 
the  probability  that  e2  is  at  the  third  floor? 

8 What  is  the  probability  that  ej  is  at  the 
third  floor  and  e2  is  at  the  third  floor?  As- 
sume that  these  are  independent  events. 

9 What  is  the  probability  that  ex  is  at  the  fifth 
floor  and  e2  is  at  the  first  floor  ? Assume  that 
these  are  independent  events. 

10  What  is  the  probability  that  ej  is  above  the 
third  floor  and  e2  is  below  the  third  floor?  As- 
sume that  these  are  independent  events. 

1 1 Read  the  description  of  experiment  C. 
What  is  the  probability  that  Evelyn  will  wear 
a black  scarf  on  Monday?  That  she  will  wear 
a red  scarf  on  Tuesday? 

12  What  is  the  probability  that  Evelyn  will 
wear  a black  scarf  on  Monday  and  a red  scarf 
on  Tuesday?  These  are  independent  events. 

13  What  is  the  probability  that  Evelyn  will 
wear  a figured  scarf  on  Monday  and  will  not 
wear  a figured  scarf  on  Tuesday?  These  are 
independent  events. 
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KEEPING  SKILFUL 


For  each  of  exercises  1 through  22,  find  the 
sum,  difference,  product,  or  quotient, 
i 18£  + 8| 


2 213.65  - 82.7 

3 20j-_16| 

4 6.3  X 4.8 

5 “125.7 + “85.9 

6 605f  - “84 

7 “105  X4§ 

8 “3.87  - “.036 

9 “13j-“29| 

io  80.32 + “1.4 + 8.6 
n -9^  X -18| 


12  980.59  — 39.7 

13  “1000-  72.45 

14  25.6  X 11.3  + +9 
is  1102|  + 2099^ 

16  25  - 10| 

17  29.104-  48.666 
is  2|X  18^  X 16 

19  80.073  - 65.1 

20  74  + 5f+8| 

21  84.35  -“61.8 

22  38.2  - .025 


For  each  of  exercises  23  through  29,  tabu- 
late the  solution  set  if  possible.  Otherwise,  give 
a standard  description  of  the  solution  set.  The 
universe  for  each  variable  is  D. 

23  7 + .6  < 21.5  A 12  + ^ > 18.5. 


24  g — 8^  > 12  V 6g  = 12l|. 

25  3x  — 8 = “2  A 2x  > 8.5  - 9.3. 


26  ~ (2 1.57  + 10.57  > 2.75). 

27  10  — m < “6  A 11  m ^ 30|. 

28  8 (/!  - 8)  = “100  V \/\  ~ 6 \/n. 

29  "4 (a  + 3.1)  < 25.6  A “15  — a > “5. 

For  each  of  exercises  30  through  37,  give  a 


standard  name  of  the  number  named. 

30  7!  32  9!  34  P(6,  6)  36  C(6,  2) 

315!  33  11!  35  P(10,  5)  37  C(8,  5) 

Give  the  complete  factorization  of  each  in- 
teger named  in  exercises  38  through  45. 

38  72  40  320  42  441  44  1690 

39  150  41  864  43  588  45  7000 

For  each  integer  named  in  exercises  46 

through  53,  find  the  number  of  divisors  and 


the  sum  of  the  divisors. 

46  27  48  100 

47  175  49  136 


52  440 

53  252 


14 
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Exploring  ideas 


Empirical  probability 

So  far  in  this  unit  you  have  considered  prob- 
abilities of  events  in  finite  sample  spaces.  The 
sample  spaces  you  studied  were  those  in  which 
each  outcome  of  an  experiment  had  the  same 
probability.  You  could,  therefore,  determine 
the  probability  of  any  event  that  might  occur  in 
the  experiment.  In  this  lesson  you  are  going  to 
consider  experiments  in  which  you  do  not 
know  the  probability  of  each  outcome.  You 
will  find  approximations  of  the  probabilities  of 
events  by  making  predictions  based  on  obser- 
vations. A probability  determined  in  this  way 
is  called  an  empirical  (em  pir'a  kal)  probability. 
A Suppose  that  you  want  to  know  the  proba- 
bility that  a tack,  when  tossed  on  a level  sur- 
face, will  land  point  up.  d1  shows  the  possible 
outcomes  of  tossing  the  tack.  How  many  pos- 
sible outcomes  does  this  experiment  have  ? 

B Do  you  think  that  the  outcomes  of  the  ex- 
periment of  tossing  the  tack  are  equally 
likely  ? Explain  your  answer. 


so  144 
51  735 


Intuitive  ideas  of  sampling  415 


Number 

Result 

Number 

Result 

of  toss 

of  toss 

of  toss 

of  toss 

1 

D 

11 

D 

2 

D 

12 

D 

3 

U 

13 

D 

4 

D 

14 

U 

5 

D 

15 

D 

6 

D 

16 

D 

7 

U 

17 

D 

8 

u 

18 

D 

9 

D 

19 

D 

10 

D 

20 

D 

d2 


relative  fre  quen  cy  of  an  event  (fre'kwan  se). 
If  an  event  E occurs  x times  in  N trials,  then  jj 

is  the  relative  frequency  of  E.  The  universe  for 
x is  the  set  of  non-negative  integers.  The  uni- 
verse for  N is  Ip. 


To  find  a good  approximation  of  the  prob- 
ability that  the  tack  will  land  point  up,  you 
could  toss  the  tack  many  times  and  collect 
data  concerning  the  outcomes.  You  could  then 
use  the  data  to  estimate  the  probability  that 
the  tack  will  land  point  up  in  one  toss, 
c Suppose  that  you  toss  a tack  and  collect  the 
data  recorded  in  d2.  U is  the  event  that  the 
tack  lands  point  up.  D is  the  event  that  the  tack 
lands  point  down.  Are  U and  D complemen- 
tary events?  How  did  the  tack  land  on  the 
first  toss?  On  the  fifth  toss?  On  the  four- 
teenth toss?  On  the  last  toss  ? 

D How  many  times  did  U occur  in  the  first 
five  tosses?  In  the  first  ten  tosses ? 

Since  you  tossed  the  tack  20  times,  you  can 
say  that  you  collected  data  based  on  20  trials. 

E How  many  times  did  U occur  in  20  trials? 
Is  the  quotient  of  the  number  of  times  that 
U occurred  and  the  number  of  trials? 


The  number  ^ is  the  relative  frequency  of 
U in  20  trials.  The  relative  frequency  of  an 
event  in  a given  number  of  trials  is  the  quo- 
tient of  the  number  of  times  the  event  occurs 
and  the  number  of  trials. 

F Suppose  that,  instead  of  20  trials,  you  com- 
plete 100  trials  of  the  experiment.  If  the  tack 
lands  point  up  in  27  of  the  100  trials,  what  is 
the  relative  frequency  of  U ? 

G Suppose  that  the  relative  frequency  of  U, 
based  on  1000  trials,  is  How  many  times 
did  U occur  in  1000  trials? 

You  can  determine  an  approximation  of  the 
probability  of  an  event  by  finding  its  relative 
frequency  in  a great  number  of  trials. 
h Suppose  that,  in  100,000  trials,  the  tack 
lands  point  up  25,002  times.  Based  on  this  in- 
formation, what  is  an  approximation  of  the 
probability  that  the  tack  will  land  point  up  if  it 
is  tossed  only  once  ? Is  .25  the  probability  of  U 
to  the  nearer  hundredth  ? 
i What  is  an  approximation  of  the  probability 
that  the  tack  will  land  point  up  twice  in 
succession?  You  can  think  of  this  as  the  prob- 
ability of  the  intersection  of  two  events.  As- 
sume that  the  events  are  independent. 

J If  .25  is  an  approximation  of  the  proba- 
bility of  U,  the  event  should  occur  .25  times 
for  one  toss  of  the  tack.  How  can  you  deter- 
mine the  number  of  times  that  U will  occur  in 
the  next  100  tosses? 

pirical  probability  is  used  in  business  and 
science  for  making  many  kinds  of  predictions. 
Look  at  d3.  The  data  recorded  in  the  display 
are  derived  from  a mortality  (mor  taKo  te) 
table  such  as  insurance  companies  use  when 
they  decide  upon  life  insurance  rates.  The  table 
is  called  a mortality  table  because  it  can  be 
used  to  obtain  the  mortality  (death  rate)  of 
persons  in  different  age  groups. 
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Age  in  years 

Persons  living 

1 

1,000,000 

10 

971,804 

20 

951,483 

30 

924,609 

40 

883,342 

50 

810,900 

60 

677,771 

70 

454,548 

80 

181,765 

d3 

a The  data  given  in  d3  are  based  on  a sample 
consisting  of  1,000,000  persons  who  were  liv- 
ing at  the  age  of  1 year.  What  number  is  ex- 
pressed directly  to  the  right  of  the  numeral  for 
age  10?  This  number  tells  you  that,  of  the 
original  1,000,000  persons,  971,804  were  still 
living  at  the  age  of  10  years. 
b How  many  of  the  1,000,000  persons  were 
still  living  at  age  20  ? At  age  60  ? At  age  80  ? 
c Suppose  that  you  want  to  know  the  proba- 
bility that  a person  who  is  1 year  old  now  will 
reach  the  age  of  80  years.  Why  can  you  use 
i!ooo!ooo  as  an  approximation  of  the  probability 
of  this  event  ? What  is  the  probability  of  this 
event  expressed  to  the  nearer  hundredth  ? 

D How  many  of  the  original  1,000,000  persons 
died  before  they  reached  the  age  of  60  ? What 
is  the  probability  (to  the  nearer  hundredth) 
that  a person  who  is  1 year  old  now  will  die 
before  he  is  60  years  old  ? 
e How  many  persons  were  living  at  age  40? 
Of  these,  how  many  were  living  at  age  50  ? 

F Can  you  use  as  an  approximation  of 
the  probability  that  a person  who  is  40  years 
old  now  will  be  alive  at  age  50? 

G Mr.  Colfax  is  40  years  old  now.  He  wants  to 
buy  a life  insurance  policy  that  will  insure 


him  for  the  next  20  years.  What  is  the  proba- 
bility that  he  will  die  during  that  time? 


In  this  lesson  you  studied  experiments  for 
which  you  could  not  tabulate  a sample  space 
whose  elements  were  equally  likely  outcomes. 
You  learned  that,  to  determine  the  probability 
of  an  event  in  such  a sample  space,  you  need  to 
collect  data  from  which  you  can  determine  the 
relative  frequency  of  an  event. 

On  your  own 

For  each  of  exercises  1,  2,  and  6,  first  name 
the  number  of  trials  and  the  number  of  times 
the  event  has  occurred.  Then  give  the  answer. 
For  some  of  the  exercises,  you  will  need  to  use 
probability  formulas. 

1 For  five  football  seasons,  Kevin  has  re- 
corded his  predictions  of  the  results  in  the 
games  played  in  a certain  conference.  He  has 
correctly  predicted  the  results  in  75  out  of  a 
total  of  135  games.  What  is  the  probability 
that  his  next  prediction  will  be  correct  ? 

2 A manufacturer  tested  one  lot  of  staplers 
by  examining  a sample  consisting  of  1000  of 
the  staplers.  He  found  that  2 staplers  were  de- 
fective. What  is  the  probability  that  any  one 
stapler  picked  from  this  lot  will  be  defective? 
If  a store  receives  a shipment  of  1500  staplers 
from  this  lot,  how  many  of  the  staplers  can  be 
expected  to  be  defective  ? 

3 A baseball  player’s  batting  average  is  the 
quotient  of  the  number  of  hits  he  has  made 
and  the  number  of  his  official  times  at  bat. 
Why  can  you  think  of  his  batting  average  as 
the  probability  that  he  will  obtain  a hit  in  one 
time  at  bat  ? 

4 A player  has  a batting  average  of  .320. 
What  is  the  probability  that  he  will  get  a hit 
the  next  time  he  is  at  bat  ? 

5 What  is  the  probability  that  the  player  de- 
scribed in  exercise  4 will  get  two  hits  for  his 
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next  two  times  at  bat?  Assume  that  these  are 
two  independent  events  and  that  the  batting 
average  does  not  change  significantly  for  one 
time  at  bat. 

6 Winslow  High  School  has  graduated  12,500 
students  in  the  past  10  years.  Of  these  students, 
975  graduated  with  honors.  What  is  the  proba- 
bility that  a student  at  Winslow  High  School 
will  graduate  with  honors  ? 

7 According  to  a mortality  table,  the  proba- 
bility that  Mr.  Kramer  will  live  to  be  90  yr.  old 
is  .01.  The  probability  that  his  wife  will  live  to 
be  90  is  .008.  What  is  the  probability  that  both 
Mr.  Kramer  and  his  wife  will  live  to  be  90  yr. 
old?  Assume  that  these  are  two  independent 
events. 

8 What  is  the  probability  that  Mr.  Kramer  or 
his  wife  will  live  to  be  90  yr.  old  ? 

APPLYING  MATHEMATICS 

For  each  problem  first  select  the  appropriate 
formula.  Next  use  the  information  given  in  the 
problem  to  make  replacements  and  write  a 
sentence  that  expresses  these  replacements. 
Then  give  the  answer  to  the  problem. 

1 There  are  9 books  on  a bookshelf.  Tom’s 
mother  put  a five-dollar  bill  in  each  of  2 of 
these  books.  If  Tom  takes  a book  from  the 
shelf,  what  is  the  probability  that  he  will  take 
a book  with  a five-dollar  bill  in  it? 

2 At  a bake  sale,  there  are  3 apple  pies,  1 
peach  pie,  1 blueberry  pie,  3 cherry  pies,  and 
2 mince  pies.  All  the  pies  are  wrapped  so  that 
they  look  alike.  Margaret  is  going  to  select  1 
pie.  What  is  the  probability  that  Margaret  will 
select  an  apple  pie  ? 

3 What  is  the  probability  that  Margaret  will 
select  a mince  pie  ? 

4 What  is  the  probability  that  Margaret  will 
select  a lemon  pie  ? 


5 Goodwin’s  Grocery  is  going  to  give  each 
customer  a package  of  flower  seeds  and  a pack- 
age of  vegetable  seeds.  Petunia  seeds  are  one  of 
the  5 kinds  of  flower  seeds.  Carrot  seeds  are 
one  of  the  6 kinds  of  vegetable  seeds.  What  is 
the  probability  that  a customer  will  be  given  a 
package  of  petunia  seeds  ? 

6 What  is  the  probability  that  a customer  will 
be  given  a package  of  carrot  seeds  ? 

7 What  is  the  probability  that  a customer  will 
be  given  a package  of  petunia  seeds  and  a 
package  of  carrot  seeds?  Assume  that  these 
are  two  independent  events. 

8 What  is  the  probability  that  a customer  will 
be  given  a package  of  petunia  seeds  or  a pack- 
age of  carrot  seeds  ? 

9 Mr.  Moretti  has  correctly  predicted  the 
weather  42  out  of  56  times.  What  is  the  proba- 
bility that  his  next  weather  prediction  will  be 
correct  ? 

to  A box  contains  12  red  pencils,  5 blue  pen- 
cils, and  8 green  pencils.  Jack  is  going  to  draw 
a pencil  from  the  box.  What  is  the  probability 
that  Jack  will  draw  a blue  pencil? 

1 1 What  is  the  probability  that  Jack  will  draw 
a red  pencil  or  a green  pencil  ? 

1 2 Jack  is  going  to  draw  a pencil  from  the  box, 
put  it  back  into  the  box,  and  draw  again.  What 
is  the  probability  that  he  will  draw  a green 
pencil  from  the  box  both  times  ? Assume  that 
these  are  two  independent  events. 

1 3 For  the  last  year,  George  has  kept  a record 
of  the  number  of  times  he  has  had  strikes  in 
bowling.  In  the  400  times  that  George  has 
rolled  the  bowling  ball,  he  has  had  65  strikes. 
What  is  the  probability  that  George  will  have 
a strike  the  next  time  he  rolls  the  ball  ? 

14  What  is  the  probability  that  George  will 
have  a strike  the  next  two  times  he  rolls  a bowl- 
ing ball?  Assume  that  these  are  two  inde- 
pendent events. 
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SPECIAL  CHALLENGE 

ead  the  problem  in  d1.  You  can  deter- 
mine the  probability  of  the  event  that  there  are 
at  least  2 students  in  the  class  who  have  the 
same  birthday  by  first  determining  the  proba- 
bility that  no  2 students  have  the  same  birth- 
day. 

a Suppose  that  B is  the  event  that  there  are  at 
least  2 students  who  have  the  same  birthday. 
What  is  event  B?  How  do  you  know  that 
P(B)  = 1 — P(B)? 

b How  many  possibilities  are  there  for  each 
student’s  birthday  in  a 365-day  year? 

Suppose  that  the  birthday  of  one  student  is 
on  a given  day  of  a given  month.  If  a second 
student  does  not  have  the  same  birthday,  then 
his  birthday  must  be  on  one  day  of  the  re- 
maining 364  days. 

C If  you  consider  only  2 students,  explain  why 
the  probability  that  they  do  not  have  the  same 
birthday  is  fff . 

D Next  consider  a third  student  along  with  the 
first  2.  If  the  birthday  of  the  third  student  is  to 
be  different  from  the  birthdays  of  the  first  2, 
then  how  many  possible  days  are  there  for  his 
birthday  ? 

E Is  the  probability  that  the  third  student  does 
not  have  the  same  birthday  as  either  of  the 
first  2 equal  to  fff? 

We  will  consider  these  events  (the  event  that 
the  first  2 students  do  not  have  the  same  birth- 
day and  the  event  that  the  third  student  does 
not  have  the  same  birthday  as  either  of  the 
first  2)  as  independent  events. 

F Why  should  you  find  the  product  of  §§  and 
§§  to  find  the  probability  that  all  3 students  do 
not  have  the  same  birthday  ? 

G What  is  the  probability  that  the  birthday  of 
a fourth  student  is  not  the  same  as  the  birth- 
days of  the  first  3 students  ? Is  the  probability 


There  are  30  students  in  Mr.  Jansen’s 
eighth-grade  class.  What  is  the  proba- 
bility that  at  least  2 of  the  30  students 
were  born  on  the  same  day  of  the  same 
month  ? The  probability  should  be  de- 
termined on  the  basis  of  a 365-day 
year. 

d! 
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that  all  4 students  do  not  have  the  same  birth- 
day equal  to  the  product  fff  X fff  X fff? 

H What  product  is  equal  to  the  probability 
that  the  first  6 students  do  not  have  the  same 
birthday  ? 

I What  product  is  equal  to  the  probability 
that  the  first  10  students  do  not  have  the  same 
birthday? 

The  sentence  in  d2  expresses  a statement 
concerning  the  probability  that  no  2 of  the  30 
students  have  the  same  birthday. 

J Explain  how  the  product  expressed  in  d2 
was  obtained. 

If  you  were  to  compute,  you  would  find  that 
the  probability  of  event  B is  approximately 
equal  to  .294.  You  can  use  the  probability  of 
B to  determine  the  probability  of  B. 

K How  do  you  obtain  P(B)  = 1 — .294  from 
P(B)  = 1 — P(B)  ? What  is  the  probability  that 
at  least  2 of  the  30  students  have  the  same 
birthday  ? 

You  may  be  surprised  to  find  that  the  prob- 
ability that  at  least  2 of  the  30  students  have  the 
same  birthday  is  so  great.  In  fact,  for  any  num- 
ber of  persons  greater  than  22,  the  probability 
that  at  least  2 of  these  persons  have  the  same 
birthday  is  greater  than 


419 


CHECKING  UP 

Xf  you  have  trouble  with  this  test,  you  can  find 
help  in  lessons  178  through  182. 

Test  166 

1 Sam,  Harry,  Leo,  and  Kathy  are  candidates 
for  class  president.  The  election  of  each  candi- 
date is  equally  likely.  What  is  the  probability 
that  Harry  will  not  be  elected  ? 

2 Events  D and  E are  independent  events. 
The  probability  of  D is  f . The  probability  of  E 
is  What  is  the  probability  of  D C\  E? 

3 The  probability  of  event  T is  The  num- 
ber of  elements  in  the  sample  space  is  40,  and 
the  elements  are  equally  likely  outcomes.  How 
many  elements  are  there  in  T? 

Use  the  experiment  described  in  the  display 
for  exercises  4 through  8. 

4 Tabulate  a sample  space  of  the  experiment. 
Use  w as  a variable  for  the  number  named  on 
the  white  card.  Use  y as  a variable  for  the 
number  named  on  the  yellow  card.  Name  the 
sample  space  W X Y. 

5 Event  A is  { (iv,  y)  \ w = 11.  What  is  the 
probability  of  A? 

6 Event  B is  {(w,  y)  \y  > 3}.  What  is  the  prob- 
ability of  B ? 

7 What  is  the  probability  of  A C\  B ? Are  A 
and  B independent  events? 

8 What  is  the  probability  of  AU  B?  Are  A 
and  B mutually  exclusive  events  ? 


There  are  3 white  cards  in  one  box. 
The  numbers  1,  2,  and  3 are  named 
separately  on  these  cards.  There  are  6 
yellow  cards  in  another  box,  with  the 
numbers  1 through  6 named  separately 
on  these  cards.  Someone  is  to  take  a 
card  from  each  box  without  looking. 

420  End-of-block  test  on  probability 
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Exploring  ideas 


Organization  and 
presentation  of  data 

In  lesson  182  you  learned  that  you  can  use 
collected  data  to  make  reasonable  estimates 
about  the  probability  of  an  event.  We  refer  to 
such  data  as  statistical  (sto  tis/ta  kal)  data. 
Statistical  data  often  are  easier  to  use  when 
you  have  arranged  them  in  a chart  or  a graph. 
In  this  lesson  you  will  first  study  some  of  the 
kinds  of  graphs  that  commonly  appear  in 
newspapers,  magazines,  and  books.  As  you  do 
this,  you  will  learn  some  useful  ways  in  which 
to  organize  statistical  data. 
a The  graph  in  d1  is  a graph  of  data  concern- 
ing the  world’s  population.  The  numerals 
along  the  bottom  of  the  graph  represent  cer- 
tain years  covered  by  the  data  in  the  graph. 
What  is  the  first  year  covered?  What  is  the 
last  year?  How  many  ten-year  periods  are 
covered  ? 

B The  numerals  at  the  left  of  the  graph  ex- 
press the  world’s  population.  Do  you  think 
that  the  number  expressed  by  each  of  these 
numerals  is  an  approximation?  Explain  your 
answer. 

Notice  that  the  graph  contains  dots  for  each 
of  the  years  1900,  1910,  1920,  1930,  1940,  1950, 
and  1960.  The  location  of  the  dot  for  1900 
shows  that  the  world’s  population  was  about 
1,500,000,000  in  1900. 

C What  was  the  world’s  approximate  popula- 
tion in  1910?  What  was  the  world’s  approxi- 
mate population  in  each  of  the  other  years 
named  in  the  graph? 

Line,  circle,  and  bar  graphs;  summarization  of  ungrouped  data  by  histograms 
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CANADIAN  SCHOOL  ENROLLMENT 

in  1959-60:  4,010,000 
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The  dots  were  used  to  make  the  picture  of 
the  curve  in  the  graph  in  d1.  Graphs  like  this 
are  usually  called  line  graphs. 
d From  d1,  does  the  world’s  population  ap- 
pear to  be  greater  in  1910  than  in  1900?  Does 
it  appear  to  be  about  the  same  in  both  years  ? 
e Of  all  the  ten-year  periods  covered  by  the 
graph,  which  of  the  periods  represents  the 
greatest  change  in  the  world’s  population? 
Which  represents  the  least  change  ? 

F Between  1910  and  1930,  the  world’s  popula- 
tion increased  by  approximately  how  much  ? 

G Between  1930  and  1950,  what  was  the  ap- 
proximate increase  in  the  world’s  population? 


h How  does  the  approximate  increase  from 
1910  to  1930  compare  with  the  approximate 
increase  from  1930  to  1950? 
i Based  upon  the  data  presented  in  the  graph 
in  d1,  which  of  the  following  statements  seems 
more  reasonable?  “The  world’s  population 
will  probably  be  greater  in  1970  than  in  1960.” 
“The  world’s  population  will  probably  be  less 
in  1970  than  in  1960.” 

Now  look  at  the  graph  in  d2.  Graphs  like 
this  are  often  called  circle  graphs. 

J The  picture  of  the  circle  and  its  interior 
represents  the  total  school  enrollment  of 
4,010,000  persons  in  1959-60.  What  per  cent  of 
the  total  school  enrollment  is  represented  by 
the  picture  of  the  circle  and  its  interior? 

K Each  of  the  per  cents  expressed  in  the  graph 
in  d2  is  a per  cent  of  what  number  ? 
l Look  at  the  portion  of  the  graph  that  repre- 
sents the  elementary  school  and  kindergarten 
enrollment.  Does  this  portion  correspond  to 
the  greatest  per  cent  ? 

M Does  the  portion  of  the  graph  that  repre- 
sents the  college  enrollment  correspond  to  the 
least  per  cent  ? 

N What  per  cent  of  the  total  enrollment  is  high 
school  enrollment  ? 
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Look  at  the  graph  in  d3.  Graphs  like  this 
are  called  bar  graphs.  This  graph  shows  the 
average  temperature  in  Radford  for  each  month 
of  the  year.  Notice  the  abbreviations  for  the 
names  of  the  months  at  the  bottom  of  the 
graph.  The  numerals  at  the  left  of  the  graph 
express  temperatures  in  degrees  Fahrenheit, 
o Look  at  the  bar  above  the  name  of  the  first 
month.  Does  the  top  of  this  bar  appear  to  be 
aligned  with  the  dot  that  is  halfway  between 
the  numerals  20  and  30  on  the  left?  This  means 
that  the  average  temperature  in  Radford  in 
January  is  about  25°  F. 
p What  is  the  approximate  average  tempera- 
ture in  Radford  in  February?  In  May?  In 
September  ? 

Q In  which  month  is  the  average  temperature 
highest?  In  which  month  is  the  average  tem- 
perature lowest  ? 

Next  you  will  see  how  you  can  arrange  sta- 
tistical data  so  that  the  data  are  useful  for  mak- 
ing predictions  about  probabilities.  First  you 


Mr.  Monroe  had  some  copies  of  5 new 
phonograph  records  to  sell  in  his  rec- 
ord shop.  During  the  first  week  he  sold 

25  copies  of  record  A,  32  copies  of  rec- 
ord B,  18  copies  of  record  C,  68  copies 
of  record  D,  and  46  copies  of  record  E. 

d4 

Record 

Number  of  copies  sold 

A 

25 

B 

32 

C 

18 

D 

68 

E 

46 

d5 


will  use  the  data  given  in  d4  to  learn  how  to 
organize  data.  There  are  various  ways  of 
organizing  these  data.  One  way  is  to  make  a 
chart  like  the  one  in  d5.  Study  d5. 
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a Does  the  number  named  for  each  record  in 
d5  correspond  to  the  data  given  in  d4? 
b Mr.  Monroe  sold  the  most  copies  of  which 
record?  He  sold  the  fewest  copies  of  which 
record  ? 

Notice  that  it  is  easier  to  compare  the  sales 
of  the  5 different  records  by  using  the  chart 
in  d5  than  by  reading  the  data  as  it  is  expressed 
in  d4.  The  chart  in  d5  is  called  a frequency 
array  (a  ra./).  A frequency  array  is  an  arrange- 
ment or  organization  of  data  according  to  the 
frequency  of  the  events  or  measures  included 
in  the  data. 

c One  way  that  Mr.  Monroe  might  use  the 
data  expressed  in  the  frequency  array  in  d5  is 
to  determine  the  number  of  copies  of  each 
record  he  should  order  in  the  future.  Based 
upon  the  frequency  array,  should  he  order 
more  copies  of  record  A or  of  record  B? 
Should  he  order  more  copies  of  record  B or  of 
record  E?  Should  he  order  more  copies  of 
record  D or  of  record  E? 

Now  read  the  experiment  described  in  d6. 

The  data  given  in  d6  have  been  organized 
as  a frequency  array  in  d7.  Study  d7. 
d In  the  frequency  array,  which  numeral  ex- 
presses the  total  number  of  red  disks  drawn  by 
all  four  students?  How  was  this  number  ob- 
tained ? 

e How  was  each  of  the  other  numbers  named 
in  the  frequency  array  determined  ? 
f Each  of  the  four  students  drew  50  disks. 
How  many  disks  did  all  four  students  draw? 
What  is  the  sum  of  the  numbers  expressed  in 
the  frequency  array? 

G Have  all  of  the  drawings  been  included  in 
the  frequency  array? 

H From  the  information  given  in  the  fre- 
quency array,  can  you  conclude  that  there  were 
probably  more  white  disks  than  disks  of  any 
other  color  in  the  bag? 


Four  members  of  the  eighth-grade 
mathematics  class  at  Evans  School 
took  part  in  the  following  experiment: 
The  students  were  given  a paper  bag 
that  contained  some  red,  white,  blue, 
and  green  disks.  Each  of  the  four  stu- 
dents drew  1 disk  from  the  bag.  He 
then  observed  the  color  of  the  disk 
drawn,  replaced  the  disk,  and  shook 
the  bag.  Each  student  made  a total  of 
50  such  drawings  and  kept  a record  of 
the  color  of  each  disk  drawn. 

Marge  recorded  12  red,  13  blue,  16 
white,  and  9 green. 

Terry  recorded  17  red,  8 blue,  23  white, 
and  2 green. 

Allen  recorded  18  red,  9 blue,  16  white, 
and  7 green. 

Sally  recorded  17  red,  8 blue,  20  white, 
and  5 green. 

d6 


Disk  Number  of  times  drawn 

Red  64 

Blue  38 

White  75 

Green  23 

D 7 

l From  the  information  given  in  the  fre- 
quency array,  what  can  you  conclude  about 
the  number  of  green  disks  in  the  bag? 
j Suppose  that  each  of  the  four  students  were 
to  draw  100  more  disks  in  the  same  way. 
How  can  you  use  the  frequency  array  in  d7  to 
make  predictions  about  the  probabilities  asso- 
ciated with  this  experiment  ? 
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You  can  also  use  a frequency  array  to  make 
a graph.  The  frequency  array  in  d8  shows  the 
results  of  a telephone  survey  to  determine  the 
number  of  persons  who  were  watching  four 
different  television  programs  on  a certain  eve- 
ning. The  column  with  the  heading  “Fre- 
quency” refers  to  the  number  of  viewers  of 
each  program.  Study  d8. 
k How  many  persons  in  all  are  included  in  the 
data  in  the  frequency  array  ? 
l Among  the  persons  who  were  called,  which 
program  was  being  watched  by  the  most 
viewers  ? By  the  fewest  viewers  ? 

Now  look  at  the  graph  in  d9.  This  graph 
is  a picture  of  the  data  presented  in  the  fre- 
quency array  in  d8. 

m The  graph  in  d9  is  called  a histogram  (his/- 
to  gram^).  How  does  a histogram  differ  from 
a bar  graph  ? 

n Suppose  that  the  numerals  at  the  left  of  the 
histogram  were  omitted.  Would  you  still  be 
able  to  tell  which  program  had  the  most  view- 
ers ? Would  you  still  be  able  to  tell  which  pro- 
gram had  the  fewest  viewers?  Would  you  still 
be  able  to  tell  that  programs  A and  C had  the 
same  number  of  viewers  ? 
o Suppose  that  an  advertiser  wants  to  adver- 
tise the  fact  that  program  B was  the  most 
popular  program.  Give  some  reasons  why  he 
might  use  a histogram  rather  than  a frequency 
array  in  an  advertisement. 

You  learned  in  this  lesson  that  statistical  data 
can  be  organized  and  presented  in  many  differ- 
ent ways.  You  also  learned  that  the  way  in 
which  you  organize  statistical  data  is  often  de- 
termined by  the  use  you  want  to  make  of  the 
data. 

Use  the  graphs  in  dIO  in  connection  with 
exercises  1 through  9. 


Program  Frequency 


A 8 

B 16 

C 8 

D 4 

None  10 
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Program 


1 The  data  presented  in  the  circle  graph  in 
dIO  concern  the  amount  of  income  that  the 
Perry  family  spends  on  various  items.  What 
per  cent  of  the  Perrys’  income  is  represented  by 
the  picture  of  the  circle  and  its  interior? 

2 Do  the  Perrys  spend  a greater  per  cent  of 
their  income  for  food  or  for  rent? 

3 For  which  do  the  Perrys  spend  more,  cloth- 
ing or  transportation? 

4 What  are  some  expenses  that  might  be  in- 
cluded under  the  heading  “Other”? 

5 Suppose  that  the  Perrys’  monthly  income 
is  $500.  Use  the  per  cents  expressed  in  the  cir- 
cle graph  to  determine  the  amount  they  spend 
for  each  of  the  items  named. 
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STAR  THEATER  ATTENDANCE 


6 Now  look  at  the  line  graph  in  dIO.  What 
kind  of  data  is  presented  in  this  graph  ? 

7 The  abbreviations  at  the  bottom  of  the 
graph  name  the  days  of  the  week.  The  nu- 
merals at  the  left  express  the  number  of  per- 
sons attending  the  theater.  On  which  day  did 
the  greatest  number  of  persons  attend  the 
theater?  On  which  day  did  the  least  number 
of  persons  attend? 

8 On  which  day  did  more  persons  attend  the 
theater,  on  Wednesday  or  on  Thursday?  On 
Monday  or  on  Tuesday? 

9 Suppose  that  there  is  a popcorn  concession 
in  the  lobby  of  the  theater.  How  might  the 
owner  of  the  concession  use  the  data  presented 
in  this  graph  to  determine  the  amount  of  pop- 
corn that  he  will  need  for  each  evening  of  the 
week? 

In  the  following  exercises,  you  will  use  sta- 
tistical data  to  make  frequency  arrays  and 
graphs. 

10  30  of  the  eighth-grade  students  at  Hooker 
School  bring  lunches,  75  buy  lunch  in  the 
school  cafeteria,  and  15  go  home  for  lunch. 
Use  this  information  to  make  a frequency  ar- 
ray. 

1 1 Use  the  frequency  array  you  made  for  exer- 
cise 10  to  make  a histogram. 


12  As  part  of  a probability  experiment  in  his 
mathematics  class,  Clarence  asked  75  persons 
to  name  a number  from  1 through  9.  He  found 
that  4 persons  named  1 ; 6 persons  named  2;  15 
persons  named  3;  7 persons  named  4;  12  per- 
sons named  5;  5 persons  named  6;  13  persons 
named  7;  7 persons  named  8;  and  6 persons 
named  9.  Use  this  information  to  make  a 
frequency  array. 

1 3 Use  the  frequency  array  you  made  for  exer- 
cise 12  to  make  a histogram. 

KEEPING  SKILFUL 

r or  each  condition  expressed  below,  tabu- 
late the  solution  set.  The  universe  for  (x,  y)  is 
DXD. 

1 x = ~5y  A fy  = 12|. 

2 x — ~8.6  = 20.4  A y — 2.5  + x. 

3 y = \x  A 2x  + y = 56. 

4 x y = 8 .36  A 12y  = ~J2. 

5 y = 1 + x A lOx  = 3(x  + 4f). 

6 7}'  + 3 = xAx  + 20 y = 84. 

7 y = .2x  A 2(x  + 4)  = 32.6. 

8x  = yA4x+10  = I2y  + 58. 

9  x - 16.5=  12.25  A x + y = 4. 

10  x = y — 2 A x -f-  4y  = 683. 

11  y = x — 5 A 6x  + 3|  = 4y. 
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Exploring  ideas 


arithmetic  mean 

183  you  learned  that  a frequency 
array  is  a useful  way  of  organizing  and  pre- 
senting statistical  data.  In  this  lesson  you  will 
see  how  the  arithmetic  mean  provides  useful 
information  about  statistical  data. 
a Read  the  problem  in  d1.  On  which  day  did 
the  greatest  number  of  students  attend  school? 
On  which  day  did  the  least  number  of  students 
attend  school?  What  is  the  absolute  difference 
of  these  two  numbers  ? 

59,  the  absolute  difference  of  544  and  485, 
is  the  range  of  the  set  of  data  given  in  d 1 . The 
range  of  a set  of  data  is  the  absolute  difference 
of  the  greatest  and  least  measures  included  in 
the  data.  We  often  use  the  word  “measure”  to 
refer  to  the  numbers  expressed  in  statistical 
data,  even  though  these  numbers  may  have 
been  obtained  by  counting  rather  than  by 
measurement. 

B In  lesson  174  you  learned  how  to  use  the 
formula  a = ^ for  finding  averages.  In  « = 
for  what  is  a a variable  ? For  what  is  t a varia- 
ble ? For  what  is  n a variable  ? 

You  can  use  the  average  formula  to  help 
you  develop  a condition  for  the  problem  in  d1  . 
The  universe  for  each  variable  is  D. 

c What  is  the  replacement  for  n in  qr  = ^? 
Flow  can  you  find  the  replacement  for  t!  The 
sentence  in  blue  below  expresses  a condition 
for  the  problem  in  d1  . 

a = ^ A f = 485  + 538  + 544  + 535  + 492. 


14  184 


The 

In  lesson 


During  one  week  at  the  McKay 
School,  485  students  attended  school 
on  Monday,  538  attended  on  Tuesday, 
544  attended  on  Wednesday,  535  at- 
tended on  Thursday,  and  492  attended 
on  Friday.  What  was  the  average  daily 
attendance  at  McKay  School  for  the 
week? 


D 1 


Jim  made  the  following  scores  on  6 
science  tests:  87,  92,  78,  90,  86,  94. 
What  was  the  mean  of  Jim’s  scores? 


d2 


range  (ranj).  For  any  set  of  data,  the  abso- 
lute difference  of  the  greatest  and  least  meas- 
ures. 


arithmetic  mean.  For  any  set  of  data,  the 
quotient  of  the  sum  of  the  measures  and  the 
number  of  measures. 


d What  number  satisfies  the  simple  condition 
t = 485  + 538  + 544  + 535  + 492? 

e What  number  satisfies  a = ? 

F Give  the  answer  to  the  problem  in  d1  . 

As  you  learned  in  Book  1 , another  name  for 
the  average  is  the  arithmetic  mean.  The  arith- 
metic mean  of  a set  of  data  is  the  quotient  of 
the  sum  of  the  measures  and  the  number  of 
measures.  Often  we  will  use  just  the  word 
“mean”  to  refer  to  the  arithmetic  mean. 

For  a set  of  statistical  data,  the  mean  of  the 
measures  is  one  good  way  of  describing  and 


426  The  arithmetic  mean  as  a measure  of  central  tendency;  the  range  of  a set  of  data; 
properties  of  the  arithmetic  mean;  the  median 


comparing  measures.  The  mean  is  one  indica- 
tion of  the  “central”  measure  with  which  each 
measure  in  a set  of  data  can  be  compared. 
g Now  read  the  problem  in  d2.  What  was 
Jim’s  highest  score?  What  was  his  lowest 
score?  What  was  the  range  of  Jim’s  scores? 

Instead  of  using  a compound  condition  for 
the  problem  in  d2,  we  will  develop  a new  for- 
mula for  finding  the  arithmetic  mean.  In  this 
formula,  we  will  use  a variable  for  each  meas- 
ure in  a set  of  measures.  We  will  use  xx  as  a 
variable  for  the  first  measure,  x2  as  a variable 
for  the  second  measure,  x3  as  a variable  for 
the  third  measure,  and  so  on.  We  will  use  xn 
as  a variable  for  the  77th,  or  last,  measure. 

H You  read  the  symbol  “x^’.as  “x  one.”  How 
do  you  read  x2?  x100?  xn ? 

You  can  use  the  symbol  in  d3  to  express  the 
sum  of  the  elements  of  {xl5  x2,  x3,  . . xn). 

1 Suppose  that  there  are  4 measures  in  a set 
of  data.  Does  xx  + x2  + x3  + x4  represent  the 
sum  of  these  measures?  How  can  you  repre- 
sent the  sum  of  the  measures  if  there  are  12 
measures  in  a set  of  data  ? 

In  expressing  the  formula  for  the  arithmetic 
mean,  we  will  use  the  symbol  below  at  the 
right  to  name  the  variable  for 
the  mean.  The  symbol  is  read 
“x  bar.” 

j Now  look  at  d4.  You  know  that  sentence  A 
expresses  a formula  for  finding  the  average. 
Is  x a variable  for  the  same  number  as  a? 

K For  what  is  t a variable  in  the  formula  for 
the  average  ? Does  xx  + x2  + x3  + . . . 4-  xn 
represent  the  same  number  as  tl 
l Explain  how  condition  B,  expressed  in  d4, 
was  obtained  from  condition  A. 

Xi  + x2  + x3  + . . . + xn 

The  condition  x = jt 

is  a formula  for  finding  the  arithmetic  mean 
of  the  measures  in  a set  of  data. 


Universe  for  x = D. 
Universe  for  n = Ip. 

Xi  + x2  + x3  + . . . + xn 

d3 


Universe  for  x = D. 
Universe  for  n = Ip. 

Aa~n- 

x\  + *2  + x3  -b  . . . + x„ 
B -Y  _ n 

d4 


The  Midvale  Senior  High  School  play 
was  presented  on  3 different  evenings. 

For  the  3 performances  of  the  play, 

405  persons  attended  on  the  first  eve- 
ning, 461  on  the  second  evening,  and 
490  on  the  third  evening.  What  was  the 
mean  number  of  persons  attending  the 
play  per  evening  ? 

d5 

m Read  the  problem  in  d2  again.  The  sentence 
in  blue  below  expresses  the  condition  for 
this  problem.  How  was  this  condition  obtained 
from  the  formula  for  finding  the  mean? 

_ _ 87  + 92  + 78  + 90  + 86  + 94 
6 

_ 527 

N How  do  you  obtain  x — — from  the  con- 
dition expressed  in  exercise  M ? What  number 
527 

satisfies  x = — ? Is  87|  the  mean  score  that 
Jim  made  on  the  six  tests  ? 

jN^ext  you  will  study  a property  of  the  arith- 
metic mean.  To  illustrate  this  property,  we  will 
use  the  problem  in  d5. 
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a Use  the  formula  for  finding  the  mean  to 
find  the  answer  to  the  problem  in  d5. 
b Now  subtract  the  mean  from  the  number 
of  persons  attending  the  play  on  each  evening. 
Is  405  - 452,  or  “47,  the  difference  of  the  at- 
tendance on  the  first  evening  and  the  mean? 
What  is  the  difference  of  the  attendance  on  the 
second  evening  and  the  mean?  On  the  third 
evening  and  the  mean  ? 

c What  is  the  sum  of  the  differences  that  you 
named  for  exercise  B? 

In  exercises  B and  C,  you  studied  an  exam- 
ple of  a useful  property  of  the  mean.  The  prop- 
erty is  expressed  below. 

For  any  set  of  data,  the  sum  of  the  numbers 
that  are  obtained  by  finding  the  difference  of 
each  measure  in  the  set  and  the  arithmetic  mean 
is  equal  to  0. 

Find  the  mean  of  each  set  of  measures  ex- 
pressed in  exercises  D and  E.  Then  verify  that 
the  sum  of  the  differences  of  the  measures  and 
the  mean  is  equal  to  0. 
d 5§,  31,  8±,  7|,  6-i 
e 610,  552,  484,  729,  692,  477 

In  the  following  exercises,  you  will  study 
another  way  of  describing  the  measures  in  a 
set  of  data.  The  data  presented  in  the  fre- 
quency array  in  d6  concern  the  test  scores  of 
students.  Notice  that  the  number  of  students 
with  the  lowest  score  is  named  first,  and  the 
number  with  the  highest  score  is  named  last. 
f The  scores  of  how  many  students  are  in- 
cluded in  the  data?  Explain  why  the  middle 
score  would  be  the  score  of  the  twelfth  student. 
G Explain  why  we  say  that  the  score  of  the 
twelfth  student  is  85. 

85  is  the  median  score  of  the  measures  ex- 
pressed in  d6.  If  the  members  of  a set  of  meas- 
ures are  arranged  in  order  from  the  least  to  the 
greatest  or  from  the  greatest  to  the  least,  then 
the  median  is  the  measure  in  the  middle. 


The  Midvale  Senior  High  School  play 
was  presented  on  3 different  evenings. 
For  the  3 performances  of  the  play, 
405  persons  attended  on  the  first  eve- 
ning, 461  on  the  second  evening,  and 
490  on  the  third  evening.  What  was  the 
mean  number  of  persons  attending  the 
play  per  evening? 


d5 


Score 

Frequency 

75 

2 

78 

1 

83 

6 

85 

4 

89 

5 

93 

4 

d6 

97 

1 

Total  23 

Mrs.  Henderson  has  32  students  in  her 
class.  She  found  that  4 of  her  students 
have  no  brothers  or  sisters;  7 have  1 
brother  or  sister;  13  have  2 brothers  or 
sisters;  2 have  3 brothers  or  sisters;  5 
have  4 brothers  or  sisters;  and  1 has 
6 brothers  or  sisters. 

D 7 

H You  know  that,  to  find  the  mean  of  several 
measures,  you  must  first  find  the  sum  of  the 
measures.  Does  the  data  given  in  d6  include 
23  measures?  What  does  2 • 75  represent? 
l Is  (2  • 75)  + (1  • 78)  + (6  • 83)  the  sum  of 
the  first  9 measures?  Find  the  sum  of  the  23 
measures. 
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APPLYING  MATHEMATICS 


j What  is  the  mean  of  the  scores  expressed 
in  d6? 

k What  is  the  range  of  the  set  of  measures  ex- 
pressed below? 

5.3,  4.1,  7.6,  6.7,  5.3,  8.2,  7.3 
L Find  the  mean  of  the  measures  expressed  in 
exercise  K.  Find  the  median. 

The  mean  and  the  median  represent  two 
different  ways  of  describing  a set  of  data  in 
terms  of  the  “central”  measure  of  the  set. 


In  this  lesson  you  studied  a formula  for  find- 
ing the  arithmetic  mean  of  a set  of  measures. 
You  also  learned  that  the  range  is  the  absolute 
difference  of  the  greatest  and  least  measures 
and  that  the  median  is  the  middle  measure. 


On  your  own 


Use  the  data  in  d7  in  connection  with  exer- 
cises 1 through  4. 

1 What  is  the  range  of  the  measures  expressed 
in  d7? 

2 How  many  measures  in  all  are  expressed 
in  d7? 

3 What  is  the  mean  number  of  brothers  or 
sisters  of  the  students  in  Mrs.  Henderson’s 
class  ? 

4 What  is  the  median  of  the  measures  ex- 
pressed in  d7  ? 

think  Why  should  you  use  the  sixteenth 
and  seventeenth  students  to  determine  the 
median  ? 

A set  of  measures  is  expressed  in  each  of 
exercises  5 through  10.  For  each  exercise,  de- 
termine the  range,  the  mean,  and  the  median. 

5 $5000,  $2000,  $3500,  $5400,  $3500 

6 4.6,  2.8,  5.2,  3.3,  4.6,  7.9,  4.6,  2.8,  8.4,  5.2 


7 % 8f,  8|,  5§,  % 8|,  81,  5|,  6,  7f 


8 16,  25,  32,  28,  18,  25,  19,  32 

9 .02,  .01,  .024,  .03,  .026,  .022,  .031 

10  175,  176,  169,  178,  182,  195,  171,  176,  176, 
182,  174 


For  each  problem,  first  write  a sentence  that 
expresses  a condition.  If  possible,  tabulate  the 
solution  set  of  the  condition.  Otherwise,  give  a 
standard  description  of  the  solution  set.  Then 
give  the  answer  to  the  problem.  The  universe 
for  each  variable  is  D. 

1 Roger  has  $130.95  in  his  savings  account, 
$16.42  in  a bank  at  home,  and  $1.90  in  his 
wallet.  How  much  money  does  Roger  have 
altogether  ? 

2 Last  year  Mr.  Martin  spent  $145.35  for 
auto  repairs,  and  Mr.  Nelson  spent  $116.28. 
The  amount  that  Mr.  Martin  spent  for  repairs 
is  how  many  times  the  amount  that  Mr.  Nelson 
spent  ? 

3 Ken  worked  10  hr.  at  Hayes’  Service  Sta- 
tion on  Friday  and  Saturday.  If  he  had  worked 
| hr.  more  on  Saturday,  he  would  have  worked 
6 hr.  that  day.  How  many  hours  did  Ken  work 
on  Friday  and  how  many  hours  did  he  work  on 
Saturday  ? 

4 Last  year  875  students  were  enrolled  in 
Carlson  High  School.  .8%  of  these  students 
had  perfect  attendance.  How  many  students  at 
Carlson  High  School  had  perfect  attendance 
last  year  ? 

5 Mrs.  Wilson  had  2\  lb.  of  shelled  hickory 
nuts.  After  she  had  used  some  of  these  nuts  in 
a hickory  nut  cake,  she  still  had  more  than 
2\  lb.  of  nuts  left.  How  many  pounds  of  hick- 
ory nuts  did  Mrs.  Wilson  use  in  the  cake? 

6 During  March,  Mr.  Craft  sold  152  men’s 
jackets.  Altogether,  during  March  and  April, 
he  sold  321  men’s  jackets.  How  many  men’s 
jackets  did  Mr.  Craft  sell  during  April? 

7 At  6:00  p.m.  the  temperature  in  Toronto 
was  warmer  than  10  degrees  below  zero.  By 
10:00  p.m.  the  temperature  had  dropped  4 de- 
grees and  was  colder  than  6 degrees  below 
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zero.  What  was  the  temperature  in  Toronto  at 
6:00  p.m.  ? 

8 Beth  had  more  than  8 oz.  of  mints.  She 
then  bought  a lOj-oz.  package  of  mints,  but 
still  had  less  than  24  oz.  How  many  ounces 
of  mints  did  Beth  have  before  she  bought  the 
10|-oz.  package? 

9 The  Harris  Paper  Company  received  an  or- 
der for  3300  envelopes.  The  envelopes  are 
available  in  packages  of  100  and  packages  of 
275.  How  many  packages  of  envelopes,  each 
containing  the  same  number  of  envelopes, 
should  the  company  send  to  the  customer  ? 

10  Last  week  Sally  earned  $12.80.  Sally  earned 
| as  much  as  Betty.  Together,  Betty  and  Alice 
earned  $25.40.  How  much  money  did  Betty 
earn  and  how  much  money  did  Alice  earn  ? 

11  Mrs.  Andrews  bought  3 qt.  of  floor  wax. 
After  she  had  used  some,  but  not  all,  of  this 
wax,  she  had  at  most  l|  qt.  of  wax  left.  How 
many  quarts  of  wax  had  Mrs.  Andrews  used? 

12  A school  bought  15  tennis  rackets  priced 
at  $9.95  each  and  18  tennis  balls  priced  at  3 for 
$2.25.  How  much  did  the  school  spend  in  all 
for  the  tennis  rackets  and  the  tennis  balls  ? 

13  Mrs.  Robin  bought  hamburger,  bacon,  and 
pork  chops.  The  total  weight  of  the  meat  was 
9|  lb.  The  hamburger  weighed  2 times  as  much 
as  the  bacon.  The  total  weight  of  the  bacon 
and  pork  chops  was  5|  lb.  How  many  pounds 
of  each  kind  of  meat  did  Mrs.  Robin  buy? 

14  From  what  numbers  can  you  subtract  16| 
so  that  each  difference  is  at  least  20|? 

1 5 A first  number  is  3 times  a second  number. 
The  difference  of  the  second  number  and  4 is 
2.5.  A third  number  is  the  sum  of  the  first  num- 
ber and  9.5.  What  are  the  three  numbers? 

1 6 The  difference  of  a first  number  and  a sec- 
ond number  is  not  greater  than  ~6.  The  sum 
of  the  second  number  and  2 is  10.  What  are  the 
two  numbers  ? 


CHECKING  UP 

lhe  small  numerals  within  parentheses  tell 
what  pages  to  turn  to  for  help  if  you  need  it. 

Test  167 

For  exercises  1 through  10,  decide  what 
word  or  words  best  complete  each  exercise. 

1 Each  element  of  a sample  space  is  a ~. 

(402) 

2 The  probability  of  C n D is  the  probability 
that  event  C event  D will  occur.  (407) 

3 If  C and  D are  events,  then  the  proba- 

bility that  C or  D will  occur  is  equal  to  the 
sum  of  the  probability  of  C and  the  proba- 
bility of  D.  (409) 

4 A probability  that  is  determined  by  making 

a prediction  based  upon  observations  is  an 
probability.  (415) 

5 x = is  a formula  for 

n 

determining  the . (427) 

6 If  the  number  of  trials  is  great,  the  relative 
frequency  of  an  event  can  be  used  as  an  ap- 
proximation of  the  — — of  the  event.  (41 6) 

7 In  a set  of  data,  the  absolute  difference  of 

the  least  measure  and  the  greatest  measure  is 
the of  the  measures.  (426) 

8 The — of  an  event  in  a given  number  of 

trials  is  the  quotient  of  the  number  of  times 
the  event  has  occurred  and  the  number  of 
trials.  (404) 

9 If  M and  N are  subsets  of  a finite  sample 

space,  and  if  P(M  C\  N)  = P(M)  • P(N),  then 
M and  N are- events.  (413) 

10  The  sum  of  the  probabilities  of  two  com- 
plementary events  is . (410) 

Test  168 

Use  the  experiment  described  in  d1  in  con- 
nection with  exercises  11  through  15. 

1 1 Make  a chart  to  represent  a sample  space 
of  the  experiment  described.  The  sample  space 
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End-of-unlt  tests  on  probability  and  statistics 


Code  numbers  are  often  assigned  to 
merchandise.  Suppose  that  the  first 
digit  of  a code  is  one  of  the  numerals 
from  0 through  4 and  the  last  digit  is 
one  of  the  numerals  from  1 through  4. 

D 1 


A scientist  weighed  some  mice  that  he 
planned  to  use  in  an  experiment.  3 of 
the  mice  weighed  22.8  g.  each,  2 
weighed  23.0  g.  each,  4 weighed  23.2  g. 
each,  2 weighed  22.5  g.  each,  1 weighed 
24.1  g.,  and  1 weighed  23.5  g. 

d2 

should  include  all  possible  pairs  of  numbers 
expressed  by  pairs  of  first  and  last  digits.  (402) 

12  What  is  the  probability  that  the  first  and 

last  numbers  are  the  same  ? (413) 

1 3 What  is  the  probability  that  the  first  num- 

ber is  3 ? That  the  last  number  is  2 ? Are  these 
independent  events  ? (4 1 3 ) 

14  What  is  the  probability  that  the  first  num- 
ber is  1 ? That  the  sum  of  the  two  numbers 
is  6?  Are  these  mutually  exclusive  events? 
(409) 

1 5 What  is  the  probability  that  the  first  num- 
ber is  greater  than  2?  That  the  sum  of  the  two 
numbers  is  less  than  4?  Are  these  independent 
events?  (413) 

Use  the  data  expressed  in  d2  in  connection 
with  exercises  16  through  20. 

16  What  is  the  range  of  the  data  given?  (426) 

1 7 Make  a frequency  array  of  the  data.  (423) 

18  What  is  the  arithmetic  mean  of  the  meas- 
ures expressed  ? (427) 

19  What  is  the  median  of  the  measures  ex- 
pressed? (428) 


20  Make  a histogram  of  the  data  given.  (424) 

2 1 The  probability  of  T is  5.  What  is  the  proba- 
bility of  event  T ? (410) 

22  Events  P and  Q are  complementary  events. 
What  is  the  probability  that  event  P or  event  Q 
will  occur?  (410) 

23  Two  baseball  teams  played  a 4-game  series. 
The  attendance  at  the  first  game  was  25,750; 
at  the  second  game,  14,600;  at  the  third  game, 
18,025;  and  at  the  fourth  game,  23,450.  Make 
a line  graph  to  represent  the  attendance  for  the 
4-game  series.  (421) 

24  The  data  in  a mortality  table  are  based 
upon  a sample  of  100,000  persons  who  were 
living  at  age  1.  Of  the  persons  in  the  sample, 
93,482  persons  were  still  living  at  age  30. 
Based  upon  the  data  in  this  table,  find  the 
probability  that  someone  who  is  now  1 year 
old  will  live  to  be  30  years  old.  Find  the  prob- 
ability to  the  nearer  thousandth.  (417) 


CHECKING  UP 

JLhe  small  numerals  within  parentheses  tell 
what  pages  to  turn  to  for  help  if  you  need  it. 

Test  169 

Seven  subsets  of  the  set  of  real  numbers 
are  listed  below.  Use  the  list  for  exercises  1 
through  6.  In  each  of  these  exercises,  a real 
number  is  named.  From  the  list,  choose  every 
set  of  which  the  number  is  an  element. 

The  set  of  rational  numbers  (R) 

The  set  of  positive  rational  numbers  (Rp) 
The  set  of  negative  rational  numbers  (Rn) 
The  set  of  integers  (I) 

The  set  of  positive  integers  (Ip) 

The  set  of  negative  integers  (In) 

The  set  of  irrational  numbers  (R) 

1 42  (262)  4 4^  _ (262) 

2 6 (262)  5 V67  (262) 

3.101001...  (262)  6 -77.311...  (262) 

Cumulative  tests  on  units  9 through  16  431 


Test  170 

Write  “T”  for  each  sentence  below  that  ex- 
presses a true  statement.  Write  “F”  for  each 
sentence  that  expresses  a false  statement. 

7 If  point  D is  the  midpoint  of  AK,  then 

AD  = DK.  (126) 

8 34~2  is  a positive  integral  power.  (224) 

9 y = 4 is  a condition  for  direct  variation. 

(384,  355) 

10  The  quotient  of  “63  and  “7  is  +9.  (211) 

11  The  opposite  sides  of  a rhombus  are  par- 
allel. (124) 

12  For  any  two  complementary  events,  one 
event  is  a subset  of  the  other  event.  (409) 

Test  171 

For  each  of  the  following  exercises,  decide 
what  symbol,  word,  or  words  best  complete 
the  exercise. 

13  The  least  solution  of  x~\  14  is  . 

U = D.  (90) 

14  If  the  intersection  of  {4  and  OP  contains 
exactly  2 points,  then 1 4 is  a ——  of  OP.  (ns) 

15  236-23-5= . (231) 

16  The  numeral  56000  ± 50  has  — — signifi- 
cant digits.  (3  is) 

Make  a graph  of  each  solution  set  described 
in  the  following  exercises. 

17  {*|  3§  ^ x}  U =D.  (283) 

18  {x|~(;c-l^5i)}U=D.  (283) 

19  {(x,jO  I x = 3y  + 2}  U = D x D.  (237) 

20  {(*,  y)  | y > 6x]  U = D x D.  (288) 

21  { (x,y)  \y  = 3x  A x + y = 7 } U = D x D. 
(289) 

Test  172a 

For  each  problem,  write  a sentence  that  ex- 
presses a condition.  Tabulate  the  solution  set 
of  the  condition  and  give  the  answer  to  the 
problem.  The  universe  for  each  variable  is  D. 

22  A certain  company  gives  1 hour  of  paid 
vacation  for  each  17^  hours  that  an  employee 
works.  The  paid  vacation  time  is  what  per  cent ; 


of  the  hours  worked?  (Hundredths)  (373) 

23  On  December  31,  Mr.  Humphrey  had 
$473.50  in  his  savings  account  at  a bank.  The 
following  day,  the  bank  added  interest  for  the 
year  to  his  account  at  the  rate  of  4 % per  year. 
How  much  money  should  he  have  had  in  his 
account  after  the  interest  was  added?  (380) 

24  Mr.  Zaret  fills  the  radiator  of  his  car  with 
antifreeze  at  the  rate  of  2 quarts  of  antifreeze 
to  5 quarts  of  water.  The  capacity  of  the  radi- 
ator is  16  quarts.  How  much  antifreeze  and 
how  much  water  should  he  use?  (296) 

25  The  quotient  of  what  number  and  “3  is 
equal  to  7J?  (295) 

26  A first  number  is  equal  to  the  product  of 
-.87  and  a second  number.  The  second  num- 
ber is  the  difference  of  4.1  and  6.9.  What  are 
the  numbers?  (296) 

27  The  sum  of  three  numbers  is  “13^.  The  sec- 
ond number  is  3 times  the  first  number.  The 
third  number  is  \ times  the  first  number.  What 
are  the  numbers?  (296) 

Test  172b 

What  words  or  symbols  best  complete  exer- 
cises 28  through  35? 

28  Two  angles  are angles  if  the  sum  of 

their  measures  is  90.  (273) 

29  In  which  quadrants  is  the  locus  of  the  solu- 
tion set  of  y = "=§-?  (301) 

30  What  y satisfies  y = ~2x2  if  x is  replaced  by 

1?  (303) 

31  What  is  the  area  of  a triangle  whose  altitude 
is  3 in.  and  whose  base  is  7 in.?  (329) 

32  An is  a subset  of  a sample  space.  (456) 

33  The  union  of  two events  is  the  entire 

sample  space.  46 1) 

34  Events  R and  S are  independent.  If  P(R)  = 

f and  P(S)  = I,  then  P(R  n S)  = . (464) 

35  The  arithmetic  mean  of  the  measures  26, 

32,  46,  35,  and  41  is . (478) 
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Symbols 

and  how  to  read  them 

These  displays  show  you  how  to  read 
the  mathematical  symbols  used  in 
this  book.  They  are  arranged  in  the 
order  in  which  they  were  introduced. 
Whenever,  in  your  work,  you  come  to 
a symbol  that  you  have  forgotten  how 
to  read,  look  for  one  like  it  among  those 
on  the  pages  in  this  section.  If  you 
need  more  information  about  the 
symbol,  turn  to  the  page  of  the  book 
whose  numeral  is  given  above  the 
symbol.  There  you  will  find  a complete 
explanation  of  the  meaning  of  the  symbol, 
book  1 page  11 

“The  set 

whose  members  are 


| Michigan,  Huron,  Superior,  Erie,  Ontario 

Michigan,  Huron, 
Superior,  Erie, 
Ontario” 


book  1 page  16 

“x  plus  six 
equals 

x + 6 = 9. 

nine.” 


book  1 page  20 

“Two  times  n 
is  less  than 

2 n < 9.  nine.” 

book  1 page  22 

“The  set  whose 
members  are 

| 0,  1,  2 1000  | 

the  natural 
numbers  from 
0 through  1000” 

book  1 page  23 

“The  set  whose 
members  are 

{0,  1,  2,  ...| 

the  natural 
numbers” 

book  1 page  27 

“The  set  whose 
members  are 

$x\x  < 6 1 

all  x 

that  satisfy  the 
condition  that 

x is  less 
than  six” 


book  1 page  19 


‘K  equals 


the  set  whose 
members  are 


K = { 5,  6,  7,  8,  9,  10 


five,  six, 
seven,  eight, 
nine,  ten.” 


book  1 page  33 

RS 


“Line 

RS” 


book  1 page  38 

XZ 


“Segment 

XZ” 


book  1 page  20 


x + 2 > 6. 


“x  plus  two 
is  greater  than 
six.” 


book  1 page  39 

“Segment  AB 
is  congruent  to 

AB  = CD. 

segment  CD.” 


book  1 page  83 

“The  intersection  of 

{1,  2,  3,  4}  H [2,  4,  6} 

the  set  whose  members 
are  one,  two,  three, 
four  and 

the  set  whose  members 
are  two,  four,  six” 


book  1 page  83 

“The  intersection 
of  C and  D 
equals 

C H D = [2,  4). 

the  set  whose  mem- 
bers are  two,  four.” 

book  1 page  87 

“The  union  of 

{5,  10}  U {6,  8,  10} 

the  set  whose 
members  are 
five,  ten  and 

the  set  whose  members 
are  six,  eight,  ten” 

book  1 page  87 

“The  union  of  C and  D 

equals 

CUD  = {5,  6,  8,  10}. 

the  set  whose  members 
are  five,  six,  eight,  ten.” 

book  1 page  91 

“x  plus  three  is 
greater  than  seven 

and 

x + 3>7  A 6 + x < 14. 

six  plus  x is  less 
than  fourteen.” 
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book  1 page  127 

“A 


book  1 page  91 


“The  intersection  of 

{*|x  + 3>7}  n {x|6  + *<14} 

the  solution  set  of 
x + 3 > 7 and 

the  solution  set  of 
6 + x<  14” 


book  1 page  104 

_►  “Ray 

AB 

AB” 


book  1 page  105 

“Angle 

Z ABC 

ABC” 


book  1 page  109 


A ABC 


“Triangle 

ABC” 


book  1 page  123 

“The  ordered  pair 

( Paris,  Spain  ) 

whose  first  component 
is  Paris  and 

whose  second  component 
is  Spain” 


book  1 page  124 

“The  ordered  pair 


(1.2) 


one,  two” 


A X B 

cross 

B” 


book  1 page  174 


I 4/7,  ...  | 


“The  set  whose  members 
are 

the  rate  pair  4/7  and 
all  rate  pairs  equivalent 
to  4/7” 


book  1 page  128 


(a,b) 


‘The  ordered  pair 


a , b" 


book  1 page  138 

“The  set  whose 
members  are 

{ (x,y)  I x>y  } 

all  ordered  pairs 

x,y 

that  satisfy  the 
condition  that 

x is  greater 
than  y ” 


book  1 page  139 


point  (1,  4) 


“Point 


1,4’ 


book  1 page  169 

“The  ordered  pair 
two,  seven 

is  equivalent  to 

(2,  7)  ~ (4,  14). 

the  ordered  pair 
four,  fourteen.” 


book  1 page  175 

“The  set  whose 
members  are 

the  ordered  I (*■>■)  ' x/y  ~ 4/7 
pairs  x,  y 

that  satisfy 
the  condition  that 

x toy 

is  equivalent  to 
four  to  seven” 


book  1 page  187 


“Eighty-eight 


per  cent” 


book  1 page  216 

“one  zero  three  three, 


1033  four 


base  four” 


book  1 page  227 

“The  second  power 

102 

of  ten” 


book  1 page  174 

“One  to 
fifteen 

is  equivalent  to 

1/15  ~ 2/30. 

two  to  thirty.” 


book  1 page  238 

256,  193  , 462,  109 

‘256  billion 
193  million 
462  thousand 
109” 
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book  1 page  249 

“The  natural  number  0 

0 = n ( 1. 

equals 

the  number  of  members  in 
the  empty  set.” 


book  1 page  314 

“The  set  whose 
members  are 

ffc  * * .#} 

| and  all  fractions 
equivalent  to  | 


book  2 page  21 

“The  measure  in 
degrees  of 

Z.  ABC  0 = 40. 

angle  ABC 
is  equal  to 
40.” 


book  1 page  257 

“The  number 
of  members 

n (A) 

in  A” 


book  1 page  371 

‘972 

972 . 564 

and 

564  thousandths” 


book  1 page  257 

“The  number  of 
members 

n (AUB) 

in  the  union 
of  A and  B” 


book  1 page  262 

“The  number 
of  members 

n (D  X E) 

in  D cross  E” 


book  1 page  311 


‘The  fraction 
a 

over 

b" 


book  1 page  372 

“57  hundredths” 

.57 


book  1 page : 

“Point 


six,  three 
repetend  six,  three’ 


book  1 page  385 


“Point 


one,  six 
repetend  six’ 


book  1 page  311 

“The  fraction  one  third 
is  equivalent  to 

I 

315  the  fraction 

five  fifteenths.” 


book  2 page  5 

“The  measure  of 
segment  AC 
is  equal  to 

m (AC)  = 1|. 


book  2 page  67 

“Eleven  fourths 

%<y  <¥• 

is  less  than 
y 

is  less  than 
seventeen  fourths.” 


book  2 page  69 

‘s  plus  two  is 
less  than  seven 

s + 2 < 7 V s + 4 > 6. 

or 

s plus  four  is 
greater  than  six.” 


book  2 page  70 

“m 

m ^ 4|. 

is  greater  than 
or  equal  to 

four  and  one  half.” 


book  2 page  71 

“ x 


is  less  than 
or  equal  to 


x ^ 3.25. 


three  and 

twenty-five  hundredths.” 


one  and  one  half.' 
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book  2 page  78 

“The  complement  of 

{1,  4,  5}  = {2,  3J. 

the  set  whose 
members  are 
one,  four,  five 

is  equal  to 

the  set  whose  members 
are  two,  three.” 

book  2 page  79 

“The  complement 
of  M 

M = {2,  3}. 

is  equal  to 

the  set  whose  members 
are  two,  three.” 

book  2 page  80 

“It  is  not  the 
case  that 

~ C x>6 ). 

x is  greater 
than  six.” 

book  2 page  87 

“Seventeen 
is  a member  of 

17  e { a\a  > 8|  J. 

the  solution  set 
of  a > 8§.” 


book  2 page  88 

“x 

is  approximately 
equal  to 

* « 7. 

seven.” 


book  2 page  90 

“x 

is  approximately 
equal  to 

x K i. 

seven 

with  a tolerance 
of  one.” 

book  2 page  90 

U = Z. 

“x 

is  approximately 
equal  to 

X k. 

k 

with  a tolerance 
of  t.” 

book  2 page  92 

“The  ordered  triple 

( 4,  2,  6 ) 

four,  two,  six  ” 

book  2 page  93 

“The  set  whose 
members  are 

{ (.x,  y,  z)  | x e Q A y e V AzeWj 

all  ordered 
triples  x,  y,  z 

that  satisfy  the 
condition  that 

x is  a member 
of  Q 

and  y is  a member 
of  V 

and  z is  a member 
of  W” 


book  2 page  114 

“Circle 


OS 


book  2 page  118 

“Arc 

EHF 

EHF” 


book  2 page  119 

“The  measure  in 
degrees  of 

minor  PR  0 

minor  arc  PR 
is  equal  to 
70.” 


book  2 page  122 

“Segment  XY 

XY  II  WZ. 

is  parallel  to 
segment  WZ.” 


book  2 page  123 

“Segment  EF 

EF  _L  FG- 

is  perpendicular  to 
segment  FG.” 


book  2 page  154 

“The  directed 
segment 


RS” 


RS 


70. 
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book  2 page  168 

“The  set  whose 
members  are 

{ ....  "3,  -2,  “I,  0,  +1,  +2,  +3, 

the  negative 
integers, 

zero, 

and  the  positive 
integers” 

book  2 page  205 

“The  additive 
inverse  of 

- (+3) 

positive  three” 

book  2 page  256 

“The  principal 
square  root  of 


book  2 page  313 

“A  length  of  150  ft. 

150  ft.  ± 5 

with  a greatest  possible 
error  of  5 ft.” 

book  2 page  326 

“Triangle  ABC 

A ABC  ~ ADEF. 

is  similar  to 
triangle  DEF.” 

book  2 page  334 

“The  tangent  of  30 

tan  30  ~ .5774. 

is  approximately 
equal  to 

.5774.” 


book  2 page  399 

‘The  probability 

P (blue)  = 

of  taking  the 
blue  marble 

is  equal  to 

one  half.” 


A he  displays  below  and  on  the 
next  page  explain  the  symbols  used  in 
this  book  for  the  various  sets  of 
numbers  and  their  subsets. 


NThis  symbol  names  the  set 
of  natural  numbers.  The 
symbol  is  read  “the  set  of 
natural  numbers.”  You  learned  about 
this  set  in  lesson  6,  Book  1,  pages  22, 
23,  and  24. 

CThis  symbol  names  the  set 
of  counting  numbers.  The 
symbol  is  read  “the  set  of 
counting  numbers.”  You  learned  about 
this  set  in  lesson  20,  Book  1,  page  73. 

This  symbol  names  the  set 
of  rational  numbers  of  arith- 
metic. The  symbol  is  read 
“the  set  of  rational  numbers  of  arith- 
metic.” You  learned  about  this  set  in 
lesson  73,  Book  1,  page  318. 

ZThis  symbol  names  the  set 
of  non-zero  rational  num- 
bers of  arithmetic.  The  sym- 
bol is  read  “the  set  of  non-zero  ra- 
tional numbers  of  arithmetic.”  You 
learned  about  this  set  in  lesson  85, 
Book  1,  page  367. 

RThis  symbol  names  the  set 
of  rational  numbers.  The 
symbol  is  read  “the  set  of 
rational  numbers.”  You  learned  about 
this  set  in  lesson  1 28,  Book  2,  page  1 63 . 


This  symbol  names  the  set 
of  positive  rational  num- 
bers. The  symbol  is  read 
“the  set  of  positive  rational  numbers.” 
You  learned  about  this  set  in  lesson 

127,  Book  2,  pages  157  and  158. 

This  symbol  names  the  set 
of  negative  rational  num- 
bers. The  symbol  is  read 
“the  set  of  negative  rational  numbers.” 
You  learned  about  this  set  in  lesson 

128,  Book  2,  pages  161  to  163. 

This  symbol  names  the  set 
of  non-negative  rational 
numbers.  The  symbol  is 
read  “the  set  of  non-negative  rational 
numbers.”  You  learned  about  this  set 
in  lesson  134,  Book  2,  page  187. 

ZThis  symbol  names  the  set 
of  non-zero  rational  num- 
bers. The  symbol  is  read 
“the  set  of  non-zero  rational  num- 
bers.” You  learned  about  this  set  in 
lesson  140,  Book  2,  page  211. 

I This  symbol  names  the  set 

of  integers.  The  symbol  is 
read  “the  set  of  integers.” 
You  learned  about  this  set  in  lesson 
129,  Book  2,  page  168. 

This  symbol  names  the  set 
of  positive  integers.  The 
symbol  is  read  “the  set  of 
positive  integers.”  You  learned  about 
this  set  in  lesson  1 29,  Book  2,  page  1 68 . 

This  symbol  names  the  set 
of  negative  integers.  The 
symbol  is  read  “the  set  of 
negative  integers.”  You  learned  about 
this  set  in  lesson  129,  Book  2,  page  168. 

DThis  symbol  names  the  set 
of  real  numbers.  The  sym- 
bol is  read  “the  set  of  real 
numbers.”  You  learned  about  this 
set  in  lesson  151,  Book  2,  page  263. 

RThis  symbol  names  the  set 
of  irrational  numbers.  The 
symbol  is  read  “the  set  of 
irrational  numbers.”  You  learned 
about  this  set  in  lesson  151,  Book  2, 
page  262. 


437 


Formulas 


BUSINESS 

Cost  (373) 

c = np. 

c— total  cost 
n — number  of  items 
p — price 

Interest  (381) 

i = prt. 

i — interest 
p— principal 
r— rate 
/— time 

Amount  (381) 

a = p + i. 

a— amount 
p — principal 
/—interest 

Selling  price  (381) 

s = c + o + p. 

s — selling  price 
c— cost 
o — overhead 
p — profit 


Electricity  (383) 


W = El. 

I — number  of  amperes 
of  current 

E — number  of  volts  of 
pressure 

R— number  of  ohms  of 
resistance 

IF— number  of  watts  of 
power 


GEOMETRY 


Trapezoid 

Area  (389) 

A = \a(b\  + by)- 
A— area 

a — measure  of  an 
altitude 

^ —measures  of  the 
bases 
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Parallelogram 

Area  (387) 

A = ab. 

A— area 

a — measure  of  an 
altitude 

b— measure  of  the  base 


Triangle 

Perimeter  (386) 
p = a + b + c. 
p— perimeter 
a) 

b [—measures  of  the  sides 

c) 

Area  (387) 

A — \ab. 

A— area 

a— measureofan  altitude 
b — measure  of  the  base 

Equilateral  triangle 

Perimeter  (328) 
p = 3 s. 

p— perimeter 
s — measure  of  a side 

Trigonometry 

tan  / = £ (375) 
sin  t = J.  (375) 

cos  t = % (375) 

/ — measure  of  an  acute 
angle  of  a right 
triangle 

x — measure  of  side  adja- 
cent to  acute  angle 
y— measure  of  side 
opposite  acute  angle 
r — measure  of  hypote- 
nuse of  right  triangle 


Conversion  (374) 

l = kg. 

I—  lesser  unit  of 
measure 
k — constant 
g — greater  unit  of 
measure 

Probability  of 
an  event  (405) 

P(M)  = 

n 

P(M)— probability  of 
the  event 

m — number  of  elements 
in  the  event 
n— number  of  elements 
in  the  sample  space 

Probability  of  the  union 
of  two  events  (408) 

P(M  U N)  = 

P(M)  + P(N)  - P(MH  N). 
P(M  U A)— probability 
of  the  union  of 
events  M and  N 
P(M)— probability 
of  event  M 
P(  A)— probability 
of  event  N 

P{M  n N) — probability 
of  the 
intersection 
of  events  M 
and  N 


SCIENCE 

Temperature  (384) 

C = f(F  - 32). 

F =fc  + 32. 

C— number  of  degrees 
centigrade 

F—  number  of  degrees 
Fahrenheit 

Work  (382) 

w = fd. 

w — work 
/—force 
d — distance 

Power  (382) 


w 


p— power 
w — work 
/—time 


Rectangle 

Perimeter  (385) 
p = 21  + 2w. 

p— perimeter 
/—length 
w — width 
Area  (385) 

A = lw. 

A — area 
/ — length 
w — width 

Square 

Perimeter  (386) 
p = 4s. 

p— perimeter 
s — measure  of  a side 
Area  (329) 

A = s2. 

A— area 

s — measure  of  a side 


MISCELLANEOUS 

Distance  (372) 

d = rt. 

d—  distance 
r — rate 
/—time 

Percentage  (373) 

p = br. 

p— percentage 
b— base 
r — rate 

Average  (374) 

/ 

a = - 
n 

a— average 
/—total 

n— number  of  items 


Probability  of  the  union 
of  two  mutually 
exclusive  events  (409) 

P(M  U N)  = P(M)  + P(N). 
P(M  U A)— probability 
of  the  union 
of  events  M 
and  N 
P(M) — probability 
of  event  M 
P.(N)— probability 
of  event  N 

Probability  of  the 
complement  of  an 
event  (410) 

P(M)_=  1 - P(M). 

P(M)— probability  of  the 
complement  of 
event  M 

P(M)— probability 
of  event  M 
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Measures 


Probability  of  the 
intersection  of  two 
independent  events 

(413) 

P(M  r\  N)  = P(M)’P(N). 
P(M  C\  N)  — probability 
of  the 

intersection 
of  events  M 
and  N 

P(M)  — probability 
of  event  M 
P(N ) — probability 
of  event  N 

Arithmetic  mean  (427) 

_ X\  + X2  + X3  + . . . + Xn 
• 

3c  — arithmetic  mean 

*1  + *2  + *3  + • ■ • 

+ xn  — sum  of  n 
measures 

n — number  of  measures 


liquid  measures* 


2 tablespoonfuls  (tbs.) 
8 fluid  ounces  (fl.  oz.) 
21/2  cups  (c.) 
2 pints  (pt.) 
4 quarts  (qt.) 
8 pints 


1 fl.  ounce  (fl.  oz.) 
1 cup  (c.) 

1 pint  (pt.) 

1 quart  (qt.) 

1 gallon  (gal.) 

1 gallon 


*Canada  uses  imperial  liquid  measures. 
Canada:  1 pt.  = 20  fl.  oz. 

United  States:  1 pt.  = 1 6 fl.  oz. 


square  measures 


144  square  inches  (sq.  in.) 

9 square  feet  (sq.  ft.) 

160  square  rods  (sq.  rd.) 
43560  square  feet 
640  acres  (A.) 


1 square  foot 
(sq.  ft.) 

1 square  yard 
(sq.  yd.) 

1 acre  (A.) 

1 acre 

1 square  mile 


dry  measures 


2 dry  pints 
8 dry  quarts 
4 pecks  (pk.) 
32  dry  quarts 


1 dry  quart 
1 peck  (pk.) 

1 bushel  (bu.) 
1 bushel 


cubic  measures 


1728  cubic  inches  (cu.  in.) 

27  cubic  feet 
277  cubic  inches 
2150  cubic  inches 


1 cubic  foot 
1 cubic  yard 
1 gallon 
1 bushel 


calendar 


7 days  (da.) 
52  weeks  (wk.) 
12  months  (mo.) 
365  days  (da.) 
366  days 


measures 
1 week  (wk.) 
1 year  (yr.) 

1 year 
1 year 
1 leap  year 


clock  measures 


60  seconds  (sec.) 
60  minutes  (min.) 
24  hours  (hr.) 


1 minute  (min.) 
1 hour  (hr.) 

1 day  (da.) 


metric  measures 


1000  millimetres  (mm.) 
100  centimetres  (cm.) 
10  decimetres  (dm.) 
10  metres  (m.) 
100  metres 
1000  metres 
1000  milligrams  (mg.) 
1000  grams  (g.) 
1000  millilitres  (ml.) 
1000  litres  (1.) 
1000  cubic  centimetres 


1 metre  (m.) 

1 metre 
1 metre 

1 decametre  (dkm.) 
1 hectometre  (hm.) 
1 kilometre  (km.) 

1 gram  (g.) 

1 kilogram  (kg.) 

1 litre  (1.) 

1 kilolitre  (kl.) 

1 litre 


length 


12  inches  (in.) 

1 foot  (ft.) 

36  inches 

1 yard  (yd.) 

3 feet  (ft.) 

1 yard 

16{  feet 

1 rod  (rd.) 

5280  feet 

1 mile  (mi.) 

1760  yards  (yd.) 

1 mile 

320  rods  (rd.) 

1 mile 

weight 


16  ounces  (oz.) 
100  pounds  (lb.) 
2000  pounds 


1 pound  (lb.) 

1 hundredweight  (cwt.) 
1 ton  (T.) 


English  — 

.039  inch 
.394  inch 
1.094  yards 
.621  mile 
.035  ounce 
2.2  pounds 
.88  quart 


25.4  millimetres 
2.54  centimetres 
.914  metre 
1.6  kilometres 
28.35  grams 
.45  kilogram 
1.136  litres 


■metric 

1 millimetre 
1 centimetre 
1 metre 
1 kilometre 
1 gram 
1 kilogram 
1 litre 

1 inch 
1 inch 
1 yard 
1 mile 
1 ounce 
1 pound 
1 quart 
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Responses  to 
exercises 

R 

X Vesponses  to  exercises 
are  keyed  to  your  book  by 
page  number  and  exercise 
letter.  For  example,  the 
response  for  exercise  I on 
page  5 is  labeled  5 l 
When  an  exercise  includes 
two  or  more  questions,  the 
responses  to  these  questions 
are  separated  by  an 
asterisk  ( * ). 

To  find  the  measure 
of  a segment,  you  subtract 
the  lesser  coordinate  from 
the  greater  coordinate; 
therefore,  m(AC)  is  the 
difference  of  the  same  two 
numbers  as  m(CA). 

4f,  or  4\  * 4j 
Subdivide  the 
segment  whose  measure 
is  .1  that  contains  B into  10 
congruent  segments.  The 
measure  of  each  of  these 
segments  will  be  .01.  If 
B is  still  not  an  endpoint 
of  one  of  these  segments, 
you  can  subdivide  again. 
You  continue  to  subdivide 
until  B is  an  endpoint 
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of  one  of  the  segments. 

8 Q The  measure  of  a 
segment  depends  upon  the 
segment  you  use  as  the  unit 
segment.  For  exercises  0 
and  P,  different  unit 
segments  were  used. 

10  H 1-T  * Since  the  left 
end  of  the  wire  is  above 
the  mark  for  1,  and  the 
right  end  is  above  the 
mark  for  2^,  you  know 
that  the  measure  of  the 
wire  is  2^  - 1,  or  1^. 

14  F .394/1  ~ l/y.  * 

One  inch  is  the  same 
length  as  approximately 
2.54  centimeters. 

20  * 20  * ZDTF 
is  congruent  to  ZFTH. 

19  T The  two  unit  angles 
are  not  congruent.  * If 
these  unit  angles  were 
congruent,  then  ray  MW, 
represented  in  d2  would 
be  associated  with  the 
same  number  as  ray  TG, 
represented  in  d3. 

20  J When  the  unit  angle 
is  the  degree,  the  union 

of  the  ray  associated  with 
1 80  and  the  ray  associated 
with  0 is  a line,  not  an 


angle.  Therefore,  the  meas- 
ure of  an  angle  in  degrees 
must  be  less  than  180.  * 
The  measure  in  degrees  of 
an  angle  must  be  greater 
than  0,  because,  if  the 
difference  of  the  numbers 
associated  with  2 rays 
is  0,  then  the  2 rays  are 
the  same  ray,  and  a single 
ray  is  not  an  angle. 

360  * The  four 
angles  make  up  two  pairs 
of  supplementary  angles. 
Since  the  sum  of  the 
measures  in  degrees  of  a 
pair  of  supplementary 
angles  is  1 80,  the  sum  of 
the  measures  of  the  two 
pairs  of  supplementary 
angles  must  be  360. 

29  P Yes.  The  interiors 
of  the  two  angles  that  form 
a linear  pair  are  disjoint, 
and  the  angles  have  a 
common  side.  * No.  The 
sides  of  the  adjacent  angles 
that  are  not  common  do 
not  necessarily  form  a line. 
29  Q Yes.  If  two  angles 
form  a linear  pair,  then 
they  are  supplementary 
angles.  * No.  The  only 


requirement  for  supple- 
mentary angles  is  that  the 
sum  of  their  measures 
be  180. 

No.  The  sum  of 
the  measures  of  a pair  of 
adjacent  angles  need  not 
be  180.  * No.  The  only 
requirement  for  supple- 
mentary angles  is  that  the 
sum  of  their  measures 
be  180. 

Yes.  Since  the 
transversal  contains  two 
points  in  the  plane  that 
includes  the  two  coplanar 
lines,  the  transversal  is 
included  in  the  plane. 

31  E Opposite  angles  are 
congruent;  therefore, 

Zq  = Zr  and  Zu  = Zv. 
Since  Zq  =Zu,  you  know 
that  Zr  = Zv.  * Yes 
31  f Yes  * Yes  * 

Zq°  + Zp°  = 1 80,  and 
Zu°  + Zt°  = 180.  Since 
Zq°  = Zu°,  then  Zp° 

Zr.  This  means  that 

Zp  = Zt.  * Yes 

31  H Zs,  Zt,  and  Zw 

75  * Zr,  Zu,  and 
Zv 
31  M 


Zg  is  a supplement 


of  Zh  and  Zm  is  a supple- 
ment of  Zn.  Therefore, 

Zg  = Zm.  Zk  is  a supple- 
ment of  Zh  and  Zq  is  a 
supplement  of  Zn.  There- 
fore, Zk  = Zq.  Zh  and  Zj 
are  opposite  angles.  Zn  and 
Zp  are  opposite  angles. 
Therefore,  Zj  =Zp. 

32  P No  * No  * For 
example,  consider  the  true 
statement,  “If  an  animal  is 
a dog,  then  it  has  four 
legs.”  The  false  converse 
is:  “If  an  animal  has  four 
legs,  then  it  is  a dog.” 

Now  consider  the  true 
statement,  “If  two  natural 
numbers  are  not  equal, 
then  one  of  the  numbers 
is  less  than  the  other.” 

The  true  converse  is:  “If 
one  natural  number  is  less 
than  another,  then  the  two 
numbers  are  not  equal.” 

34  H Yes  * If  two  lines 
are  parallel,  then  each  pair 
of  corresponding  angles 
is  congruent.  Congruent 
angles,  like  Zd  and  Zc, 
have  the  same  measure. 

34  ! Yes  * The  interiors 
of  Ze  and  Za  are  both 
subsets  of  the  same  half- 
plane bounded  by  t5,  and 
a side  of  Za  is  a proper 
subset  of  a side  of  Ze.  * 
Yes.  Since  and  are 
parallel  lines,  the  corre- 
sponding angles  a and  e 
are  congruent.  Congruent 
angles  have  the  same 
measure. 

34  L Yes  * The  three 
numbers  in  the  sum 
Za°  + Zb°  + Zc°  are 
the  same  as  the  three 
numbers  in  the  sum 
Zd°  + Ze°  + Zf°. 


35  W No  * If  a triangle 
had  only  one  acute  angle, 
then  each  of  the  other 
angles  would  be  right  or 
obtuse.  Each  of  these  angles 
would,  therefore,  have  a 
measure  of  90  or  greater. 
Then  the  sum  of  the 
measures  of  the  three 
angles  would  be  greater 
than  180. 

39  D Sides  PQ  and  ST, 
sides  QR  and  TU,  sides  RP 
and  US  * Yes  * The  corre- 
sponding sides  determined 
by  a congruence  corre- 
spondence are  congruent. 

39  G No  * It  is  possible 
that  only  one  of  the  six 
correspondences  is  a con- 
gruence correspondence. 
This  is  true  because  the 
sides  and  angles  are  mapped 
onto  each  other  in  a 
different  way  for  each 
correspondence  between 
the  vertices.  For  certain 
correspondences,  the 
corresponding  sides  and 
angles  may  not  be 
congruent. 

40  K If  the  corresponding 
sides  of  two  triangles  are 
congruent,  then  the  two 
triangles  are  congruent.  * 
This  converse  is  true. 

40  M If  the  corresponding 
angles  of  two  triangles  are 
congruent,  then  the  two 
triangles  are  congruent.  * 
This  converse  is  false.  Your 
sketch  should  show  two  tri- 
angles whose  corresponding 
angles  have  the  same  meas- 
ure, but  whose  sides  do  not. 

41  F Yes.  A segment  is 
congruent  to  itself.  * 

Yes  * Yes.  If  the  corre- 
sponding sides  of  two 


triangles  are  congruent, 
then  the  two  triangles  are 
congruent. 

41  H Yes  * For  example, 
if  A ABC  is  equilateral, 
then  ZA  = ZB  and  ZB  = 
ZC.  This  is  true  because 
ZA  and  ZB  are  the  angles 
opposite  congruent  sides 
and  ZB,  and  ZC  are  the 
angles  opposite  congruent 
sides.  ZA  = ZC  because 
these  two  angles  are  oppo- 
site congruent  sides. 

42  J 2 * B and  D 

43  M Yes  * ZJKL  and 
ZLIJ  are  corresponding 
angles.  Since  the  triangles 
are  congruent,  the  corre- 
sponding angles  are 
congruent. 

44  B Yes  * A linear  pair 
of  angles  are  supplementary 
angles,  and  the  sum  of 
their  measures  is  180. 

This  means  that 
ZRNQ°  = 90  because 
ZQNO°  = 90.  Therefore, 
ZRNQ  is  a right  angle. 

44  C Yes  * If  two  lines 
are  parallel,  then  the 
angles  of  each  pair  of  corre- 
sponding angles  formed 
by  the  two  lines  and  a 
transversal  are  congruent. 
Since  ZRNQ  is  a right 
angle  and  has  a measure 
of  90,  ZNOP  is  also  a 
right  angle  and  has  a 
measure  of  90. 

44  D The  opposite  angles 
of  a parallelogram  are 
congruent.  * The  opposite 
angles  of  a parallelogram 
are  congruent. 

52  F UR  is  not  perpen- 
dicular to  the  lines  that 
include  a pair  of  opposite 
sides.  * RS  is  not  perpen- 


Answers  to  ? page  53 

dicular  to  the  lines  that 
include  a pair  of 
opposite  sides. 

52  J First,  you  can  show 
that  the  altitudes  form 
right  angles  with  the  lines 
that  include  the  opposite 
sides  because  an  altitude  is 
perpendicular  to  the  lines 
that  include  the  opposite 
sides.  The  altitudes  are 
parallel  because  corre- 
sponding angles  are 
congruent.  Therefore, 

the  points  of  intersection 
of  each  pair  of  altitudes 
and  the  lines  that  include 
the  opposite  sides  determine 
a rectangle. 

Since  each  pair  of 
opposite  sides  of  a 
rectangle  are  congruent, 
the  altitudes  have  the 
same  measure. 

53  K Each  side  of  a 
rectangle  is  perpendicular 
to  a pair  of  opposite  sides 
and  has  its  endpoints 

in  the  lines  that  include 
these  opposite  sides.  * 

Since  any  side  of  a 
rectangle  can  be  thought 
of  as  an  altitude,  any  side 
can  be  thought  of  as  the 
base.  If  a certain  side  is 
thought  of  as  the  altitude, 
the  adjacent  sides  are 
bases. 

53  C Since  the  area  of 
parallelogram  ABCD  is  the 
sum  of  two  areas  that  are 
equal  to  the  two  areas 
whose  sum  is  the  area  of 
rectangle  EFCD,  the  area 
of  parallelogram  ABCD 
is  the  same  as  the  area  of 
rectangle  EFCD. 
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Responses  to  page  54 

54  M You  can  use  the 
same  condition  for 
equivalence  to  find  the 
area  of  the  parallelogram 
as  the  condition  you  would 
use  to  find  the  area  of  a 
rectangle  whose  base  and 
altitude  have  the  same 
measure  as  the  base  and 
altitude  of  the  rectangle. 

54  G The  two  triangles 
are  congruent ; therefore 
they  have  the  same  area. 

63  E 5 and  7.  If  an  object 
belongs  to  two  sets,  it  is  a 
common  member  of  the 
sets.  * The  portion  of  the 
diagram  that  has  both 
vertical  and  horizontal 
shading 

64  GNo.  A geometric  figure 
cannot  belong  to  both  the 
set  of  triangles  and  the  set 
of  rectangles.  * Yes. 

Sets  that  have  no  common 
members  are  disjoint  sets. 

64  H Yes.  The  intersection  of 
two  sets  contains  all  those 
members,  and  only  those 
members,  that  belong  to 
both  sets.  Since  A and  B 
are  disjoint,  the  intersection 
of  A and  B contains  no 
members  and  is  the  empty 
set.  * { } . The  symbol 

{ } names  the  empty  set. 

65  F Yes.  There  are 
infinitely  many  rational 
numbers  that  are  greater 
than  |.  * To  tabulate  a set, 
you  must  be  able  to  name 
the  least  member  of  the  set 
and  the  next  two  or  three 
members.  You  cannot  name 
the  least  member  of 

(x|x  >^}. 

65  J Yes  * It  is  an  infinite 
set. 


65  F Each  member  of 

{x | x < f A x < §}  satisfies 

not  only  | + x < -j-  but  also 
4_  x >2 
3 * S 3. 

66  H Yes  * {x|x  < f A 

x < f } contains  the  common 
members  of  {x  | x < f}  and 
{ x | x < §} . Similarly,  the 
intersection  of  {x|x  < f} 
and  { jc  | jc  < |>  contains  the 
common  members  of  these 
two  sets. 

66  l Yes  * There  are  no 
members  of  either  set 
that  are  not  also  con- 
tained in  the  other  set. 

66  M{x|x:  < | A x < §}  is 
the  same  set  as  {x|x  < §} ; 
therefore,  the  graphs  of 
these  two  sets  are  the  same. 

67  R Yes  * For  each 
replacement  of  y,  y >-j 
also  means  < y. 

67  Z Yes  * The  density 
property  of  the  set  of 
rational  numbers  of  arith- 
metic is  that,  between  any 
two  given  members  of  Ra, 
there  is  another  member 
of  Ra.  This  means  that 
no  matter  how  many 
rational  numbers  you  name 
that  are  between  -j  and 
you  cannot  name  all  of 
them.  Therefore, 

<t)  is  an 

infinite  set. 

70  G Yes  * The  union  of 
the  solution  set  of  s + 2 < 7 
and  the  solution  set  of 
s + 4 > 6 contains  every 
member  of  each  solution 
set.  The  solution  set  of 
5 + 2 < 7 V 5 + 4 >6  also 
contains  every  member  of 
each  of  these  solution  sets. 
70  M Yes  * Both 
{m\m  = 4^}  U {m\m  > 4 
and  {m  | m = 4\  V m >4^} 
contain  those  numbers. 


and  only  those  numbers, 
that  satisfy  either  or 
both  of  the  conditions 
m = and  m > A\. 

71  Q {jc| jc  < 3.25} 

71  S Yes.  x ^ 3.25  is 
the  same  condition  as 
x < 3.25  V x = 3.25.  * The 
union.  The  solution  set  of 
x ^ 3.25  is  the  same  set 
as  the  union  of  the 
solution  sets  of  x < 3.25 
and  x = 3.25. 

B Yes  * Each  dot  in  the 
graph  of  {5 1 5 + 2 < 7} 
is  also  in  the  graph  of 
{5 1 5 + 2 < 7 V 5 + 4 >6}. 
74  C Two  ordered  pairs 
are  the  same  only  if  they 
have  the  same  first  and 
second  components.  The 
first  component  of  (2,  3) 
is  not  the  same  as  the  first 
component  of  (3,  2).  The 
second  component  (2,  3)  is 
not  the  same  as  the 
second  component  of  (3,  2). 
Therefore,  (2,  3)  is  not  the 
same  ordered  pair  as  (3,  2). 
74  F No.  There  is  no 
natural  number  that  can  be 
added  to  8 to  obtain  a sum 
of  7.  * If  x in  x + y = 7 is 
replaced  by  a number 
greater  than  7,  then  there  is 
no  replacement  for  y that 
satisfies  the  condition. 

74  H Yes  * 8 * Yes  * No  * 
{(0,7),  (1,6),  (2,5), 

(3,  4),  (4,  3),  (5,  2), 

(6,  1),  (7,0)} 

S Yes.  Each  encircled 
dot  represents  a point 
associated  with  an  ordered 
pair  of  natural  numbers 
that  satisfies  y > x + 1 . * 
The  encircled  dots  are 
only  a few  of  the  dots  that 
are  in  the  graph  of 
{(x, y)|.y  >x+l}. 


78  D All  the  members  of 
the  universe  that  are  not  in 
subset  A are  in  subset  B. 
These  are  the  only  members 
in  subset  B. 

79  K Yes.  5 belongs  to  the 
universe  but  is  not  a 
member  of  set  D.  * Yes. 
Each  natural  number 
greater  than  4 is  a member 
of  the  universe  but  is  not  a 
member  of  set  D.  * 4 is  a 
member  of  D. 

79  M Yes.  {5,  6,  7,  . . .} 
contains  all  those  members 
of  N,  and  only  those 
members,  that  are  not  in 
{x|x  < 5}. 

79  R The  universe  * The 
empty  set 
79  S Set  K 

79  U The  universe  * { } 

80  I Yes  * Both  the 
solution  set  of  ~ (x  > 6) 
and  the  complement  of  the 
solution  set  of  x > 6 
contain  those  members  of 
the  universe,  and  only 
those  members,  that  do 
not  satisfy  x > 6. 

81  F Yes.  {m|~ (m  = 2)} 
is  the  same  set  as 

{m  | m 5^  2} . Therefore, 
their  graphs  contain  the 
same  dots. 

81  K The  solution  set  of 
b + 1 < 4 is  the  same  as 
the  solution  set  of  b < 3. 
Therefore,  the  solution  set 
of  ~ {b  + 1 < 4)  is  the  same 
as  the  solution  set  of 
~ (b  < 3).  * The  members 
of  N that  are  not  less  than  3 
ate  either  equal  to  3 or 
greater  than  3.  * The 
solution  set  of  ~ (b  + 1 < 4), 
is  the  same  set  as  the 
complement  of  the  solution 
set  of  b < 3.  Each  of  the 
sets,  {6|~(6+1  < 4)}, 
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{6|~(&<3)},{&|&^3), 
and  {b\bK.  3),  contains 
every  natural  number 
either  greater  than  or 
equal  to  3. 

No.  Since  is  not 
less  than  1^,  does  not 
satisfy  1^  < x.  * No.  Since 
4§  is  not  less  than  4f, 

4|  does  not  satisfy  x < 4f. 
* Yes.  Each  rational 
number  of  arithmetic  that 
is  greater  than  1^  and  less 
than  4§  satisfies  both 
< x and  x < 4|. 

G 6^  < * < 2.  * No. 


2 is  not  less  than  2.  * 

No.  There  is  no  member 
of  Ra  that  is  both  greater 
than  6{  and  less  than  2,  so 
there  is  no  member  of  Ra 
that  satisfies  65  < x < 2. 

Yes.  Since  4\  is  equal 
to  4f,  4 5 satisfies  4\  ^ x; 
and  since  4\  is  less  than  6§, 
4\  satisfies  x ^ 6f.  * Yes. 
Since  6f  is  greater  than  4j, 

6|  satisfies  4|  ^ x;  and 
since  6§  is  equal  to  65, 

65  satisfies  x ^ 65. 

84  U Yes.  a satisfies  both 
a ^ x and  x^b.b  satisfies 
both  a ^ x and  x ^ b.  * 

The  set  of  rational  numbers 
of  arithmetic  that  contains 
a and  b and  all  the  rational 
numbers  between  a and  b 
36  G {x|5£<*^?4> 
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1 2 3 4 5 6 7 


{jc|2  ^ jc  < 8} 


■ » \ • ■ • « •'%  > 

0 12345678 

88  1 Yes.  The  absolute 
difference  of  7 and  6.99  is 
.01,  which  is  less  than  1. 


* Yes.  The  absolute 
difference  of  7 and  7.01 

is  .01,  which  is  less  than  1. 

A Subtract  .5  from  7.  * 
6.5  * Yes 
89  B .5  * 7.5  * .5 

89  E Yes.  The  absolute 
difference  of  7 and  6.9 

is  .1,  which  is  less  than  .5. 

* Yes.  The  absolute 
difference  of  7 and  7 is  0, 
which  is  less  than  .5.  * Yes. 
The  absolute  difference  of 
7 and  7.35  is  .35,  which  is 
less  than  .5. 

H Yes.  {jc|6.5  ^ jc  ^ 

7.5)  contains  6.5  and  7.5 
and  all  the  rational  numbers 
between  6.5  and  7.5. 

90  K Subtract  .1  from  7.  * 
Add. 1 to  7.  *6.9  *7.1 

Q To  find  the  least 
number  that  is  a solution 
of  x ~t  k,  the  tolerance  t is 
subtracted  from  the  given 
number  k.  * k + t 
90S  x«2  17. 

H {(4,  2,  3),  (4,  2,  6), 
(4,3,3),  (4,3,6),  (4,5,3), 
(4,5,6),  (7,2,3),  (7,2,6), 
(7,  3,  3),  (7,  3,  6),  (7,  5,  3), 
(7,  5,  6)} 

93  J Find  the  product  of 
the  number  of  elements 
in  Q,  the  number  of 
elements  in  V,  and  the 
number  of  elements  in  W. 
The  product  you  obtain  is 
the  number  of  ordered 
triples  you  can  form  from 
the  elements  of  these 
three  sets. 

94  K 0,  1,  2,  3 * 3 is  the 
only  solution  of  y = 3, 
and  the  replacement  for  y 
is  the  second  component 
of  each  ordered  triple. 

97  D Each  member  of  Z 
that  satisfies  x + 27  < 40| 
must  be  less  than  13§. 


{x| x < 13§)  contains 
each  member  of  Z that 
is  less  than  1 3f,  so  the 
symbol  (jc|jc  < 13|)  is 
a standard  description 
of  the  solution  set  of 
x + 27<40|. 

{jc|  jc  + 27  < 40f)  = 

(x | x < 13|). 

E No.  Since  0 is  not  a 
member  of  the  universe, 
it  cannot  be  a member  of 
the  solution  set.  * You 
cannot  name  the  least 
member  of  the  solution  set 
of  x + 27  < 40§. 

97  D You  can  use 

n - 5.25  - 20.00  to  help 
you  find  the  members  of  Ra 
that  satisfy  n - 5.25  > 
20.00.  Since  25.25  satisfies 
n — 5.25  = 20.00,  each 
number  that  satisfies 
n - 5.25  > 20.00  must  be 
greater  than  25.25. 
Therefore,  {n\n  >25.25} 
is  the  solution  set  of 
n - 5.25  > 20.00. 

98  G It  is  an  open  interval 
in  Ra  because  the  limits  are 
not  members  of  the  interval. 

* 25.25  and  30.00.  An  open 
interval  is  the  set  of  all 
members  of  Ra  between 
two  given  numbers.  The 
two  given  numbers  are  the 
limits  of  the  interval. 

In  this  case,  all  the 
members  of  Ra  between 
25.25  and  30.00  are 
elements  of  {n  | 25.25  < 
n<  30.00). 

98  I Yes.  25.26  is  the 
least  number  in  hundredths 
that  is  greater  than  25.25. 

* 29.99 

100  S Neither  1 nor  2 
satisfies  x ^ 3.  * If  a 
number  greater  than  6 is 
used  as  a replacement  for  x 
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in  x + y = 7,  there  is  no 
member  of  C that 
satisfies  the  condition.  * 


X 

3 

4 

5 

6 

y 

4 

3 

2 

1 

101  E The  first  component 
of  each  ordered  pair  that 
satisfies  x + y = 5 A 

~ (x  = 3)  cannot  be  3.  * 
Five 

102  C The  condition  is  a 
condition  for  equivalence; 
this  means  that  you  must 
find  a replacement  for  x 
so  that  the  rate  pair  x/60 
is  equivalent  to  the  rate 
pair  16/9. 

103  M Yes.  A per  cent  is  a 
rate  pair  that  represents 

a comparison  and  that  has 
a second  component  of  100. 
* The  increase  in 
enrollment  for  each  100 
students  enrolled  in  summer 
classes  last  summer 

104  I 168|  * The  problem 
asks  you  to  find  the  average 
length  per  portage.  Since  x, 
not  y,  is  the  variable  for 
the  average  length,  168f  is 
used  to  get  the  answer  to 
the  problem.  506  refers 

to  the  total  length  of 
the  three  portages. 

105  P Yes.  A proportional 
relation  is  a set  of  ordered 
pairs  in  which  each  member 
is  equivalent  to  each  of 

the  other  members. 

{5/1,  . . .)  contains  each 
ordered  pair  that  is 
equivalent  to  5/1.  * An 
infinite  set 

106  F Yes  * Mr.  Owen  has 
a choice  of  two  payments. 
He  can  pay  either  ^ of 
the  total  amount  or  he  can 
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pay  .5  of  the  total  amount. 
Since  the  number  that 
satisfies  ji/  1 ~ x/126  and 
also  the  number  that 
satisfies  \/\  ~ x/126  can 
be  used  to  get  an  answer  to 
the  problem,  “or”  is  used 
in  the  condition. 

*8  H 2l\  — jc  = 1 5 includes 
only  one  variable.  Each  of 
the  other  conditions 
includes  at  least  two 
variables. 

108  J The  first  component 
of  each  solution  is  l\.  * The 
solutions  of  the  compound 
condition  must  satisfy  all 
three  simple  conditions. 
Only  those  ordered  triples 
whose  first  components  are 
l\  satisfy  22\-  x = 15. 

109  0{(7l,  5,  10)1 

1.50/1  ~ x/3.  * 

1.50/1  ~ jc/3  includes  only 
one  variable.  Each  of  the 
other  conditions  includes 
at  least  two  variables. 

109  Q{(4.50,  9.00,  13.50)} 

110  Cr-  s = 2.  *The 
problem  states  that  the 
difference  of  the  first 
number  and  the  second 
number  is  2.  This  means 
that  when  the  second 
number  (5)  is  subtracted 
from  the  first  number  ( r ), 
the  difference  is  2. 

110  J Three  * {(2,  0,  0), 

(2,0,  1),  (2,0,2)} 

113  E Points  contained  in 
the  same  line  are  collinear 
points.  Since  points  E,  F, 
and  G are  contained  in 
they  are  collinear. 

113  G Point  H * Every 
point  is  a member  of  space; 
the  set  of  all  points  is 
called  space. 


113  H Three  noncollinear 
points  determine  a plane. 
The  names  of  any  three 
noncollinear  points  can  be 
used  to  name  the  plane 
that  they  determine. 

Points  S,  T,  and  N are 
noncollinear  because  they 
are  not  contained  in  the 
same  line.  * Points  V,  F, 
and  R are  noncollinear 
points.  * Points  V,  S,  and  T 
are  collinear  points. 
Collinear  points  do  not 
determine  a plane  because 
any  line  is  included  in 
infinitely  many  planes. 

114  O A radius  of  a circle 

is  a segment  determined  by 
the  centre  of  the  circle 
and  a point  in  the  circle. 
Point  S is  the  centre  of  OS 
and  point  T is  in  OS.  * 
Segments  SF,  SV,  and  SG 
are  also  radii  of  OS. 

115  B 1 2 and  OK  have 
points  D and  C as  common 
members.  Geometric 
figures  that  have  common 
members  are  said  to  meet, 
or  to  intersect.  * {D,  C} 

115  C A segment  whose 
endpoints  are  in  a circle 

is  a chord  of  that  circle. 

C and  D are  in  OK.  * 

EF  is  a chord  of  OK. 

115  F A chord  that  contains 
the  centre  of  a circle  is  a 
diameter  of  the  circle.  * 
Each  point  in  chord  EF 

is  also  in  f3. 

116  D EF  is  a chord  of  OD 
that  contains  the  centre 

of  the  circle.  * The  union  of 
rays  DE  and  DF  is  a line, 
and  therefore  not  an  angle. 

117  F Points  A,  B,  and  C * 
Points  G,  H,  I,  N,  and  R 
* Points  A,  B,  C,  G,  H,  I, 

N,  and  R 


117  GPoints  B,  C,  G, 
andH 

117  HPoints  J,  K,  L,  S, 
and  V * Points  A,  B,  C,  J, 
K,  L,  S,  and  Y 

117  I Points  B,  C,  J,  and  V 

Two.  A line  separates 
a plane  that  includes  the 
line  into  two  half-planes. 

* Line  EF.  A line  is  the 
boundary  of  each  half- 
plane into  which  it 
separates  the  plane.  The 
boundary  is  not  included 
in  either  half-plane. 

7 KThe  points  in  the 
same  half-plane  as  L are 
G,  H,  N,  and  T.  * Points  B, 
D,  E,  and  F * Points  B, 

D,  E,  F,  G,  H,  L,  N,  and  T 
18  L Points  E,  H,  N,  and  F 

118  OYes  * Line  KJ 
includes  a diameter  of  OG. 
KIJ  is  the  subset  of  OG 
that  is  included  in  the  union 
of  KJ  and  one  of  the  half- 
planes bounded  by  KJ.  * 
ZHGJ  is  a central  angle 

of  OG.  HDJ  is  the  subset 
of  OG  that  is  included 
in  the  union  of  ZHGJ  and 
the  interior  of  ZHGJ.  * 
ZIGJ  is  a central  angle 
of  OG.  IHJ  is  the  subset 
of  OG  that  is  included  in 
the  union  of  ZIGJ  and  the 
exterior  of  ZIGJ. 

> A 60*  120  * Find  the 
difference  of  120  and  60. 

120  — 60=  60,  so  the 
measure  of  ZLCQ  is  60. 

119  B 30  * 90  * An  angle 
whose  measure  in  degrees 
is  90  is  a right  angle. 

120  K 90  * Each  angle 
formed  by  two  intersecting 
perpendicular  lines  is  a 
right  angle.  A right  angle 
has  a measure  in  degrees 
of  90. 


120  L 180.  Semicircle  BCD 
is  the  union  of  the  two 
adjacent  arcs,  minor  BC 
and  minor  CD.  Since  each 
of  these  arcs  has  a measure 
in  degrees  of  90,  the 
measure  of  semicircle  BCD 
in  degrees  is  equal  to 
90  + 90,  or  180.  * 180. 
CDE°  = minor  CD°  + 
minor  DE°. 

21  OYes  * {N,  P}  * OM 
122  C Polygon  PQRS. 

A quadrilateral  is  a simple 
polygon  that  has  four 
sides.  * Triangle  ABC. 

A triangle  is  the  union  of 
three  segments  determined 
by  any  three  noncollinear 
points. 

122  E Yes.  Parallel  segments 
are  segments  that  are 
included  in  parallel  lines. 

* { } . The  intersection  of 
two  parallel  lines  is 

the  empty  set. 

123  K Opposite  sides  of  a 
parallelogram  are  con- 
gruent. If  two  segments 
are  congruent,  then  their 
measures  are  equal.  * 
Opposite  angles  of  a 
parallelogram  are 
congruent.  If  two  angles 
are  congruent,  then  their 
measures  are  equal. 

>3  M No  * A parallelogram 
has  two  pairs  of  parallel 
sides.  A trapezoid  has  only 
one  pair  of  parallel  sides. 
123  B A rectangle  is  a 
parallelogram  in  which 
each  angle  is  a right  angle. 

* Two  lines  that  intersect 
to  form  a right  angle 
are  perpendicular.  Two 
segments  are  perpendicular 
if  they  intersect  and  if  they 
are  subsets  of  lines  that 
are  perpendicular. 
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124  F A parallelogram  in 
which  each  angle  is  a right 
angle  is  a rectangle.  * Each 
side  of  1JK.L  is  congruent  to 
each  of  the  other  sides. 

125  E 45  * 45.  The  angles 
opposite  the  congruent 
sides  of  an  isosceles 
triangle  are  congruent. 

* 180.  For  any  triangle,  180 
is  the  sum  of  the  measures 
of  the  angles  in  degrees. 

* 90.  ZA°  + ZC°  = 90, 
and  90  + ZB°=  180. 
Therefore,  ZB°  = 90. 

126  l In  an  equilateral 
triangle,  any  two  angles  are 
opposite  congruent  sides. 
Therefore,  each  of  the 
angles  is  congruent  to 
each  of  the  other  angles. 
Since  180  is  the  sum  of  the 
measures  of  the  three  angles 
in  degrees,  each  of  the 
angles  must  have  a 
measure  in  degrees  of  60. 
126  L AGHI.  A scalene 
triangle  is  a triangle  with  no 
two  sides  congruent.  * 
ADEF.  An  equilateral 
triangle  is  a triangle  with 
three  sides  congruent. 

* ADEF  and  AABC. 

An  isosceles  triangle  is  a 
triangle  with  two  sides 
congruent. 

126  N ADEF.  An  acute 
triangle  is  a triangle  that 
has  three  acute  angles.  * 
AABC.  A right  triangle  is  a 
triangle  with  one  right 
angle.  * AGHI.  An  obtuse 
triangle  is  a triangle  with 
one  obtuse  angle.  * ADEF 
126  B An  altitude  of  a 
triangle  is  a segment 
determined  by  a vertex  of 
the  triangle  and  a point 
in  the  line  that  includes  the 
side  opposite  the  vertex. 


The  altitude  is  perpen- 
dicular to  the  line  that 
includes  the  side  opposite 
the  vertex.  JM  is  determined 
by  vertex  J and  a point  in  i i 
that  includes  side  KL, 
and  JM  is  perpendicular 
to  fj.  * Side  KL.  When  JM 
is  used  as  an  altitude,  the 
side  opposite  vertex  J is 
the  base. 

130  B (Nl  * Three 
noncollinear  points 
determine  a plane.  Since 
points  M,  N,  and  S are 
noncollinear,  these  points 
determine  plane  MNS. 

If  a line  contains  two 
points  of  a plane,  the  line  is 
included  in  the  plane. 

Since  line  MN  contains 
points  M and  N,  line  MN 
is  included  in  plane  MNS. 
Since  line  RS  contains 
points  S and  N,  line  RS  is 
included  in  plane  MNS.  * 
Examples  of  names  of  the 
plane  that  include  MN  and 
RS  are  plane  MNR, 
plane  MNS,  and 
plane  MRS. 

130  F A transversal  is  a line 
that  intersects  one  of  two 
coplanar  lines  in  a point 
and  also  intersects  the  other 
line  in  a different  point. 
Since  MN  intersects  TU  in 
point  T and  intersects  RS 
in  point  N,  MN  is  a 
transversal  of  TU  and  RS. 
133  F Use  your  ruler  to  find 
the  measure  of  the  segments 
determined  by  the  midpoint 
and  each  of  the  endpoints 
of  EF.  The  two  measures 
that  you  find  should  be 
approximately  equal.  Use 
your  protractor  to  measure 
the  four  angles  formed 
by  line  EF  and  the 


perpendicular  bisector 
of  EF.  The  measures  that 
you  find  should  be 
approximately  equal  to  90. 
134  Kin  the  drawing  below, 
certain  dots  are  labelled 
to  help  explain  the 
construction. 


With  the  compasses  set  to 
a convenient  radius  and 
the  tip  on  dot  B,  arc  DE 
is  constructed.  With  the 
compasses  set  to  a con- 
venient radius  and  the  tip 
first  on  dot  E and  then  on 
dot  D,  arcs  are  constructed 
that  intersect  in  point  F. 

A straightedge  is  used  to 
construct  BF,  which 
bisects  ZABC. 

135  F Yes.  The  corre- 
sponding sides  and  the 
corresponding  angles 
determined  by  the  corre- 
spondence represented  by 
diagram  D are  congruent. 
Therefore,  diagram  D 
represents  a congruence 
correspondence.  * If  there 
is  a congruence  corre- 
spondence between  the 
vertices  of  two  triangles, 
the  triangles  are  congruent. 

136  HNone  * For  each 
of  the  correspondences 
represented  by  the  four 
diagrams,  all  the  pairs  of 
corresponding  sides  and 
angles  are  not  congruent. 

137  h Yes  * In  the 
correspondence  between  the 
vertices  of  AJLK  and 
AFGH,  the  three  pairs  of 
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corresponding  sides  are 
congruent,  and  the  three 
pairs  of  corresponding 
angles  are  congruent. 
Therefore,  the  correspond- 
ence is  a congruence 
correspondence,  and  AJLK 
is  congruent  to  AFGH. 

138  GFor  any  two 
triangles,  if  the  correspond- 
ing sides  are  congruent, 
then  the  two  triangles 
are  congruent,  (s-s-s 
property  of  congruence 
for  triangles) 

138  GYes.  Sides  ST  and 
SU  and  ZS  of  ASTU 
are  congruent  to  the 
corresponding  sides  and 
angle  of  AVWX.  * The 
s-a-s  property  of 
congruence  for  triangles 

139  I 180  is  the  sum  of 
the  measures  of  the  angles 
of  a triangle  in  degrees.  You 
know  that  ZA°  + ZB°  = 
ZD°  + ZE°.  You  also  know 
that  ZC°  = 180  — (ZA°  + 
ZB°)  and  that  ZF°  = 
180-(ZD°  + ZE°). 
180-(ZA°  + ZB°)  = 

180  — (ZD°  + ZE°). 
Therefore,  ZC°  = ZF°. 
This  means  that  ZC  ^ ZF. 
139  J The  a-s-a  property 
of  congruence  for  triangles 
* Because  ZH  ^ ZK  and 
Zl  =ZL,  you  know  that 
ZG  ^ZJ.  Therefore, 
in  AGHI,  two  angles 
(ZG  and  ZH)  and  the  side 
that  is  a subset  of  each  of 
these  angles  (GH)  are 
congruent  to  the  corre- 
sponding parts  in  AJKL 
(ZJ,  ZK,  and  JK). 

139  L Yes.  The  idea 
expressed  by  the  “if”  clause 
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and  the  idea  expressed  by 
the  “then”  clause  in  “If 
two  triangles  are  congruent, 
then  the  corresponding 
angles  of  the  two  triangles 
are  congruent”  have  been 
interchanged.  * No  * See 
the  sketch  below. 

ZA  = ZD,  ZB  = ZE, 
and  ZC^ZF.  However, 

A ABC  is  not  congruent 
to  ADEF. 


A C 

139  MYes.  Since  all  right 
angles  have  a measure  in 
degrees  of  90,  all  right 
angles  are  congruent. 
Therefore,  you  can  use  the 
s-a-s  property  of  con- 
gruence for  triangles.  * See 
the  sketch  below.  ZA  and 
ZD  are  right  angles. 

AB  = DE.  AC  = DF. 

So,  AABC  = ADEF. 


B E 


A CD  F 
139  NNo  * See  the 
sketch  below.  ZA  = ZD. 
AB  = DE.  BC  = EF. 

A ABC  is  not  congruent, 
in  this  case,  to  ADEF. 


141  AYes.  Rectangle  ABCD 
is  a simple  closed  curve. 

A closed  region  is  the 
union  of  a simple  closed 
curve  and  its  interior.  * 

Yes.  A closed  region  that 
is  the  union  of  a rectangle 
and  its  interior  is  called  a 
rectangular  region. 

141  HYes  * Because  the 
measures  of  the  sides  are 
equal,  each  of  the  sides  is 
congruent  to  each  of  the 
other  sides.  A square  is  a 
rectangle  in  which  each  side 
is  congruent  to  each  of  the 
other  sides.  * 4.6/1  ~ x/4.6. 

142  AFl  and  GJ.  An 
altitude  of  a parallelogram 
is  a segment  that  is 
perpendicular  to  both  of 
the  lines  that  include  a pair 
of  opposite  sides  of  the 
parallelogram.  The 
endpoints  of  the  altitude 
are  in  these  lines.  * FG 

143  N { ( 1 5,  6)}  * The  area 
of  the  piece  of  plywood  is 
6 sq.  ft. 

143  B A parallelogram  and 
either  of  its  diagonals  form 
two  congruent  triangles.  * 
Yes.  If  two  triangles  are 
congruent,  then  they  have 
the  same  area. 

144  4^)}  * The 
area  of  the  window  is 

sq.  ft. 

148  DThere  is  no  natural 
number  that  you  can  add  to 
28  to  obtain  13. 

148  E Yes  * N is  closed 
under  multiplication. 

148  FNo.  a — b is  an 
element  of  N only  if  a is 
greater  than  b.  * No. 

If  you  can  find  at  least  one 
example  for  which  it  is  not 
true  that  a - b e N,  then 
it  is  not  true  that,  for  each 


a and  b,  a — b e N.  Such  an 
example  was  given  in 
exercise  D.  13  — 28  is  not 
a member  of  N. 

148  H There  is  no  natural 
number  by  which  10  can  be 
multiplied  to  obtain  18. 

148 1 No.  a + b is  an 
element  of  N only  if  a is 

a multiple  of  b.  * No.  If  you 
can  find  at  least  one 
example  for  which  it  is 
not  true  that  a + b e N, 
then  it  is  not  true  that,  for 
each  a and  b,  a -s-  b e N. 
Such  an  example  was  given 
in  exercise  H.  18  = 10  is  not 
a member  of  N. 

149  B|  because 
3X  15  = 9X5.  *T5~-n; 
because  6 X 15  = 9 X 10. 

149  cThe  only  common 
factor  of  3 and  5 is  1. 

In  other  words,  3 and  5 are 
relatively  prime.  * No  * 
Both  1 and  2 are  common 
factors  of  6 and  10.  Both 
1 and  3 are  common  factors 
of  9 and  15. 

149  dA  rational  number 
of  arithmetic  is  a set  of 
equivalent  fractions. 

A rational  number  of 
arithmetic  contains  a basic 
fraction  and  all  fractions 
equivalent  to  the  basic 
fraction. 

150  KYes  * From  the 
closure  property  of 
multiplication  of  natural 
numbers,  ac  e N,  and, 
since  neither  b nor  d is 
0,  bd  e C.  Therefore, 
f^Ra- 

150  NYes  * From  the 
closure  property  of 
multiplication  of  natural 
numbers,  ad  e N and  be  e N. 
Since  bd  is  not  0,  bd  e C. 
From  the  closure  property 


of  addition  of  natural 
numbers,  ad+  be  e N. 
Therefore,  ad^dbc  e Ra. 

151  T There  is  no  rational 
number  of  arithmetic  that 
you  can  add  to  | to  get  f. 

152  Gif  the  universe  for  x, 
y,  and  z is  N,  then  for  each 
x,  y,  and  z,  x + y e N, 

xy  e N,  and  true  statements 
are  obtained  from  the  other 
conditions  expressed  in  d5. 
152  Hlf  the  universe  for 
x,  y,  and  z is  Ra,  then  for 
each  x,  y,  and  z,  x + y e Ra, 
xy  e Ra,  and  true  statements 
are  obtained  from  the 
other  conditions  expressed 
in  d5. 

154  L No.  The  starting 
point  of  GW  is  a different 
point  from  the  starting 
point  of  WG.  The  terminal 
points  are  also  different. 

* GW  and  WG  are  the 
same  set  of  points.  * GW 
and  WG  are  directed  in 
opposite  directions. 

154  oThe  coordinate  of  A 
is  0.  The  coordinate  of  B 

is  The  absolute  difference 
of  0 and  \ is  \ — 0,  or  * 
|-2,  or±*  Yes.  The 
measure  of  each  of  these 
directed  segments  is 

* Yes.  Both  AB  and  :EF 
are  directed  to  the  right. 

155  CfTo  the  right.  Since 

Y > 25,  terminal  point  V is 
to  the  right  of  starting 
point  W.  * - 25,  or 

m(WV)  is  the  absolute 
difference  of  25  and  y, 
which  are  the  coordinates 
of  the  endpoints  of  WV. 

156  GThey  are  equivalent 
directed  segments  and, 
therefore,  have  the  same 
measure  and  the  same 
direction. 
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156  HThey  are  not 
equivalent  ordered  pairs  for 
directed  segments. 

156  L Yes.  (5,  0)  ~ (5,  0) 
because  5 + 0 = 5 + 0.  * 

Yes.  I is  the  same  member 
of  Ra  as  5.  * No.  When  you 
replace  y in  (x,  y)  ~ (5,  0) 
by  0,  you  obtain  ( x , 0)  ~ 

(5,  0).  If(x,  0)~(J,0),  then 
x + 0 = 5 + 0.  Since  5 is 
the  only  member  of  Ra  that 
satisfies  x + 0 = 5 + 0, 

5 is  the  only  member  of  Ra 
that  satisfies  (x,  0)  ~ (5,  0). 
Of  course,  5 can  be  named 
by  many  other  fraction 
numerals,  such  as  f,  §,  |,  etc. 
But  each  of  these  numerals 
names  the  same  member 
of  Ra.  Each  of  the  ordered 
pairs,  (|,  0),  (f,  0),  and 
(f,  0),  is  the  same  as  (5,  0). 

157  S (f,  0)  * Any  member 
of  a positive  rational 
number  can  be  used  to 
indicate  the  number.  Since 
1 + 0 = 1+ 1,(1,  l)~(i,0). 
Therefore,  (f,  1)  is  a 
member  of  the  same 
positive  rational  number 
as  (§,  0)  and  can  be  used 

to  indicate  4|. 

157  F Replace  b by  0,  c by 
3,  and  dby  2. 

158  M An  infinite  set  * 

Yes.  If  a and  b are  different 
members  of  Z,  then  (a,  0) 
and  (i b , 0)  indicate  different 
positive  rational  numbers. 
158  N An  infinite  set. 

Since  Z is  an  infinite  set, 
the  set  of  ordered  pairs 
whose  first  components  are 
members  of  Z and  whose 
second  components  are  0 

is  also  an  infinite  set. 

160  E Both  QP  and  UT 
have  a measure  of  f and  are 
directed  to  the  left. 


160  J (5,  2)*  Since 

5 + | = 0 + 2isa  true 
statement,  (5,  2)  ~ (0,  \). 

161  L (1, 1)  * Since  1 + § 
does  not  equal  0 + 1,  (1,  5) 
is  not  equivalent  to  (0,  f). 

161  P One  * When  you 
replace  x in  (x,  y)  ~ (0,  §) 
by  0,  you  obtain  (0,  y)  ~ 
(0,f).  If  (0,  y)  ~ (0,|),  then 
0 + f = 0 + y.  Since  § is  the 
only  member  of  Ra  that 
satisfies  0 + f = 0 + .y,  fis 
the  only  member  of  Ra  that 
satisfies  (0,  y)  ~ (0,  f). 
Therefore,  the  only  member 
of  Ra  X Ra  that  has  a first 
component  of  0 and  that 
satisfies  (x,  y)  ~ (0,  §) 

is  (0,  |). 

162  D (1,3)  determines 

a directed  segment  that  is 
directed  to  the  left,  not  to 
the  right.  * Yes.  Each 
member  of  the  infinite  set 
of  ordered  pairs  that  are 
equivalent  to  (1,  3)  indicates 
the  same  number  as  (1,  3). 
162  N An  infinite  set  * Yes. 
If  a and  b are  two  different 
members  of  Z,  then  (0,  a) 
and  (0,  b ) indicate  different 
negative  rational  numbers. 
164  K No  * Yes.  A point 
is  associated  with  each 
member  of  R and  R is  an 
infinite  set. 

164  L The  arrow  at  the 
right  tells  you  that  the 
points  associated  with 
positive  rational  numbers 
go  on  and  on.  The  arrow  at 
the  left  tells  you  that  the 
points  associated  with 
negative  rational  numbers 
go  on  and  on. 

164  R The  directed 
segments  associated  with  “3 
are  directed  to  the  left. 

The  directed  segments 


associated  with  +3  are 
directed  to  the  right. 

166  F Point  0 is  to  the  left 
of  each  point  associated 
with  a positive  rational 
number.  * Each  point 
associated  with  a negative 
rational  number  is  to  the 
left  of  point  0. 

166  J Ra  is  closed  under 
the  operation  of  addition.  * 
Yes.  0 is  less  than  |. 

167  C Yes.  O + 5,  or  5,  is 
less  than  0 + or  §.  * The 
sum  of  the  first  component 
of  (0,  f)  and  the  second 
component  of  (0,  5)  is  less 
than  the  sum  of  the  first 
component  of  (0,  5)  and  the 
second  component  of  (0,  §). 
Therefore,  the  rational 
number  (0,  §),  or  f,  is  less 
than  the  rational  number 
(0,  5),  or  _ 5. 

168  Q The  universe  for 

a and  b is  Z.  b,  or  (0,  b ),  is 
any  negative  rational 
number,  a,  or  (a,  0),  is  any 
positive  rational  number. 
Since,  for  each  a and  b, 

0 + 0 is  less  than  a + b, 

(0,  b),  or  b,  is  less  than 
(a,  0),  or  a. 

1711  + 12.  A trip  of +5 

takes  you  from  point  0 to 
point  +5.  From  point  +5, 
a trip  of  +7  takes  you  to 
point  +12.  A single  trip 
of  +12  also  takes  you  from 
point  0 to  point  +12.  * +22. 
A trip  of +13  takes  you 
from  point  0 to  point  +13. 
From  point  +13,  a trip  of 
+9  takes  you  to  point  +22. 

A single  trip  of  +22  also 
takes  you  from  point  0 to 
point  +22.  * +|.  A trip  of  +§ 
takes  you  from  point  0 to 
point  +§.  From  point  +§, 
a trip  of  +f  takes  you  to 
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point  +f.  A single  trip  of +f 
also  takes  you  from  point  0 
to  point  +|. 

171  J If  you  start  at 
point  0 and  take  any  two 
successive  trips  to  the  right, 
you  will  always  end  up 

at  a point  to  the  right 
of  point  0. 

172  N “11.  A trip  of  “5 
takes  you  from  point  0 to 
point  “5.  From  point  “5, 
a trip  of  “6  talces  you  to 
point  “1 1.  A single  trip  of 
“1 1 also  takes  you  from 
point  0 to  point  “11.* 

A trip  of  | takes  you  from 
point  0 to  point  From 
point  |,  a trip  of  5 takes 
you  to  point  A single' 
trip  of  l also  takes  you 
from  point  0 to  point 
* “20.  A trip  of  “13  takes 
you  from  point  0 to 
point  “13.  From  point  “13, 
a trip  of  “7  takes  you 
to  “20.  A single  trip  of  +20 
also  takes  you  from  point  0 
to  point  “20. 

172  O If  you  start  at 
point  0 and  take  any  two 
successive  trips  to  the  left, 
you  will  always  end  up 
at  a point  to  the  left 
of  point  0. 

172  E “3.  A trip  of  “5 
takes  you  from  point  0 to 
point  “5.  From  point  “5, 
a trip  of +2  takes  you  to 
point  “3.  A single  trip  of  “3 
also  takes  you  from  point  0 
to  point  “3.  * “8.  A trip  of 
“14  takes  you  from  point  0 
to  point  “14.  From 
point  “14,  a trip  of +6 
takes  you  to  point  “8.  A 
single  trip  of  “8  also  takes 
you  from  point  0 to 
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point  _8.  * A trip  of  § 
takes  you  from  point  0 to 
point  f.  From  point  f, 
a trip  of+i  takes  you  to 
point  A single  trip  of  \ 
also  takes  you  from  point  0 
to  point 

173  J +6.  A trip  of +9 
takes  you  from  point  0 to 
point  +9.  From  point  +9, 
a trip  of  -3  takes  you  to 
point  +6.  A single  trip  of +6 
also  takes  you  from  point  0 
to  point  +6.  * +6.  A trip 
of + 16  takes  you  from 
point  0 to  point  +16. 

From  point  +16,  a trip  of 
“10  takes  you  to  point  +6. 

A single  trip  of +6  also 
takes  you  from  point  0 to 
point  +6.  * +f.  A trip  of  +| 
takes  you  from  point  0 to 
point  +\.  From  point  +\, 
a trip  of  | takes  you  to 
point  +f.  A single  trip  of  +| 
also  takes  you  from  point  0 
to  point  +f. 

If  the  trip 

represented  by  the  positive 
number  is  “longer”  than 
the  trip  represented  by  the 
negative  number,  then  the 
sum  of  the  two  numbers 
should  be  positive.  If  the 
trip  represented  by  the 
negative  number  is  “longer” 
than  the  trip  represented 
by  the  positive  number, 
then  the  sum  should  be 
negative.  In  other  words, 
if  the  positive  number  is 
greater  than  the  negative 
number,  then  the  sum 
should  be  positive;  and  if 
the  negative  number  is 
greater  than  the  positive 
number,  then  the  sum 
should  be  negative. 


When  the  trip  to  the 
right  is  the  same  number  of 
units  as  the  trip  to  the  left 

* When  the  directed 
segments  determined  by 
the  two  numbers  have  the 
same  measure  but  opposite 
directions 

173  M Yes.  A trip  to  the 
left  of  a certain  number  of 
units,  followed  by  a trip  to 
the  right  of  the  same 
number  of  units,  takes  you 
to  point  0.  * A trip  of  “3 
takes  you  from  point  0 to 
point  ~3.  From  point  ~3, 
a trip  of +3  takes  you 
back  to  point  0. 

173  O You  do  not  think 
of  0 as  representing  either 
a trip  to  the  right  or  left. 
For  this  reason,  when  you 
find  the  sum  of  0 and  any 
given  rational  number, 
you  start  at  0 and  take  the 
trip  represented  by  the 
given  number.  Therefore, 
the  sum  of  0 and  any  given 
rational  number  should 

be  the  given  number. 

E Yes. +|  = (f,  0), 
and  +5  = (5,  0).  * | * +f. 

If  you  are  finding  the  sum 
of  two  positive  rational 
numbers,  the  component 
you  obtain  is  the  first 
component  of  a basic  pair, 
and  the  sum  is  positive. 

174  F Yes.  -2  = (0,  2), 
and  | = (0,  f).  2 + § = §. 

* Second  component  * 

(0,|),  or  §. 

175  M The  non-zero 
component  of  the  basic 
pair  for  f is  f.  The  non-zero 
component  of  the  basic 
pair  for  +f  is  f.  Find  the 
difference  of  these  non-zero 
components.  Since  this 
difference  is  0,  the  basic 


pair  for  the  sum  of  f and 
+f  is  (0,  0).  * 0 
176  C +5*  Yes. 

(11,6)  = +5,  (7,  5)  = +2, 
and  (4,  1)  = +3. 

From  your  work 
with  trips,  you  know  that 
the  sum  of  “4  and  +1 
should  be  “3.  (7,  10)  = “3. 

176  J From  your  work 
with  trips,  you  know  that 
the  sum  of  (8,  4),  or  +4, 
and  (3,  4),  or  “1,  should 
be  +3.  The  sum  of  the  first 
components  of  (8,  4)  and 
(3,  4)  is  11,  and  the  sum  of 
the  second  components  is  8. 
You  can  form  the  ordered 
pair  (1 1,  8)  from  these 
sums.  (11,8)  = +3. 

177  A Closure  property 
of  addition 

From  the  definition 
of  the  sum  of  two  rational 
numbers,  if  ( a , b)  and  (c,  d) 
are  any  two  rational 
numbers,  {a,  b)  + ( c , d)  = 

(a  + c,  b + d).  From  the 
closure  property  of  addition 
of  rational  numbers  of 
arithmetic,  (a  + c,  b + d)  is 
an  ordered  pair  of  rational 
numbers  of  arithmetic. 
Therefore,  (a  + c,  b + d)  is 
a rational  number  and  the 
sum  of  any  two  rational 
numbers  is  always  a 
rational  number. 

177  C Yes.  From  your 
response  to  exercise  B,  you 
know  that  if  * e R and 
jeR,  then  x + y e R. 

178  B Yes.  The  definition 
of  the  sum  of  two  rational 
numbers  * Yes.  0 + 0 = 0. 

* A positive  rational 
number.  Since  the  universe 
is  Z,  the  first  component 
of  the  basic  pair  (m  + n,  0) 
is  non-zero. 


178  E Yes.  The  definition 
of  the  sum  of  two  rational 
numbers  * Yes.  0 + 0 = 0. 

* Negative.  The  second 
component  of  the  basic  pair 
(0,  m + ri)  is  non-zero. 

178  H Yes.  The  definition 
of  the  sum  of  two  rational 
numbers  * Yes.  m + 0 = m, 
and  0 + n = n.  * Negative. 
If  m < n,  then  the  second 
component  of  (m,  n ) is 
greater  than  the  first 
component. 

178  J No.  If  the  non-zero 
component  of  the  basic  pair 
for  the  negative  rational 
number  is  greater  than  the 
non-zero  component  of  the 
basic  pair  for  the  positive 
rational  number,  then  the 
sum  of  the  two  numbers 
is  negative.  * No.  If  the 
non-zero  component  of 
the  basic  pair  for  the 
positive  rational  number  is 
greater  than  the  non-zero 
component  of  the  basic 
pair  for  the  negative 
rational  number,  then  the 
sum  is  positive.  * If  the 
non-zero  component  of 
the  basic  pair  for  the 
positive  number  is  the 
same  as  the  non-zero  com- 
ponent of  the  basic  pair 
for  the  negative  number, 
then  the  sum  is  zero. 

178  K Yes.  From  the 
definition  of  the  sum  of  two 
rational  numbers,  (0,  0)  + 
(c,  d)  = (0  + c,  0 + d)  and 
(0  + c,  0 + d)  = (c,  d).  * 

The  given  rational  number 
180  H Statement  A tells  us 
that  +3  + ~3  is  the  same 
rational  number  as  0.  Since 
we  want  multiplication  of 
rational  numbers  to  be 
well  defined,  we  should 
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be  able  to  replace  0 in  the 
product  +2(0)  by  +3  + _3 
without  affecting  the 
product.  Statement  B tells 
us  that  the  product  +2(0) 
is  0.  If  we  replace  0 in  +2(0) 
by  +3  + _3,  the  product 
+2(+3  + “3)  should  also 
be  0. 

180  K The  transitive 
property  of  equality 
180  M -6.  If  multiplication 
of  rational  numbers  has  the 
commutative  property, 
then  the  product  of  “3 
and  +2  should  be  the  same 
as  the  product  of +2  and  _3. 
180  Q The  well-defined 
property  of  multiplication 
of  rational  numbers  * The 
rational  number  0 in  the 
product  _3(0)  was  replaced 
by  the  equal  rational 
number,  +2  + ~2. 

183  L Yes.  To  simplify  an 
expression  like  3*0+1  • §, 
you  always  perform  the 
operation  of  multiplication 
before  you  perform  the 
operation  of  addition. 

Since  3*0  = 0 and 

1 .|  = |,3. 0+1  -|  = 

0 + \.  * Yes.  Since  3 • § = 2 
and  1 *0  = 0,  3 *f  + 1 *0  = 

2 + 0. 

184  A From  the  closure 
property  of  multiplication 
of  rational  numbers  of 
arithmetic,  ac  c Ra,  bd  e Ra, 
ad  e Ra,  and  be  e Ra. 

From  the  closure  property 
of  addition  of  rational 
numbers  of  arithmetic, 

ac  + bd  e R jwid  ad  + 
be  e Ra.  Therefore, 

(ac  + bd,  ad  + be)  is  an 
ordered  pair  of  rational 
numbers  of  arithmetic. 

184  B From  the  definition 
of  the  product  of  two 


rational  numbers,  (a,  b)  X 
(c,  d)  = (ac  + bd,  ad  + be). 
From  your  response  to 
exercise  A,  (ac  + bd, 
ad  + be)  is  an  ordered  pair 
of  rational  numbers  of 
arithmetic.  Therefore, 

(ac  + bd,  ad4r.be)  t R,  and 
the  product  of  any  two 
rational  numbers  is  always 
a rational  number. 

184C  Yes.  The  operation 
of  multiplication  of  rational 
numbers  is  a binary 
operation  because  it  is 
defined  for  any  two 
members  of  R. 

185  1 0*0 

187  F Since  0 is  a rational 
number  but  is  not  a 
negative  number,  0 is  a 
non-negative  rational 
number.  * A proper  subset 
of  a set  is  a subset  that 
does  not  contain  all  the 
elements  of  the  set.  Each 
element  of  {0}  U Rp  is  also 
an  element  of  R,  and 
{0}  U Rp  does  not  contain 
all  the  elements  of  R. 

187  H Each  member  of  Ra 
is  mapped  onto  just  one 
member  of  Rn,  and  each 
member  of  Rn  is  mapped 
onto  just  one  member 

of  Ra.  * Sets  that  can  be 
put  in  one-to-one  corre- 
spondence are  equivalent 
sets.  Ra  and  Rn  can  be 
put  in  one-to-one 
correspondence. 

188  R By  the  definition 
of  the  sum  of  two  rational 
numbers,  (a,  0)  + (b,  0)  = 

(a  + b,  0),  or  +a  + +b  = 

+(a  + b).  Since  a + b is  the 
mate  of  +(a  + b),  a + b is 
also  the  mate  of  +a  + +b. 
188  V By  the  definition  of 
the  product  of  two  rational 


numbers,  (a,  0)  • (b,  0)  = 

(a  • b,  0),  or  +a  • +b  = 

+(a  • b ).  Since  a • b is  the 
mate  of  +(a  • b),  a • b is  also 
the  mate  of  +a  • +b. 

190  C The  order  in  which 
you  add  f and  \ does  not 
affect  the  sum. 

G Yes  * The  definition 
of  the  sum  of  two  rational 
numbers  * (c  + a,  d + b) 

191  H Yes  * Yes  * The 
commutative  property  of 
addition  * Yes 

191  The  transitive 
property  of  equality.  Since 
true  statements  are 
obtained  from  conditions  H 
and  J for  each  a,  b,  c,  and  d, 
a true  statement  is  also 
obtained  from  condition  K. 

F (ac  + bd,  ad  + be)  * 
(ca  + db,  cb  + da)  * 

Because  of  the  definition 
of  the  product  of  two 
rational  numbers 

192  G A:  (a,  b)  • (c,  d)  = 

(ac  + bd,  ad  + be). 
Definition  of  the  product 
of  two  rational  numbers. 

B : (c,  d)  • (a,  b)  = (ca  + db, 
cb  + da).  Definition  of  the 
product  of  two  rational 
numbers. 

C:  (ac  + bd,  ad+bc)  = 

(ca  + db,  da  + cb). 
Commutative  property  of 
multiplication  of  rational 
numbers  of  arithmetic. 

D:  (a,  b)  • (c,  d)  = (ca  + db, 
da  + cb).  Conditions  A 
and  C and  the  transitive 
property  of  equality. 

E:  (ca  + db,  da  + cb)  = 

(ca  + db,  cb  + da). 
Commutative  property  of 
addition  of  rational 
numbers  of  arithmetic. 

F : (a,  b)  • (c,  d)  = (ca  + db, 
cb  + da).  Conditions  D 
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and  E and  the  transitive 
property  of  equality. 

G:  (a,  b)  • (c,  d)  = 

(c,  d)  • (a,  b).  Conditions  B 
and  F and  the  transitive 
property  of  equality 
194  I From  conditions  E 
and  G and  the  transitive 
property  of  equality,  you 
can  obtain  the  condition 
[(a,  b)  + (c,  d)]  + (e,f)  = 

(, a + (c  + e),b  + (d+f )). 
From  the  condition  just 
expressed  and  condition  F, 
you  can  again  use  the 
transitive  property  of 
equality  to  obtain 
condition  H. 

198  D One.  Any  replace- 
ment for  which  you  obtain 
a false  statement  shows  that 
it  is  not  the  case  that  a 
true  statement  is  obtained 
for  each  replacement  of 
the  variables. 

j Yes.  The  set  of 
rational  numbers  are 
closed,  commutative  and 
associative  under  both 
addition  and  multiplication, 
and  multiplication 
distributes  over  addition. 
198  J Yes.  Each  member 
of  Rp  is  also  a member 
of  R.  * Yes.  Rp  is  closed, 
commutative,  and 
associative  under  both 
addition  and  multiplication, 
and  multiplication 
distributes  over  addition. 

K Yes.  Each  member 
of  Rn  is  also  a member 
of  R.  * No.  Rn  is  not  closed 
under  multiplication.  For 
example,  the  product  of 
~4  and  ~2  is  +8,  and  +8  is 
a member  of  Rp, 
not  a member  of  Rn. 
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202  D Yes  * The  definition 
of  the  sum  of  two  rational 
numbers 

202  E The  given  rational 
number  of  arithmetic. 

0 is  the  identity  element 
for  addition  of  rational 
numbers  of  arithmetic. 
*Yes.  0 + c = c and 

0 + d=d. 

202  F Yes  * Using  the 
transitive  property  of 
equality,  you  can  obtain 
condition  G from 
conditions  E and  F. 

202  C Yes  * The  definition 
of  the  product  of  two 
rational  numbers. 

1 • c + 0 • d is  the  same  as 
c + 0,  and  1 • d + 0 • c is 
the  same  as  d + 0. 

202  D c + 0 = c and 
d + 0 = d because  of  the 
identity-element  property 
of  addition. 

202  E Yes  * Using  the 
transitive  property  of 
equality,  you  can  obtain 
condition  N from 
conditions  L and  M. 

203  O Yes  * The  definition 
of  the  product  of  two 
rational  numbers.  For  each 
c and  d,  0 • c + 0 • d is 

the  same  as  0 + 0,  and 
0 • d + 0 • c is  the  same 
as  0 + 0. 

203  P o + 0 = 0 because 
of  the  identity-element 
property  of  addition. 

203  Q Yes  * Using  the 
transitive  property  of 
equality,  you  can  obtain 
condition  T from 
conditions  R and  S. 

203  R Yes  * Commutative 
property  of  multiplication. 
0 • x = x • 0. 


205  S Yes  * For  each 
rational  number  (a,  0), 
there  is  a rational  number 
(0,  a),  and  for  each  rational 
number  (0,  a)  there  is  a 
rational  number  (a,  0). 

206  B From  the  way  in 
which  subtraction  is  related 
to  addition,  you  know  that 

f — = jc  also  means 

“2  = +1  _ 

3 2'X- 

206  D The  well-defined 
property  of  addition  of 
rational  numbers.  (+^)  can 
be  replaced  by  \ since 

l='(+i). 

206  E jhe  associative 
property  of  addition  of 
rational  numbers 
206  F The  definition 
of  additive  inverse. 

l + +i  = 0. 

206  G The  identity-element 
property  of  addition. 

0 + x = x. 

206  H The  commutative 
property  of  addition. 

~L  —I—  ~l  — “a  i - i 

2 ' 3 3J  2" 

207  J +3-  l = x. 

+3  = ~l  + x.  -(-I)  + +3  = 

-(D + (!+*). 

+l  + +3  = +|  + (J  + x). 

+I  + +3  = (+l+  !)  + x. 

+l  + +3  = 0 + x. 

+l  + +3  = x. 

+3  + +l  = x. 

+3~~l  = +3  + +}. 

207  K x — y = z. 
x = y + z. 

Subtraction  related  to 
addition. 

~y  + x = ~y  + (y  + z). 
Well-defined  property  of 
addition. 

~y  + x = (~y  + y)  + z. 
Associative  property  of 
addition. 

~y  + x = 0 + z. 

Definition  of  additive 
inverse. 


~y  + x = z. 

Identity-element  property 
of  addition. 
x + ~y  = z. 

Commutative  property  of 

addition. 

x- y = x + ~y. 

Transitive  property  of 
equality 

207  P No.  For  example, 

3-  5,  100  - 200,  and  4-40 
are  not  members  of  N.  * 
No.  For  example,  f — f, 

7.6  - 18,  and  2\  — 2l|  are 
not  members  of  Ra. 

207  Q The  difference  of 
two  given  rational  numbers 
is  equal  to  the  sum  of  two 
rational  numbers.  Since  R 
is  closed  under  addition  and 
since  every  rational  number 
has  an  additive  inverse, 

R must  also  be  closed 
under  subtraction.  For  each 
x and  y,  x — y = x + ~y. 
Since  x + ~y  e R,  so  is 
x-jeR. 

207  R No  * +3  — +5  = -2, 
but+5-+3  = +2.+i-l  = 

+5  U t-l_+I  = -5 
6’  DUl  3 2 6- 

-T-+l  = -f>but 

+3  — _J2  — +29 

207  S (+3  -l)-"5  = 
+f-~5. 

+1L  — “5  = +Zi 

+3-(l--5)  = +3-+f. 
+3  - +y  = §.  Therefore, 
(+3  - l)  - ”5  does  not 
equal  +3  - - ”5).  Thus, 

subtraction  of  rational 
numbers  does  not  have  the 
associative  property. 

208  G You  know  that  their 
product  must  be  +1,  and 
the  product  of  two  positive 
numbers  is  positive.  * The 
product  of  two  negative 
numbers  is  positive. 

208  I There  is  no  rational 
number  by  which  you  can 


multiply  0 to  obtain  +1.  * 
No.  Because  0 does  not 
have  a reciprocal,  0 cannot 
be  the  reciprocal  of  any 
rational  number. 

209  A z * Yes.  By  the 
definition  of  the  product 
of  two  rational  numbers, 

(a,  0)  X (i  0)  = 

(a  + 0,0  + 0),  and 
(a-i  + 0,0  + 0)  = (a-i  0). 
* Yes.  a • \ = 1.  * Yes. 

By  the  transitive  property 
of  equality,  if 
(fl,0)X(i,0)  = (a-i,0) 
and  (a  • 0)  = (1,  0),  then 

(fl,0)X(i,0)  = (l,0). 

209  G Yes  * The  universe 
for  a and  b is  Z.  For  each 
(a,  0),  there  is  an  (£,  0).  For 
each  (0,  b ),  there  is  an  (0,  £). 

210  L From  the  associative 
property  of  multiplication, 
(y  • \)  ( |)  is  the  same  as 

XI -1). 

210  M Because  f is 
the  reciprocal  of  §, 

(1-D  = i. 

210  N From  the  identity- 
element  property  of  multi- 
plication, ^(1)  = y. 

210P  *-g  = x. 

_—  = x*_- 

rV)rs)=V-TBru)'. 

f?)(Xi)  = *('{!• 'll). 

( f)(  b)  = x(l). 

ff)fil)=*. 

il  = ( t)(  if)-  * I 

211  F From  the  quotient 
property,  x -+  y = x • (1  /y). 
Since  each  non-zero 
rational  number  has  a 
reciprocal  and  since  y e Zr, 
you  know  that  (1  /y)  e Zr. 
From  the  closure  property 
of  multiplication  of  rational 
numbers,  x • (1  /y)  e R. 
Therefore,  x -+  y e R. 

211  G The  quotient  of  a 
given  number  and  0 would 
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be  the  product  of  the  given 
number  and  the  reciprocal 
of  0.  Since  0 does  not  have 
a reciprocal,  there  is  no 
product  of  a given  number 
and  the  reciprocal  of  0. 
Therefore,  there  is  no 
quotient  of  a given  number 
and  0. 

2111  No  * Examples  are: 
+4  = +2  = +2,  but 
+2^+4  = +i  +f  - 1 = “6, 


211  J No  * ( 


_Z|  f 7_  ~J_  _ 

12  6 ' 12-  6 ■ 12 


+2  “5  /+I5 

7-  8 " V 4 


5 p 45  5 — 45  _ + 7_ 
8 ' 7 • 8 7 72- 

Therefore,  ( f + +-^) 
does  not  equal 
1-(+T-~n>X  and 


7_ 

12 


division  of  rational  num- 
bers does  not  have  the 
associative  property. 

213  G The  basic  pair  for 
~2$  is  (0,  2±)._(0,  2|)  = 


(0,  2.2).  Therefore,  the 
decimal  “2.2  names  ~2\, 
and  statement  D is  true. 
The  basic  pair  for  “7^  is 
(0,  7£).  (0,  7^)  = (0,  7.16). 


Therefore,  the  decimal 
— 7. 1 6 names  “7^,  and 
statement  E is  true.  The 
basic  pair  for  +yo§oo  is 
(loooo’  0)- 

(loioo’  0)  = (.0006,  0). 


Therefore,  the  decimal 
+.0006  names  +ioioo>  and 
statement  F is  true. 

215  J Multiply +1.1  by 
+10,  or  10.  * Multiply 
“165  by  10.  * Yes 
215  P Yes  * .038.  Since 
the  last  remainder  is  less 
than  \ times  the  divisor, 
the  quotient  should  be 
rounded  to  the  next  lesser 
thousandth. 


219  C The  only  factors  of 
2 are  2 and  1 . The  only 
factors  of  5 are  5 and  1 . * 

21  = 2,  and  51  = 5.  * Yes. 
The  numeral  21  • 5l 
expresses  10  as  the  product 
of  prime  numbers. 

219  H Multiply  both  the 
numerator  and  the 
denominator  of  the  fraction 
| by  125.  * .375 

219  I Divide  both  the 
numerator  and  the 
denominator  of  the  fraction 

U by  9.  * .3 

220  Q Yes  * When  you 
find  the  quotient  of  a given 
number  and  1,  you  obtain 
the  given  number  as  the 
quotient  and  a remainder 
of  0. 

220  R ^ is  not  a basic 
fraction.  ^ | is  a basic 

fraction,  and  each  prime 
factor  of  8 is  also  a 
prime  factor  of  10. 

220  X “5*1*  Yes*  No 
matter  how  many  digits  for 
0 you  write  after  the  digit 
5 in  the  decimal  “.5,  you 
still  have  a decimal  for 
Therefore,  you  can  think 
of  0 as  the  repetend  of  the 
decimal  for 

220  A 1 * They  are  the 
same. 

220  F 2*6 

221  O The  non-zero 
component  of  the  basic  pair 
for  every  rational  number 
is  indicated  by  a fraction. 

To  find  a decimal  for  the 
fraction,  you  can  think  of 
the  fraction  as  the  quotient 
of  its  numerator  and  de- 
nominator. In  the  division 
process,  the  number  of 
possible  remainders  cannot 
be  greater  than  the 
denominator.  Therefore, 


at  some  point  in  the  division 
process,  the  remainders 
will  begin  to  repeat,  and 
there  will  be  a repetend  in 
the  decimal  for  the  quotient. 
At  most,  the  number  of 
digits  in  the  repetend  will 
be  1 less  than  the  de- 
nominator. Since  the 
non-zero  component  of  the 
basic  pair  for  the  rational 
number  can  be  named  by 
a repeating  decimal,  the 
rational  number  can  be 
named  by  a repeating 
decimal. 

223  Alfa  decimal  ex- 
presses a rational  number 
and  the  decimal  does  not 
have  a symbol  for  either 
“positive”  or  “negative,” 
then  you  know  that  the 
decimal  expresses  a posi- 
tive rational  number. 

223  G 3*  10*  The  third 
power  * Yes.  103 

10  X 10  X 10,  and 
10  X 10  X 10-  1000. 

224  C The  associative 
property  of  multiplication 

225  D 10  X 10  X 10,  or 
1000  * Yes 

226  M 45,000  = 4.5  X 104, 
and  5100-  5.1  X 103. 

226  N Yes  * The  commu- 
tative and  associative 
properties  of  multiplication. 
(4.5  X 104)  X (5.1  X 103)  = 

4.5  X (104  X 5.1)  X 103. 

4.5  X (104  X 5.1)  X 103  — 

4.5  X (5.1  X 104)X  103. 

4.5  X (5.1  X 104)X  103  — 
(4.5  X 5.1)  X (104  X 103). 
226  0 4.5  X 5.1  =22.95, 
and  104  X 103  = 107. 

228  C You  must  know  the 
meaning  of  the  symbol  10°. 
228  F If  a number  is  used 
as  a factor,  it  must  be  used 
as  a factor  at  least  once. 
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For  this  reason,  we  define 
10°  without  using  the  idea 
of  a factor.  However,  we 
can  use  positive  integral 
powers  to  help  define  10°. 
228  G Since  0 + 3 = 3, 

100+3  is  the  same  as  1 03, 
and  statement  A is  the  same 
statement  as  statement  B. 
228  I The  number  1 is  the 
only  identity  element  for 
multiplication  of  rational 
numbers.  Therefore,  the 
only  number  by  which  ( j)4 
can  be  multiplied  to  obtain 
( {)4  is  1 . * Since  0 + 4 — 4, 
( ^)0+4  is  the  same  as  ( £)4, 
and  statement  C is  the  same 
statement  as  statement  D. 

228  J Yes  * xn  is  the  same 
as  x0+"  because  n — 0 + n. 

229  L Yes  * The  only 
number  that  can  be  multi- 
plied by  itself  to  give  that 
number  is  1.  For  each 
replacement  of  x in 

x°  • *0  — x0,  the  true  state- 
ment 1 • 1 — 1 is  obtained. 
229  G If  the  product  of 
two  numbers  is  1,  each  of 
the  numbers  is  the  recip- 
rocal of  the  other. 

229  H Since  n)_5+5  = 

( |)°,  and  ( |)°  = 1 , state- 
ment H tells  you  that  the 
product  of  ( |)  5 and  ( f)5 
is  1 . Therefore,  ( f)  5 is  the 
reciprocal  of  ( |)5.  The 
symbol  l/(  |)5  also  names 
the  reciprocal  of  ( f)5. 

rtf5  • CD5 = (ir5+3- 

( !)  5 • ( i)s  = ( J)0- 

( !)  5 • ( J )5  = i- 

229  l * ",  or  1 /xn  * The 
universe  for  n is  Ip,  so  n is  a 
positive  integer.  The  inverse 
of  a positive  integer  is  a 
negative  integer. 
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229  J \fx  n-xn  = x 
then  x~n+n  = x°,  and 
x°  = 1 . Therefore, 

x " • xn  = 1 , and  x ” must 
be  the  reciprocal  of  xn.  The 
reciprocal  of  xn  is  \/xn. 

230  K \/xn  and  x " are  the 
same.  * x n and  x"  are 
reciprocals  of  each  other. 
230  L If  you  replace  * in 

x n by  0,  you  obtain  0 ", 
which  would  be  equal  to 
1 /0".  For  each  replacement 
of  n from  Ip,  0"  = 0,  and 
1/0"  = 1/0.  But  0 does  not 
have  a reciprocal,  and  1/0 
is  not  defined. 

230  F Statement  M : 

10~3 . io-5=  1/103  • 1/105. 
10~3  • 10_5=  1/(103  • 105). 
10~3  • 10~5  = 1/103+5. 

10“3  • 10~5  = 1/108. 

10-3  • 10~5  = 10~8. 
Statement  N : 

109-  10  2 = 109  • 1/102. 

109 . 10_2=  109/102. 

109  • 10_2  = 107/1. 

109  • 10_2  = 107. 

231  B 10  6/10  2 means 
10  6 — 10  2.  From  the 
definition  of  negative 
integral  powers,  10  6 = 
1/106  and  10  2 = 1/102. 
This  means  that  106  — 
10_2=  1/106-  1/102. 

Using  the  transitive 
property  of  equality,  you 
can  obtain  statement  P from 
10_6/10~2  = 10~6-  10~2 
and  from  10  6 -MO  2 = 
1/106-  1/102. 

231  C Yes  * 102  is  the 
reciprocal  of  1/102.  Using 
the  quotient  property  of 
rational  numbers,  you 
know  that  1/106  — 1/102  = 
(1/106)  • (102).  Using  the 
transitive  property  of 


equality,  you  can  obtain 
statement  Q from  state- 
ment P,  and  (1/1 06)  If 
(1/102)  = (l/io6)  - (102). 

231  D (1  /106)  * (102)  is  the 
same  as  102/106. 

231  Yes  * Since  10°  = 1, 
10°/10~4  = 1/10”4,  and 
1/10“4  = 104. 

233  H Form  the  product  of 
two  factors.  Use  a decimal 
for  the  rational  number  to 
name  one  factor  and  the 
numeral  10°  to  name  the 
other  factor. 

J Yes.  .625  X 10  = 
6.25,  and  101  = 10.  * Yes. 

1 ^ 6.25  < 10.  * .625  = 
6.25-  10;  so  6.25-  10  = 
6.25  - 101. 

233  O 103  * 103 

33  Q .0007  X 10000  = 7. 
.0007  X 104  = 7. 

.0007  = 7-  104. 

.0007  = 7 X 1/104. 

.0007  = 7 X 10~4. 

234  C The  associative  and 
commutative  properties  of 
multiplication  and  the 
transitive  property  of 
equality  * (3  X 106)  X 
(2.6  X 104)  = 3 X (106  X 
2.6)  X 104.  Associative 
property  of  multiplication. 
(3  X 106)  X (2.6  X 104)  = 

3 X (2.6  X 106)  X 104. 
Commutative  property  of 
multiplication. 

(3  X 106)  X (2.6  X 104)  = 

(3  X 2.6)  X (106  X 104). 
Associative  property  of 
multiplication 
239  E From  condition  B, 
you  know  that,  for  the  x 
you  are  to  find,  .6x  = 4.2. 
By  the  well-defined 
property  of  multiplication, 
.6x  in  the  product  .|(.6x) 
may  be  replaced  by  4.2  with- 
out affecting  the  product. 


239  C Condition  H can  be 
obtained  from  condition  G 
by  using  the  difference 
property  of  rational 
numbers. 

240  N From  condition  N, 
you  know  that,  for  the  x 
you  are  to  find,  \ + ~x  = 5. 
Therefore,  by  the  well- 
defined  property  of  addi- 
tion, (|  + ~x)  in  ( |)  + 

(|  + ~x)  can  be  replaced  by 
5 without  affecting  the  sum. 
Thus,  condition  O can  be 
obtained  from  condition  N 
by  using  the  well-defined 
property  of  addition. 

K |a  + 7 = “20. 

(*a  + 7) + C7)  = -20  + (-7). 
\a  + (7  + “7)  = “27. 

\a  + 0 = "27. 

\a  = “27. 

3(\a)  = 3(“27). 

(3  * j)a  = "81. 
la  = "81.  a = "81. 

{a\\a  + 1 = "20}  = {"81}. 

i -j,  or  "2 1,  is  greater 
than  "3  and  is  a member 
of  { a: | jc  >"3}.  * Yes. 

"3  < x,  and  x < f;  so, 
is  between  "3  and  f. 

K Assume  that  a is  the 
least  member  of  { x | x > "3} . 
From  the  density  property 
of  the  set  of  rational 
numbers,  there  is  a rational 
number  r such  that  "3  < r 
and  r < a.  Since  "3  < r,  r is 
a member  of  {x|x  > "3}, 
and  r is  less  than  a.  This 
means  that  a,  or  any  ra- 
tional number  you  choose, 
cannot  be  the  least  member 
of{x|x>"3}  because 
there  is  always  a rational 
number  less  than  a,  but 
greater  than  "3. 

244  J 

is  the  solution  set  of  the 
compound  condition.  But 


{y\y>  fAy<  1>  = 

{7 1 T<y<  ^.Therefore, 

(y|  t<>’<  4>  is  the 
solution  set  of  the  com- 
pound condition. 

244  M The  solution  set  of 
a compound  condition  that 
consists  of  two  simple  con- 
ditions and  the  connective 
“or”  contains  each  solution 
of  either  or  both  simple 
conditions. 

244  O x ^ ".9  is  the  same 
condition  as  x > ".9  V x = 
".9;  therefore,  their  solu- 
tion sets  have  the  same 
members.  The  symbol  ^ 
means  “greater  than  or 
equal  to.” 

244  R The  condition  that  it 
is  not  the  case  that  4w  - 7 > 
5 * Rn.  This  is  the  set 
of  non-negative  rational 
numbers,  which  contains 
all  the  positive  rational 
numbers  and  0. 

244  T Yes  * The  members 
of  { m | ~ (m  >3)}  are  all 
of  the  non-negative  rational 
numbers  that  are  either  less 
than  or  equal  to  3.  The 
members  of  Rn  that  do  not 
satisfy  4m  — 7 > 5 do 
satisfy  ~ (4m  — 7 > 5). 

47  R (9.3  X 107)  = 

(2.4  X 105)m  can  be 
obtained  from  (9.3  X 107)/ 
(2.4  X 105)  ~ m/1  by  using 
the  definition  of  equivalent 
ordered  pairs. 

247  I Yes.  Since  n >"5 
also  means  "5  < n and 
n < 2940  is  equivalent  to 
3440  — n > 500,  the  con- 
dition "5  < n < 2940  is 
equivalent  to  the  condition 
n >"5  A 3440  ~n  >500. 
Therefore,  the  two 
conditions  have  the  same 
solution  set. 
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The  union  * The 
solution  set  of  a compound 
condition  that  includes  two 
simple  conditions  and  the 
connective  “or”  contains 
all  those  numbers  that 
satisfy  either  or  both  of  the 
simple  conditions. 

Yes.  Since 

{jc  | jc  < 9.6}  contains  all  the 
members  of  the  universe 
that  satisfy  “3.2  + x < 6.4, 
the  complement  of 
{■x|:c  < 9.6} , which  is 
(x|x  < 9.6},  contains  all 
the  members  of  the  universe 
that  do  not  satisfy  “3.2  + 
x < 6.4.  * x 9.6  and 
~ (“3.2  + x:  < 6.4)  are 
equivalent  conditions. 

The  square  of  any 
positive  number  is  positive 
because  the  product  of  any 
two  positive  numbers  is 
positive.  The  square  of  any 
negative  number  is  positive 
because  the  product  of  any 
two  negative  numbers  is 
positive.  Any  positive 
number  is  greater  than  0. 

Yes  * (f)2  = I, 

(i\2  = i*>  anf1  4=  16 
W 36’  ana  9 36- 

Using  the  well- 
defined  property  of  multi- 
plication, since  a = b,  you 
may  replace  each  a in 
a • a by  b without  affecting 
the  product.  Therefore, 
a • a = b • b.  a • a = a2, 
and  b • b — b2,  so  a • a = 
b • b is  the  same  as  a2  = b2. 

They  are  the  same ; 
the  inverse  of  the  inverse 
of  a given  number  is  the 
given  number.  * They  are 
equal. 

255  No  * The  two 
numbers  may  be  additive 
inverses ; for  example, 

(i)2=(D2- 


55  U Examples  are: 

"7  < 5,  but  (“7)2  > 52. 

"20  < “10,  but  ("20)2  > 

c io)2. 

E There  is  no  positive 
or  negative  rational  number 
that,  when  multiplied  by 
itself,  gives  a negative 
rational  number. 

W From  the  definition 
of  square  root,  y/a  is 
the  number  that,  when 
used  twice  as  a factor,  gives 
a as  the  product.  There- 
fore, (Va)  X (Vo)  = a,  or 
(Va)2  = a. 

625  * Find  the 
numeral  625  in  the  column 
headed  by  the  symbol  n1. 
Then,  to  the  left  of  the 
numeral  625,  the  numeral 
25,  printed  in  blue  in  the 
column  headed  by  the  let- 
ter n,  expresses  the  prin- 
cipal square  root  of  625. 

G Yes.  The  product 
of  any  two  positive  integers 
is  a positive  integer.  * 
Because  Ip  is  closed  under 
multiplication,  if  x e Ip, 
then  x2  e Ip. 

O Each  rational 
number  can  be  expressed 
by  a repeating  decimal,  so, 
if  a number  cannot  be 
expressed  by  a repeating 
decimal,  it  must  not  be  a 
rational  number. 

The  three  dots  to  the 
right  of  numeral  G indicate 
that  the  digits  in  the  deci- 
mal go  on  and  on,  but  the 
decimal  is  not  a repeating 
decimal.  * No.  The  decimal 
for  y/l  is  an  infinite 
decimal.  V2  cannot  be 
named  by  a terminating 
decimal. 

261  C 5 * .101001000  — 
100001000001000000100... 


R is  an  infinite  set.  * 
The  members  of  Ip  that  are 
not  perfect  squares  form  an 
infinite  set.  The  square  root 
of  every  positive  integer 
that  is  not  a perfect  square 
is  an  irrational  number. 

Each  real  number 
has  an  additive  inverse.  The 
difference  of  two  real  num- 
bers is  equal  to  the  sum  of 
the  minuend  and  the  addi- 
tive inverse  of  the  subtra- 
hend. The  sum  of  two  real 
numbers  is  a real  number. 

P Each  real  number 
has  a reciprocal.  The 
quotient  of  any  two  non- 
zero real  numbers  is  the 
same  as  the  product  of  the 
dividend  and  the  reciprocal 
of  the  divisor.  The  product 
of  any  two  real  numbers 
is  a real  number. 

R Yes  * The  set  of 
real  numbers  is  closed, 
commutative,  and  associa- 
tive under  both  addition 
and  multiplication ; and 
multiplication  distributes 
over  addition. 

C The  square  root  of 
a positive  integer  that  is 
not  a perfect  square  is 
an  irrational  number.  V2 
is  not  an  element  of  Rn, 
but  V2  e R. 

Statements  B,  C, 
and  F * No.  Inequalities 
are  true  statements. 
Statements  A,  D,  and  E 
are  false.  * Yes 

F For  each  a , it  is  not 
true  that  a < a.  * For 
each  a,  it  is  not  true  that 
a > a.  * For  each  a,  it  is 
not  true  that  a?±  a. 

270  K Yes.  Since  R is  a 
subset  of  D,  the  idea  of 
“greater  than”  is  related  to 
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the  idea  of  “less  than”  for 
rational  numbers  in  the 
same  way  as  these  ideas  are 
related  for  real  numbers.  * 
Yes.  Since  I is  a subset 
of  D,  the  idea  of  “greater 
than”  is  related  to  the 
idea  of  “less  than”  for 
integers  in  the  same  way 
as  these  ideas  are  related 
for  real  numbers. 

Yes.  By  the  closure 
property  of  addition,  a + c 
and  b + c are  real  numbers. 
Therefore,  a + c and  b + c 
can  be  treated  in  the  same 
way  with  respect  to  the 
ideas  of  “less  than”  and 
“greater  than”  as  any  other 
real  numbers.  * The  uni- 
verse for  each  variable  is  D. 
For  each  a,  b,  and  c,  if 
by  a,  then  b + c > a + c. 

Yes.  By  the  closure 
property  of  multiplication, 
ac  and  be  are  real  numbers. 
Therefore,  ac  and  be  can 
be  treated  in  the  same  way 
with  respect  to  the  ideas 
of  “less  than”  and  “greater 
than”  as  any  other  real 
numbers.  * The  universe 
for  each  variable  is  D.  For 
each  a,  b,  and  c,  if  b > a 
and  c > 0,  then  be  > ac. 

For  the  positive- 
multiplier  product  prop- 
erty, the  third  number  is 
greater  than  0;  while,  for 
the  negative-multiplier 
product  property,  the  third 
number  is  less  than  0.  For 
the  positive-multiplier 
product  property,  the 
product  of  the  first  and 
third  numbers  is  less  than 
the  product  of  the  second 
and  third  numbers;  while, 
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for  the  negative-multiplier 
product  property,  the 
product  of  the  first  and 
third  numbers  is  greater 
than  the  product  of  the 
second  and  third  numbers. 

271  M Yes.  * The  universe 
for  each  variable  is  D. 

For  each  a,  b,  and  c,  if 

b > a and  c < 0,  then 
be  < ac. 

B It  is  possible  to 
find  at  least  one  real 
number  between  any  two 
given  real  numbers.  If  a 
and  b are  any  two  real 
numbers,  then  {(a  + b)  is 
a real  number  between  a 
and  b.  The  universe  for 
a and  b is  D.  * The  set 
of  real  numbers  has  the 
density  property.  If,  for 
any  two  given  members  of  a 
set  of  numbers,  you  can 
find  another  member  of  the 
set  that  is  between  the  two 
given  members,  then  that 
set  of  numbers  has  the 
density  property. 

272  F No.  Some  points  in 
the  line  do  not  correspond 
to  members  of  R.  * No. 
Some  points  in  the  line 

do  not  correspond  to 
members  of  I. 

P Use  the  reciprocal 
of  5 and  the  well-defined 
property  of  multiplication. 
Since  5x  = 10,  then  |(5x)  = 
|(10)  and  \(5x)  = |(10)  is 
equivalent  to  x = 2.  * 2 
278  S Use  the  well-defined 
property  of  multiplication. 
Since  x = 2,  the  product 
5(x)  is  the  same  as  the 
product  5(2).  Therefore, 

5x  = 10.  * Use  the 
well-defined  property  of 


multiplication.  Since 
2 + 3 = 5,  you  can  replace 
5 in  5x  by  (2  + 3)  without 
affecting  the  product.  * 

Use  the  distributive  prop- 
erty to  obtain  2x  + 3x 
from  (2  + 3)x.  * Yes 
279  K 3a  = 14. 
f(3a)  = |(14).  Well-defined 
property  of  multiplication. 
(|  • 3)a  = y-  Associative 
property  of  multiplication 
and  definition  of  product, 
la  ~ -y.  Definition  of 
product. 

a = y.  Identity-element 
property  of  multiplication 

H 

3 

279  C Since  the  difference 
of  any  two  real  numbers 
(a  - b)  is  also  the  sum  of 
two  real  numbers  (a  + ~b), 
multiplication  distributes 
over  subtraction.  * Yes 
F +.4  * Well-defined 
property  of  addition 
281  J y < 4 • y < 4 • 

Positive-multiplier  product 
property  of  “less  than.” 

4 y < 7.  Definition  of 
product 

281  B Yes.  Every  negative 
number  is  less  than  0.  * 

Yes  * The  negative- 
multiplier  product  property 
of  “less  than” 

282  H The  sum  property 
of  “less  than,”  which  can 
also  be  expressed  in  terms 
of  “greater  than” 

282  J Yes.  Associative 
property  of  addition  * Yes. 
Definition  of  sum  * Yes. 
Identity-element  property 
of  addition  and  definition 
of  sum 

283  S Yes.  y = y.  * Yes. 

0 < * Yes.  ~V2  <%.* 

Yes.  Every  negative  real 
number  is  less  than  y. 


285  T To  the  right  * To 
the  left 

85  U Above  * Below 
285  X The  first  quadrant  * 
The  third  quadrant 
285  Y The  fourth  quadrant 
* The  second  quadrant 

287  D Examples  are  (1,  3) 
and  (*,  |).  * Yes  * 

For  each  member  of  D that 
you  use  as  a replacement 
for  a,  there  is  a b that 
satisfies  the  condition. 

D is  an  infinite  set. 

288  I 1 * 3 * 0 * “1  * 

“5  * If  a is  replaced  by  0, 
b must  be  greater  than  1 . 

If  a is  replaced  by  1 , Z?  must 
be  greater  than  3.  If  a is 
replaced  by  b must  be 
greater  than  0.  If  a is 
replaced  by  “1,  b must  be 
greater  than  “1.  If  a is 
replaced  by  “3,  b must  be 
greater  than  “5. 

288  N The  graph  of 
{(a,  b)\b  < 2a  + 1}  is  a 
picture  of  a half-plane 
bounded  by  the  line  whose 
picture  is  the  graph  of 
{(a,  b)\b  = 2a  + 1 } . The 
picture  of  the  half-plane 

is  below  and  to  the  right 
of  the  picture  of  the  line. 

289  C Use  a straightedge 
to  draw  a picture  of  the 
line  determined  by  the  two 
points  represented  by  the 
two  dots.  * Two  points 
determine  exactly  one  line. 
289  H (1,2)*  The  dot 
for  point  (1,  2).  Since  the 
solution  set  of  the  com- 
pound condition  is  the 
intersection  of  the  solution 
sets  of  the  two  simple  con- 
ditions, the  graph  of  the 
solution  set  of  the  com- 
pound condition  is  the  in- 
tersection of  the  graphs  of 


the  solution  sets  of  the 
simple  conditions.  *{(1,2)} 
290  L Replace  x in  y = 2x 
by  1.  * {(1,  2)}  * 

Condition  A is  equivalent 
to  condition  E,  so  (1,  2) 
also  satisfies  condition  A. 

)0  M Ax  = y + 2 A 
2 y = x+  1. 

B x = y + 2 A 
2y  = y + 2+l. 

Cx  = y + 2 A y = 3. 
Dx=3  + 2Aj  = 3. 

Ex  = 5A>’  = 3. 

{(x, y)\x  = y + 2 A 
2j>  = x + 1}  = {(5,  3)}. 

290  B {(x,  y,  z)\x  e D A 
y c D A z e D} 

293  M Yes  * c > 0 also 
means  0 < c.  * Yes.  Since 
c < 5^  is  equivalent  to 

1 2|  - c > l\,  and  0 < c is 
equivalent  to  c > 0,  the 
condition  0 < c < 5*  is 
equivalent  to  12|  - c > 
7jAc>0.  Therefore, 

0 < c < 5*  has  the  same 
solution  set  as  12|  — c > 
7jAc>0. 

294  T Yes.  n ^ 0 also 
means  0 n.  * Yes.  Since 

0 ^ n is  equivalent  to  n ^ 0, 
and  n < 235.5  is  equivalent 
to  n+  114.5  < 350,  the 
condition  0 ^ n < 235.5  is 
equivalent  to  n + 1 14.5  <C 
350  A n ^ 0.  Therefore, 
the  solution  set  of  0 ^ n < 
235.5  is  the  same  as  the 
solution  set  of  n + 1 14.5  < 
350  A n ^ 0. 

298  O Yes  * Condition  G 
was  obtained  from  60z  + 
35z  = 475  by  using  the 
distributive  property.  Con- 
dition H was  obtained  from 
condition  G by  using  the 
well-defined  property  of 
multiplication.  60  + 35  = 
95;  so,  (60  + 35)z  = 95z. 
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304  D 4 * 5 * Since  point  T 
is  to  the  right  of  point  X, 
the  coordinate  of  T is 
greater  than  the  coordinate 
of  X.  This  means  that  the 
absolute  difference  of  the 
coordinates  of  the  endpoints 
of  ST  is  greater  than  the 
absolute  difference  of  the 
coordinates  of  the  endpoints 
of  SX;  therefore  the 
measure  of  ST  is  greater 
than  the  measure  of  SX. 

* Since  point  T is  to  the 
left  of  point  Y,  the 
coordinate  of  T is  less  than 
the  coordinate  of  Y.  This 
means  that  the  absolute 
difference  of  the  coordi- 
nates of  the  endpoints  of 
ST  is  less  than  the  absolute 
difference  of  the  coordinates 
of  the  endpoints  of  SY ; 
so  the  measure  of  ST  is  less 
than  the  measure  of  SY. 

304  G The  segments 
represented  by  the  two 
different  pieces  of  chalk 
may  not  be  congruent. 

305  I The  metric  system 
has  a base  of  ten.  For 
example,  1 cm.  = 10  mm., 

1 dm.  = 10  cm.,  1 m.  = 

10  dm.,  and  so  on. 

311  . A physical  measure 
of  3|  in.  indicates  a unit  of 
length  of  i in.  A physical 
measure  of  3^  in.  indicates 
a unit  of  length  of  { in. 

311  K T ft  * 1 cm  * i y(j 

311  L A unit  of  length  of 
1 yd.  was  used  to  obtain 

14  yd.,  and  a unit  of  length 
of  5 yd.  was  used  to  obtain 
14*5  yd. 

312  T 4^  ft.  consists  of  8 
unit  lengths  (8  one-half  foot 
units).  4^  ft.  consists  of 

9 unit  lengths  (9  one-half 
foot  units).  We  use  4^  ft. 


rather  than  4^  ft.  because 
4j  ft.  consists  of  an  even 
number  of  unit  lengths. 

313  J You  can  obtain 
the  unit  of  measure  by 
multiplying  the  greatest 
possible  error  by  2. 

313  O 5.75  and  5.85* 

{ jr  1 5.75  ^ x ^ 5.85) 

313  Q {.v 1 25.35 
25.45) 

313  R The  tolerance  is 
used  to  find  the  limits  of 
the  interval.  The  lesser 
limit  is  found  by  subtracting 
the  tolerance  from  25.4 
The  greater  limit  is  found 
by  adding  the  tolerance  to 
25.4.  * To  find  the  lesser 
limit  of  the  interval 
determined  by  a physical 
measure  of  25.4,  you 
subtract  the  greatest 
possible  error  from  25.4. 

To  find  the  greater  limit, 
you  add  the  greatest 
possible  error  to  25.4.  In 
other  words,  both  the 
tolerance  and  the  greatest 
possible  error  are  used  to 
find  the  lesser  and  greater 
limits  of  an  interval. 

313  S The  greatest  possible 
error  of  a physical 
measure  is  the  tolerance 

of  the  interval  determined 
by  the  physical  measure. 
The  numeral  25.4  tells  you 
that  the  greatest  possible 
error  of  the  physical 
measure  25.4  is  .05. 
Therefore,  the  tolerance 
of  x ~ 25.4  is  .05. 

314  E The  physical  length 
135  yd.  * The  greatest 
possible  error  of  135  yd. 

is  less  than  the  greatest 
possible  error  of  6.2  mi. 

The  greatest  possible  error 
of  135  yd.  is  \ yd.  The 


greatest  possible  error 
of  6.2  mi.  is  .05  mi.  5 yd. 
is  less  than  .05  mi.  Because 
the  greatest  possible  error 
of  135  yd.  is  less  than  the 
greatest  possible  error  of 
6.2  mi.,  135  yd.  is  a more 
precise  measure  than  6.2  mi. 

316  J Only  the  first  three 
digits,  7,  5,  and  0,  are 
necessary  to  express  750 
ten-mile  units  of  length. 

317  B Only  the  first  four 
digits,  9,  2,  8,  and  7,  are 
needed  to  express  the 
number  of  10,000-mile 
units  in  92,870,000  mi. 

317  D Yes.  Because  the 
unit  is  1000  mi.,  you  need 
the  first  5 digits  to  express 
the  number  of  1000-mile 
units  in  92,870,000  mi. 
Therefore,  you  should  use 
these  5 digits  in  expressing 
the  number  from  1 to  10  in 
the  scientific  notation  for 
92,870,000. 

319  F 3 km.,  7.1  km., 
and  2.8  km.  * Yes  * The 
greatest  possible  error  qf 
12.9  is  .05.  The  lesser  limit 
of  the  interval  determined 
by  12.9  is  12.9  - .05,  or 
12.85.  The  greater  limit 
is  12.9 +.05,  or  12.95.  The 
interval  determined  by  a 
physical  measure  is  a 
closed  interval. 

319  G 3 km.  has  a greatest 
possible  error  of  .5  km., 
which  is  greater  than  the 
greatest  possible  error  of 
either  7.1  km.  or  2.8  km. 

* Yes 

319  K The  difference  of 
11.32  and  7.8  is  3.52. 

7.8  yd.  is  less  precise  than 
1 1.32  yd.;  therefore,  you 
should  round  3.52  to  3.5. 

A good  approximation  of 
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the  difference  of  1 1 .32  yd. 
and  7.8  yd.  is  3.5  yd. 

320  Q 71 1 ft.  71^  is  nearer 
to  1\\  than  to  1\\. 

320  D The  mathematical 
measure  of  the  length  is 
greater  than  or  equal  to 
3.245  ft.,  and  the 
mathematical  measure  of 
the  width  is  greater  than 
or  equal  to  2.45  ft.  * Yes 

320  E The  mathematical 
measure  of  the  length  is 
less  than  or  equal  to 
3.255  ft.,  and  the 
mathematical  measure  of 
the  width  is  less  than  or 
equal  to  2.55  ft.  * Yes 

321  I The  numeral  2.5 
has  fewer  significant  digits 
than  the  numeral  3.25. 

325  A A triangle  with  no 
two  of  its  sides  congruent 
to  each  other  is  a scalene 
triangle.  No  two  sides  of 
A ABC  are  congruent  to 
each  other  because  each 
side  has  a different  measure. 
No  two  sides  of  ADEF 
are  congruent  to  each 
other  because  each  side 
has  a different  measure. 

325  B The  corresponding 
sides  are  AB  and  DE,  BC 
and  EF,  and  AC  and  DF. 
The  corresponding  angles 
are  ZA  and  ZD,  ZB  and 
ZE,  and  ZC  and  ZF. 

325  D No.  AB  is  not 
congruent  to  DE  because 
they  have  different 
measures.  BC  is  not 
congruent  to  EF  because 
they  have  different 
measures.  AC  is  not 
congruent  to  DF  because 
they  have  different  meas- 
ures. * No.  If  the  two 


455 


Responses  to  page  326 


triangles  were  congruent, 
then  the  corresponding 
sides  would  be  congruent. 

K The  rate  pair  for 
sides  MP  and  RS  is  2.3/2.3. 
The  rate  pair  for  sides  PQ 
and  ST  is  1.8/1. 8.  The 
rate  pair  for  sides  MQ 
and  RT  is  2.0/2.0.  * Yes. 
Each  of  these  rate  pairs  is 
equivalent  to  1/1.  * Yes. 
The  corresponding  angles 
are  congruent,  and  the 
measures  of  the 
corresponding  sides  are 
proportional. 

If  the  corresponding 
angles  of  two  triangles  are 
congruent,  then  the  two 
triangles  are  similar. 

327  F ZS°  = 70.  * 

ZR°  = 70.  * For  any 
triangle,  the  sum  of  the 
measures  of  the  angles  in 
degrees  is  180.  * Yes.  If 
two  angles  have  the  same 
measure,  then  they  are 
congruent. 

328  P The  measures  of 
corresponding  sides  of 
similar  triangles  are 
proportional,  a and  d and 
b and  e represent  the 
measures  of  corresponding 
sides  of  AUVW  and 
AXYZ. 

328  R The  definition  of 
equivalent  rate  pairs.  The 
definition  not  only  tells 
you  that  if  a/d  ~ b/e,  then 
a • e = b • d;  but  it 

also  tells  you  that,  if 
a • e = d • b,  then 
a/b  ~ d/e.  * Yes 

329  U b/e  ~ c/f. 

Measures  of  corresponding 
sides  of  similar  triangles 
are  proportional. 


b X/=  c X e.  Definition 
of  equivalent  rate  pairs. 
bXf=eXc. 

Commutative  property 
of  multiplication. 
b/c  ~ e/f.  Definition  of 
equivalent  rate  pairs 

V a/d^c/f.  Measures 
of  corresponding  sides  of 
similar  triangles  are 
proportional,  a X f=  cXd. 
Definition  of  equivalent 
rate  pairs.  aXf  = dX  c. 
Commutative  property  of 
multiplication,  a/c  ~ d/f. 
Definition  of  equivalent 
rate  pairs 

B {A,  B}  * Side  AB 

C The  sum  of  the 
measures  of  the  angles  of 
a triangle  in  degrees  is  180. 
If  one  of  the  angles  has  a 
measure  of  90,  then  each 
of  the  other  two  angles 
has  a measure  less  than  90. 
An  angle  whose  measure 
is  less  than  90  is  an  acute 
angle. 

G An  acute  angle  * 

Side  AC  * Side  BC 
331  For  any  right 
triangle,  the  sum  of  the 
measures  of  the  two  acute 
angles  is  90.  This  is  true 
because  the  sum  of  the 
measures  of  the  angles  of 
a triangle  in  degrees  is  180, 
and  the  measure  of  the 
right  angle  is  90. 

331  E Yes.  For  two 
similar  triangles,  the  rate 
pair  that  represents  the 
comparison  of  the  measures 
of  any  two  sides  of  one 
triangle  is  equivalent  to 
the  rate  pair  that  represents 
the  comparison  of  the 
measures  of  the  corre- 
sponding sides  of  the  other 
triangle.  * Yes  * Yes 


There  are  infinitely 
many  points  in  DG,  other 
than  point  D,  that  are  an 
endpoint  of  a segment  that 
is  perpendicular  to  the  line 
that  includes  DJ  and 
whose  other  endpoint  is 
in  DJ.  Point  D and  the 
two  endpoints  of  each  of 
these  segments  determine 
a right  triangle  that 
includes  a subset  of  ZD 
and  a subset  of  DG  as  a 
hypotenuse.  * Yes 
G Yes  * Any  right 
triangle  that  includes  ZD 
is  similar  to  any  other 
right  triangle  that  includes 
ZD.  For  any  two  similar 
triangles,  the  rate  pair 
that  represents  the 
comparison  of  the 
measures  of  any  two  sides 
of  one  triangle  is  equivalent 
to  the  rate  pair  that 
represents  the  comparison 
of  the  measures  of  the 
corresponding  sides  of 
the  other  triangle. 

35  J Each  of  the  triangles 
DF1  and  DEH  is  similar 
to  ADGJ.  This  is  true 
because  each  right  triangle 
that  has  ZD  as  an  acute 
angle  is  similar  to  every 
other  right  triangle  that 
has  ZD  as  an  acute  angle. 
For  any  two  similar 
triangles,  the  rate  pair  that 
represents  the  comparison 
of  the  measures  of  any 
two  sides  of  one  triangle 
is  equivalent  to  the  rate 
pair  that  represents  the 
comparison  of  the 
measures  of  the  corre- 
sponding sides  of  the  other 
triangle.  Thus,  9/15,  6/10, 
and  3/5  are  members  of 
(3/5,  . . .}. 


M Each  of  the  triangles 
DEH,  DFI,  and  DGJ  is 
similar  to  each  of  the 
other  triangles.  For  any 
two  similar  triangles,  the 
rate  pair  that  represents 
the  comparison  of  the 
measures  of  any  two  sides 
of  one  triangle  is  equivalent 
to  the  rate  pair  that 
represents  the  comparison 
of  the  measures  of  the 
corresponding  sides  of  the 
other  triangle.  Thus, 

12/15,  8/10,  and  4/5  are 
members  of  {4/5,  . . .}. 

E Sin  62  ~ .8829.  * 

Cos  28  - .8829.  * In  the 
right  triangle  represented 
below,  ZA  is  the 
complement  of  ZB.  From 
the  diagram,  you  can  see 
that  sin  ZA°/1  ~ a/c  and 
cosZB°/l  ~a/c.  From 
sin  Z A°/l  ~ a/c,  you 
know  that  sin  ZA°  is  the 
quotient  of  a and  c.  From 
cos  ZB°/1  ~ a/c,  you 
know  that  cos  ZB°  is  the 
quotient  of  a and  c.  There- 
fore, sin  ZA°  = cos  ZB°. 


B 


Yes.  As  the  measure 
of  the  angle  increases,  the 
tangent  increases.  * Yes. 

As  the  measure  of  the  angle 
increases,  the  sine  increases. 
* No.  As  the  measure  of 
the  angle  increases,  the 
cosine  decreases. 

For  two  similar 
triangles,  the  rate  pair 
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that  represents  the 
comparison  of  the 
measures  of  any  two  sides 
of  one  triangle  is  equivalent 
to  the  rate  pair  that 
represents  the  comparison 
of  the  measures  of  the 
corresponding  sides  of  the 
other  triangles.  * Yes 
Each  of  the 

measures,  39  in.  and  69  in., 
is  expressed  by  a numeral 
that  has  two  significant 
digits.  Therefore,  the 
numeral  that  expresses  the 
answer  cannot  have  more 
than  two  significant  digits. 
341  (cos  x)/l.  Because 
you  know  the  measures  of 
the  side  adjacent  to  ZJ 
and  of  the  hypotenuse  of 
AJKL,  you  know  a rate 
pair  that  is  equivalent  to 
(cos  x)/\.  Therefore,  you 
can  use  a condition  for 
equivalence  to  find  cos  x. 
Because  you  do  not  know 
the  measure  of  the  side 
opposite  ZJ,  you  do  not 
have  enough  information 
to  find  either  sin  x or  tan  x. 

(sin  77)/ 1 or 
(tan  77)/ 1 * To  find 
m(lCL),  you  must  use  a 
rate  pair  that  is  equivalent 
to  a rate  pair  that  has 
m(KL)  as  one  of  its  com- 
ponents. Both  (sin  77)/ 1 
and  (tan  77)/ 1 are 
equivalent  to  a rate  pair 
that  has  m(KX)  as  one 
of  its  components,  but 
(cos  77)/l  is  not. 

347  G By  using  the 
definition  of  equivalent 
ordered  pairs  * By  using 
the  commutative  property 
of  multiplication  and  the 
symmetric  property  of 
equality 


Each  member  of 
{(x,  T)|.y  = 15x}  is  an 
ordered  pair  of  numbers, 
and  each  member  is 
equivalent  to  each  of  the 
other  members. 

Yes  * Because 
y = 1 5x  for  each  x and  y, 

(x,  1 5x)  is  the  same 
ordered  pair  as  (x,  y).  In 
other  words,  each  ordered 
pair  of  numbers  whose 
second  component  is  1 5 
times  as  great  as  its  first 
component  is  a member  of 
{(x,  y)\y=  15.x}. 

No  * The  members 
of  set  M are  not  equivalent 
to  each  other.  For  example, 
(1,  16)  is  not  equivalent  to 
(2,  64).  In  a proportional 
relation,  each  element 
must  be  equivalent  to  each 
of  the  other  elements ; so 
set  M is  not  a proportional 
relation. 

K The  condition  that 
y is  equal  to  the  product 
of  16  and  x2  * Every 
member  of  M is  a member 
of  (lx,  y)\y  = 16.x2}. 

There  are  also  ordered 
pairs,  other  than  those  in 
M,  that  are  members  of 
{ (x,  y)\y=\6x2). 

354  G If  set  S were 
determined  by  a condition 
of  the  form  y = kx,  then 
there  would  be  one 
number,  represented  by  k, 
by  which  you  could 
multiply  each  first 
component  of  the  members 
of  set  S to  obtain  the 
second  component ; but 
there  is  no  such  number. 

In  other  words,  for  each 
member  of  S,  the  second 
component  is  not  equal  to 
the  product  of  a constant 


of  variation  and  the  first 
component. 

If  set  S were 

determined  by  a condition 
of  the  form  y = kx2,  then 
there  would  be  one 
number  by  which  you 
could  multiply  the  square 
of  each  first  component  of 
the  members  of  set  S to 
obtain  the  second 
component;  but  there  is 
no  such  number.  For  each 
member  of  S,  the  second 
component  is  not  equal  to 
the  product  of  a constant 
of  variation  and  the  square 
of  the  first  component. 

356  F 


X 

-3 

~2 

“1 

1 

2 

3 
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2 

3 

~T 

~2 

2 

1 

2 

3 

356  i You  cannot  replace 
x in  y = ^ by  0 because 
you  cannot  obtain  a 
quotient  of  2 and  0;  the 
symbol  ^ is  meaningless. 

If  you  replace  y in 
y = \ by  0,  you  obtain 
0 = ^.  There  is  no  real 
number  that  satisfies  0 = 

M d is  less  than  b.  * 

In  the  first  quadrant  for 
the  locus  of  the  solution 
2 

set  of  y = as  the  first 
coordinate  increases,  the 
second  coordinate 
decreases. 

You  cannot  replace 
x in  y = by  0 because 
the  symbol  ^ is  meaning- 
less. You  cannot  replace^ 
by  0 because  0 = does 
not  have  a solution  in  the 
set  of  real  numbers. 
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Yes  * The  square  of 
any  real  number  is  either  0 
or  a positive  real  number. 
*y  must  be  a negative 
number.  This  is  true 
because,  for  any  number 
other  than  0,  x2  is  positive. 
Therefore,  ~3x2,  which  is 
the  product  of  a negative 
number  and  a positive 
number,  is  a negative 
number. 

361  L The  same  y satisfies 
each  condition. 

O Points  in  the  first 
and  second  quadrants  have 
a positive  second 
coordinate.  Because  y is 
never  positive,  no  points 
with  positive  second 
coordinates  are  in  the 
locus. 

362  K x cannot  be  0 in 

y = Yi-  Therefore,  x2 

must  be  positive,  and  the 
quotient  of  4 and  x2  must 
be  positive.  * No 

Condition  B can  be 
obtained  from  condition  A 
by  using  the  well-defined 
property  of  multiplication. 
Condition  C can  be 
obtained  from  condition  B 
by  using  the  associative 
property  of  multiplication. 
Condition  D can  be 
obtained  from  condition  C 
by  using  the  reciprocal 
property  together  with  the 
definition  of  multiplication. 
Condition  E can  be 
obtained  from  condition  D 
by  using  the  identity- 
element  property  of 
multiplication. 

x is  a variable  for 
the  number  of  months. 
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368  R For  example: 

(~7)2  = 49.  V49  = 7. 
Therefore,  V (_7)2  = 7,  and 
Vcif^-i. 

369  G x is  a variable  for 
the  speed  in  miles  per  hour 
and  must  be  a positive 
number.  The  universe  for 
x and  y is  D.  For  each  x, 
if  x ^ 0,  then  Vx2  = x. 

For  each  x and  y,  if  x ^ 0 
and  y ^ 0,  and  if  x — y, 
then  a/x  = Vy. 

369  I With  twice  as  many 
pipes,  it  would  take  one 
half  as  long  to  fill  the 
reservoir.  * With  one  third 
as  many  pipes,  it  would 
take  three  times  as  long  to 
fill  the  reservoir. 

379  E You  know  ZA° 
and  the  measure  of  the 
hypotenuse  of  AABC. 

You  want  to  find  the 
measure  of  the  side 
adjacent  to  ZA. 

379  K You  want  to  find 
the  measure  of  the  side 
adjacent  to  ZA.  From  the 
information  given  in 
problem  A,  you  know  the 
measure  of  the  side 
opposite  ZA.  From  your 
answer  to  problem  A,  you 
know  ZA°,  and  you  can 
find  the  tangent  of  the 
measure  of  ZA  from  the 
table  of  tangents,  sines, 
and  cosines.  * {28.58} 

381  C From  the  well- 
defined  property  of 
multiplication,  you  know 
that,  because  rp  = x,  the 
product  of  x and  t is  the 
same  as  the  product  of 
rp  and  t.  * Yes 
381  D You  should  replace 
p by  1 500. 

458 


382  L The  replacement 
for  p is  0.  * No 
382  M The  replacement 
for  p is  negative.  * No 
384  R C = I(F~  32). 

|C  = | - |(F  — 32). 
Well-defined  property 
of  multiplication, 
f C = F-  32. 

Reciprocal  property  and 
identity-element  property 
of  multiplication. 

|C+32  = +-  32  + 32. 
Well-defined  property  of 
addition.  fC  + 32  = F. 
Additive-inverse  property. 
F=  |C+  32.  Symmetric 
property  of  equality 

386  H Replace  p in  p = 4s 
by  the  given  perimeter. 
Then  find  the  replacement 
for  5 that  satisfies  the 
condition  you  obtain. 

387  C Yes.  The  segment 
that  represents  the  width  is 
perpendicular  to  the  lines 
that  include  a pair  of 
opposite  sides  of  the 
rectangle.  * Yes  * The 
formula  A = ab  is  a formula 
for  finding  the  area  of  a 
parallelogram,  and  a 
rectangle  is  a parallelogram. 
You  can  use  the  width  of 
the  rectangle  as  the 
replacement  for  a because 
the  width  is  the  measure 

of  the  altitude.  You  can 
use  the  length  as  the 
replacement  for  b because 
the  length  is  the  measure 
of  the  base. 

387  D Replace  A in  A = Iw 
by  the  area  of  the  rectangle 
and  w by  the  width  of  the 
rectangle.  Then  find  the 

/ that  satisfies  the  condition 
you  obtain. 

388  I AB  is  not  perpen- 
dicular to  the  lines  that 


include  the  parallel  sides 
of  the  trapezoid.  * CD  is 
not  perpendicular  to  the 
lines  that  include  the 
parallel  sides  of  the 
trapezoid. 

389  K a represents  the 
measure  of  the  altitude  of 
AJKM.  bi  represents  the 
measure  of  the  base  of 
AJKM.  Thus,  the  area 
of  AJKM  is  represented  by 
\abi.  * a represents  the 
measure  of  the  altitude  of 
AKLM.  b2  represents  the 
measure  of  the  base  of 
AKLM.  Thus,  the  area 
of  AKLM  is  represented 
by  \ab2. 

397  A No.  Because  the  two 
copies  are  new,  they  look 
alike ; and  because  they  are 
on  the  same  shelf,  one  is 
not  easier  to  reach  than  the 
other.  Therefore,  it  does 
not  seem  likely  that  you 
would  choose  one  copy  in 
preference  to  the  other. 

b Because  the  pieces 
of  pie  look  alike,  the 
chance  of  someone’s 
choosing  one  of  the 
pieces  is  the  same  for  each 
piece. 

397  C Yes.  Because  there 
are  2 pieces  of  lemon  candy 
for  each  piece  of  mint 
candy,  it  seems  more  likely 
that  you  would  take  a 
piece  of  lemon  candy 
rather  than  a piece  of 
mint  candy. 

400  I For  the  experiment 


described  in  d1,  a favorable 
outcome  is  the  selection  of 
the  blue  marble.  For  the 
experiment  described  in 
d2,  a favorable  outcome 
is  for  the  pointer  to  stop 
on  the  numeral  4.  For  the 
experiment  described  in  d5, 
a favorable  outcome  is  for 
Mrs.  Andrews  to  pick  up 
a hard-boiled  egg  from  the 
shelf. 

400  J For  the  experiment 
described  in  d1,  the 
probability  is  the  quotient 
of  1 and  2.  For  the 
experiment  described  in  d2, 
the  probability  is  the 
quotient  of  1 and  6.  For 
the  experiment  described 
in  d5,  the  probability  is  the 
quotient  of  3 and  10. 

400  N Yes.  The  quotient 
of  any  positive  real  number 
and  itself  is  1. 

400  O The  probability  of  a 
favorable  outcome  is  0. 

The  quotient  of  0 and  any 
positive  real  number  is  0. 
400  P No.  The  greatest 
number  of  favorable 
outcomes  is  the  total 
number  of  possible  out- 
comes. * No.  For  the 
probability  to  be  greater 
than  1,  there  would  have  to 
be  more  favorable  outcomes 
than  possible  outcomes. 

400  Q No.  The  least 
possible  number  of 
favorable  outcomes  is  0. 

* The  quotient  of  any 
non-negative  real  number 
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4 
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(1,  1) 

(1,2) 

(1,3) 

(1,4) 

(1,5) 
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(2,  1) 

(2,  2) 

(2,  3) 
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(3,  4) 

(3,  5) 

(3,  6) 

4 

(4,  1) 

(4,  2) 

(4,  3) 

(4,  4) 

(4,  5) 

(4,  6) 

and  a positive  real  number 
is  a nOn-negative  real 
number. 

402  C There  are  4 ways  a 
blue  tag  may  be  drawn  and 
5 ways  a red  tag  may  be 
drawn.  Therefore,  there  are 
4 X 5,  or  20,  ways  a blue 
and  a red  tag  may  be 
drawn. 

403  M Yes.  The  sample 
space  represented  in  d2  is 
obtained  by  matching  each 
member  of  set  B,  in  turn, 
with  each  member  of  set  R. 
Similarly,  the  Cartesian 

set  B X R is  obtained  by 
matching  each  member  of 
set  B,  in  turn,  with  each 
member  of  set  R. 

403  C See  the  diagram 
at  the  bottom  of  the  page. 

* Yes  * 24 

403  G In  this  experiment, 
each  sample  point  is  a 
single  object  rather  than  an 
ordered  pair  of  objects. 

404  B Yes.  Each  element  of 
set  A is  contained  in  B X R. 

* Yes 

404  D 20  * Yes.  B X R 
contains  all  the  possible 
outcomes  of  the  experiment, 
and  each  member  of  B X R 
is  an  outcome  of  the 
experiment. 

406  B {(b,  r)  1 1 4 A 

l^r^5}.U  = IpXIp 

407  J Yes  * Since  set  S has 
20  elements  and  {(2,  3)} 
has  1 element,  the  proba- 
bility of  {(2,  3)}  is  1 in 

20,  or  * Since  APiB  = 
{(2,  3)},  and  the  probability 
of  {(2,  3)}  is  the 
probability  of  A n B is 

407  M 8 * The  probability 
of  A U B is  8 in  20,  or  f. 

408  A Event  X is  {(1,  3), 

(2,  2),  (3,  1)}.  * The  sum 


of  the  numbers  named  on 
a blue  tag  and  a red  tag  is  4. 
408  B Event  Y is  {(1,  4), 

(2,  4),  (3,  4),  (4,  4)}.  * 

The  number  4 is  named  on 
the  red  tag. 

408  C No  * The  least 
number  named  on  a tag  is  1 . 
If  a number  greater  than  3 
is  named  on  one  tag,  the 
sum  of  the  numbers  named 
on  the  two  tags  is  greater 
than  4. 

408  G 0 * The  empty  set 
* Since  XHY  has  no 
members,  the  probability 
of  X Y is  0 in  20,  or  0. 

409  F Yes  * D and  D are 
events  of  a finite  sample 
space  that  have  no  elements 
in  common,  and  their 
intersection  is  the  empty 
set. 

410  O Yes  * You  know 
that,  if  you  consider  the 
universe  as  an  event,  the 
probability  of  this  event 
is  1.  Since  the  union  of 
two  complementary  events 
is  the  universe,  then  the 
probability  of  an  event 

or  its  complement  is  1 . 

410  P Yes  * Find  the 
difference  of  1 and  the 
probability  of  the  given 
event. 

413  V To  obtain  the 
probability  ofRPiT, 
find  the  product  of  the 
probability  of  R and  the 
probability  of  T. 

413  w The  probability 
that  you  will  draw  a blue 
tag  with  a numeral  for  an 
even  number  is  f,  or  The 
probability  that  you  will 
draw  a red  tag  with  a 
numeral  for  an  odd 
number  is  f.  Because  these 
two  events  are  independent 


events,  the  probability  of 
their  intersection  is  \ X f, 
or  4 

413  E Yes  * No.  The 
probability  of  G and  H is 
not  equal  to  the  product  of 
the  probability  of  G and 
the  probability  of  H ; 
hence,  they  are  not 
independent  events. 

413  F Mutually  exclusive 
events  are  disjoint  sets. 

The  intersection  of  any 
two  disjoint  sets  is  the 
empty  set. 

415  B No  * Because  a tack 
is  not  well  balanced,  it  does 
not  seem  that  the  two 
outcomes  of  the  experiment 
are  equally  likely. 

416  I .25  X .25,  or  about 
0625 

416  J Use  x as  a variable 
for  the  number  of  times  U 
will  occur  in  the  next 

100  tosses.  You  can  use 
the  condition  .25/1  ~ x/100 
to  determine  the  number 
of  times  U will  occur  in 
the  next  100  tosses. 

25  satisfies  .25/1  ~xr/100; 
therefore,  it  is  likely  that  U 
will  occur  25  times  in  the 
next  100  tosses. 

417  G For  every  883,342 
persons  of  age  40, 

883342-  677771  will  die 
by  age  60.  Therefore,  the 
probability  that  Mr.  Colfax 
will  die  by  age  60  is 

883342  - 677771  205571 

883342  ’ OF  883342' 

423  J From  the  data 
given  in  d7,  you  know  that 
the  total  number  of  disks 
drawn  was  200.  You  can 
use  a condition  for 
equivalence  to  find  the 
probability  of  drawing  a 
disk  of  a certain  color  in 
one  drawing.  For  example, 
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the  probability  of  drawing 
a red  disk  in  one  drawing 
can  be  found  by  using  the 
condition  64/200  ~ x/\ . 

The  solution  of  this 
condition  is  .32.  If  400 
more  drawings  were  to  be 
made,  you  can  use  the 
condition  .32/1  ~x/400 
to  predict  the  number  of 
times  a red  disk  would  be 
drawn.  Thus,  you  could 
predict  that  128  red  disks 
would  be  drawn  in  the 
next  400  drawings.  Using 
a similar  method  for  each 
of  the  other  colors,  you 
could  predict  that  76  blue 
disks,  148  or  152  white 
disks,  and  44  or  48  green 
disks  would  be  drawn  in  the 
next  400  drawings. 

424  O He  might  use  a 
histogram  because  it  is 
very  easy  to  tell  at  a glance 
that  more  viewers  watch 
program  B than  any  of  the 
other  programs.  With  a 
histogram,  it  would  not  be 
necessary  to  compare  the 
exact  number  of  viewers  of 
each  program  as  you  must 
with  a frequency  array. 

427  M Since  87  is  the  first 
measure  given  in  the 
problem,  replace  xx  by  87 ; 
since  92  is  the  second 
measure,  replace  x2  by  92; 
since  78  is  the  third 
measure,  replace  x3  by  78; 
since  90  is  the  fourth 
measure,  replace  x4  by  90; 
since  86  is  the  fifth  measure, 
replace  x5  by  86;  since  94 

is  the  last  measure,  replace 
xn  by  94.  Since  there  are  6 
measures,  replace  n by  6. 

428  F 23  students  * The 
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Responses  to  page  428 


score  of  the  twelfth 
student  would  be  the 
middle  score  because  1 1 
students  have  either  the 


same  score  or  a lower 
score  and  1 1 students 
have  either  the  same 
score  or  a higher  score. 

If  you  consider  the 
students  whose  scores 


were  75  as  the  first  and 
second  students,  the  student 
whose  score  was  78  as  the 
third  student,  the  students 
whose  scores  were  83  as 
the  fourth  through  ninth 


students;  then  you  find  that 
the  12th  student  is  one  of 
the  students  whose  score 
was  85. 
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Squares  and  square  roots 


/tihl 


V ' / 

■<j  ■f'X. 


y/  n 


'\/~n 


v; 


1 

1.000 

3136 

7.483 

12,321 

10.536 

27,556 

12.884 

2 

4 

1.414 

57 

3249 

7.550 

112 

12,544 

10.583 

27,889 

12.923 

3 

9 

1.732 

58 

3364 

7.616 

113 

12,769 

10.630 

28,224 

12.961 

4 

16 

2.000 

59 

3481 

7.681 

114 

12,996 

10.677 

: 28,561 

13.000 

5 

25 

2.236 

3600 

7.746 

115 

13,225 

10.724 

28,900 

13.038 

6 

36 

2.449 

3721 

7.810 

13,456 

10.770 

29,241 

13.077 

7 

49 

2.646 

62 

3844 

7.874 

117 

13,689 

10.817 

29,584 

13.115 

8 

64 

2.828 

63 

3969 

7.937 

118 

13,924 

10.863 

29,929 

13.153 

9 

81 

3.000 

64 

4096 

8.000 

119 

14,161 

10.909 

30,276 

13.191 

10 

100 

3.162 

65 

4225 

8.062 

120 

14,400 

10.954 

30,625 

13.229 

11 

121 

3.317 

66 

4356 

8.124 

121 

14,641 

11.000 

1 30,976 

13.266 

12 

144 

3.464 

67 

4489 

8.185 

122 

14,884 

11.045 

31,329 

13.304 

13 

169 

3.606 

68 

4624 

8.246 

123 

15,129 

11.091 

31,684 

13.342 

14 

196 

3.742 

69 

4761 

8.307 

124 

15,376 

11.136 

32,041 

13.379 

15 

225 

3.873 

70 

4900 

8.367 

15,625 

11.180 

32,400 

13.416 

16 

256 

4.000 

71 

5041 

8.426 

15,876 

11.225 

32,761 

13.454 

17 

289 

4.123 

72 

5184 

8.485 

127 

16,129 

11.269 

33,124 

13.491 

18 

324 

4.243 

73 

5329 

8.544 

128 

16,384 

11.314 

33,489 

13.528 

19 

361 

4.359 

74 

5476 

8.602 

129 

16,641 

11.358 

33,856 

13.565 

20 

400 

4.472 

75 

5625 

8.660 

130 

16,900 

11.402 

34,225 

13.601 

21 

441 

4.583 

76 

5776 

8.718 

131 

17,161 

11.446 

34,596 

13.638 

22 

484 

4.690 

77 

5929 

8.775 

132 

17,424 

11.489 

34,969 

13.675 

23 

529 

4.796 

78 

6084 

8.832 

133 

17,689 

11.533 

35,344 

13.711 

24 

576 

4.899 

79 

6241 

8.888 

134 

17,956 

11.576 

35,721 

13.748 

25 

625 

5.000 

6400 

8.944 

1 135 

18,225 

11.619 

36,100 

13.784 

26-  | 

676 

5.099 

81 

6561 

9.000 

| 136 

18,496 

11.662 

36,481 

13.820 

729 

5.196 

82 

6724 

9.055 

137 

18,769 

11.705 

36,864 

13.856 

784 

5.292 

83 

6889 

9.110 

138 

19,044 

11.747 

37,249 

13.892 

29' 

841 

5.385 

84 

7056 

9.165 

139 

19,321 

11.790 

37,636 

13.928 

30 

900 

5.477 

85 

7225 

9.220 

19,600 

11.832 

38,025 

13.964 

31 

961 

5.568 

86 

7396 

9.274 

1 141 

19,881 

11.874 

38,416 

14.000 

32 

1024 

5.657 

87 

7569 

9.327 

142 

20,164 

11.916 

38,809 

14.036 

33 

1089 

5.745 

88 

7744 

9.381 

143 

20,449 

11.958 

39,204 

14.071 

34 

1156 

5.831 

89 

7921 

9.434 

144 

20,736 

12.000 

39,601 

14.107 

35 

1225 

5.916 

90 

8100 

9.487 

21,025 

12.042 

40,000 

14.142 

36 

1296 

6.000 

8281 

9.539 

21,316 

12.083 

40,401 

14.177 

37 

1369 

6.083 

92 

8464 

9.592 

147 

21,609 

12.124 

40,804 

14.213 

38 

1444 

6.164 

93 

8649 

9.644 

148 

21,904 

12.166 

41,209 

14.248 

39 

1521 

6.245 

94 

8836 

9.695 

149 

22,201 

12.207 

41,616 

14.283 

40 

1600 

6.325 

95 

9025 

9.747 

22,500 

12.247 

42,025 

14.318 

41 

1681 

6.403 

96 

9216 

9.798 

151 

22,801 

12.288 

42,436 

14.353 

42 

1764 

6.481 

97 

9409 

9.849 

152 

23,104 

12.329 

42,849 

14.387 

43 

1849 

6.557 

98 

9604 

9.899 

23,409 

12.369 

43,264 

14.422 

44 

1936 

6.633 

99 

9801 

9.950 

154  j 

23,716 

12.410 

43,681 

14.457 

45 

2025 

6.708 

100  ! 

10,000 

10.000 

155  1 

24,025 

12.450 

44,100 

14.491 

46 

2116 

6.782 

ioi  ! 

10,201 

10.050 

24,336 

12.490 

44,521 

14.526 

47 

2209 

6.856 

102 

10,404 

10.100 

157 

24,649 

12.530 

44,944 

14.560 

48 

2304 

6.928 

103 

10,609 

10.149 

158 

24,964 

12.570 

45,369 

14.595 

49 

2401 

7.000 

104  | 

10,816 

10.198 

159 

25,281 

12.610 

45,796 

14.629 

50 

2500 

7.071 

105  j 

11,025 

10.247 

160 

25,600 

12.649 

46,225 

14.663 

51 

2601 

7.141 

106 

11,236 

10.296 

161  j 

25,921 

12.689 

46,656 

14.697 

52 

2704 

7.211 

107 

11,449 

10.344 

.162  j 

26,244 

12.728 

47,089 

14.731 

53 

2809 

7.280 

108 

11,664 

10.392 

163  | 

26,569 

12.767 

47,524 

14.765 

54 

2916 

7.348 

109 

11,881 

10.440 

164 

26,896 

12.806 

47,961 

14.799 

55 

3025 

7.416 

110 

12,100 

10.488 

165 

I 

27,225 

12.845 

48,400 

14.832 
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L°  = 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 


sines,  and  cosines 


tan  x 

sin  x 

COS  X 

ZA°  = x. 

tan  x 

sin  x 

COS  X 

.0175 

.0175 

.9998 

46 

1.0355 

.7193 

.6947 

.0349 

.0349 

.9994 

47 

1.0724 

.7314 

.6820 

.0524 

.0523 

.9986 

48 

1.1106 

.7431 

.6691 

.0699 

.0698 

.9976 

49 

1.1504 

.7547 

.6561 

.0875 

.0872 

.9962 

50 

1.1918 

.7660 

.6428 

.1051 

.1045 

.9945 

51 

1.2349 

.7771 

.6293 

.1228 

.1219 

.9925 

52 

1.2799 

.7880 

.6157 

.1405 

.1392 

.9903 

53 

1.3270 

.7986 

.6018 

.1584 

.1564 

.9877 

54 

1.3764 

.8090 

.5878 

.1763 

.1736 

.9848 

55 

1.4281 

.8192 

.5736 

.1944 

.1908 

.9816 

56 

1.4826 

.8290 

.5592 

.2126 

.2079 

.9781 

57 

1.5399 

.8387 

.5446 

.2309 

.2250 

.9744 

58 

1.6003 

.8480 

.5299 

.2493 

.2419 

.9703 

59 

1.6643 

.8572 

.5150 

.2679 

.2588 

.9659 

60 

1.7321 

.8660 

.5000 

.2867 

.2756 

.9613 

61 

1.8040 

.8746 

.4848 

.3057 

.2924 

.9563 

62 

1.8807 

.8829 

.4695 

.3249 

.3090 

.9511 

63 

1.9626 

.8910 

.4540 

.3443 

.3256 

.9455 

64 

2.0503 

.8988 

.4384 

.3640 

.3420 

.9397 

65 

2.1445 

.9063 

.4226 

.3839 

.3584 

.9336 

66 

2.2460 

.9135 

.4067 

.4040 

.3746 

.9272  ! 

67 

2.3559 

.9205 

.3907 

.4245 

.3907 

.9205 

68 

2.4751 

.9272 

.3746 

.4452 

.4067 

.9135 

69 

2.6051 

.9336 

.3584 

.4663 

.4226 

.9063 

70 

2.7475 

.9397 

.3420 

.4877 

.4384 

.8988 

71 

2.9042 

.9455 

.3256 

.5095 

.4540 

.8910 

72 

3.0777 

.9511 

.3090 

.5317 

.4695 

.8829 

73 

3.2709 

.9563 

.2924 

.5543 

.4848 

.8746 

74 

3.4874 

.9613 

.2756 

.5774 

.5000 

.8660 

75 

3.7321 

.9659 

.2588 

.6009 

.5150 

.8572 

76 

4.0108 

.9703 

.2419 

.6249 

.5299 

.8480 

77 

4.3315 

.9744 

.2250 

.6494 

.5446 

.8387 

78 

4.7046 

.9781 

.2079 

.6745 

.5592 

.8290 

79 

5.1446 

.9816 

.1908 

.7002 

.5736 

.8192 

80 

5.6713 

.9848 

.1736 

.7265 

.5878 

.8090 

81 

6.3138 

.9877 

.1564 

.7536 

.6018 

.7986 

82 

7.1154 

.9903 

.1392 

.7813 

.6157 

.7880 

83 

8.1443 

.9925 

.1219 

.8098 

.6293 

.7771 

84 

9.5144 

.9945 

.1045 

.8391 

.6428 

.7660 

85 

11.4301 

.9962 

.0872 

.8693 

.6561 

.7547 

86 

14.3007 

.9976 

.0698 

.9004 

.6691 

.7431 

87 

19.0811 

.9986 

.0523 

.9325 

.6820 

.7314 

88 

28.6363 

.9994 

.0349 

.9657 

.6947 

.7193 

89 

57.2900 

.9998 

.0175 

1.0000 

.7071 

.7071 

Index 

In  this  index,  the  numerals 
in  heavy  type  refer  to  the 
dictionary-type  definitions 
expressed  in  blue 
boxes  throughout  the  text. 

jA.bsolute  difference,  88-90, 
336,  426-427 
Accuracy  of  physical 
measures,  315-317,  321 
Acute  angles,  21 
of  right  triangles,  330-333 
cosines,  332-333,  334-337, 
374-375,  379 
sines,  332-333,  334-337, 
374-375,  378-379 
tangents,  331-332,  333, 
334-337,  374-375 
triangles,  35 
Addition 

identity  element,  202,  266 
of  rational  numbers,  171- 
173,  174-178 

of  real  numbers,  265-266 
Additive  inverse,  204-205, 
266-267 

Additive-inverse  property, 
146-147,  208-209 
Adjacent  angles,  28-29 
arcs,  120-121 
Algebraic  properties,  268 
Altitudes 

parallelograms,  52,  386-387 
trapezoids,  388 
triangles,  54,  387 
Ampere,  383 

“And,”  connective,  65-66 
Angles,  116 

acute,  21,  330-333 
adjacent,  28-29 
bisectors  of,  127-128 
central,  116-117 
congruent,  17-19,  30-31, 

123,  137 

corresponding,  30-31,  131, 
135-139,  325-329 
of  elevation,  339 
measure  of,  18-22,  119,  327, 
334-337 
naming,  27 
obtuse,  21 

opposite,  25,  26-27,  388 
of  a quadrilateral,  42 
of  parallelograms,  123 


right,  20,  123-124,  330-331 
sides  of,  116 
supplement  of,  17,  26 
supplementary,  26-27 
of  triangles,  33-35 
unit,  18-19 
vertex  of,  116,  388 
vertical,  25 

Applying  mathematics,  16-17, 
46,  57-58,  59,  111-112, 

145,  200,  235-236,  273- 
274,  300,  308-309,  309- 
310,  323-324,  343,  365, 
391,  418,  429-430 
Approximately  equal  to, 

87-91,  313-314, 
Approximations,  266-268, 
310-314,  318-321,  334 

Arcs 

adjacent,  120-121 
major,  117,  120-121 
measure  of,  119,  120-121 
minor,  117,  119-120 
naming,  118 
semicircle,  118,  120-121 
Area 

closed  region,  47-50 
formulas  for  finding, 
386-390 

parallelogram,  53-54,  142- 
143,  386-387 
rectangle,  48-50 
rectangular  region,  141-143, 
387 

rhombus,  142-143 
square,  387 
trapezoid,  389-390 
triangle,  54-55,  143-144,  387 
Arithmetic  mean,  426-429 
Associative  property,  103, 
194-195,  266 
Average  error,  315 
Average  formula,  374,  378, 
426-427 

Axes,  coordinate,  284-285 

Bar  graphs,  422 
Bases 

parallelograms,  386-387 
trapezoids,  388 
triangles,  387 
Basic  fractions,  149 
Basic  pairs,  156-158,  160-161 
Betweenness 

for  rational  numbers, 
242-243 

for  rational  numbers  of 


arithmetic,  67,  83 
for  real  numbers,  272 
Binary  operation,  151 
Bisectors,  127-128 
of  angles,  127-128 
of  angles  of  triangles, 
127-128 

perpendicular,  133 
of  segments,  127 
Business  formulas,  380-382 

(Cartesian  sets,  74 
formation  of  a,  74 
graphs  of,  75-77,  284-285 
natural  numbers,  74 
rational  numbers  of 
arithmetic,  156 
real  numbers,  284-285 
as  universe,  74-75,  156, 
287-289 

Centigrade  thermometers, 
383-384 

Central  angles,  116-117 
Chain  of  conditions,  240-241, 
276-279 

Chance  events,  397-398 
Changing  measures,  306-307, 
374 

Circle  graphs,  421 
Circles,  114 
adjacent  arcs,  120-121 
central  angles  of,  116-117 
exterior  of,  114 
interior  of,  114 
major  arcs  of,  117,  120-121 
minor  arcs  of,  117,  119-120 
naming,  114 
secants  of,  115 
semicircle,  118,  120-121 
tangents  to,  115 
Closed  intervals,  84-85,  312- 
314,  318-321 
Closed  regions 
included  in  planes,  141 
Closure  property,  148,  177, 
184,  267 

Commutative  property,  191, 
192,  266 
Comparison 
of  angles,  18-22 
of  segments,  5-7 
Compasses,  use  of,  131-134, 
136-137 

Complement  of  an  angle, 
330-331 

Complement  of  a set,  78-79, 
409 


Complementary  angles, 

330- 331 

Complementary  events, 
409-410 

Complete  factorization, 
219-220 

Completeness  property,  272 
Components 

ordered  pairs,  74,  156-158, 
160-161,  284-285,  347- 
349,  350-351,  354-355, 
358-363,  402-405 
ordered  triples,  92-93,  108- 
110,  297-298,  376-377 
rate  pairs,  305,  325-326, 

331- 333,  371-375,  378, 
380-381,  398-400 

Compound  condition,  14-15, 
65-66,  69-72,  75-77,  97-98, 
99-101,  104-106,  108-110, 

244- 245,  247-248,  282- 
283,  289-290,  292-295, 
296-298,  306-307,  376-377 

Computation 

involving  approximations, 
318-320,  338-342 
with  decimals,  213-216, 
217-220 

with  mixed  numerals, 
212-213 

involving  rational  numbers, 
171-173,  174-178,  179- 
181,  182-186,  205-207, 
208-211 

involving  real  numbers, 
265-268 

rules  for,  319-321 
with  scientific  notation, 
234-235 
Conditions 

chain  of,  240-241,  276-279 
compound,  65-66,  69-72, 
75-77,  97-98,  99-101, 
104-106,  108-110,  244- 
245,  247-248,  282-283, 
289-290,  292-295,  296- 
298,  306-307,  376-377 
for  direct  variation,  347- 
349,  360,  366-368 
for  equality,  239-241, 

245- 246,  276-279 
for  equivalence,  13-15, 

49-50,  54-55,  102-106, 
141-144,  155-158,  238- 
239,  246-247,  279,  305- 
307,  328-329,  331-333, 
335-337,  339-342,  371- 


463 


375,  399-400 
equivalent,  238-241, 
276-279,  280-283 
of  the  form  y = kx,  347- 
349,  360,  366-368 
of  the  form  y = kx2,  350- 
352,  360-361,  368-369 
of  the  form  y = ~k/x, 
355-357,  361-362,  369 
of  the  form  y = klx2, 
358-359,  362,  369-370 
for  inequality,  97-98,  242- 
244,  280-282 
simple,  64-65,  75,  80-81, 
97-98,  239-240,  242-244, 
245-246,  276-279,  280-282 
solutions  of,  64-66 
solution  sets  of,  64-66, 
70-72,  74-77,  94-95, 
239-241,  242-244,  276- 
279,  282-283,  287-290, 

347- 348 

in  three  variables,  94-95, 
108-110,  290,  297,  298 
in  two  variables,  14-15, 
74-77,  98-101,  104-105, 
287-290,  296-297 
used  with  points,  113-114 
Cone,  see  Right  circular  cone 
Congruence  correspondence, 
38-39,  135-139,  325-326 
Congruent 

angles,  17-19,  30-31,  123, 

137 

segments,  5-7,  114,  164 
sides,  123 

triangles,  37-41,  135-139, 
326-327 
Connective 
“and,”  65-66 
“not,”  80-81 
“or,”  69-70 

Constant  of  variation,  348, 
351-352,  354-357,  358, 
360-362,  367 

Constructions,  geometric, 
130-134,  136-139 
Continuum  of  real  numbers, 
264-265 

Converse  of  a property,  31-32 
Converse  of  a statement,  139 
Conversion  formula,  374 
Coordinate  axes,  284-285 
Coordinates  of  a point,  5-6, 

75,  263-265,  284-285, 

348- 349,  356-357,  358- 
359,  360-362 


Coplanar  lines,  24-25,  28-31, 
33 

Correspondence 
congruence,  325-326 
similarity,  326-329 
Corresponding 
angles,  30-31,  131 
angles  of  triangles,  38-40, 
135-139,  325-329 
sides  of  triangles,  38-40, 
135-139,  325-329 
Cosine,  332-333,  334-337, 
374-375,  379 
Cost,  381 

Cost  formula,  372-373,  377 
Counting  numbers,  73 

Data,  statistical,  420-424, 
426-429 

Decimal  numerals 
computing  with,  213-216, 
217-220 

nonrepeating  infinite, 
261-262 

for  physical  measures,  3 1 1 
reading,  223,  232 
repeating,  218,  261-262 
repetend  in,  218 
significant  digits  in,  316-317 
terminating,  217-218,  261 
used  to  express  rational 
numbers,  213,  217-221 
used  to  express  square  root, 
257-260 

Density  property,  243,  272 
Diagonals 
parallelograms,  143 
trapezoids,  388-389 
Difference 

absolute,  88-90,  336,  426- 
427 

of  approximations,  319-320 
property,  207 
of  rational  numbers, 

206-207 

of  real  numbers,  266-267 
Direct  variation,  347-349,  351- 
352,  360-361,  366-368 
Directed  segments,  153-158, 
160-162 

congruent,  164 
equivalent,  154-156,  160 
equivalent  ordered  pairs 
for,  155-158,  160-161 
starting  point  of,  153,  160 
terminal  point  of,  153,  160 
Distance,  382 


Distance  formula,  371-372, 
376-377 

Distributive  property,  197, 
266,  277 
Division 

of  rational  numbers, 

210-211 

of  real  numbers,  267 
use  of  scientific 
notation  in,  234-235 

Electricity,  measures  of 
ampere,  383 
ohm,  369,  383 
volt,  383 
watt,  383 

Element  of  a set,  87 
Empirical  probability,  415-417 
Endpoints  of 
major  arcs,  117 
minor  arcs,  117 
semicircle,  118 
English  system  of  measures, 
304 

Equiangular  triangles,  126 
Equivalent 

conditions,  238-241,  276- 
279,  280-283 

directed  segments,  154-155, 
160-162 
fractions,  149 
ordered  pairs,  102 
ordered  pairs  for  directed 
segments,  155-158, 

160-161 

Events,  404-405,  406-408 
chance,  397-398 
complementary,  409-410 
independent,  412-413 
mutually  exclusive,  408-409 
relative  frequency  of, 
416-417 

Exact  measures,  310-311 
Experiments,  397-398,  401- 
405,  406-410,  411-413, 
415-416 

Exponential  notation,  223-226, 
228-231 

Exponents,  223-224,  228-229 
Exterior  of  circles,  114 

F actorization,  complete, 
219-220 

Factors,  218-220,  253-256 
Fahrenheit  thermometers, 
383-384 

Favorable  outcomes,  399-400 


Foot-pound,  382 
Force,  382 
Formulas,  372 
area,  386-390 
arithmetic  mean,  427 
average,  374,  378,  426-427 
business,  380,  382 
conversion,  374 
cost,  372-373,  377 
distance,  371-372,  376-377 
interest,  380-381 
involving  electrical 
measures,  383 
percentage,  373,  377-378 
perimeter,  385-386 
probability,  400,  405 
in  science,  382-384 
selling  price,  381-382 
temperatures,  383-384 
trigonometric,  374-375, 
378-379 
Fractions 
basic,  149 
equivalent,  149 
Frequency  array,  422-424 
Fundamental  counting 
property,  402 

(jTeometric  constructions, 
130-132,  136-139 
Graphs 

axes  of,  75,  284-285 
bar,  422 

Cartesian  sets,  75-77, 
284-285,  287-290 
circle,  421 
histograms,  424 
incomplete,  287,  291 
line,  420-421 

of  natural  numbers,  75-77 
of  ordered  pairs,  75-77, 
284-285,  287-290,  348- 
349,  351-352,  356-357, 
360-362 

origin,  284,  360,  361 
of  rational  numbers,  164, 
166 

of  rational  numbers  of 
arithmetic,  66,  67 
of  real  numbers,  284-285, 
287-290,  319-320 
of  solution  sets,  66-67, 
71-72,  75-77,  84,  88,  99, 
243-245,  282-283,  287- 
290,  319-320,  348-349, 
352,  356-357,  358-359, 
360-363 
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Greater  than  or  equal  to,  70, 
71 

Greatest  possible  error,  313, 
314-316 
Grid,  284 

Half-open  intervals,  85-86 
Half-planes,  117 
Hexagon,  122 
Histograms,  424 
Hyperbola,  356-357,  362 
Hypotenuse,  330-333 

Identity  element,  150,  202, 
203,  228,  266 
Identity-element  property, 

202,  203,  266 

Independent  events,  412-413 
Indirect  measurement,  338-342 
Integers,  168 
negative,  168-169 
positive,  168-169,  258-259 
set  of,  168-169 
Integral  powers 
negative,  229-232,  305 
positive,  224-226 
used  in  scientific  notation, 
233-235 
Interest 

amount  of,  381 
rate  of,  380-381 
Interest  formulas,  380-381 
Interior 
of  angles,  131 
of  circles,  114 
of  closed  regions,  141 
Intersection, 

of  lines  and  circles,  24-25, 
114-115 

of  sets,  63,  68,  114-115, 
116-117,  407-408 
Intervals 

closed,  84-85,  312-314, 
318-321 

half-open,  85-86 
limits,  83-84,  84-85,  85-86 
open,  83-84 
Inverse 

additive,  204-205 
multiplicative,  208-209,  354- 
355,  358-359 

Inverse  variation,  354-357, 
358-359,  361-363,  369-370 
Irrational  numbers,  262-263 

Keeping  skilful,  12,  32,  45, 
51,  56,  68,  91,  107,  125, 


128,  159,  170,  179,  186, 
189,  192,  196,  204,  222, 
227,  257,  273,  286,  291, 
299,  318,  322,  330,  337, 
371,  380,  385,  415-425 

L/ength,  304 
approximations  of,  310-314 
units  of,  304-307 
Less  than 

properties  of,  270,  271 
for  rational  numbers,  167 
for  real  numbers,  269-270 
Less  than  or  equal  to,  71 
Limits  of 

closed  intervals,  84-85, 
312-314 

half-open  intervals,  85-86 
open  intervals,  83-84 
Line  graphs,  420-421 
Line  segments,  see  Segments 
Linear  pair  of  angles,  17, 
26-27 
Lines 

coplanar,  24-25,  28-31,  33, 
113 

intersecting,  24-25 
intersection  of  circles  and, 
114-115 
naming,  117 
parallel,  130-131 
perpendicular,  123 
and  planes,  113 
as  secants,  115 
as  tangents,  115 
transversal  of  coplanar, 
29-30 

Locus  of  the  solution  set 
of  a condition,  349,  352, 
356,  359,  360,  363 
Loss,  382 

^N^ajor  arc  of  a circle,  117, 
120-121 

Mates,  168,  187-188 
Mathematical  measures, 
310-311,  318-319, 

325-329,  366,  376 
Mean,  arithmetic,  426-429 
Measures 

accuracy  of,  315-317,  321 
angle,  18-22,  119,  327, 
334-337 

arcs,  119,  120-121 
area,  141-144 
changing,  306-307 
closed  region,  47-50 


computation  involving, 
318-321 

converting,  374 
exact,  310-311 
greatest  possible  error, 
313-316 

indirect,  338-342 
major  arc,  120-121 
mathematical,  310-311, 
318-319,  325-329,  366, 

376 

metric,  304-307,  309 
minor  arc,  119-121 
physical,  311-314,  314-317, 
338-342 

precision  of,  314-317,  321 
relative  error,  315-317 
segments,  5-7,  153,  303-307, 
325-326 

square  units  of,  141 
standard  units,  10-11,  119, 
141,  304-307,  309,  369, 
382,  383 

of  statistical  data,  426-429 
tables  of,  13-14,  16,  57,  437 
Median,  428-429 
Median  of  a triangle,  127 
Metric  system  of  measures, 

14,  16,  304-307,  309 
Microwaves,  308-309 
Midpoint  of  a segment,  126- 
127 

Minor  arc  of  a circle,  117, 
119-120 

Mixed  numerals,  212-213 
Mortality  table,  416-417 
Multiplication 
identity  element  for,  203, 
208,  228,  266 
of  rational  numbers,  179- 
181,  182-186,  208-210 
of  real  numbers,  266-267 
use  of  scientific 
notation  in,  234 
Multiplicative  inverse,  208- 
209,  354-355,  358-359 
Mutually  exclusive  events, 
408-409 

N atural  numbers 
Cartesian  set  of,  74 
graphs  of,  75-77 
as  mates  of  rational 
numbers  of  arithmetic, 
168 

ordered  pairs  of,  74 
system  of,  151-152 


Natural  number  system, 
151-152 

Negative  integers,  168-169 
Negative  integral  exponents, 
229 

Negative  integral  powers,  205 
229-232, 

Negative-multiplier  property 
of  “less  than,”  271 
Negative  rational  numbers, 
161,  163 

Non-negative  rational 
numbers,  187-188 
Nonrepeating  infinite 
decimals,  261-262 
Non-zero  rational  numbers, 
211 

Non-zero  rational  numbers 
of  arithmetic,  66 
“Not,”  connective,  80-81 
Number  line 
rational,  164,  166 
rational  number  of 
arithmetic,  66-67,  153 
real,  263-265 
Numbers 

associated  with  points, 
66-67,  74-77,  164,  166, 
284-285,  287-290 
expressed  by  exponential 
notation,  223-226,  228-231 
expressed  by  scientific 
notation,  226-227, 
233-235 

factors  of,  218-220,  253-256 
ordered  pairs,  75-77, 
284-285,  287-290 
prime,  219-220 
rounding,  216,  319,  321 
Number  system,  151-152 
natural,  151-152 
rational,  198 
rational  number  of 
arithmetic,  150-152 
real,  265-268 

Obtuse  angles,  21 
Obtuse  triangles,  35 
Ohm,  369,  383 
One-to-one  correspondence 
between  vertices  of  two 
triangles,  37-38 
Open  intervals,  83-84 
Opposite  angles,  388 
Opposite  vertices,  388 
“Or,”  connective,  69-70 
Ordered  pairs,  74 
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as  basic  pairs,  156-158, 
160-161 

components  of,  74,  156-158, 
160-161,  284-285,  347- 
349,  350-351,  354-355, 
358-363,  402-405 
equivalent,  102 
equivalent,  for  directed 
segments,  155-158, 

160-161 

graphs  of,  75-77,  284-285, 
287-290 

of  natural  numbers,  74-77 
of  rational  numbers  of 
arithmetic,  156 
of  real  numbers,  284-285 
as  solutions,  74-77,  98-101, 
104-105,  143-146,  287-290 
Ordered  triples,  92-94,  108- 
110,  290,  297-298,376-377 
Ordering 

rational  numbers,  166-168 
real  numbers,  269-270 
Origin,  284,  360,  361 
Outcomes 
favorable,  399-400 
possible,  397-399,  401-403 
Overhead,  381 

I\rabola,  352,  361 
Parallel  lines,  130-131 
segments,  122 
Parallelogram,  43,  123 
altitude,  52-53 
angles  of,  123 
area  of,  53-54,  142-143, 
386-387 
base,  52 

diagonals  of,  43,  143 
sides  of,  123 
Pentagon,  122 
Percentage  formula,  373, 
377-378 

Perfect  squares,  258-259 
Perimeter,  46,  145,  296-297, 
385-386 

Perpendicular  bisector  of 
a segment,  133 
Perpendicular  segments,  123 
Physical  measures,  311-314 
accuracy  of,  315-317,  321 
average  error  of,  315 
computation  involving, 
318-321,  338-342 
greatest  possible  error 
of,  313,  314-316 
precision  of,  314-317 


relative  error,  315-317 
Planes,  113 
lines  and,  113 
naming,  113 

quadrants  of,  285,  361-363 
real,  285 

subsets  of,  114,  115,  117 
Point  of  tangency,  115 
Points 

associated  with  numbers, 
66-67,  74-77,  164,  166, 
284-285,  287-290 
collinear,  113,  117 
coordinates  of,  5-6,  75, 
263-265,  284-285,  348- 
349,  356-357,  358-359 
coplanar,  113,  115 
as  midpoints,  126-127 
sample,  402-403 
sets  of,  113-115,  116-121, 
122-124,  125-128 
starting,  153,  160 
of  tangency,  115 
terminal,  153,  160 
Polygon,  see  Simple 
polygon 

Positive  integers,  168-169, 
258-259 

Positive  integral  powers, 
224-226 

Positive-multiplier  property 
of  “less  than,”  271 
Positive  rational  numbers, 
156-158 

Possible  outcomes,  397-399, 
401-403 

Powers,  219-220,  382 
negative  integral,  229-232, 
305 

positive  integral,  224-226 
second,  253-255 
used  in  scientific 
notation,  233-235 
zero,  228-229,  305 
Precision  of  physical  measures, 
253-255,  314-317,  321 
Prime  factors,  219-220 
Prime  numbers,  219-220 
Principal,  381 
Principal  square  root,  256 
Probability,  398-400,  401-405, 
406-410,  411-413,  415-417 
Problem  solving 
abstract,  100-101,  110,  248 
area,  49-50,  54-55,  141-144, 
320,  386-390 
average,  104,  374,  378 


compound  conditions, 
97-101,  104-106,  108-110, 
247-248,  292-295,  296-297 
conditions  for  equality, 

245- 246 

conditions  for  equivalence, 
49-50,  102-106,  141-144, 

246- 247,  305-307,  335- 
337,  339-342,  371-375 

conditions  for  inequality, 
97-98 

conditions  for  variation, 
366-370 

formulas,  371-374,  376-379, 
380-384,  385-390 
indirect  measurement, 
338-342 

measures  of  right  triangles, 
335-337 

per  cents,  103-104 
perimeter,  46,  145,  296-297, 
320,  385-386 

standard  units  of  measure, 
13-15,  16-17,  27,  46,  57-58 
Products 

approximations,  320-321 
expressed  in  scientific 
notation,  234 
rational  numbers,  182-183 
rational  numbers  of 
arithmetic,  150 
real  numbers,  266 
Product  properties  for 
powers,  225,  230 
Profit,  381 
Properties 
area,  48,  53,  55 
additive-inverse,  205,  266 
algebraic,  268 
area  of  trapezoids,  389 
associative,  103,  194-195, 

266 

closure,  148,  177,  184,  266 
commutative,  191,  192,  266 
* completeness,  272 
congruence  for  triangles, 

137,  138-139 
congruent  segments,  6 
converse  of,  31-32 
coplanar  lines  and  a 
transversal,  31 
density,  243,  272 
difference,  207 
distributive,  197,  266 
of  equality,  268 
identity-element,  202,  203, 
266 


for  “less  than,”  6,  270,  271 
mean,  428 

measure  of  angles,  19,  26,  35 
measure  of  arcs,  120 
measure  of  circles,  121 
measure  of  semicircles, 

120,  121 

negative-multiplier,  271 
opposite  angles,  27 
parallelogram,  43,  44 
positive-multiplier,  271 
probability,  408,  409,  410 
product,  for  powers,  225, 
230 

quotient,  150,  211,  225- 

226,  231 

reciprocal,  209,  211 
reflexive,  268 
similarity  for  triangles, 

227,  229 

square  roots,  368 
squares  of  non-negative 
rational  numbers,  255 
squares  of  rational 
numbers,  254 
sum,  270 
symmetric,  268 
transitive,  190,  268 
triangles,  40,  41 
well-defined,  103,  177-178, 
185,  210,  268 
zero,  203,  266 
Proportional  relation,  209, 

347,  349 

Protractor,  use  of,  21-22, 
130-131 

(Quadrants  of  a plane,  285, 
356,  359,  361-363 
Quadrilaterals,  42-45, 
adjacent  sides,  45 
area  of,  140-142,  386-390 
opposite  angles,  42,  388 
opposite  sides,  42,  388 
opposite  vertices,  42 
parallelograms,  123, 

386-387 

perimeters  of,  46,  145, 
296-297,  385-386 
rectangles,  141-143 
rhombus,  124 
squares,  386-387 
trapezoids,  122-123,  388-390 
Quotient 

of  approximations,  321 
expressed  by  a decimal, 
215-216 
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expressed  in  scientific 
notation,  234-235 
property,  150,  210, 

225-226,  231 
of  rational  numbers, 

210-211 

of  rational  numbers  of 
arithmetic,  150 
of  real  numbers,  267 

R.ange,  426-427 

Rate  pairs,  102 
components  of,  13-14,  48, 
305,325-326,331-333,371- 
375,  378,  380-381,  398-400 
compound  conditions 
involving,  14-15,  50 
equivalent,  305-307,  328-329 
simple  conditions  involving, 
13-14,  48-50,  54,  55 
trigonometric,  331-333,  339- 
342,  374-375 

Rational  approximations,  266- 
268 

Rational  numbers,  164-165 
addition  of,  171-173, 174-178 
betweenness  for,  242-243 
difference  of,  206-207 
division  of,  210-211 
expressed  by  decimals,  213, 
217-221,  261-262 
expressed  by  mixed  nu- 
merals, 212-213 
integers,  168-169 
“less  than”  for,  167 
line,  164,  166 

as  mates  of  rational  numbers 
of  arithmetic,  168, 187-188 
multiplication  of,  179-181, 
182-186,  208-210 
negative,  161-163 
non-negative,  187-188 
non-zero,  211 
ordering,  166-168 
positive,  156-158 
product  of,  183 
quotient  of,  210-211 
reciprocals,  150,  208-209 
squares  of,  253-255 
subsets,  168-169,  187 
subtraction  of,  205-207 
sum  of,  177-178 
system  of,  198 
zero,  163 

Rational  number  system,  198 

Rational  numbers  of  arith- 
metic, 64 


betweenness  for,  67 
Cartesian  set  of,  156 
closed  intervals,  84-85 
graphs,  66-67 
half-open  intervals,  85-86 
as  mates  of  natural  num- 
bers, 168 

as  mates  of  rational  num- 
bers, 168,  187-188 
non-zero,  66 
number  line,  66-67 
open  intervals,  83-84 
ordered  pairs  of,  155-158 
product  of,  1 50 
quotient  of,  150 
system  of,  150-152 
used  as  tolerances,  90 
Rational  number  of  arith- 
metic system,  150-152 
Rays 

as  bisectors,  127 
endpoints  of,  116 
naming,  116 
opposite,  25-26 
union  of,  116-117 
Real  numbers,  262-265,  367- 
368 

algebraic  properties  of,  265- 
268 

associated  with  points,  263- 
265,  284-285 
betweenness  for,  272 
Cartesian  set  of,  284-285 
computation  involving,  265- 
268 

continuum  of,  264-265 
expressed  by  repeating 
infinite  decimals,  261-262 
graphs,  284-285,  287-290 
“less  than”  for  269-270 
ordered  pair  of,  284-285 
subsets  of,  263 

Real-number  system,  263-265 
Real  plane,  227 
Reciprocal,  103,  150,  208-209, 
354-355,  358-359 
Reciprocal  property,  103,  150, 
209,  21 1 

Rectangle,  44,  48-50 
area,  141-143,  387 
perimeter,  385-386 
Reflexive  property  of 
equality,  268 
Regions  closed,  47-48 
rectangular,  47-50 
unit,  47-50 

Relation,  350,  360-363 


Relative  error,  315-317 
Relative  frequency  of  an 
event,  416-417 

Repeating  decimals,  217-218, 
220-221,  261-262 
Repetend,  218 
Rhombus,  124,  142-143 
Right  angles,  123-124,  330-331 
Right  triangles,  35 
hypotenuse,  330-333 
trigonometric  rate  pairs  of, 
331-333,339-342,374-375, 
378-379 

Rounding  numbers,  216,  319, 
321 

Sample  points,  402-403 
Sample  space,  402-405,  406- 
408,  411-412 

Science,  formulas  in,  382-384 
Scientific  notation,  226-227, 
233-235,  317 
Secant  of  a circle,  115 
Segments,  114 
bisectors  of,  127-128,  133 
comparison  of,  5-7,  325-326 
congruent,  114,  164 
directed,  153-158,  160-162 
length  of,  9-11 
measure  of,  5-8,  153,  303- 
307,  325-326 
as  medians,  127 
midpoints  of,  126-127 
parallel,  43,  122 
perpendicular,  123 
union  of,  42 
unit,  6-7,  303-304 
Selling  price,  381 
Semicircle,  118,  120-121 
endpoints  of,  118 
measure  of,  120,  121 
Sets 

Cartesian,  74,  156,  284-285 
complements  of,  78-79,  409 
elements  of,  87 
events,  404-405,  406-408 
intersection  of,  63,  68,  407- 
408 

of  points,  113-115,  116-121, 
122-124,  125-128 
sample  space,  402-405 
subsets  of,  63,  168-169,  404- 
405 

union  of,  68-69,  407-410 
Sides 

of  an  angle,  116 


corresponding,  135-139,  325- 
329 

of  a parallelogram,  123 
of  triangles,  325-329 
Significant  digits,  316-317 
Similar  triangles,  326-329,  338- 
342 

Similarity  correspondence, 
326-329 

Simple  closed  curve,  47-50 
Simple  conditions,  64-65,  75, 
80-81,97-98,239-241,242- 
244,  245-246,  276-279, 
280-282 

Simple  polygons,  42-46,  122 
area,  386-390 
hexagon,  122 
parallelogram,  65,  123 
pentagon,  122 

perimeter,  145,  296-297,  385- 
386 

quadrilateral,  122-123 
rhombus,  124 
trapezoid,  122-123,  388 
Sine,  332-333,  334-337,  374- 
375,  378-379 

Solution  of  a condition,  64, 
65-66 

Solution  set 

of  a condition,  64-66,  70-72, 
74.77, 94-95,  239-241,  242- 
244,276-279,282-283,287- 
290,  347-348 
of  equivalent  conditions, 
238-241,276,279,280-283 
graph  of,  66-67,  71-72,  75- 
77,  84,  88,  89,  243-245, 
282-283,287-290,319-320, 
348-349,352,356-357,358- 
359,  360-363 

locus  of,  349,  352,  356,  359, 
360-363 

standard  description  of,  64- 
65 

Special  challenge,  129,  169- 
170,  199,  237,  274-275, 
322-323,  364,  419 
Square,  44 
area,  387 
perimeter,  386 

Square  of  a number,  253-255 
Square  root,  255-256,  257-260, 
368 

Squares,  perfect,  258-259 
Standard  description  of  a 
solution  set,  64,  65 
Standard  name,  156,  161,  224, 
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228,  229 

Standard  units  of  measure,  5- 
8,  13,  14,  16,  20,  49-50, 
57-58,  119,  141,  304-307, 
309,  369,  382,  383 
Statistical  data,  420-424,  426- 
429 

Subsets,  63,  168-169 
Subtraction 

of  rational  numbers,  205-207 
of  real  numbers,  266-269 
Sum 

of  approximations,  318-320 
of  rational  numbers,  177-178 
of  real  numbers,  265-266 
Sum  property  of  “less  than” 
for  real  numbers,  270 
Supplement,  angle,  26 
Supplementary  angles,  26-27 
Symbol  for 
additive  inverse,  205 
approximately  equal  to,  88 
arcs,  118,  119 
Cartesian  set  of  natural 
numbers  (N  x N),  74 
Cartesian  set  of  rational 
numbers  of  arithmetic 
(Ra  X Ra),  156 
Cartesian  set  of  real 
numbers  (D  x D),  284 
circle,  114 

complement  of  a set,  78 
connective  “and,”  65 
connective  “not,”  80 
connective  “or,”  69 
directed  segment,  1 54 
element  of  a set,  87 
greater  than  or  equal  to,  71 
intersection,  63 
less  than  or  equal  to,  71 
line,  117 
mean,  427 

measure  of  an  angle,  21 
measure  of  segments,  5,  123, 
303 

negative  rational  num- 
ber, 161 

not  equal  to,  81 
ordered  triple,  93 


parallel  to,  122 
perpendicular  to,  123 
positive  rational  number,  156 
principal  square  root  of  a 
number,  256 
ray,  116 
reciprocal,  208 
repetend,  218 
right  angle,  124 
set  of  integers  (I),  168 
set  of  irrational  numbers 
(R),  262 

set  of  negative  integers 
(In),  168 

set  of  negative  rational 
numbers(Rn),  163 
set  of  non-negative  rational 
numbers  (R^),  187 
set  of  non-zero  rational 
numbers  (Zr),  211 
set  of  non-zero  rational 
numbers  of  arithmetic  (Z), 
66 

set  of  positive  integers 
(Ip),  168 

set  of  positive  rational 
numbers  (Rp),  158 
set  of  rational  numbers 
(R),  163 

set  of  rational  numbers  of 
arithmetic  (Ra),  64 
set  of  real  numbers  (D),  263 
similarity,  326 
union,  68 

Symmetric  property  of 
equality,  268 

Systems  of  measure 
English,  304 
metric,  304-307,  309 

Tables  of 

formulas,  438-439 
measures,  437 
mortality,  416-417 
squares  and  square  roots, 
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tangents,  sines,  and 
cosines,  462 


Tangent,  115,  331-332,  333, 
334-337,  374-375 
Temperature,  changing,  383- 
384 

Terminating  decimals,  217-218, 
261 
Tests 

cumulative,  251-252,  302, 
345-346,  394-395,  431-432 
end-of-block,  24,  82, 96, 1 12, 
170,  189,  201,  222,  236, 
276,  324,  366,  420 
end-of-unit,  60-61,  146-147, 
250-251,301,344-345,392- 
393,  430-431 
Thermometers 
centigrade,  383-384 
Fahrenheit,  383-384 
Tolerance,  90 
Transitive  property  of 
equality,  190,  268 
Transversal,  29-30,  33 
Trapezoids,  122-123,  388 
altitudes  of,  388 
area  of,  389-390 
bases  of,  388 
diagonals  of,  388-389 
sides  of,  122-123 
Triangles,  125 
acute,  35 

altitude  of,  54,  387 
angles  of,  33-35 
area  of,  54-55,  143-144,  387 
base  of,  54 

bisectors  of  angles  of,  127 
congruent,  37-41,  135-139, 
326-327 

correspondence  between, 
325-329 

corresponding  angles  of,  38- 
40,  131,  325-329 
corresponding  sides  of,  38- 
40,  325-329 
equiangular,  126 
isosceles,  41 
median  of,  127 
naming  angles  of,  34 
obtuse,  35 
perimeter,  46,  386 


right,  35,  330-333 
similar,  326-329,  338-342 
trigonometric  rate  pairs 
of  right,  331-333,  374-375, 
378-379 

Trigonometric  formulas,  374- 
375,  378-379 

Trigonometric  rate  pairs,  331- 
333,339-342,374-375,378- 
379 

TJnion 

of  points,  117,  125 
of  segments,  42 
of  sets,  68-69,  407-410 
Unit  angle,  18-19 
Unit  segment,  6-7 
Units 

of  capacity,  309 
of  length,  304-307,  310-314 
segments,  303-304 
of  weight,  309 
Universe 

for  ordered  triples,  93-94 
sets  of  points  as,  113-114 

Variables,  328,  333,  348 
Variation 

constant  of,  348,  351-352, 
355-356,  359,  360-362,  367 
direct,  347-349, 351-352, 360- 
363,  368-370 

inverse,  354-357,  358-359, 
360-363,  369-370 
Venn  diagrams,  63-64,  68,  79 
Vertical  angles,  25 
Vertices 

of  angles,  1 16,  388 
correspondence  between, 
135-136 
Volt,  383 

Watt,  383 

Wave  lengths,  308-309 

Well-defined  property, 

103,  177-178,  185,  210, 
268 

.Zero  power,  228-229,  305 
Zero  property,  203 
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